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ABSTRACT. This paper studies a variant of ramified/branched optimal trans-
portation problems. Given the distributions of production capacities and mar-
ket sizes, a firm looks for an allocation of productions over factories, a distri-
bution of sales across markets, and a transport path that delivers the product
to maximize its profit. Mathematically, given any two measures y and v on X,
and a payoff function h, the planner wants to minimize Mo (T) — [ hd(0T)
among all transport paths T from & to o with i < p and 7 < v, where M
is the standard cost functional used in ramified transportation. After proving
the existence result, we provide a characterization of the boundary measures
of the optimal solution. They turn out to be the original measures restricted
on some Borel subsets up to a Delta mass on each connected component. Our
analysis further finds that as the boundary payoff increases, the corresponding
solution of the current problem converges to an optimal transport path, which
is the solution of the standard ramified transportation.

1. INTRODUCTION

1.1. The ROTPB problem. Transportation is an important force shaping the
spatial distribution of economic activities. Consider a firm that produces and sells a
product in various regions. Given the locations and capacities of these regions and
the associated production costs and sale prices of the product, the firm looks for
a distribution of productions over factories, a distribution of sales across markets,
and a transport path that delivers the product to maximize its profit. The firm’s
optimal plan over productions and sales depends on its choice of transport path,
and vice versa. The interactions between location and transport choices, however,
often render these problems difficult to analyze.

In this paper, we address some of these interactions in the framework of the
ramified optimal transportation. More precisely, we consider the following resource
allocation problem: let 4 and v be two Radon measures on a convex compact subset
X of the Euclidean space R™, M, be the standard cost functional used in ramified
transportation [30] for « € [0,1), and h be a continuous function on the support of
the signed measure v — . We consider the problem:
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Problem (ROTPB(u,v)). Minimize

(1.1) EM(T) := Ma(T)—/th(aT)

among all rectifiable 1-current T with OT < v — u as signed measures.’

In the context of the above example, measures 4 and v represent, respectively,
the distributions of production capacities and market sizes. The function h rep-
resents the payoff associated with moving mass from g to v, and it captures the
production cost of the product over p and its sale price over v. The firm aims to
maximize its profit defined as sale revenues minus costs involved in transportation
and production. We call this problem as ramified optimal transportation with payoff
on the boundary (ROTPB).

1.2. Background. This paper is related to the literature of optimal transport
problems that concerns efficient mass transportation. These problems are studied
early on by Monge and Kantorovich, and has been extensively analyzed in recent
years. Classical references can be found in the books [23, 24] by Villani, [19] by
Santambrogio, and the user’s guide [1] by Ambrosio and Gigli. Our paper is most
closely related to the ramified optimal transportation (ROT) (also called branched
transportation) literature, which models branching transport structures thanks to
the efficiency in group transportation. In contrast to the Monge-Kantorovich prob-
lems where the transportation cost is solely determined by a transport map, the
cost in ramified transport problems is determined by the actual transport path.
The Eulerian formulation of the ROT problem is proposed by the first author in
[26], with related motivations, frameworks and applications surveyed in [30]. An
equivalent Lagrangian formulation of the problem is established by Maddalena,
Morel, and Solimini in [14]. One may refer to [2] for detailed discussions of the
research in this direction. Some interesting recent developments on ROT can be
found for example in [4, 6, 8, 13, 18, 20].

Our paper differentiates itself from the existing ROT literature in two main
regards. First, in the literature both measures p and v are fixed and of equal
mass, and the problem only involves finding a cost-minimizing transport path. By
contrast, the planner in this paper optimizes over all possible combinations of (f, 7/)
with it < p, 7 <wv and ||z]| = ||7]|. Similar kind of optimal partial mass transport
has been studied for instance by Caffarelli and McCann [5] and also Figalli [12]
for the scenario of Monge-Kantorovich problems with a particular attention to the
quadratic cost. Second, the planner faces a reward for relocating mass at the
boundary, and thus the solution relies on the payoff function h. This element has
been absent in the literature up to our best knowledge.

1.3. Main results. Our main results include three parts: the existence theorem
(Theorem 3.1), the characterization theorems (Theorem 1.1, Theorem 4.19), and
the approximation theorem (Theorem 5.4).

We first prove the existence of an E-minimizer 7* for the ROTPB(u, v) problem
in Theorem 3.1. This optimal solution T is an a-optimal transport path of finite
M, cost from p* to v* for some measures u* < p and v* < v. As such, T*
automatically inherits many nice geometric properties of optimal transport paths as

IThe notation < is introduced in (2.4).
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described previously in [30]. We next characterize the optimal allocation measures
w* and v*. In the case that they are finitely supported atomic measures, we show

Theorem 1.1. Suppose p and v are two atomic measures on X with finite supports,
0<a<l, and T* € Path(p*,v*) is a solution to the ROTPB(j,v) problem. Let
{Ky:k=1,2,--- £} be the set of the connected components of the support of T*.
Then, for each k=1,2,--- £, it holds that

(1.2) pw LKy =pl Ky —myd,, and v* L Ky = vL Ky — ngdy,,
for some points pr, € Kj, N spt(p*) and g € Ki N spt(v*) with

my, = max{u(Ky) — v(Ky),0} and ny := max{v(K) — u(Ky),0}.
As a result, we have the decomposition
(1.3) pw=pLA—aandv*=vL B —b,
for A = spt(p*), B = spt(v*), and

¢ ¢
(1.4) a:kaépk, b:anéqk.
k=1 k=1

Note that in (1.2), at least one of my and ny is zero for each k. It says that
on each connected component Ky, all existing resources in the optimal allocation
source measure p* will be used up, and all demands in the optimal allocation
destination measure v* will be met with at most one exception at either a source
node or a destination node. There are three scenarios:

e In the balanced case with u(Kj) = v(Ky), then
WL K, =pl K and v*' L K, = vL K.

All source and destination nodes are fully in use.
e In the over-supply case with u(Ky) > v(Ky), then

w LKy =pl K — (u(Kg) — v(Kg))op, and v L Ky = v K.

All source nodes excluding the one at pi and all destination nodes are fully
in use.
e In the over-demand case with u(Kj) < v(K}), then

LKy =plL Ky and v*' LK =vL Ky — (V(Kg) — p(Kg))dg, -

All source nodes and all destination nodes except for the one at g are fully
in use.

In Theorem 4.19, we extend the results of Theorem 1.1 to general cases.

The third part of the main results highlights an important implication of the
current study for solving an optimal transport path. We consider a version of
ROTPB problems, where the measures p and v are disjointly supported and the
payoff function h. takes a constant value 2c on the support of v, and vanishes on
the support of u. In the early example, the parameter ¢ represents (half of) the gap
between the sale price and the production cost, and it effectively determines the
payoff from relocating a unit of mass. Intuitively, the larger the payoff, the more
incentive the planner has to relocate the mass from sources to destinations. When
the payoff is sufficiently large, it is in the best interest of the planner to move as
much mass as possible. We prove in Theorem 5.4 that an optimal transport path,
which solves the standard ramified transportation problem, can be obtained as a
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limit of the solutions to a sequence of ROTPB problems associated with a series of
increasing boundary payoff.

