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ABSTRACT. Markoff mod-p graphs are conjectured to be connected for all primes p. In this paper,
we use results of Chen and Bourgain, Gamburd, and Sarnak to confirm the conjecture for all
p > 3.45-10%92. We also provide a method that quickly verifies connectivity for many primes below
this bound. In our study of Markoff mod-p graphs we introduce the notion of mazimal divisors
of a number. We prove sharp asymptotic and explicit upper bounds on the number of maximal
divisors, which ultimately improves the Markoff graph p-bound by roughly 140 orders of magnitude
as compared with an approach using all divisors.

1. INTRODUCTION
The Markoff equation is given by
2?4+ 92 + 2% = ayz, (1)

and non-negative integer solutions (a, b, ¢) to this equation are called Markoff triples. An integer
that is a member of such a triple is called a Markoff number. Since their introduction by Andrey
Markoff in [Mar79], Markoff triples have arisen in many different contexts across the mathematical
landscape. Recently, Bourgain-Gamburd-Sarnak have explored various arithmetic properties of
Markoff triples (see [BGS16a]), proving that there are infinitely many composite Markoff numbers.
A key ingredient in the proof of this fact is a combinatorial property that we describe below.
Markoff triples can be realized as vertices of a Markoff tree as follows (note that Markoff triples
with negative entries can be realized in a nearly identical way, but we focus on the positive triples
here for ease of exposition). Let Ry, Ry, and R3 be involutions acting on triples of numbers defined
by
Rl (a7 ba C) = (bC - a, b7 C), RQ(aa ba C) = ((1, ac — b7 C)a R3(a> b7 C) = (CL, b7 ab — C) (2)
and note that each of these involutions sends a Markoff triple to another Markoff triple. In fact,

all positive Markoff triples can be realized as some word in these involutions applied to the triple
(3,3,3).
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FiGURE 1. A branch of the Markoff tree generated by applying the involutions
R1, Ry, R3 to the fundamental solution (3,3,3).

In studying the arithmetic of Markoff numbers, it is natural to consider the solutions to (1)
mod p: understanding this set is crucial to sieving on the set of Markoff numbers and is behind
Bourgain-Gamburd-Sarnak’s result on composite Markoff numbers. More specifically, it is useful
to consider a version of the Markoff tree described above modulo primes p. These graphs G,, which
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we call Markoff mod-p graphs, are constructed as follows. The vertex set of this graph is the set of
nonzero solutions to (1) mod p, and two vertices vy, vy are connected by an edge if

Ri(v1) = vy (mod p) for some 1 <14 < 3.

Baragar was the first to conjecture that this graph is connected for any prime [Bar91]. A deep
result of Bourgain-Gamburd-Sarnak in [BGS16b] has confirmed this for all primes outside a density
zero subset. Specifically, they show the following.

Theorem 1.1 (Theorems 1, 2 Bourgain-Gamburd-Sarnak [BGS16b]). Fix e > 0. Then for suffi-
ciently large p there is a connected component C, of G, for which

1Gp\Cpl < D°

(note that |Gy| ~ p?), and any connected component C of G, satisfies |C| > (logp)'/3. Moreover,
for e’ > 0 and sufficiently large t, the number of primes p < t for which G, is not connected is at
most 1< .

The bound on |G,\C,| was thereafter made much more explicit in [Kon+20], where it was shown
that the exponent of 1/3 in the bound on |C| can be improved to 7/9. Bourgain-Gamburd-Sarnak
conjecture that these graphs make up an expander family, and this has been further explored in
[CL20] and [CM21] (from which it appears that certain subfamilies of this family are actually
Ramanujan).

Subsequently, Chen [Che20] proved that the size of any connected component of G, must be
divisible by p. This implies that if G, is disconnected, meaning G,\C, is a nonempty union of
connected components, then |G,\Cp| > p. So by making explicit the phrase “sufficiently large” in
Theorem 1.1, particularly for € = 1, we obtain a lower bound on primes p for which G,, is necessarily
connected.

