REGULARITY OF MINIMIZERS OF QUASI PERIMETERS
WITH A VOLUME CONSTRAINT

QINGLAN XIA

ABSTRACT. In this article, we study the regularity of the boundary of sets
minimizing a quasi perimeter T (E) = P (E,Q) + G (E) with a volume con-
straint. Here € is any open subset of R™ with n > 2, G is a lower semi-
continuous function on sets of finite perimeter satisfying a condition that
G (E) < G(F) + C|EAF|® among all sets of finite perimeter with equal vol-
ume. We show that under the condition 8 > 1 — %, any volume constrained
minimizer E of the quasi perimeter T has both interior points and exterior
points, and F is indeed a quasi minimizer of perimeter without the volume
constraint. Using a well known regularity result about quasi minimizers of
perimeter, we get the classical Cb® regularity for the reduced boundary of E.

1. INTRODUCTION

Let Q C R™ be any open subset with n > 2. We consider the following minimizing
problem: Minimize
T(E) = P(E,Q)+ G (E)

among all sets E C Q of finite perimeter with a fixed volume.
Here P (E,Q) denotes the perimeter of E, and G is a lower semicontinuous
functional on the sets of finite perimeter in §2 with the property that

G(E) < G(F)+ C|EAF|°

for any sets E, F in Q of finite perimeter with |E| = |F|, for some constant C' > 0
and a number § > 1 — %

The special case that G (E) = 0 corresponds to a well known problem which
considers sets minimizing perimeter with a volume constraint. This problem is
often encountered in the field of capillarity theory. Liquid drops, resting on or
hanging from a given surface, are some typical examples. The regularity of the
corresponding minimizers has been studied extensively in [2].

Another example is given by

G(E):/EH(x)dz

where H € L? (), for some p > n, is a given function. Without a volume con-
straint, this is the problem of finding sets with prescribed mean curvature H, and
has been studied for instance in [3] by Massari. In our case, we impose an additional
volume constraint on it. From Holder inequality, we see that g = 1 — % >1-— %
here.

This work was supported by an NSF grant DMS-0306686. The author wants to express his
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Our main motivation of this problem comes from the study of mud cracking and
related problems. Mud cracking represents a very typical physical phenomenon.
After losing a certain amount of moisture, a material such as a piece of mud will
begin to crack. People are interested in why, how and where the material cracks.
To understand these problems, we propose the following variational model. Let €2
represent a piece of mud. After losing a certain amount of moisture, say o || for
some o € (0,1), the volume of the mud decreases, and thus a crack E of volume
o |©2| must come out to replace the losing volume. The selection of cracking is not
totally random, but the actual physics of it might be too complicated to handle.
Instead, we may assume that it minimizes the total work of transporting the old
mud 2 to the new mud 2 — F, with multiplicity ﬁ, under a volume preserving
map. To justify this idea, let us think about a mud of the shape of a disk. To
replace the volume of losing moisture, it can either shrink evenly to a smaller disk
or dig some space out by cracking inside it. Which way is better? As we know,
the mud will possibly choose the later way. This is because the corresponding
transport costs of two ways are different. The mud just chooses a cheaper way to
reduce the total work. A reasonable way to represent the total work is given by the
Wasserstein distances W), between Radon measures of equal total mass for some
p > 0. We refer to [5, Chapter 7] about the concepts of Wasserstein distances and
related topics. As a result, one would like to minimize

1

— 0

W, (5" [, L[ - E)) +P(E,Q)

among all sets F of finite perimeter in Q with volume |E| = o |Q] for some o €
(0,1). Here, the notation £™| K denotes the Lebesgue measure L™ restricted on any
measurable set K, and the perimeter P(E, ) of E is used to represent the cracking
energy for breaking the mud. Using the properties of Wasserstein distances, it is
easy to see that

W, (cnm, ﬁm(a - E)) — W, (1 ! o e, T LQ)
= AW, (L"|E,cL™|Q)
for some constant A > 0. Thus, the problem becomes to minimize
P(E,Q)+ \W, (L"|E,cL"|Q)

among all sets E in 2 of finite perimeter and with a volume constraint |E| = o |Q)].
In this case,

G (E) =AW, (L"|E,cL™|Q).
It is easy to see that 8 =1 here.