2. PRELIMINARIES

2.1. Basic notations in geometric measure theory. We first recall some ter-
minology about rectifiable currents as in [11] or [21].

Let © C R™ be an open domain and for any integer k& > 0 let D*(£) be the set
of all C* differential k-forms in Q with compact support with the usual Fréchet
topology [L1]. A k-dimensional current S in ) is a continuous linear functional on
DF(Q). Denote Dy (f2) as the set of all k-dimensional currents in . The mass of a
current T’ € Dy () is defined by

M(T) := sup{|T(w)| : [lw]| < L,w € DH()}.

Motivated by the Stokes’ theorem, the boundary of a current S € Dy(Q2) for k > 1
is the current 95 in Dy_1(QQ) defined by

05 (w) :== S (dw)

for any w € D*~1(Q). A current T € Dy (Q) is called normal if M(T) + M(9T) <
+o0o. A sequence of currents {S;} in Dy () is said to be weakly convergent to
another current S € Dy (), denoted by S; — S, if

Si(w) = S(w)
for any w € D¥(1Q).
(o)
As in [21], a subset M C R™ is called (countably) k—rectifiable it M = |J M,

i=0
where H* (My) = 0 under the k—dimensional Hausdorff measure H* and each M;,
fori =1,2,---,is asubset of an k—dimensional C'! submanifold in R™. A rectifiable

k-current S is a k—dimensional current coming from an oriented k—rectifiable set
with multiplicities. More precisely, S € Dy () is a rectifiable k-current if it can be
expressed as

M@=A@@é@W@WW®%WEW®)

where

e M is an H* measurable and k—rectifiable subset of .

e 0 is an H* L M integrable positive function and is called the multiplicity
function of S.

e ¢ is an HF-measurable k-vector valued function on M such that at H*-a.e.
x€M,&(x) =11 A+ ATy, where {71, , 7%} is an orthonormal basis for
the approximate tangent space T, M. ¢ is called the orientation of S.

The rectifiable current S described as above is often denoted by
S =1(M,0,%).

In this case, the mass of S is expressed as
M(S) = / 0(2)dH (2).
M

Since 6 is H* L M integrable, each rectifiable current S here is assumed to have
finite mass.
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2.2. Basic notations in ramified optimal transportation. Let X be a convex
compact subset of the Euclidean space R™. The ramified optimal transport problem
(also called branched optimal transportation problem in the literature) consists in
the following Plateau-type problem:

Problem (ROT). Given two (positive) measures p* and p~ on X of equal mass
and a < 1, minimize

M, (T) := / 0 dH*
M

among all rectifiable 1-current T = 7(M,0,&) in R™ with 0T = p~ — pt in the
sense of currents.

Each rectifiable 1-current 7' = (M, 6,£) such that T = p~ — p is called a
transport path from u™ to u~. Let

Path(ut, ™) = {T is a rectifiable 1-current : 0T = u~ — u*}

be the collection of all transport paths from p* to p~.

For the ROT problem, the existence of an M,-minimizer in Path(u®, pn~) is
shown in [26]. Each M,-minimizer is called an a-optimal transport path. One
shall note that for some combinations of exponent v and pair of measures p*, it is
possible the M,, cost of any transport path T' € Path(u™, 1) is infinite, and thus
the existence of a solution to the ROT problem is trivial in that case.

When 1 — % < a < 1, it is shown in [26] that for any pair of measures p* of
equal (finite) mass there exists an a-optimal transport path of finite M,-cost from
ut to p~. Moreover, a distance is defined by setting

(2.1) do(p,p7) == min{My(T) : 0T = p~ —put}

between p+ and p~. This distance metrizes the weak convergence of measures. By
[26, Theorem 3.1], it holds that

(2:2) do (1", p17) < Crn,adiam(X)|| ™|,

where the constant

Jm
2(21—m(1—a) _ 1) .

(2.3) Crnor =

In general, the existence of finite cost a-optimal transport path between u™ and
p~ depends on the dimensional information of the measures (see [9], [28]). In [28],
the d,-metric is defined on the space of finite atomic probability measures for any
real number a < 1.

The following notations are also employed in the analysis:

e Let 1 and v be two (positive) measures on X. We say p < v if v — p is still
a (positive) measure on X. In this case, we say that u is feasible relative
to v.

e Let py = puf — py and pp = pd — py be the Jordan decompositions of two
signed measures. We say

(2.4) p1 = 2

if pf < py and py < py
e For any signed measure [i, let spt(ji) denote its support, ||f|| denote its
total variation, and |f| denote its total variation measure.
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For each rectifiable normal 1-current 7', its boundary 0T can be viewed as a
signed measure.
3. THE ROTPB PROBLEM

This section analyzes the spatial resource allocation problem ROTPB(u,v) as
stated in the introduction. For simplicity, when both the parameter o and the
function h are clear from the context, we simply write E! given in (1.1) as E.

The ROTPB(u, v) problem is indeed a double-minimizing problem

min {min {EX(T): 0T = v — i} : i < p, v < v with ||| = ||7]|}.

For each fixed i < p, v < v with ||i|| = ||7||, the inner minimization problem

can be re-written as

(3.1) min{My(T): 0T =0 — ja} — /X hdv + /X hdji.

=

min {EZ(T) =M,(T) - /X hd(OT) : 0T = v —

Thus, under the d, metric as given in (2.1), the ROTPB(u, ) problem can also be
expressed as: minimize

(3.2) e(ji, ) = da(ﬂ,a)—/xhdwr/xhdg

among all feasible measures i < p and » < v with ||| = ||7]].

From the perspective of the firm in the example given in Introduction, the
ROTPB(u,v) problem can be interpreted as follows. Given the distributions of
production capacities (u) and market sizes (), the firm chooses an operation plan
i < pand 7 < v to minimize the total costs incurred in production (fX hdjfi) and
transportation (dq (fi, 7)) net the sale revenue ([, hdv).

We now state the existence theorem for the ROTPB(u, v) problem.

Theorem 3.1 (Existence). Let p and v be two Radon measures on X, 0 < a <1
and h be a continuous function on the support of the signed measure v — . Then
there exists a rectifiable 1-current T of finite M, cost that minimizes

E"(T) := M, (T) — / hd(OT)
X
among all rectifiable 1-current T with 0T < v — p as signed measures.’