In Section 2 we refine the arguments in [BGS16b] and make their asymptotic bounds explicit.
The result combines with Chen’s theorem to prove that G, is connected for p > 10°32 (Corollary
2.5).

Section 3 introduces maximal divisors, the main tool behind further reduction to our p-bound.

Definition 1.2. Let n be a positive integer, and let x € R. A positive divisor d of n is mazimal
with respect to x if d < x and there is no other positive divisor d’' of n such that d’ < z and d|d'.
The set of maximal divisors with respect to x is denoted M (n).

In other words, a maximal divisor is a maximal element in the partially ordered (by divisibility)
set of divisors of n that are less than z.

This definition is motivated by a task that appears often in [BGS16b]: to bound a sum over
the union of subgroups of order at most x in the cyclic group of order n. Since a group element
may belong to many such subgroups, overcounting is avoided by rewriting the sum using inclusion-
exclusion, and the very first term of the result is a sum over maximal divisors. (Details are in the
next section.)

Our approach in Section 3 is designed to give explicit bounds on |[Mj(n)| for any x and for
computationally-feasible sized n—up to 10°3? as dictated by Corollary 2.5. But our approach also
happens to furnish a simple proof of a sharp asymptotic bound.

Theorem 1.3. For anye >0, if « € [e,1 — €] then
1 logn logn
log [ Mye (n)] < 1 of —28" )
0 [ Mae (n)] < Og(aa(l - a)l—o‘> loglogn * <(loglogn)2>

The implied constant depends only on €.

As an immediate corollary, we also obtain a similar bound on the total number of divisors of n
less than x (Corollary 3.20). These results can be viewed as generalizations of Wigert’s theorem:
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log7(n) = (log2+ o(1)) logn/loglog n, where 7(n) is the number of positive divisors of n [Wig07].
(The constant log 2 is recovered by setting aw = 1/2 in Theorem 1.3.)
In Section 4 we use our work on maximal divisors to prove our main result.

Theorem 1.4. G, is connected for all primes p > (8634 )(53#)(13#) (7#)(5#)332° ~ 3.45 - 10392,

where n# denotes the product of primes less than or equal to n.

The lower bound in Theorem 1.4 was output by a computer using Algorithm 1, which determines
the exact point at which our method for proving connectivity via maximal divisors fails.

Finally, in Section 5 we provide data on the proportion of smaller primes for which we can
also verify connectivity of G,. As Table 2 shows, our approach begins to work for a significant
proportion of primes at around 10%, and for 22 < n < 90 it proves connectivity for 10,000 out of
10,000 randomly chosen primes between 10” and 10"*!. Note that there are still primes for which
our connectivity check fails up until the bound from Theorem 1.4. Table 2’s success for smaller
primes is due to the expected number of divisors of p£1 being much less than the maximum possible
number of divisors. This ability to check for connectivity for smaller primes would be useful, for
example, in a recent application of Markoff triples to a cryptographic hash function in [Fuc+21],
in which one needs to be able to check connectivity of a Markoff mod-p graph for a specific large
(but still manageable using our criterion) prime p in order to construct the hash.

Interestingly, our data reveals that already for primes of size 103!, the Erdés-Kac theorem takes
over in the sense that the expected value of 7(p 4= 1) is small enough so that it becomes extremely
rare to need the improvement that comes by considering maximal divisors rather than all divisors.
This is one hint that our methods via maximal divisors alone will not prove connectivity of all
Markoff graphs, and that this will require new insight.

Acknowledgements: This project was started at the UC Davis 2021 REU, and we thank Javier
Arsuaga and Greg Kuperberg for the REU’s creation and organization. We also thank Matthew
de Courcy-Ireland for helpful conversations and comments on this work.

2. A PRELIMINARY BOUND

In this section, we prove a preliminary bound towards Theorem 1.4, which will not only serve
to introduce the reader to the key points of our main argument, but will also be necessary in the
proof of Theorem 1.4. The Appendix, which serves to make several statements in [BGS16b] more
precise, will feed into the technical details of the proofs.

