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Abstract. In a previous paper [12], we considered problems for which the cost of transport-
ing one probability measure to another is given by a transport path rather than a transport
map. In this model overlapping transport is frequently more economical. In the present ar-
ticle we study the interior regularity properties of such optimal transport paths. We prove
that an optimal transport path of finite cost is rectifiable and simply a finite union of line
segments near each interior point of the path.

Mathematics Subject Classification (2000): 90B06, 49Q20.

1. Introduction

In a previous paper [12], the author considered a phenomena of mass transport
problems, for which the actual transport cost is given by the actual transport path,
rather than by transport maps as in Monge’s problems [7, 10, 8, 3,6, 2]. In this model,
an optimal transport path in [12] between two probability measures will often
overlap in some cost efficient way. Such a phenomenon is very common in the nature
such as trees, railways, circulatory system and so on. This article is a continuation
of the paper [12]. Namely, we will consider here the regularity properties of these
optimal transport paths.

There are mainly three steps to get the regularity results. The first step is about
the rectifiability of transport paths of finite cost. We achieve this by viewing a
transport path as a real flat 1-chain. We showed that a real flat k-chain with finite
mass and finite M“ mass is rectifiable. The idea of the proof is partly from Brian
White’s result [11] on rectifiability of flat chains with coefficients in general groups.
Thus, an optimal transport path with finite M“ cost (which automatically implies
finite mass) is rectifiable . The second step is achieving tangent cone properties of
optimal transport paths. Some readers may find that proofs here are analogous to
the proofs of tangent cone properties of classical integer multiplicity minimizing
currents as in the book [9]. In the third part, by some comparisons, we achieve some
local finiteness property at every interior point on the support of the path away from
the boundary. Namely, in a neighborhood of such points, the path is given simply by
a cone consisting of a finite union of segments. An interesting aspect of this proof
is that we do not assume the usual positive lower bound condition on the density
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of flat chains as in the study of stationary varifolds in [1]. In fact one should not
expect a global positive lower bound on the density to exist here.

The author wants to express his thanks to Professors Robert Hardt, Thierry De
Pauw and Luis Caffarelli for some useful conversations.

In this paper, we will use the following notations as in [12]:

— X :acompact convex subset of a Euclidean space R™.

— «: apositive number in [0, 1).

— u : a probability Radon measure on X as the initial measure.

— u~ :aprobability Radon measure on X as the target measure.

— Path (', u™) : the space of all transport path from u™ to ™.

- M (X) : the space of Radon measure x on X with total mass p (X) = A.
— 0, the Dirac measure at the point p.

2. Rectifiability of real flat chains with finite M mass

Let Py denote the group of polyhedral chains of dimension k£ in R™ with real
coefficients. Given any « € [0, 1], and any polyhedral chain P = Y g;0; € Py
with each g; € R, we define the M“ mass of P to be

M (P):= " |gi|" H" (03), 2.1)
where the o; are nonoverlapping oriented k-dimensional convex cells. Let

We(p) = iof {M*(R)+M*(P-0R)},

where 0 is the usual boundary operation on Pj. The Whitney flat a—distance
between Py, P, € Py is W* (P, — P,). Let Fy be the W!-completion of Pj. The
elements of Fj, are called (real) flat k—chains in [4]. For any real flat chain T' € F,
we define its M® mass to be

M® (T):= inf liminfM® (P). (2.2)

1 —
Py T

Remark 2.1. Anelement T of F, with finite M® mass is not necessarily a flat chain
with coefficients in the group (Rl, \x|a) asin [11] or [5], because 7' is the limit of
polyhedral chains under W flat distance , rather than under the W< flat distance.