Proof. We prove this result by using the direct method of calculus of variations.
Let {T;} be any E-minimizing sequence of rectifiable 1-currents. That is,

lim E(T;) = inf{E(T") : 0T < v — pu},
71— 00

and 0T; < v — p for each . With no loss of generality, we may assume E(T;) <
E(0) = 0. Thus,

(3.3) My(T)) :E(EH/

[ hator) < [ naor) < [ plagy - < o0

2When no ambiguity occurs, we also write E (T) as E(T) for notational simplicity.
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as h is continuous on the compact set spt(v — ), the support of v — . Now suppose
T; € Path(fi;, 7;). Since M, (T;) is finite, there exists an M,-minimizer with finite
cost for the minimization problem

min{My(T) : 0T = 0T;}.

Note this minimizer is also an E-minimizer for the inner minimization problem
(3.1) with @ = f; and 7 = ;. Without loss of generality, we may assume that
T; is such a minimizer, which is an a-optimal transport path of finite cost. By
(3.3), the sequence {M,,(T;)} is bounded. Employing Lemma 3.2 below shows that
the sequence {M(T;)} is also bounded. As a result, we get a sequence of normal
1-currents {7;} with equi-bounded mass and boundary mass. By the compactness
of normal 1-currents ([11]), and taking a subsequence if necessary, we may assume
that the sequence {T;} converges to a normal l-current T* with respect to flat
convergence. Since M, is lower semi-continuous with respect to flat convergence
([7, 15]), we have

M (T7) < liminf My (T;) < oo.
11— 00

According to the rectifiability theorem (e.g., Theorem 2.7 in [27], Theorem 7.1 in
[25]), finite mass and finite M, mass together imply that 7™ is also 1-rectifiable.
Since {T;} converges to T* in flat convergence, the sequence {07;}, which has
bounded mass, is weak-* convergent to 9T* as signed measures.

Since h is continuous on the support spt(v — p), spt(9T;) C spt(v — u), and 9T;
is weak-* convergent to 9T™, we have

/ hd(OT) = lim | hd(OT}).
X

1—> 00 X

As a result,

11— 00 11— 00

E(T*) = My (T") — /X hd(8T*) < liminf{M,(T;) — /X hd(9T;)} = lim E(T;).

When each 0T; <X v — p, its limit 07" < v — u holds as well. This shows that T* is
a solution to the ROTPB(u, ) problem. O

The proof of the theorem takes advantage of the following lemma:
Lemma 3.2. Suppose T is an a-optimal transport path with M, (T) < oo, then

M(OT)\ ' "

(3.4) M(T) < ((2)> M, (T).
Proof. Suppose T' = 1(M,0,§) is an a-optimal transport path from ut to u,
where 9T = p~ — pu™ is the Jordan decomposition of 9T as a signed measure. Since
T is an a-optimal transport path of finite cost, it follows (from (4.13) for instance)
that 6(z) < p*(X) = 1M(9T) for H'- a.e. z € M. Thus,

M(T) = x) = / 0(x)*0(z) ~dH! ()

M
(

M(T)
2

IN

| oy
[ ot e ant@) = )MMa(T).
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Remark 3.3. By the Jordan decomposition theorem, for any signed measure f,
there exist unique positive measures u+ and p~ such that g4 = u™ — g~ and
ut L p~. Thus, without loss of generality, we may assume that p and v are
mutually singular when studying the ROTPB(u, v) problem.

In the rest of the analysis, we assume that p and v are mutually singular, and h
is continuous on the support of v — p.

Proposition 3.4. If min{h(z) : = € spt(p)} > max{h(z) : © € spt(v)}, then
T* =0 is the unique solution to the ROTPB(u,v) problem.

Proof. Suppose T™* is a solution to the ROTPB(u, v) problem with 9T* = 0 — fi.
Since i and 7 have the same mass,

E(T*):MQ(T*)f/thﬁJr/thﬂ

> My(T") - /X max{h(x) : x € spt(v)}dv + /X min{h(x) : x € spt(p)}di
— ML) + (min{h(z) : @ € spt(u)} — max{h(z) : @ € spt(v)}) i(X) = 0
where the equality holds if and only if 7* = 0. O

The condition in the proposition implies that it is impossible to obtain positive
net payoff from relocating mass, needless to mention the incurred transportation
cost. It is thus in the best interest of the planner to not move any mass at all. This
proposition illustrates the role of boundary payoff played in the problem, which we
will further examine in Section 5.

Suppose that the ROTPB(u, v) problem has a solution T* € Path(u*,v*). Then,
T* is inherently an c-optimal transport path in Path(u*,v*) with finite M,, cost.
Thus, T* itself exhibits some nice regularity properties (acyclic, uniform upper-
bound on the degree of vertices, uniform lower-bound on the angles between edges
at each vertex, boundary and interior regularity, etc) as stated in [30] for being M,
optimal.

4. PROPERTIES OF THE OPTIMAL ALLOCATION MEASURES

This section is devoted to characterizing the optimal allocation measures p* and
v*. Let

E(u,v) ;= min {da(ﬁ,f/) —/ hd17+/ hdfi ’ g <pand v <vwith ||| = ||17|}
b's b's
denote the minimum value of the ROTPB(u,v) problem. We first observe some
basic properties of £.
Proposition 4.1. Suppose 0 < i < p and 0 < v < v. Then,
(4.1) 0> (i, 7) > E(u,v).
)

In particular, if E(p,v) = 0, then for all (i,0) with0 < g <pand0 <0 <y, it

holds that E(f1,7) = 0.
Proof. The results follow from the definition of &(u, v). O

Here, £(u, v) is non-positive and monotonic since —& (1, V) represents the overall
possible profit generated for the planner from the pair (u,r). When £(u,v) = 0,
there is no way to generate a non-zero £(fi, 7) from some part (fi,7) of (u,v).



RAMIFIED OPTIMAL TRANSPORTATION WITH PAYOFF ON THE BOUNDARY 9

Proposition 4.2. Suppose for each i = 1,2, T} is a solution to the ROTPB(u;, v;)
problem, and Ty, is a solution to the ROTPB(uy + po,vi + v2) problem, then

(4.2) E(T7,,) < E(T7) + E(T3),
and hence
(4.3) E( + p2,v1 +1v2) < E(pa,v1) + E(p2, v2).

*

Proof. By assumption, for each ¢ = 1,2, T € Path(uf,v}) with pf < p; and

v < ;. Then, Tf + Ty € Path(uf + p3,vi + vy) with pf + pd < pq + po and
vi+vs < vy+1,. Since TT, is a solution to the ROTPB(p1 + pi2, v1 + 1) problem,
we have

E(T7,,) < E(I7 +T35) = Mo (17 +15) —/ hd(OTy + 9T3)
X

< Mo(T}) + Ma(T5) / hd(OT}) — / hd(9T})
X X
= EI7)+ E(Ty).
O
Remark 4.3. Following from the above proof, if the equality in (4.2) holds, then
Suppose T; = 7(M;, 0;,&;) with 6;(x) > 0 for Hl-ae. z € M;,i=1,2. Since o < 1,
Ma(Tl* + T2*) - Ma(Tl ) - Ma(Tg)
<[ (Orla)+ bul))” ~ ()"~ Bala) o) <
MiNMsy

where the equalities hold only if H!(M; N M) = 0.
We now give a necessary condition on the solution to the ROTPB(u, v) problem.