Keeping all these examples in mind, we would like to study the minimizers for
more general G. Note that the existence of minimizers for the quasi perimeter T
follows immediately from the compactness of sets of finite perimeter. Thus, the
aim of this article is mainly focused on the regularity of these minimizers. Further
properties as well as numerical simulation will be considered later. The special
case G (E) = 0 was studied in [2]. The approach there was to show that volume
constrained minimizers are quasi perimeter minimizing in small balls without the
volume constraint. This yields regularity results analogous to those for uncon-
strained problem. A key step there is showing the existence of an interior and an
exterior point of the minimizer. We adopt the same approach here as in [2]. That is,
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show that these T minimizers indeed have both interior points and exterior points
(see theorem 4.3), and in fact they are quasi minimizers of perimeter without the
volume constraint (see theorem 4.4 ). Then, using the known results in [4, Theo-
rem 1] about quasi minimizers of perimeter to get the desired regularity of these T
minimizers.

The paper is organized as follows. After providing some basic notations about
perimeters, we provide some estimate on how fast the infimum of the metric density
is approaching 0 for any set of finite perimeter. Using this estimate and some tech-
nical lemmas, we classify the sets of finite perimeter into two classes (see corollary
3.2 for details). Using this classification and also properties of T minimizers, we
show that any T minimizer will have both interior points and exterior points in €.
By this result, we get rid of the volume constraint and prove our main theorems in
section 4.

2. PRELIMINARIES

We mention here only the basic notations and definitions about perimeters.

We assume that € is an open (bounded) subset of R™ with n > 2. If E C Q,
|E| is the Lebesgue measure of E, xg () is the characteristic function of E. H? (+)
denotes the s dimensional Hausdorff measure. EAF is the symmetric difference
(E\F)U (F\E). Finally, E° is the complement of F in .

Recall that a function f € L' () is of bounded variation in €2 if

| DF (@) = sup {/Qfdiwdx .6 € CLOLR), 6] (2) < 1} < oo,

A set E C  is said to be of finite perimeter in € if its characteristic function xg
is of bounded variation in €. We will use the notation P (E, ) for the perimeter
so that
P(E,Q) =[ Dxz || (2).
For OF N Q sufficiently smooth, P (E,Q) = H" 1 (0EN Q).
Leta=1— % For any set E of finite perimeter in 2 , the isoperimetric inequality
says that

(2.1) P(E,Q) > Cy B,

where C,, = n (« (n))l/” with a (n) being the Lebesgue measure of the unit ball in
R"™. Moreover, for each n-dimensional open cube @) C €2, a relative isoperimetric
inequality says that

v(n) P(E,Q) = min{|ENQ|",|E°NQ|"}

for some constant v (n) > 0.

In the following, we shall frequently use some simple properties of sets of finite
perimeter, which can be found for instance in [1]. Here, we also mention a property
that we will use later. Let B be any open ball of radius r. For every set L of finite
perimeter in B, it holds that (see [2, (8)])

(2.2) M1 (LNOB) < p(L,B)+§|LmB|

in the sense of traces.
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3. EXTERIOR POINTS OF SETS OF FINITE PERIMETER

Let E be a set of finite perimeter in . In this article, a point p € Q is said
to be an exterior point of E (or interior point of E) if there exists an open ball
neighborhood B (p, ) of p for some r > 0 such that

|[ENB(p,r)| =0 (or |[ENB(p,r)| =1, respectively).
If |[E| = 0, then every point is an exterior point of E, while if |[E| = ||, then every
point is an interior point of E. In general, if 0 < |E| < ||, E may not necessarily
have an exterior or interior point in 2. The existence of exterior points and interior
points becomes an interesting problem to study.