Remark 2.2. Suppose k = 0 or 1 and {P;} is a sequence of polyhedral k-chains
with uniformly bounded mass and boundary mass. Then, {P;} — T under flat
1-distance W' is equivalent to {P;} — T weakly as signed measures or vector
measures. (See [9, 31.2] and [11].)
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2.1. Measures of finite M* mass

Since every signed measure on X can be approximated weakly by atomic measures,
every signed measure is a real flat O-chain. However, for any o < 1, not every
signed measure has finite M“ mass. In fact, as shown in [11] by White, we have
the following proposition:

Proposition 2.3. Suppose 0 < a < 1. For any signed measure p on X of finite
M® mass, there exists two sequences {x;} C X and {a;} C (—o0,+00), such
that

= Zaléml with Z la;|* = (1) < 4o0. (2.3)

Proof. We may assume p is a Radon measure, for every signed measure is the
difference of two Radon measures. We will apply induction on the dimension n of
R™ O X. The case n = 0 is trivial. We assume it is true whenever X C R* for
some integer k. Now, suppose X C R*¥*1, Let

v=p—piz:p({z}) >0}

For every hyperplane H of R¥*+1, by induction, v H = 0.

Assume v # 0 so that v (X) > 0.

Let L : R**1 — R be the projection map to its first coordinate. We consider a
map

v fas bl = (R []-]]o)
defined by

yt)=v({x={21, 2k} € X 121 < t}),

where [a, b] is an interval whose interior contains L (spt (v)) and ||-||,, is the metric
given by ||z||,, = |z|® for any = € R. Here |z| is the absolute value of z.
Now, for any s < t,

v () =7l = v {z={z1, -, 2p} € X 15 <o <t})°
<M (wi{z={z1, -,z € X s <z < t}).

This implies that

lim |y (t) =7 (s)llo =0,

t—s+

and

lim [y (s) =y ()llo = (v ({2 = {21, 201} € X i = 1}))" =0,

s—t—

since {1 = t} is a hyperplane of R**!. Thus, y : [a,b] — (R, |["||,,) is an increas-
ing continuous function with v () = 0 and v (b) = v (X) > 0.
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Now, we calculate the length of the curve v under the metric ||-||,,. On one
hand, for any partition a = tg < --- < t,,, = b, we have

Dol t) =y (ti)lly =D (v {r={w1, -+ wpa} €X 1 tia < <t;})"
< Z M« (l/\_{l‘: {331, s 7xk+1} eX: ti_1<$1§ti})
<M*(wi{z={z1, - ,xp11} € X ta <z <b})
=M* (v) < 4+o0.

This implies that ~y has finite length.

However, on the other hand, v ([a,b]) = [0,v (X)] C (R",]|...||,,) has length
infinity unless v (X) = 0. A contradiction! Therefore, v = 0 and
p=p{z:p({z}) >0} .

Hence p must be of the form

n= i ai(szz‘
i=1

for some a; € Rand z; € X. O

Remark 2.4. Proposition 2.3 is not true for a = 1, since every Radon measure p
on X has finite M! mass.

Any signed measure of the form (2.3) is called an infinite atomic measure. Let
A (X)

be the space of all infinite atomic measures in X with total mass A. Some properties
of infinite atomic measures will be studied in Section 4.3.

2.2. Rectifiability of real flat chains

As in [9], a subset M C R™ is called (countably) k—rectifiable it M = |J M;,
i=0
where H* (M) = 0 under the k—Hausdorff measure H* and each M;, for i =
1,2,--- ,is a subset of a k—dimensional C'' submanifold in R™.
It is well known that a real flat chain with finite mass may not be rectifiable.
However, it satisfies the following rectifiable slicing theorem ([4, 11]):

Proposition 2.5. Let A be a k-flat chain of finite mass in R™. Then the following
two conditions are equivalent:

1. A is rectifiable.
2. For almost every (m — k)-plane P parallel to a coordinate plane, the slice
AN P is a rectifiable 0-chain.

Remark 2.6. In [11], the above theorem actually holds for flat chains with coeffi-
cients in more general normed groups. We only need the simplest case here, namely
the group is the real line with Euclidean metric.
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The main result of this section is the following rectifiability theorem:

Theorem 2.7. Given any 0 < o < 1. Any real flat k-chain A of finite M mass
and finite M* mass is rectifiable.