Corollary 4.4. Suppose that T* € Path(u*,v*) is a solution to the ROTPB(u,v)
problem. Then E(u — p*, v —v*) =0.

Proof. Since T* € Path(u*,v*) is a solution to the ROTPB(y, v) problem, E(p, v) =
E(u*,v*). By (4.1) and (4.3),

0>E(p—pv—v")>E(v)—EW,v") =0.
Therefore, E(u — p*,v —v*) = 0. O

The corollary says that the mass left unmoved by the solution would not generate
further gains for the planner.

Proposition 4.5. Suppose that the ROTPB(u,v) problem has a non-zero solution
T* € Path(u*,v*) and o < 1. Then there exists no real number ¢ > 1 such that
op* < poand ov* <.

Proof. Otherwise, assume that there exists a real number ¢ > 1 such that op* < p
and ov* < v. We consider the function

g(A) == (A, Av™) = X% (0", v") — )\/ |h|dv™ + )\/ |h|dp
X X
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for A € [0, 0], where £(+, ) is defined in (3.2). Since T* € Path(u*,v*) is a non-zero

solution to the ROTPB(u,v) problem, d,(p*,v*) = My (T*) > 0. Thus, given
a<l,

g'(1)

ada(u*,y*)—/ |h|dy*+/ Ihldy*
X X

A1 1") — / (hdv* + / hldu*
X X
— E(T) <E(0) =0.

A

As a result, there exists a A* € (1,0) such that g(A*) < g(1). Because op* <
u and ov* < v, we also have \*u* < op* < p and X'v* < ov* < v. Hence
e(A s, v*) = g(A*) < g(1) = e(p*,v*), which contradicts with T being a
solution to the ROTPB(u, v) problem. O

At a solution to the ROTPB(u,v) problem, the planner might only move out
a portion of the mass held at one source or ship in mass less than registered at a
single destination. However, the above proposition shows that this can not happen
at all the involved sources and destinations. Otherwise, an improvement can be
achieved by a proportional increase of the transported mass at these locations.
This is because the resulting marginal payoff from moving more mass outweighs
the marginal transportation cost thanks to the transport economy of scale when
a <1

The remainder of this section focuses on characterizing the optimal allocation
measures p* and v*, with the main result stated in Theorem 4.19. We first set up
some technical bases.

Definition 4.6. Let T' = 7(M,0,£) and S = 7(N, p,n) be two rectifiable 1-currents.
We say Sis on T if H1(N \ M) =0, and p(z) < 0(z) for H! almost all z € N.

Note that when S = (N, p,n) is on T = 7(M, 0, &), then &(z) = £n(x) for H*
almost all z € N, since two rectifiable sets have the same tangent a.e. on their
intersection.

Theorem 4.7. Suppose that T* € Path(u*,v*) is a solution to the ROTPB(j,v)
problem, and 0 < a < 1. If there exists a rectifiable 1-current S on T™* with

AT +8S)Xv—pand d(T*—S)Xv—p,
then S = 0.

Proof. Assume that S = 7(N,p,n) is a non-zero rectifiable 1-current on T
7(W,0,£). One may assume that N = W by extending p(z) = 0 and n(x) = £(z
for € W\N. Since T* is a solution to the ROTPB(, v) problem and 9(T* + S) <
v — u, the function ¢(t) := E(T™* + tS) defined on the interval [—1, 1] achieves its
minimum value at ¢ = 0. Nevertheless,

~

A

g(t) E(T* +tS) = M (T" + tS) — / hd(O(T* +1S))

X

o)+

w

(O(x) + tp(x) (& (), n())* — O(x)*dH' (z) — t/ hd(95).

X
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Here, the Value of the inner product (&(z),n(x)) = +1 for H* — a.e. z € W. Then,
since My (T) = [, 0“dH' < o0 and p(z) < 0(x) for H' almost all z € W, we have

g"(0) = a—1/9 V2 p(x)?dH (z) <0,

because 0 < o < 1 and S is non-zero. This says that g cannot achieve a local
minimum at ¢t = 0, a contradiction. (]

4.1. Atomic case. In the context of finitely supported atomic measures, Theorem
4.7 has important implications for the structure of the optimal transport path T
as demonstrated by the following results.

Proposition 4.8. Suppose both

14 n
W= Z a0z, and v = ij(Syj
i=1 j=1

are atomic measures on X with finite supports, 0 < a < 1, and T* € Path(u*,v*)
is a solution to the ROTPB(u,v) problem. Also, let

P :=spt(p— p*)Uspt(v —v")

denote the union of the supports of the measures p — pu* and v — v*. Then each
connected component of the support of T* contains at most one element of P.

Proof. Since T* € Path(u*,v*) is a solution to the ROTPB(u, v) problem, it is
an a-optimal transport path from p* and v*. Because both p* and v* are atomic
measures with finite support, T is simply a finite acyclic graph (see [26, Proposition
2.1] and [2, Proposition 7.8]). Without loss of generality, we may assume that the
support of T is connected, and we want to show that the set

44) P ={a;: p({w:}) < p{e )Wy v i) <v{y )}

={pef{v, - zoy oy} (v =)} + (b — 1) ({p}) > 0}
contains at most one element. Assume that P has at least two distinct elements p;
and ps. Also, we may assume that (u— p*)({p1}) > 0 and (u— p*)({p2}) > 0 (the
proofs for the other cases are similar). Since T* is an acyclic finite graph, there

exists a unique simple oriented curve = on the support of T from p; to ps, and set
S = ol, with

o =min({0(z) : 2 € v}, (b — p*) ({p1}), (0 — 1) ({p2})) 0),

and I, being the rectifiable 1-current associated with v (see (4.10) for the precise
definition). Then, S is non-zero and on T in the sense of Definition 4.6. Moreover,
by the choice of o,
/’6* + 0<6P2 - 6101) < pe
Thus,
T x8)=v"—p" 06, —0p,) SV — p

According to Theorem 4.7, S must be zero, a contradiction. ([

The set P in Proposition 4.8 represents the collection of boundary nodes on which
the amount of mass involved in the optimal transport path 7™ is smaller than its
counterpart specified initially. The proof hinges on the fact that if a connected
component of the support of T contains two elements in P, one would be able to
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cut cost by reallocating the mass transported along T, which however is precluded
by Theorem 4.7.

According to Proposition 4.5, in the finitely supported atomic case, there exists
at least one point p on the support of u* or one point ¢ on the support of v*, such
that either

(4.5) pr({p}) = p({p}) or v*({4}) = v({g})-

Proposition 4.8 says that with at most one exception on each connected component,
equation (4.5) holds for all points p or ¢ on the supports of u* or v*, respectively.
Consequently, with the help of Proposition 4.8 and Corollary 4.4, we may prove
Theorem 1.1 as follows.