To study the existence of exterior points, we consider the following function. For
any r > 0, let

f(r)=inf [ENQ (z,7)],
e

where @ (z,r) denotes the n-dimensional open cube in R™ centered at « and with
edge length r. Note that f(0) = 0 and f (r) is an increasing function of r. Also, E
has exterior points in € if and only if f () = 0 in a small neighborhood of 0.
For any point p in Q with metric density 0, one may say directly that
|[ENB(p,r)=0("),

and thus we may conclude that f (r) = o (r™) as r approaches 0. This is true even
if F is not of finite perimeter. When F is indeed a set of finite perimeter, we can
get a better result by saying that f (r) = o (r”‘“), which is demonstrated by the
following theorem.

Theorem 3.1. Suppose E is a set of finite perimeter in Q with |E| < |Q|. Then,
there exists an n > 0 such that for any r € [0,n),
n2
0< f(r)<Crrnt

for some constant C1 > 0, depending on E.

Proof. Let p € Q\E be any point with metric density 0 . That is,
ENB
lim | (p,7)]
r—0 Q™
Thus, there exists a n; > 0 such that

=0.

Qpm)nz < B

Now, for any r < 1, one can subdivide Q = @ (p, 1) into totally [%}n disjoint
smaller cubes {Q,} with edge length r, where [z] denotes the integer part of z.
Let

A= {Qj JENQ;| > ;7‘"}
and

5= {anaiz ).
Then, the total number |A| + |B| = [2]" and

1 L. n
A< > IENQ <IENQI< 7 (m)",
QjeA
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where |A| denotes the total number of elements in set A. Thus, [A| < 3 ()" and

= 2w 2] 1) s )
r r 2\r 4 \r
if r < (1 - 3/0.75) m.
By the relative isoperimetric inequality, for any Q; € B,
ENQ;I'™" <7 (n) P(E,Q))

for some constant vy (n). Therefore,

Bl = 3 o)

Q:€B

S Z |E0Qj|171/n
QB

< Y y(n)P(E,Q)
Q:eB

< 7v(n) P(E,Q) < +00

because E has finite perimeter in Q. Thus,

i (MOREDYT < (RN

whenever r <7 = (1 -V 0.75) 1. (]

Proposition 1. Suppose E is a set in Q of finite perimeter with |E| < ||, and T
is any positive real number. Let Q) be any n-dimensional open cube in Q with edge
length r satisfying

T n—1 1
(3.1) r<(zm)  @ar
and
(3.2) |ENQ| < 20771,

Then there exists an s € [%,r] such that

[ENQ(p,s)| < 20, 571

and
H'H(ENQ(p,s) <TIENQ(p,s)|”,
where Q (p, s) is the cube having the same center p of @ and with edge length s.

Proof. Let p be the center of @ and @ (p,s) be the cube centered at p and with
edge length s. We consider the function g : [0,7] — [0, +00) defined by

g(s)=[ENQ(p;s)],
for each s € [0,7]. Then, ¢ (0) =0 and
g (s)=H""(ENIQ (p,s))

for almost all s.
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From (3.1) and (3.2), we have

r 1
[ (90" as = g =50
0
< (201)1/"rﬁ§77".

Therefore, there exists an s € [0, 7] such that

/

(9) <.
That is,

g (s) <7g(s)".
Let

so=max{s €[0,7]: ¢’ (s) < 71g(s)*} <r.
We claim that
g (50) < 2C3 (50)77 .

In fact, if so = r, then it follows from our assumption (3.2).
If so < r, then for any s € (sg,r), we have

g (s)>7g(s)",
which yields
l/n) ! Z
(9) > 2
Integrating it from sq to r yields

(3.3) 9" =g (s0)"" 2 = (r = s0).

Therefore,

g(so)l/n )1/n

IN

g™ = Z(r = s0)

N

(20,) Y™ patT — % (r — s0)
< (20)" (s0)7 T

The last inequality follows from the fact that the function

h(z) = (20))" z71 — %a:
is decreasing on [0, 7] because b’ (z) = (2C1)1/n ﬁx%l - I <0, by (3.1).