Proof. Let II : R™ — L be an orthogonal projection onto an affine k-plane L.
Then, we have

/ M® (ANII (z)) dz < M® (A) < +oo0.
L

This is obvious when A is a polyhedral chain, and by Fatou’s lemma, we know it
is also true when A is a real flat chain. Therefore,

M (AN (2)) < 400

fora.e. x € L. By Proposition (2.3), AN I1~! (z) is an infinite atomic measure for
a.e. z € L. On the other hand, A is a flat chain of finite M! mass. By Proposition
2.5, A is rectifiable. O

3. Tangent cone properties of rectifiable M[* mass minimizers

The goal of this section is to achieve the tangent cone properties of any one dimen-
sional M® mass minimizer. This result will be used in the next section for optimal
transport paths. We first recall some terminology about rectifiable currents as in [4]
or [9].

Let £2 C R™ be an open subset and D*(§2) be the set of all C* differential
k-forms in {2 with compact support with the usual Fréchet topology [4].

A k-dimensional current T in §2 is a continuous linear functional on D*(2).
Let Dy, (§2) denote the set of all k-dimensional currents in {2. Motivated by Stokes’
theorem, the boundary of a current T' € Dy ({2) with k > 1 is the current T €
Di—1(£2) defined by

OT () := T (dip)

for any ) € D*~1(£2). When k = 0, one defines 97 := 0.

A rectifiable current T is a current coming from an oriented rectifiable set
with multiplicities. More precisely, T' € Dy ({2) is a rectifiable current if it can be
expressed as

T(w) = /M <w(z),&(x) >0 (x)dH* (x), Yw € DF(2)

where

— M is an H* measurable and k—rectifiable subset of (2,
— 0 is an H* | M integrable positive function,
- &: M — Ai, (R™) is a H* measurable unit tangent k vector field on M.
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The rectifiable current 7" described as above is often denoted by

=7(M,0,8).

Let Ry, (£2) be the space of all rectifiable k-currents in {2.
Fromnow on, we always assume v € [0, 1). Forany T = 7(M, 0, ) € Ry (12),

its M® mass is given by
M® (7(M.0.6)) = / 6% dH* () < +oc.
= M
A rectifiable k-current T' = 7(M, 0, ) € Ry, (£2) is an M mass minimizer if

M (T) < M“ (S5)

for any rectifiable current S € Ry, (£2) with 95 = OT.
The upshot here is to show that there exists a tangent cone of any M® mass
minimizer 7' = 7(M,0,£) € Ry (£2) at any fixed point p on spt (T') \ spt (9T).

We will apply this result to an optimal transport path in the next section.

3.1. First Variation

Suppose a rectifiable 1-current 7' = 7(M, 0,&) € Ry (§2) is an M® mass mini-

mizing with a fixed point p is spt (T) \ spt (0T).
For any open ball U C (2\spt (OT), suppose {¢+}
family of diffeomorphisms of U satisfying

—e<t<e 18 @ l-parameter

¢o = idy,3 compact K C U such that ¢;|U ~ K = idy.x Vt € (—¢,€);
x,t) — ¢¢ (x) is a smooth map U X (—e, e) — U.
p

Then,
M® (g (T /|D Gy | M)|0%dH .

We can compute the first variation and have

d
S (61 (T)) o = /M DeY - 0%,

where the vector field
0

Y (z) = &05(1‘/733) lt=0,

D.Y is the partial derivative of Y in the direction &.
Thus, since 7" is an M® mass minimizer, we have

DeY - £0%dH" = 0. (3.1)
M
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3.2. Monotonicity formula
Let ¢ be a smooth function such that
Y (t)=1fort <1/2,¢ (t) =0fort > 1and ¢’ (t) <0 forall t.