We use the following parameterization, which matches that of Bourgain, Gamburd, and Sarnak
up to a change of variables (equations (15), (16), and (18) in [BGS16b]). A triple (a,b, c) € F), with
a # 0,42 solves 22 + 4% + 22 = 2yz if and only if it is of the form

(r+r (r+r s+ s (7“+7“_1)(7“5+1"_1s—1)>

3)

for some r, s € 2. The orbit of this triple under the Vieta involutions that fix the first coordinate,
called Ry and Rj in (2), consists precisely of triples of the form

( + -1 (T+r_1)(r2n5+r—2ns—1) (T+T—1)(T2n:t18_|_T2n:|:18—1)>
T r

’ r—prl ’ -1

’ r—opr1 ’ r—prl

(4)

for some n € Z, and one can similarly describe the orbits that fix the second or third coordinate,
as well. So the number of triples in this orbit depends on the multiplicative order of r in IF;Q.

r—r

Note that in [BGS16b], connectivity is proven for a slightly modified Markoff mod-p graph QAp,
where the edges are defined by so-called rotations, which are the usual Vieta involutions followed
by a transposition of coordinates. But G, is connected if and only if G, is connected. Indeed, both
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rotations and Vieta involutions commute with the reduction mod p, so connectivity of both QAp and
G, is equivalent to surjective of the projection of Markoff triples to Markoff triples mod p.

Our strategy, based off of [BGS16b], is to assign an order to every triple in G, as follows. Given
a =r+7r"! as above, let ord,(a) be the multiplicative order of 7 in IF;‘)Q. This agrees with the notion
of order in [BGS16b] (see their equations (8) and (9)) unless a = +2, but it is shown in [BGS16b]
that a triple with £2 in some coordinate is necessarily in the large connected component, so we
need not consider this case for our purposes. Define the order of (a,b,c) to be

Ord,((a, b, ¢)) :== max{ord,(a), ord,(b), ord,(c)} (5)

One of the key ideas in Bourgain-Gamburd-Sarnak’s proof of the connectivity of G, is that,
if a triple (a,b,c) € G, has large enough order in the above sense, then there is always a triple
of larger order in one of the orbits of (R;, R;) acting on (a,b,c). One then walks along these
orbits in what Bourgain-Gamburd-Sarnak call the Middle Game of the proof, increasing the order
gradually, until one gets to a triple of order roughly p/2 (see Proposition 6.1 in our Appendix for
a precise statement), which is then necessarily connected to the large connected component C, in
Theorem 1.1. So, all triples of large enough order are connected to each other, and the question is
then, how many triples potentially do not have large enough order, and hence may not be in C,?
According to Chen [Che20], the number of these bad triples not connected to C, must be divisible
by p. Hence, if we can show that this number is strictly less than p, we may deduce that there are
no bad triples at all and, in fact, G, is connected. In fact, we can loosen this a bit as we explain in
Lemma 2.2 below.

We recall that a central ingredient in the Middle Game of [BGS16b] is an upper bound on the
number of triples of order at most ¢ in the orbit (4) and its analogues in which coordinates other
than the first one are fixed. Without loss of generality, assume this maximal coordinate is the first
one. Using the parametrization in (4), we have the following lemma, which sharpens the bound
used by Bourgain-Gamburd-Sarnak at the start of Section 4 in [BGS16b] when they reference a
bound by Corvaja-Zannier in [CZ13].

Lemma 2.1. Ifr € IF;;Q has order t > 2, then the number of congruence classes n (mod t) for
which ordy((r + 1) (sr™ + (sr™) 1) /(r — r~1)) divides d is at most 3 max((6td)'/3,4td/p).