Moreover, since g (sg) > 0, by (3.3) and (3.1), we have

1/n

IN

T — S0 g(r)

n
T
n n

. 2c)" et <

IN
NI

Therefore, we have
so > /2.
This sq is the desired s.
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From now on, we let § be a number such that

0<d <4 nT

Let

1
(3.4) 0<r< 1 (2 —2%) C,0°,
and it is easy to check that

1
3.5 < -Ch.
(3.5) T<
Let

A, (B)
be the family of all n—dimensional open cubes in € satisfying
(3.6) |ENQ| < 20 7T JHYHENOQ) < T|IENQ|Y,

where 7 is the edge length of @ satisfying (3.1).

Proposition 2. Let E be a set of finite perimeter with |E| < ||, and Q be any
cube in A (E). Then either

or there exists a smaller cube Q C Q such that Q € A, (E) and the edge length of

Q satisfying
7 e (r/8,3r/4).

Proof. Without losing generality, we may assume that () is centered at the origin
O. Let

Z{SG( ; ;) ZH" YEN{z= (21, ,zn)GQ:xis})Z;|EﬂQ|a}.

=1
Then, since

nENQ| > Z/_/QH” WEA{r ez = s})ds

n—l T tx; = 8Y)ds
> /Z;H (En{zeQ Nd

> ZIENQI K (2),
by applying (3.1) and (3.2), we have

H(z) < DEnQ

A
—
[\
Q
o
S~—"
3l
-
1
i
A

Therefore, there exists sg € (%7 fz) such that

37 S HHEN{zr= (01, 1) €Qai = s0)) < g ENnQ|”

i=1
Using the hyperplanes {z : z; = so}, we decompose @ into the union of 2™ smaller
n-dimensional rectangles {Q1, @2, -+ ,Qan}. Each of these Q;’s is located in one



8 QINGLAN XIA

corner of ), and two of these rectangles are in fact n dimensional cubes and with
edge lengths £ £ s0. Since sg € (fﬁ,ﬁ), we have
roor 3r

3.8 - < =%+ —.
(3.8) 4<2 50<4

Now, if
max |[ENQi| < (1-6)|ENQ],
then we can rearrange {Q;} into two groups
Vl - U{Qi17@i27"' 7@“} and ‘/2 = Q\‘/l
such that
SIENQI<|ENV|<(1-0)|ENQ)
for each 1 = 1,2. A well known inequality says
(2 —2%) (min (a,b))* < a®* +b* — (a+b)", for any a,b > 0.

Therefore,
IENWVi|* +|ENW|* - |ENnQ|”
(2 —=2%min{|[ENW|*,|ENV|"}

\%

4
> (2-26"BnQI" > - |EnQI".

Hence, by the isoperimetric inequality, (3.7), and (3.6),

P(E,Q) = P(E,Vi)+P(E,Va)
> Co|ENWV* +Cu |[ENV,|* —H" M (ENOVL) —H" 1 (ENoVy)
> Cn|EﬂV1\a+Cn|EﬁV2|“—2%\EDQ|“—H”‘1(E08Q)
> Co|lENQ|"+47|ENQ|” —7|ENQ|* —T|ENQ|”

(Cn +27) [ENQI™.

This gives one the first case.
If

max |E N Qi > (1-6)|ENQ),
then at least one of the two cubes in @Q;’s, say ()1, satisfies
[ENQi < 0|ENQ|
< §(20y) R
5(2C1) (4r1)FT < 20 ()T,
where r; = 5 £ 50 is the edge length of Q1. By proposition 1, there exists a smaller

cube Q C Q1 such that Q € A, (E) with edge length 7 € (%1,7“1) - (g, %), due to
(3.8). This completes the second part. (]

IN

Corollary 3.2. Let E C Q be a set of finite perimeter with |E| < |Q)|. Then one
of the following two cases must be true:

(1) either for any A > 0, there exists a cube @ € A, (E) with edge length r < X
and
P(EvQ) Z (On +27) |Eﬂ Q'a;
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(2) or there exists a sequence of cubes {Q;} C A, (F) such that

Qi+1 C Qi
and their edge lengths satisfy

1 < < 3
STi S Tip1 = 715
8 =y
for each 1.
Proof. Follows from proposition 2. O

Remark 3.3. In the second case of corollary 3.2, we may associate a family of
open cubes to it as follows. Let Qg be any given cube in 2. By picking the first cube
Q1 inside Qo, we get a sequence of cubes {Q;};=, as in the second case of corollary
3.2, and all these smaller cubes are contained in QQg. By rescaling and translation,
each cube Q; is the image of [—1,1]" under some affine map f; for eachi =0,1,---.
Using these affine maps, we define a continuous map F : [—1,1]" x (0, +00) — R"
by setting

F(z s)_{ %(fo(x)ffO(O))JrfO(O), if s > 1o
’ a Ti*£i+1 ((8 - ri+1) fl (l‘) + (Ti - S) fi+1 (LU)), ZfS € [Ti+177"7;

for some i. Note that, for each s > 0,the image
Fs =F (Q07 5)

s also a cube with edge length s. Also, F,., = Q; for each i =0,1,2,---, and

Fs g Ft
whenever s < t. Moreover, if s € [riy1,7;] for some i =1,2,---, we have

Qi+1 CF;,CQ; C Qo

and
[ENFs| < |[ENQ;
< 201(7“1)""7’21
< 20, (85)7T .

Therefore, |E N Fy| is continuous in s and
n2
|E n FS| < (Cgsn—1

2
for any s € (0,r1), where Cg = 201871 . Similarly, for any open ball B in Q, we
may pick the first cube Q1 inside B, and then construct a family of cubes {Fs} as
above. If we set K4 to be the largest open ball of diameter s inscribed in the cube
F, then we get a family of open balls {Ks} and |Ks; N E| is also continuous in s
with

n2
|EﬂK5| < Cgsn1.
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4. MINIMIZERS OF QUASI PERIMETERS
Let Q be any bounded open subset of R™ with n > 2. For any o € (0, 1), let
Fo={ECQ:P(EQ) <+, |E| =0|Q|}.
For any F € F,, a quasi perimeter of F is of the form
T (FE)=P(E, Q)+ G(E),
where G is a lower semicontinuous functional on F, satisfying the property that
(4.1) G(A) < G(B) + C|AAB|?

for any A, B € F,, and for a constant C' > 0, a number 8 > 1 — % Some examples
of G may be found in the introduction.

4.1. Existence of interior and exterior points. Note that for any G, by the
compactness of sets of finite perimeter, the quasi perimeter T automatically has a
minimizer. The following lemma says that for a T minimizer E, only the second
case of corollary 3.2 will happen.

Lemma 4.1. Let E be any T minimizer in F,. Then there ezists a sequence of
cubes {Q;} C A; (E) such that

Qit1 C Qi
and their edge lengths satisfy

1 3
i STkl S T

for each i.

Proof. 1t is trivial if F has exterior points. Therefore, we may assume that E has
no exterior points in 2. Under this assumption, we will prove the result by showing
that the first case in corollary 3.2 will not happen here.

Assume that there exists a cube @ in A, (E) such that

(42) P(E7Q) > (Cn + 27') |Eﬂ Q‘a
and its edge length
o
28C (2CY)

Then, we consider another set
E=(E\Q)UB,
where B is the ball having the same center as () and with
|IB|=|ENQ| <2Cir»T < 57"".

Note that B is strictly contained in Q. Since @ is in A, (E) and E has no exterior
points, we have

n2
0<|ENQ| <207,
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Therefore, by (4.3),

C‘EAE‘B < c@IEnQ)’
= 2°C|lENQI" " |EnQ"
< 250(201rn”’*—21)ﬁ7a|EmQ|“
< TIENQ|”.