For any fixed p > 0 small enough, choose Y () = v (r/p) (x — p) with
r=|z —p|,and U = B, (p) in (3.1), then

[ pewie/o) @) et <o
B, (p)

Since
De (6 (r/p) (x— p)) - €
=50/ /o) (S0 )
2
0 (r/p) = P </p>>( —r s) .
Therefore,

/Bp(p) lzb (r/p) = ”a% (¥ (r/p)) (:U;p -5) 2] 0%dH" = 0.

2
dp JB, ) P ~pd Jo,m) r

Now, letting ¢/ increase to the characteristic function of the interval (—oo, 1), we
obtain the following monotonicity formula, in the sense of distribution,

d pr(p) 0° () dH' (z)
dp p

d 1 T—p ) o 1
1—-—. 0 dH . 3.2
-l e ( wp &)@ @ G2

pr(P) 6% (z)dH" (x)

Corollary 3.1.
dist (p, spt (OT)).

is a nondecreasing function of p for 0 < p <

Proof. This is because pr(p) —_— (1 2=p 5) 6% (x) dH* (x) is nondecreas-

lz—pl la—pl
ingin p. a
z)dH" (x
Corollary 3.2. If M is constant in p, then
r—p
§(z) = -

|z — p|
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pr(m 0° (z)dH" (x)
P

d/ 1 ( T—Dp ) 1
— 1-— €1 0%(x)dH (z) =0.
dp JB,p) | —pl |z — p| ¢ @ di (@)

Proof. Since is constant, by the monotonicity formula (3.2),

Thus,

1 r—p o 1
. e) 6 (z) dH
/BM =7 (1 7] ’f) (z) d# ()

is constant and equals to fBO(p) ﬁ (1 =k §) 0% (x) dH! () = 0. Since

1-— \i:ZI - € is nonnegative in B, (p), we have
TP e g (x) = 2
|z — pl |z — p
forany x € M. 0

3.3. Tangent cone
For any A > 0, consider a map

Npa © R —R™
y—>p
- =,
YN

For each A, and the rectifiable 1—current T = 7(M, 0, &) € Ry (£2), let

Ix = mpa#T B, (p)-
Note that T\ = T(npxxM N B,,0 0y, y—1,&m,, x-1) is also rectifiable. Since T

is an M mass minimizer, so is T for each A.

Proposition 3.3. Suppose M (T')+M® (T') < +oc. There exists a sequence {\; }
approaching zero such that {TAJ. } converges to some locally rectifiable 1 —current
C in both W* flat metric and W' flat metric. Moreover C'is a cone as well as an
M mass minimizer.

Proof. Since M (T') + M® (T') < +o0, there exists a sequence of positive num-
bers {);} converges to zero such that the slicing {T,} of T' by the sphere
{z : |x — p| = A;} satisfies the condition:

sup {M® (0T,) , M (Ty,) , M (9Ty,) , M (Ty,) } < 4oc.

Thus, by the compactness theorem of flat chains, {TAJ. } is subsequently convergent
to some flat current C'in both W flat metric and W' flat metric. C is a rectifiable
current 7(W, ¢, £c) because it has finite M mass and finite M mass. By a proof

similar to [9, 34.5], we know that C' = 7(W,0¢,{c) is an M® mass minimizer
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because it is a limit of a sequence of M mass minimizers {T)\j } Moreover, for
a subsequence, without changing notations, %!, — H'|0c weakly as Radon
measures, where 6; = 6 o . AL Now,

s, 0) 0 ()dﬂl()_h Is, 0 05 () dH! (2)
P o p

0 (x) dH" (x)

(by Corollary 3.1)

= lim ,
p—0+ P

which is constant in p. By Corollary 3.2, we have

o (z) =

]

for any = € spt (C). By an argument similar to that in the proof of [9, 19.3], this
fact implies that C' is a cone, in the sense that

770,)\#0 =C
for any A > 0. O

The above cone is called a tangent cone of T at p. From our main Theorem
4.10, we will see that such a cone is in fact unique, i.e. independent of the choice
of the sequence {);}.