Proof of Theorem 1.1. By Proposition 4.8, each K} contains at most one element
of the set P. Thus, one of the following two cases holds:

Case 1:
w'L Ky =plk Ky —mydp, and v*' L K =vL K,
for some point py € K N spt(p*) and some real number my > 0.
Case 2:
p' LKy =pl K and v* L K = v Ky — ngdg,
for some point ¢ € Ki N spt(v*) and some real number ny > 0.

In the first case,
p*(Ki) = p(Kx) — my and v*(Ki) = v(Kg).
Since p(Ky) > p*(Ki) = v*(Ky) = v(Ky), it follows that
mi = p(Ky) — p*(Ki) = p(Ky) — v(Ki) = max{p(Kx) — v(Ky), 0},

and the desired relation (1.2) holds with nj = 0 = max{v(Kj) — u(Kx),0}. Anal-
ogously, (1.2) also holds in the second case. O

If the measure of mass at each source node is sufficiently large, all source nodes
would fall into the set P, yielding a natural partition of the transport path T* as
stated in the following corollary. In this case, destination nodes can be classified by
the source node from which they receive the mass. Under a symmetric condition,
a similar decomposition exists for destination nodes.

Corollary 4.9. Suppose both

14 n
W= Z a0z, and v = ij(Syj
i=1 j=1

are (positive) finitely supported atomic measures on X, and T* is a solution to the
ROTPB(u,v) problem.

(a) If

(4.6) min a; > ij,
j=1

1<i<e

then T can be decomposed as T* = Ty + Ty + --- + Ty, where for each
i=1,--- ¢, T; is an a-optimal transport path from a single source located
at x;.
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(b) Similarly, if

1<j<n

‘
(4.7 min b; > Zai,
i=1

then T* can be decomposed as T* = Ty + Ty + --- + T,,, where for each
Jj = 1,---,n, T; is an a-optimal transport path to a single destination
located at y;.

Proof. We only need to prove case (a) as (b) follows from a symmetric argument.
To do so, it is sufficient to show that each connected component of the support of
T™* contains only one source point in {x1,xa, - ,x¢}. We prove it by contradiction.
Assume that there exists a connected component of the support of T* that contains
at least two sources, say x; and xs. Then

pe({z1}) > 0 and g ({22}) > 0.

As a result,

p({end) < ut({end) +pt(fe2d) < |l = [ < Y 0b < ar= p({),

j=1
by (4.6). This shows that z; belongs to the set P in (4.4). Similar argument
leads to x5 € P. This contradicts Proposition 4.8. Let {K; : i = 1,2,--- ,¢} be
the connected components of the support of T, and set 7T; = T L K;. Since T is
a-optimal, and {K;} are pairwise disjoint, each T; is also a-optimal. ([

4.2. General case. In what follows, we generalize the results of Theorem 1.1 for
1 and v being any two Radon measures, not necessarily finite atomic. To do so, we
adopt a Lagrangian approach, and follow some notations used in [3].

By Theorem 3.1, the ROTPB(u, ) problem has a solution

(4.8) T = 1(W,¢,() € Path(u*,v").

We denote by T' the space of 1-Lipschitz curves v : [0,00) — R™, which are
eventually constant (and hence of finite length). For v € ', we denote the values

to(7y) :=sup{t : v is constant on [0, ]}
and
too(y) := inf{t : v is constant on [t, 00)},
and denote y(00) := limy_, o, v(t). Given v € T, the projections of  onto its starting

and stopping points are

(4.9) po(7) == 7(0) and peo(7) := y(00).

We say that a curve v € T is simple if y(s) # ~(t) for every to(y) < s <
t < too(7y). In particular, - is non-constant in any non-trivial sub-interval [s,t] C
[to () too (7)]-

For each simple curve v € I', we may canonically associate it with the rectifiable
1-current

(4.10) Iy=1 <Im(v), |z1| 1) :
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where Im(vy) denotes the image of the curve v in R™. It is easy to check that
M(1,) = H'(Im(y)) and OI, = 8,(s0) — 6(0); since 7 is simple, if it is also non-
constant, then y(co) # v(0) and M(9I,) =

A normal current T' € Dy (R™) is said acyclic if there exists no non-trival current
S such that 95 = 0 and M(T') = M(T — S) + M(S).

Now, we recall a fundamental result of Smirnov in [22], which establishes that
every acyclic normal 1-current can be written as a weighted average of simple
Lipschitz curves in the following sense.

Definition 4.10. Let T be a normal 1-current in R™ represented as a vector-valued
measure T'|T|, and let n be a finite positive measure on I' such that

(4.11) T:/Ff»ydn(v)

in the sense that for every smooth compactly supported 1-form w € DY(R™), it
holds that

(4.12) T@) = [ 1)),

We say that 7 is a good decomposition of T (see [0], [8], [22]) if n is supported on
non—constant, simple curves and satisfies the following equalities:

(a) fp = [p H Im(3))dn(v);

(b) =M 31 dn ) = 2n(I).

It has been shown in [16, Theorem 10.1] that optimal transport paths T with
finite M, cost are acyclic, and hence they admit such a good decomposition.

In the next result, we collect some useful properties of good decompositions,
whose proof can be found in [6, Proposition 3.6].

Theorem 4.11. (Ezistence and properties of good decompositions)[17, Theorem
5.1] and [6, Proposition 3.6]. Let T be an a-optimal transport path from p~ to p™
with finite My, cost. Then T is acyclic and there is a Borel finite measure  on T’
such that n is a good decomposition of T'. Moreover, if  is a good decomposition
of T, the following statements hold:

o 1= = [pOy@dn(y) 1 = Jr Oy dn(v)-
o IfT = E(M 0,¢) is rectlﬁable then
(4.13) O(z)=n({yeT:zeIm(y)})

for H'-a.e. x € M.
o For every n <1, the representation

T:/Flvdfl(“ﬂ

is a good decomposition of T. Moreover, if T = T (M,0,8) is rectifiable,
then T can be written as T = T (M, 0, f) with (z) < min{f(z), ()} for
H'-a.e. z € M.

We now introduce the following notations. Let T = (W, p, () € Path(u*,v*)
be given as in (4.8), and 7 be a good decomposition of T*. Denote

p=p—p*and v =v—rv*.
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For any x € W, let us denote by I'(z) the set of simple curves v € T" such that
x € Im(y). By equation (4.13), p(x) = n(T'(z)) for H'-a.e. z € W.

Proposition 4.12. For any x € W with n(I'(z)) > 0, denote
pz = (o) (ML T(z)) and v = (poo)y (NLT'(2))

where py and po are projections given in (4.9). Let
i = S+ i, 0 < ity i L
be the Lebesgue-Radon-Nikodym decomposition of ji with respect to uk, and
T N
be the Lebesgue-Radon-Nikodym decomposition of U with respect to v). Then
(a) There exist p, € W, g € W, my >0, and n, > 0 such that

~ac __ ~ac __
fi5° = mgbp, and U5 = ngdg, .