Now, |E| = ‘E‘ and

T(E) = P(E0)+G(E)

- P(E,Q)_P(E,Q)+H"—1(EmaQ)+cn|EmQ|“+G(E)

IA

P(E,Q)—T\EmQ|“+G(E) , by (4.2)
< P(E,Q) fC‘EAE’B+G (B)
< P(B,Q)+G(E)=T(E).

This is a contradiction with the minimality of E. Therefore, by the corollary 3.2,
only the second case of the corollary will happen here. O

Suppose E is a T minimizer in F,. We may consider another operator
T (F)=P(F,Q)+ G (F)
for any F € Fy_,, where G (F) = G (F°).

Lemma 4.2. F is a T minimizer in F, if and only ~zf E° is a T minimizer in
Fi—o. Moreover, if G satisfies the property (4.1), then G also satisfies the property
(4.1) with same (.

Proof. This is because

T (E) < T (F)
— G(E)+P(E,Q) <G(F)+ P (F,Q)
— G(E°) + P(E%,Q) < G(F) + P(F°,Q)
— T(E°) <T(F,

for any F € F,. Moreover, if G satisfies equation (4.1), then G also satisfies the
property (4.1) with same 3. This is because AAB = A°AB°. O

From now on, let E be any T minimizer in F,. To understand the regularity of
E, we adopt the approach given in [2], which corresponds to the case that G = 0.
Over there, a crucial step is to show the existence of both exterior and interior
points of the minimizer. Our result is stated as follows.

Theorem 4.3. Let E be any T minimizer in F,. Then E has both interior points
and exterior points in €.
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Proof. Assume FE has no exterior points. Since 0 < |E| = ¢ |Q] < |Q], there exists
at least one open cube @ in  such that |[EN Q| > 0, and also an open ball B in
Q such that |E€N B| > 0. We may also require that @) and B are disjoint. Now,
by lemma 4.1, lemma 4.2 and the remark 3.3, there exist a family of n-dimensional
open cubes {F;} for E and a family of n-dimensional open balls {K,} for E€ such
that

(1) for each s > 0, both the edge length of Fs and the diameter of K, equal to

s
(2) let so be the edge length of @ and ¢y be the diameter of B, then Fs, = @
and K;, = B;

(3) whenever s < t, we have Fy; C F; and K C Ky;
(4) there exists a decreasing sequence of positive numbers {s;};-, with limit 0
such that Fs, € A;(F) for each i =1,2,---;
(5) both |Fs N E| and |K; N E°| are nondecreasing continuous functions of s €
(0, +00).
(6) moreover, for any s < s;, we have
2
(4.4) 0<|F,NE|<Cpsnt

for some constant Cr > 0. Also, there exists a positive number t; < t,
such that for any t < t1, we have

'n.2
(45) 0< |Kt n EC‘ < Cgetn-1
for some constant Cge > 0.
Now, we pick a positive number ¢, < min {sy,¢; } small enough so that

(4.6) o (Cpe) /™ el <7
and

|Fe, NE| < |BNE°|.
For any s € (0,¢q), since

|FsNE|<|F,NE|<|BNE‘ =|K¢{ NE‘,

by the mean value theorem, there exists at least one ¢t < ty such that
(4.7) |K: N E°| = |FsN E|.
Since E has no exterior points, we have |Fs N E| > 0. By the fact that lim_, |KsN

E*| = 0, the set of all ¢ satisfying (4.7) must have a minimum in (0,ty), and we
denote this minimum by ¢ (s). Thus, g (s) € (0,t) and

(4.8) |FsNE| = |Kys NE|.
Note that since Fy C ) and Ky € Ky, = B, we know that F, and Ky
still disjoint. Now, we fix an s € (0, ¢p) small enough so that Fs € A, (E),
2n

) are

(4.9) Z(op)ttsiT < r
€0
and
a2\ B—1+2%
(4.10) c (CEs"—1> <T.