4. Regularity of optimal transport paths
4.1. Transport paths between Radon measures

Given two fixed Radon measures p, u= € M, (X) of equal total mass A. Let
0 < a < 1 be fixed.

Definition 4.1. A transport path from u™ to p~ is a real flat 1-chain T with
O = p~ —p*
as real flat chains. The M® mass of T is also called the M® cost of T

Remark 4.2. Note that the definition here of transport paths is a restatement of a
previous definition of transport paths in [12].

Let
Path (p,p”) ={T € F (X): 0T =p~ —p*}

be the space of all transport paths from p™ to ™.
In [12], we showed that for any polyhedral 1-chain P, there exists a polyhedral
l-chain P with 9P = 9P such that P contains no l1-cycles in its support and

M® (P) < M (P).
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Definition 4.3. An optimal transport path T from u™ to p~ is an element in
Path (u*, u™) of least M mass such that there exists a sequence of polyhedral
I-chains {P;} containing no cycles with {P;} — T in flat W metric.

In[12], forany « € (1— i, 1], we showed that there exists an optimal transport
path from p™ to ;= with finite M cost. We also verified that

do (0, p7) == min {M* (T) : T € Path (u*, ")}, (4.1)

defines a metric on M4 (X)) , which metrizies the weak * topology of Radon
measures.
For any Radon measure ;1 € M4 (X) of total mass A, we showed in [12] that

diam (spt (1))

do (1, Ade) < Ky o A® 5 ,

4.2)

where d, is the distance on M, (X) given in (4.1), K,, o is the constant
m independent of 4, and c¢ is the center of the cube () containing spt ().

Now, suppose T' € Path (u, ™) is an optimal transport path of finite M
mass. In [12], we also verified that

M (T) < A'~oM*(T).

Thus, T is automatically of finite M mass. By the rectifiability Theorem 2.7, T is
rectifiable.

4.2. Tangent cone

Let { P;} be a sequence of polyhedral 1-chains containing no cycles and converg-
ing to an optimal transport path 7" in flat metric. Note that each P; determines a
polyhedral 1-current. Since

M! (P) +M! (0P;) < A'7*M* (P;) +2 — A “M*(T) + 2 < +o0

is uniformly bounded, by the compactness theorem of currents, { P;} converges to
a current in flat metric. Thus, 7' is also a current. Since 7' is optimal, 7" becomes an
M® mass minimizer. Put everything together, we get the following

Proposition 4.4. Any optimal transport path T € Path (u™, =) with finite M®
cost is a rectifiable 1—current T(M, 0, &) with

M (T) = ; 0“dH* () < +oo.

Moreover, T' is M* mass minimizing.

Now, we have the following proposition about the tangent cone of any optimal
transport path:
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Proposition 4.5. Suppose T € Path (u™, ™) is an optimal transport path. For
any p € spt (T)\ (spt (ut) U spt (u™)), there exists a tangent cone C, of T at p.
Moreover; the intersection of C,, with the closed unit ball is a finite union of line
segments:

k
Cp = millps. 0]
i=1

for some {p;} C ST 1(0), some suitable multiplicities m; € R satisfying a
balance equation

Z |1 P =0, (4.3)

and some positive integer k < C' for some constant C = C (m, «) depends only
on m and «. Here k and the minimum angle between distinct p; depend only on «
and m.

Proof. The existence of a tangent cone C), comes from Proposition 3.3. Let /; and
I be any two outward (or inward) segments on C,, of weights m; and my from the
cone vertex O. Since C), is also optimal, by simple computation as in the example
1 of [12], one can see that the angle between [; and [ is at least

20 200 2c
arccos <(m1 +ms) =Ll ) > arccos (220‘71 -1),

2m¢ms§

which is positive for « < 1. This uniform lower bound forces the number of
segments on C), from the same cone vertex O to be finite. Therefore, C, must be a
finite union of line segments. Since C,, is optimal, these line segments must satisty
the balance equation (4.3). a