Proof. The number of congruence classes in question is bounded by half the number of solutions
(z,y) € IE‘T,Q to the system of equations z* = 1, y? = 1, and

(r+7r=Y)(sx + (sz)71)

=y+y '

(We halve the number of solutions because (x,%) and (z,y~') only give one congruence class, yet
get counted as distinct solutions unless y = +1. But as mentioned in the introduction, the case
y = %1 is ignored as any triple with coordinate +2 is known to be in Cp,.) Solutions to the last
equation above lie on the projective curve C defined by

-1 ~1
U vy xy?oxz2e TN _ypo (6)
r—r s(r—r-1)

Assume 7 + 771 # 0 since otherwise the proposition is trivial to check (and not useful). Along
with r 4+ r~! # £(r —r~1), which is always true, this implies C' is smooth. Therefore we can apply
Theorem 2 in [CZ13] to the rational functions u([X,Y, Z]) = (X/Z)! and v([X,Y, Z]) = (Y/Z)%.
The zeros and poles of u or v that lie on C' are [1,0, 0], [0,1,0], and [0, 0, 1]. The Euler characteristic
of C\{[1,0,0],[0,1,0],[0,0,1]} as defined in [CZ13] is

x = |{[1,0,01,0,1,0], 0,0, 1]} +z(deg§— 1) _o-3
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By [CZ13], the number of points on C that solve u([X,Y, Z]) = v([X,Y, Z]) = 1 is bounded from
above by 3max((2x degudegv)'/3 4degudegv/p). The claim follows. O

In the introduction, we mentioned Chen’s result from [Che20] that any connected component in
G, has size divisible by p. We combine this with a few observations about the Markoff graphs to
yield the following.

Lemma 2.2. If p > 3, then the number of vertices in G,\Cp is divisible by 4p.

Proof. Chen proved that the number of vertices in any connected component of G, is divisible by p
[Che20]. To prove divisibility by 4, it suffices to show that G,\C, is closed under negating any pair
of coordinates. Indeed, no triple has a 0 in two coordinates, so (a, b, ¢), (a,—b,—c), (—a,b, —c), and
(—a,—b,c) are always distinct.

If p = 1 mod 4, then negating any two coordinates of a triple of order p — 1 also has order p — 1.
If p = 3mod4, then negating any two coordinates of a triple of order p + 1 also has order p + 1.
In particular, we can always find some (ag, by, cg) € Cp such that (ag, —bo, —co), (—ao, by, —¢o), and
(—ap, —bo, cp) are also in C,. Since negating any two coordinates in a pair of path-connected triples
leaves them path-connected, we see that C, is closed under negating of any pair of coordinates.
This implies the same is true of G,\Cp. O

Remark 2.3. The 4p in Lemma 2.2 could be improved to 12p by proving that (3,3,3) € C,.
According to [BGS16b], this would be true if (3,3, 3) is connected to a triple of order p + 1. Our
computer experiments for the first 10,000 primes show that such a triple can always be found in
the orbit of (3,3, 3) under the group generated by Ry Rj3, which consists of triples

(3,3Fy,—1,3F,41) for n > 1,
modulo p, where F}, denotes the k-th Fibonacci number.
Proposition 2.4. Let 74(n) denote the number of divisors of n that are < d. For d dividing p — 1
orp+1,let Ty =19(p—1)+715(p+1). If no divisor of p— 1 or p+ 1 satisfies either inequality
- 81773 p 8yp(p£1)r(p+1)

below:
2+/2
P <d ——— <d<
1y 4 67 p(p£1)

(where the £+ is + when d|p + 1 and — if d|p — 1), then G, is connected.

Proof. Suppose p is such that the Markoff graph mod p is not connected, and let d be the maximal
order among triples that are not in C,. Fix some triple not in C, that attains d as the order of its
first coordinate (without loss of generality), and write it in the form of (3).

By maximality of d among orders in G,\C,, each of second and third coordinates in the orbit (3)
must have order d’ < d, where d’ | p £ 1 as usual. There are exactly d choices of exponent n mod d
in the second and third coordinates of (4), so with 7; denoting the set of divisors of p + 1 that do
not exceed d, Lemma 2.1 implies

3 4dd’ 3T, 4d?

d< max<(6dd’)1/3,> < dmax<(6d2)1/3, ) . (7)

2 p 2 p
d'eTq

First consider the case max((6d?)'/3,4d?/p) = 4d?/p. Substituting this into right-hand side

above and solving for d gives d > p/6Ty. A large divisor like this is amenable to the End Game in
[BGS16b], so we apply Proposition 6.1 in the Appendix to get