For this particular s, we consider the set

= (E* FS) UKg(s).
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Then, by (4.8), we have |E| = |E| = ¢]Q| and

P (E Q) — P(E,Q)— P(E,F,)+H"' (ENJF,)
(4.11) —P (B Ko@) +H" (BN 0K, () -
By the isoperimetric inequality (2.1),

P(E,F,)+H" Y (ENJF,) > C,|ENF,|*.

Also, by (2.2),

H' (BN OK () = P (B, Ko(s)

2n c
< WS) |E N Kg(s)} ; by (4.8)
_ [ BIENEIT(Cr) g (97T i g(s) Seo. by (45)
= 2 IEn R (Cp) s, if g (s) > €0, by (44
<

_1
|ENFy|*2n (Cge) ™", if g(s) < e
[ENF|* 22 (Cp) /" 571, if g (s) > eo,
< T|ENF,", by (4.9) and (4.6).
Therefore, by (4.11), the fact Fs € A, (E), and (3.4), we have
P(E,Q) < P(E,Q)—Cn|ENF,|*+2H" Y (ENOF,) + 7 |ENF,|"

P(E,Q)—C,|ENFy|* +37|EN Fs|®
P(E7Q)—T|EOF’S|O‘7

(£.2) +6 ()

(E,Q) —T|ENF|*+G(E)+C|ENF,|’
(E)+|ENE,|" (C|EmFs|ﬁ—1+% - 7')

< T(F).

The last inequality follows from (4.4) and (4.10). This contradicts with the T
minimality of E. Therefore, £ must have an exterior points. Since, by lemma 4.2,
E¢isaT minimizer, we see F° have also some exterior points. Therefore, F has
both interior points and exterior points. O

INIA

due to (3.5). Hence,

T(E) -

4.2. Regularity Results. Now, we may discuss the regularity of the T minimizer
E. By theorem 4.3, E has both interior points and exterior points. Therefore, there
exists a number R > 0 and two open balls By, By in € of the same radius 2R such
that

|EN By =0 and |E°N By| = 0.

Our main theorem is stated as follows.

Theorem 4.4. Suppose E is a minimizer of the quasi perimeter T in F,. Then E
is a quasi minimizer of perimeter (without the volume constraint) in the sense that

(4.12) P(E,Q) < P(F,Q) + | EAF™n(19)
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for all subsets F' of Q with EAF contained in any open ball B, with radius p < R
and for some constant ¢ > 0.

Proof. By theorem 4.3, there exist two open balls B; and Bs in ) of same radius
2R such that

|[ENB;|=0and |[E°N B3| =0.
Let p € (0, R) be any fixed number and F' be any set of finite perimeter with FAF
contained in some open ball B, of radius p.

Suppose that |[EN B,| > |F'N B,|. We can move a ball B in B1\B,, of radius R,
while remaining strictly in Q — B (p), until it reaches a new position Bs such that
|BsNE°| = |ENB, —|FNDB,|.

Let F, = F'U Bs. Then |F,| = |E|. Since E is a T minimizer, we get
T(F) < T(F,).
That is,
G(E)+ P(E,Q) < G(F,) + P (F,,Q).

[\)

Therefore, by (2.2),

P(E,Q) < G(F,)—G(E)+ P(F,Q)
< C|EAFE,|P + P(F,Q) — P(B3 N E°,B3) + H" ' (8B3 N E°)
< P(F.Q)+C|EAF,° + % |Bs N E°|
< P(F,Q)+ c|EAF|™n(LA)

where ¢ = C' + %.
We arrive at the same relation

P(E,Q) < P(F,Q) + c|EAF|™"1A)
if we suppose |E N B,| < |F N B,|. -

By the theorem and a well known result about quasi minimizers of perimeter
satisfying (4.12) (see for instance [4, Theorem 1]), we get the desired classical
regularity result of the boundary of E as follows:

Theorem 4.5. Suppose E is a minimizer of the quasi perimeter T in F,. Then
the reduced boundary 0*E is an (n — 1) dimensional C*™"(1/2:8/2) hypersurface in
Q, and moreover dim ((OFE — 0*E)NQ) < n — 8.
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