4.3. The normalized maximum atomic mass of an infinite atomic measure

Now, we study an important quantity of infinite atomic measures, which plays a
key role in the following subsections for comparing the cost of different transport
paths.

o0
For any infinite atomic measure = . a;d,, € Ax (X), let
i=1

X (1) == max{|ai| ;\:(M)i; ai(gzi}

Note that 0 < x (1) < 1 and spt (@) has at least 1/x (u) points. Also,  is scalar
invariant since x (Ap) = x (@) for any A # 0. The following two lemmas about x
will be used later.
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Lemma 4.6.
M (p) > x ()" A*
forany p € Ay (X).

Proof. By choosing an order on {a; }, one may assume that {|a;|} is nonincreasing.
Thus,

o0 o0 a «@
M*® (n) = ZW\@ = |a1|az afl
i=1 i=1 11
> «@ Sl a—1
> |aq] Z , la |™ " A
=1
=X () A%

Lemma 4.7. Given c € (0,1] and a small number 0 < € < § with

2
2

(1—6—)'JK >1-2¢,
c c

For any infinite atomic measure i € A (X), if
c—e& <M(p) <c+é
@ — e <M () < ¢+ €%
then
X(p) =z (1—e)t==.
Proof. By Lemma 4.6,
M@ _ (=)
M*(u) — e+ e
c*(1 - %62)

c + €2
> 1 —¢,

x(p)' = >

by some easy calculation. O
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4.4. Regularity of optimal transport paths
Let S;”fl denotes the sphere in R™ with radius p and centered at the origin.
Lemma 4.8. Forany pn € Ay (S;”’l) and any optimal transport path

T € Path (u, Ady) ,

we have

|\
w2 (57)

for every r € [0,1]. In particular,

¥ (TS0 2 (2K o) T
has a universal lower bound for any i, p and T.
Proof. We have known from (4.2) that
do (11,00) < Koo A%p

forany p € My (S;P1).
Now, let
f)=x (TS5

Then, since the optimal transport path T" contains no loops, we know f is an de-
creasing function of r € [0, 1]. Also, by Lemma 4.6,

M (T[S77Y) > (fF (r)* " A°.

Now,
Kp,oA% > M (T)
P
2/ M® (T[S 1) ds
/ MD‘ TSy, 1)pdr
> [Cwor an
1
2/ )71 A pds
> (f(r)* T (L =r) 4%
Therefore,
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The following lemma is the key lemma to get our regularity result:

Lemma 4.9. Suppose =5 a;6,, € Ay (S{’%l) with
i=1

(3
> 1
Y < Z i e
Eklazl < 5, i {lail}
1=

Let T € Path (p,09) be an optimal transport path. Thus, for any i, there is a real
flat chain T; € Path (a;0,,, a;do) such that

T = Z T..
i=1
Suppose also that {T;}*_, are disjoint in B1(0) \ {0}, then there exists a number
p > 0 such that
T|B, (0)
is a cone consists of k line segments with {0} being a common endpoint.

k
Proof. Let the set I" be the support of the flat chain > T; and consider a map
i=1

g:{k+1,k+2,---} =T

by sending each ¢ > k to the first intersection point of 7; and I'.
Now, it is sufficiently to show that the set

is bounded away from {0} by some small positive number p.
In fact, for any p € A, let

L= Y T[(Bi(0)\I).

i€eg—1(p)

Then, I}, € Path < > aiby, (D ai)5p> is an optimal transport path.
i€g=1(p) i€g~"(p)
Since
Bs /4 (p) C B1(0) and By /4 (0) C B/ (p)
by Lemma 4.8, we have

X (I N S14(0) > x (1N Ss5(p)) > D

where D = (ZKmﬂ)%.
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Choose € < 1/8 small enough so that

1\° 1\°
— — | — > .
(1+E> < ) > 64e

For any p € A, let yu, = I, N Sy/4(0) be the slicing of I', with the sphere
S1/4(0) . Suppose 1, = Apdy, + u;) with y, € 51,4 (0) and

[Apl = X (kp)M(p1p) > DM ().