(b) If my > 0, then pi({pz}) > 0, my = i({pz}) and there exrists a Lipschitz
curve vy, from p, to x such that p(y) > pk({pz}) for H'-a.e. y € Im(v;).
(c) If ny > 0, then vi({¢s}) > 0, ny = v({q}) and there exists a Lipschitz
curve ;5 from x to q, such that o(y) > vi({q.}) for Hl-a.e. y € Im(v;)).
(d) At least one of m, and n, is zero.

Proof. Note that
15 (X) = (po)g (NLT(2)) (X) = (L T(2))(pg (X)) = n(T'(x)) = ¢(z) > 0,

and pk < (po)xn = p*. For the sake of contradiction, we assume that f2¢ is non-

zero and not a multiple of a Dirac mass. Then there exists a Borel measurable set
R such that

aef(R) > 0 and g3°(X \ R) > 0.
Since 1% < %, there exists a non-negative function g € L£1(X,p?) such that
%€ =g - k. We define

po == min{g(-), 1} - 7.

Still we have pg(R) > 0 and uo(X \ R) > 0. Without loss of generality, we may
assume that 0 < pg(R) < po(X \ R). Setting

po(R)
p1 = pol R and pio 10(X \ R (oL (X \ R))
yields two positive measures g1 and ps such that pq is concentrated on R and
2 is concentrated on X \ R with equal mass. Moreover, since both p1 and po are
absolutely continuous with respect to p}, there exist two non-negative p}-integrable
functions p; and ps such that

1 = pipy and po = pafiy.
Let p = p1 — p2. Note that |p| < 1 holds fi,-a.e. From the construction of p; and

L2, we have
15 (p) =/ pdpi, =/ mdu;i—/ p2dpy =0,
X b'e b'e

[ tolas =2 [ iz = 2u0(m) > 0
X X

and



16 QINGLAN XIA AND SHAOFENG XU
Now, for any v € I'(z), let v~ be the part of v from v(0) to . Define
5= [ PO dnta).

Then for any smooth function f with a compact support, we have

os(f) = S(df)

- / p(1(0)) f(@)dn(y) — / p(3(0)) F((0))dn()
I'(x) I'(z)

f(@)pz(p) = (ppz) (f) = = (o) (f)-

Therefore, 0S = —pu # 0.
Since T is rectifiable, by construction .S is also rectifiable. We may write it as
S =1(Mg,0s,&s) for some Mg C W. At H'-ae. y € Mg,

05(y) < / oo OO ) < / e M) < / i) = ().

This shows that S is on 7™ in the sense of Definition 4.6.
We now show that 9(T* £ 5) < v — pu. Given

T+ 8) =v" —p* F (ppz) = v* — (W £ (puz)),

it is sufficient to show that p* & (pul) is positive, which is actually the case since
ph < p*and |p| <1, and that p* + (ppk) < p, which also holds since

= (" £ (ppy)) = p— " F (ppy) = 0 F (1 — p2)

are positive measures because 1 < 3¢ < i and similarly po < fi. As a result,
O(T*+S8) X v—p. By Theorem 4.7, S is zero which contradicts 9S # 0. Therefore,
f12¢ must be in the form of m;d,, for some m, > 0 and p, € W. Similarly, we have
D3¢ = nyd,, for some ny > 0 and ¢, € W. This proves part (a).

Now assume that m, > 0. Since 3¢ = mgd,, < uk, we have pi({p.}) > 0.
Given 15 L p* and p({ps}) > 0, it follows that i ({p,}) = 0. Thus, i({p.}) =
2%¢({ps}) + i ({ps}) = maz + 0 = m,. Moreover, since p*({p.}) > 0, we have

0 < (po)# (Nlr@)) {p2}) = n({y € T(x) : ¥(0) = pa }).

Because T is acyclic and 7 is a good decomposition of T*, by the single-path
property as described in [2, Proposition 7.4], for n-a.e. v € I'(x) with v(0) = p,,
the image I'm(7) of -y shares a common Lipschitz curve v, in W from p, to z. For
Hi-a.e. y on Im(y, ),

e(y) =n{y e TW)}) =2 n{y € T(@) : 7(0) = po}) = pz({ps})-

This proves part (b). Similar arguments lead to part (c).
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Suppose by contradiction that both m, > 0 and n, > 0. Then, by parts (b) and
(c), we consider the rectifiable 1-current

Sy =0 (I%— +IA,;¢) ,

for o = min{pk({p=}), vE({qz}), mz,ns} > 0. Clearly, S, is on T*, non-zero, and
o(T* £ S;) <X v — p. This contradicts Theorem 4.7. Therefore, at least one of m,,
and n, is zero. (I

To derive the generalized version of Theorem 1.1, we introduce the concept of
path-connectivity on rectifiable 1-currents as follows.

Definition 4.13. Let T'= (M, 0, ) be a rectifiable 1-current. For any two points
x1, T2 € X, we say 1 and x5 are T-path-connected if there exists a Lipschitz curve
v :[0,1] = X such that y(0) = z1,v(1) = z2, H (Im(y) \ M) = 0, and there exists
a number ¢ > 0 such that §(z) > ¢ for H'-a.e. z € Im(y) N M.

The T-path-connectivity defines an equivalence relation on X. Each equivalence
class for this relation is called a T-path-connected component of M. A T-path-
connected component of M is called degenerate if it contains only one point, and
non-degenerate otherwise. Note that each non-degenerate T-path-connected com-
ponent of M is a subset of the closure of the 1-rectifiable set M.

For any T-path-connected component M’ of M, we consider the restriction T1L M’
of T on M’'. When M’ is degenerate, T L M’ is simply zero. When M’ is non-
degenerate, i.e., it contains at least two distinct points x; and zs, we have

M(TLM')= [ @dH' > cH (Im(y)) >0
M
using the notations given in Definition 4.13. Since M(T) < oo, M has at most
countably many non-degenerate T-path-connected components.

Observe that non-degenerate components may fail to exist even if M(T') > 0.
For instance, let C' (e.g., a fat-Cantor set) be a nowhere dense subset of [0, 1] with
0 < HY(C) < 1. Then, for S = 7(C, xc, 1), each S-path-connected component is
degenerate. Luckily, the following lemma indicates that each non-zero a-optimal
transport path has at least one non-degenerate path-connected component.

Lemma 4.14. Let T = 7(M,0,&) be a non-zero a-optimal transport path for some
0<a<1. Then B
T = Z TL M;,
=
where {M; : i € J} are the collection of all non-degenerate T-path-connected com-
ponents of M, and J is a non-empty countable set.