If A is not bounded away from 0, then one of I’s branch, say 77, must contain
asequence {p; } of disjoint points in ANT} such that {p; } converges to 0 and {y,, }
converges to some point y € S;,4 (0). One may also choose {),, } to be of the
same sign. For convenience, we assume {\,, } to be positive.

From this sequence, we first fix a point p € B (0) N {p;} € ANT; with y, €
B (y) N S1/4 (0). Since M(T') < 400, we may assume M (7'M S} /4 (0)) < 400,
otherwise one can replace 1/4 by some number very close to 1/4. Since there are
infinitely many {y,, } contained in B, (y) N 51,4 (0), and

> M <D M) < M(T'N 814 (0)) < +00,

there exists a y, among them corresponding to some ¢ € B.(0) N {p;} with

4Ue
/\1704
q < Mo (T) ’

where U = x (up).

Now, we construct a new path R € Path (p1, do) as follows. Namely, let -y, be
the unique flat chain from y,, to q and -y, be the unique flat chain from y, to q. Both
p and 7y, are of multiplicity 1. Now let

R=T+ X (7 —7qg) + g [[ypa qu

where [[yp,y,]] denotes the line segment from y, to y,. We still have R €
Path (i, d9). We begin to compare the M costs of R and T as follows. Since

1+x)*—-1<azx

on z € [0, 1], by the Definition (2.1) of M® mass, we easily have

M (Fp+/\q7p)_Ma (Fp) Soz();) M (Fp)~

Also, since (z + 1)* — 2 is a decreasing function on z € [0, 5], we get

1\ 1\
M* (I7) = M (I'y = Ag7q) 2 {(1 + D) - (D) ] Aglength(vg) = 8Aje
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Thus,

M*® (R) - M*(T)
< AgetM® (LptAq7p) +M* (L= Agvq) +lp — (]|)\?f - M*® (I},) —-M* (I})

< 2M\je+aM* (1},) ()\q) —8)\je

U
«@ )‘q «@
< MYT) T —6A;e<0.
A contradiction to the optimality of T'. a

Now, we have our main theorem about the regularity of optimal transport paths:

Theorem 4.10. Suppose T € Path (u™, ™) is an optimal transport path with
finite M cost. For any point p € spt( )\ spt (ut U p™), there is an open
neighborhood B,, of p, such that

T|B,
is a cone consists of finitely many line segments with suitable multiplicities.

Proof. Forany p € spt(T) \ [spt(ut) U spt(p™)], by Proposition 3.3, there exists
a sequence {A;}, A; — 0 such that

Ty = npx,#(T| B, (p)) = Cbp, (4.4)

the tangent cone of T at p, in both W flat metric and W! flat metric. By Proposition
4.5, the cone C), must be of the form

Cp = lemi[lpi, 0[]
satisfying a balance equation

k m;p;
=1 ‘mi|1—a

=0,

where {p;} C S7"~*(0) and [|p;, 0|] denotes the line segment from p; to 0.
Let I; C ST" ~! be a fixed small open neighborhood of p;... Choose

1 .
0D<e< 3 z:rlnlnk{|7m|}

small enough so that

2a0

[ |

for each .
Let

w =T, N S7 (0)
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be an infinite atomic measure. By (4.4), when j large enough, we have

M(mid,,) — & < M(ju) < M(midy,) + ¢
M(miapi)a —é < Ma(ui) < M(miém)a + e

Thus, by Lemma 4.7,

X)) = (1— )=

for each 4. This means that I; contains a dominated Dirac measure 51’2 of p; with
multiplicity x(u;)M(u;). From each pl, there is a unique path I; from p to 0.
Choose j large enough, we may assume [; \ {0} are disjoint (except at 0). Thus, by
our key Lemma 4.9, T} is a finite sum of line segments nearby a small neighborhood

of 0. Thus, we proved the theorem. O
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