To prove Lemma 4.14, we first recall the notation of superlevel set as introduced
in [29]: For any A > 0, the A-superlevel set of a rectifiable current T' = 7(M, 6, &)
is the set B

My:={pe M:0(p) > A}

When T = 7(M, 6,¢) is an a-optimal transport path, let n be a good decom-
position of T. As given in (4.13), 8(z) = n({y € T : = € Im(y)}) := 6*(z) for
H! —a.e. x € M. Since both 7(M,0,¢) and (M, 60*,¢) represent T, without loss
of generality, we assume that B

(4.14) O(z)=n({yeTl:xe€Im(y)}), Ve € M.
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Lemma 4.15. ([29, Proposition 4.3]) Let T' = 7(M, 0, ) be any a-optimal transport
path with 0 satisfying (/.14). Then for any o1 > o2 > 0 and any p € M,,, there
exists an open ball neighborhood B,.(p) of p such that

(4.15) M, N B, (p) C spt(Qp) € My, N B, (p),
where spt(Qy) is the support of a bi-Lipschitz chain Q, = Zf{:l m;;.

Here, as stated in [29, Corollary 4.2], each T'; is a bi-Lipschitz curve from p.
These bi-Lipschitz curves I'; are pairwise disjoint except at their common endpoint
p, and K is a universal constant. Moreover, Zfil m;HY(T;) > 0.

Remark 4.16. In general, without the assumption that 6 satisfying (4.14), the
inclusions (4.15) hold up to H!-negligible sets for H!'-almost every p € M,,. In the
proof of [29, Proposition 4.3], the multiplicity function 6 was taken for granted to
satisfy (4.14).

Proof of Lemma 4.14: Let {M; : i € J} be the collection of all non-degenerate
T-path-connected components of M, where J is countable. For any p € M with
f(p) > 0, let 01 = 6, and o9 = %01. By (4.15), any point on the support of
the bi-Lipschitz curve @), is T-path-connected with p. Hence, p belongs to some
non-degenerate T-path-connected component M; for some i € J. As a result, we
decompose My = {xz € M : 6(x) > 0} as the disjoint union of M; N M, with i € J.
Thus, T'=7(M4,0,§) = > ,c, TL M,. O

We now go back to the study of 7%, which is also an a-optimal transport path.
Consequently, one can write
T = TTLW;,
icJ
where {W; : i € J} are the collection of all non-degenerate T*-path-connected
components of W, and J is a non-empty countable set if T* is non-zero.

Lemma 4.17. Suppose x1 and xo are two distinct points belonging to the same
non-degenerate T*-path-connected component of W. Then

(a) If my, >0, then ng, = ng, = 0;

(b) If ngy, >0, then my, = my, =0;

(c) If both my, >0 and my, > 0, then pyy, = Dy, and My, = My, ;

(d) If both ngy, >0 and ng, > 0, then ¢z, = qg, and Ny, = Ny,

Proof. Since x1 and w3 are T*-path-connected, there exists a Lipschitz curve ;2
from x1 to a5 such that H'(Im(v£2) \ W) = 0, and there exists a number ¢ > 0
such that ¢(z) > ¢ for H'-a.e. z € Im(y22).

Proof of (a): Since m,, > 0, by part (d) of Proposition 4.12, we have n,, = 0.
Suppose n,, > 0. Then consider the rectifiable 1-current

Si=0 (Iv;l + Iﬂf + Iﬁz) )

for o = min{p}, ({Pz, }), Vs, {422 })s May, Nay, ¢} > 0. Clearly, S is on T, non-zero,
and

NI+ 8) = (" —p*) £ 0(by,, —0p, ) =" £0b,,)— (W £00,, ) Zv—p.

Gy

This contradicts Theorem 4.7. The proof of (b) follows similarly.
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Proof of (¢): Assume my, > 0 and m,, > 0, but p,, # ps,. Then we consider
the rectifiable 1-current

Si=0 (Iv;l + L - Iﬁz) ’
for o = min{u;, ({pz,}), 3, {P2s})s Mz, , May, ¢} > 0. Clearly, S is on T with
08 = 0(bp,, — 0p,, ) # 0, which implies that S is also non-zero, and

NT*+£8) =W —pu)£0(0p,, —0p, ) =v"— (W £ 06y, F0bp, )V —p.

This contradicts Theorem 4.7. Therefore, p,, = p,,. Employing part (b) of Propo-
sition 4.12 gives my, = 4({ps, }) = f({pz,}) = Mma,. This completes the proof of
(c). The proof of (d) proceeds in a similar fashion. O

For each ¢ € J, if there exists one point z € W; such that m, > 0, then by
part(b) of Proposition 4.12, the associated point p,, is also T*-path-connected with
x and hence p, € W;. By Lemma 4.17, m,0,, is independent of the choice of
x € W;, and thus can be represented by m;d,, with m; = a({p;}). If m, = 0 for all
x € W;, we simply pick p; to be any fixed point in W; and set m; = 0. Analogously,
when n, > 0, we denote nzd,, by n;d, with n;, = v({¢;}) for each i € J. As a
result, we arrive at two atomic measures

(4.16) a= Z m;0p, and b = Z N;i0g; »
icJ icJ
where either m; = 0 or n; = 0 for each ¢ € J. Note that a < g and b < ».
Lemma 4.18. It holds that
(i—a) Luyagu” and (0 —b) Lv' b v
Proof. Let ji = fi—a. Then for each x € W with n(I'(x)) > 0, by Proposition 4.12,

oL g
Thus, there exists a fi-negligible set A, such that pk(A4,) = pX(X). Observe that
one may pick (see for instance [3, Lemma 3.11]) countably many points {xj :

n(C(zk)) > 0}52, C W so that for n-a.e. v € T', v passes at least one of these
points. Now for each k,

n(L(@k)) = iz, (X) = iz, (Az,) =1 ({7 :7(0) € Ai}),
and thus

() =n <U F(wk)> =1 <{v er:~(0) e UAM}> :

As a result,
w(X) = p((JAs) and a((JAs) <D A(As,) =0,
k k k
Therefore, 1* L fi as desired. For each i € J, assume m;0,, = my6,,, then
midp, <K py < p*.
Thus, a < p*. Similarly, we have (7 —b) L v* and b < v*. O

Now, we have the following theorem which is a generalized version of Theorem
1.1.
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Theorem 4.19. Suppose p and v are two mutually singular Radon measures on X,
0<a<l,andT" =1(W, ¢, () € Path(u*,v*) is a solution to the ROTPB(u,v)
problem. Then

(1) There exist two atomic measures a and b, two disjoint Borel sets A and B
such that
plLA=p*+aandvL B=v"+b.
(2) Let {W; : i € J} be the collection of all non-degenerate T*-path-connected
components of W. Then, for each i € J, there exist m; > 0 and n; > 0
with either m; = 0 or n; = 0; and two points p;, q; € W; such that

a= Z m;0p, and b = Z 1i0g, -

i€J i€
The theorem says that on each T*-path-connected component, at most one atom
is not fully in use. In particular, when both p and v are atom-free® measures, it
follows that
pw* =plAand v* =vL B.

Proof. The atomic measures a and b are obtained by (4.16). By Lemma 4.18,
(b —a) L p*, where it = pp— p* and a < p*. Since (i —a) L p*, by definition
of being mutually singular, there exist a Borel set A such that p* = p*L A and
(h—a)=(a—a)L (R™\ A). Hence

w=p'LA+(p—-aLA=p"+ap—-a)LA=(u—a)L A

Since p* concentrates on A and a < u*, we have al_ A = a. As aresult, uL A =
w* + a as desired. Similarly, we have v B = v* + b for some Borel set B. Because

1 and v are mutually singular, we may assume that A and B are disjoint Borel sets.
|

In light of the theorem, on locations involving mass transportation, the measure
a, which represents the mass left unmoved by the solution 7%, must be atomic, so
is measure b which summarizes the distribution of excess demand at destinations.
This is because if not the planner can exploit further gains by relocating the mass
moved along the path T due to the efficiency in group transportation.

5. THE IMPACT OF BOUNDARY PAYOFF

An important deviation of the ROTPB problem from the literature is the de-
pendence of its solution on the boundary payoff as exemplified by Proposition 3.4.
To gain further insights, in what follows we examine the implications of the payoff
function A for the problem. For the sake of expositional tractability, we assume
that u and v are disjointly supported (i.e., spt(u) N spt(v) = 0) and the function h
takes the form

o o= RS

where ¢, and ¢, are constants. In this case, for any T € Path(f, 7),

EN(T) = M,(T) — / c,di + / cudfi = My (T) — 2¢||fi]| = M, (T) — cM(9T),
X X

3A measure p is called atom-free if u({p}) = 0 for every p € X.
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where ¢ = #“5%. The corresponding ROTPB(y, ) problem in this case becomes:
Minimize
(5.2) EC(T) := M(T) — M(0T)

among all transport paths T' with 9T < v — u. Without loss of generality, we may
assume that ¢, = 2¢ and ¢, = 0 in equation (5.1).

For each ¢, by Theorem 3.1, the ROTPB(u,v) problem has a solution 7 that
minimizes ES. When ¢ < 0, by Proposition 3.4, the problem has a unique solution
Tr = 0. Thus, in the following context, we only need to investigate 7.* for ¢ > 0.

Proposition 5.1. Suppose p and v are two disjointly supported measures on X
of equal mass, and T¥ € Path(ut,vy) is a solution to the ROTPB(u,v) problem
associated with ¢ > 0. Then, for any transport path T € Path(u,v),
Mo (T) = Mo (T7) = ¢(M(9T) — M(9TY)) = 0,

and hence My (T) < do(p,v).
Proof. Indeed, for any transport path T' € Path(u,v),

M, (T) — Mo (T7) (ES(T) + M(0T)) — (EG(T;) + cM(9TY))
(EL(T) — EG(T7)) + ¢(M(9T) — M(IT7))
c(M(9T) — M(9TY)) > 0.

V

O

Proposition 5.1 shows that the transportation cost M, (7)) associated with the
solution T} is bounded from above. The following proposition derives an upper
bound as well as the decay rate for the amount of mass left unmoved by 7)7. The
intuition is that since the transportation cost is bounded, a large enough value of
the parameter ¢, which measures the profitability for relocating the mass, would
induce the planner to move as much mass as possible.

Proposition 5.2. Suppose |[u|| = |[v]|, ¢ > 0, 1 - L < a < 1 and T} €

Path(uk,vr) denotes the solution to the ROTPB(u,v) problem. Then

1
. . Chp odiam(X)\ =7
5.3 o= il =l = ] < ((Cme o)
c
where Cp, o is the constant given in (2.3).

Proof. Let T e Path(u — pt, v — v¥) be an a-optimal transport path, and denote
T=T+T € Path(u,v). By (2.2),
0 < EL(T)—-E.(T7)

(Mo (T) = eM(T)) = (Mo (T7) — cM(ITT))
= (Mq(T) = Mo(T7)) — ¢ (M(OT) — M(IT))

c

< Ma(T) = el = pell + [lv = v2l)
< Cmadiam(X)||p — pe]|* = 2l — pell,
which leads to inequality (5.3). O

The next proposition characterizes the monotonicity properties of the solution.
Intuitively, as c rises, the planner tends to move more mass between sources and
destinations, resulting in larger transportation costs.
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Proposition 5.3. Suppose |[u|| = |[v]|, ¢ > 0, 1 - L < a < 1 and T} €

Path(uk,vy) denotes the solution to the ROTPB(u,v) problem. Then, as a func—
tion of c € R,

(1) ES(TY) is nonincreasing;
(2) Mo (TY) is nondecreasing with lim.—0o Mo (T2F) = do (1, v);
(3) M(OTY) is nondecreasing with lim. o ||[0TF — (v — w)|| = 0.
Proof. Indeed, for any ¢; < co,
B (17,) = My(T2,) - el M(9T2,) > My (T2) — e M(IT2,) = B2(T7,) > B2(T).
Also, the inequalities Eg! (T7) < EGH(T)) and E2 (7)) < EZ (T ) imply that
M, (T7,) — erM(OTS,) < Ma(T2,) — e/ M(OT?,)
M (T7,) — coM(OT;,) < Mo (T7,) — coM(ITY,).
Rewriting them gives
c2 (M(T}) — M(OT)) = Mo (T7) — Mo (T)) = e1 (M(OT) — M(OT})) .
> M(9T}) and M (T) > My (T). This shows
are nondecreasing functlons of ¢. Moreover,

Il = T [[(vg = pe) = (v =)l =0

by the triangle inequality and (5.3). Since ||p% — pl| — 0, ||vF — v||] — 0 and
d, metrizes the weak convergence of measures (as in [26, Theorem 4.2]), we have
M, (T7) = do(pk,vE) — do(p,v) as ¢ — oo. O

Since ¢; < ¢o, we have M(9T},))
that both M, (7)) and M(@T*)
(v —

lim ||0T} —
c— 00

Theorem 5.4. Suppose 1 and v are two disjointly supported measures on X of
equal mass, 1 — E < a <1, and let T € Path(u},v}) denote the solution to the
ROTPB(p,v) problem correspondmg to parameter c¢. If for some sequence {cp}
converging to oo, the associated sequence {1} } is subsequentially convergent to
T as rectifiable normal 1-currents with respect to flat convergence, then T is an
a-optimal transport path from p to v.

Proof. By the lower semi-continuity of M, and Proposition 5.3,
M, (T) < lminf M, (T} ) = da(u, v).
n—00 n

Since 0T = v — u, T itself is also a transport path from u to v, and it holds that
do(p,v) < My (T). As a result, T is an optimal transport path. O
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