P 8yp(p+1)T(p£1)
673 <d< p(p*1) ’

as in the statement of this proposition.
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Next consider the case max((6d%)'/3,4d?/p) = (6d)'/3. Again use this with (7) and solve for d
to get d < 81Tj/4; so it remains only to show 21/2p/T; < d to complete the proof. To that end,
the number of distinct a € F),\{£2} for which ord,(a) divides d’ is at most d’'/2 (as a = r+r~" and
a=r"1+ (r~1)7! should only be counted once). So we can bound the number of Markoff triples
(a,b,c) of order at most d by summing over the different possible orders of a and ¢ and noting that
there are at most two choices for ¢ that produce a Markoff triple once a and b are fixed:

dl d// T2d2
> 2. 3 g < d2 . (8)
d',d" €Ty

Our choice of d means |G,\C,| cannot exceed the number of Markoff triples of order at most d. This
allows us to combine (8) and Lemma 2.2, giving 4p < T7d*/2. Thus 2v/2p/T; < d as desired. [J

Corollary 2.5. G, is connected for all primes p > 10532,
Proof. First let us bound Ty from Proposition 2.4 using Nicolas’ upper bound on 7(n) [Nic88],
which is 7(n) < nf(°8™) where

(log 2) 1.342

f) = logz  (logx)?

Since f(x) is decreasing for z > 1, we see that if p > 2o > 1 then 7(p£1) < (p£1)/(°870)  Setting
xo = 10°32 gives

Td < T(p _ 1) + T(p + 1) < (p _ 1)0.1240... + (p+ 1)0.1240... < 2(p + 1)0.1240.... (9)

Now let us show that the first inequality in Theorem 3.2 is never satisfied for p > 10°3? by checking
that 81773 /4 < 24/2p/T for all d. Squaring and rearranging this inequality gives p/T3§ > 3%/27,
which is verified below:

log(p/T3) > logp — 8log 2 — (0.9921...) log(p + 1) by (9)

1
> logp — 8log2 — (0.9921...) (logp + p)

0.9921...

> (0.0078...) log 10°3? — 8log 2 — o

> log(3%/27).
Turning to the second inequality in Proposition 2.4, we will show that

8yplpxL)r(p£1) p 40
S E1) < 6T for p > 10™. (10)

The exponent from Nicolas’ bound is no longer 0.1240..., but rather f(log10%%) = 0.2188.... So
T(p:l: 1) < (p+ 1)0.2188.‘. and Td < 2(p+ 1)0.2188.... (11)

To bound ¢(p + 1), we have

ELCENS ! loglogn + by Theorem 8.8.7 in [BS96]

o(n) loglogn

< n%0%  (for n > 10%). (12)
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Putting these together,

((p£ D7(p£ 1)Ty)? (p£1)?
1

P12 FpelpE)

< 0.05log(p+ 1) —logp + 2log2 + (0.8754...)log(p + 1) by (12)

= (0.9254...)log(p+ 1) — logp + 2log 2

1
< (0.9254...) <logp + > —logp — 2log 2
p

log

5 +2log2+ (0.8754...) log(p + 1) by (11)

0.9254...
< (—0.0614...) log 10 + g~ 2log2< log(1/48?).
Comparing either end of the chain of inequalities above shows that (10) holds. The theorem now
follows from Proposition 2.4. O

3. MAXIMAL DIVISORS

We can improve the bound in Corollary 2.5 by using the notion of what we call maximal divisors.
The key observation is that the count in Lemma 2.1 comes from counting the number of solutions
in a subgroup of Fy, of order ¢ to the equation in (6). So whenever we consider two divisors ¢, < d
of p + 1 where t|t/, we count the solutions relevant to the divisor ¢ twice, since the subgroup of
order ¢ is contained in that of the subgroup of order #'. So, instead of summing over all divisors in
(7), we can sum over a refined set of divisors that we call maximal.

Definition 3.1. Let n be a positive integer, and let x € R. A positive divisor d of n is said to be
mazimal with respect to x if d < z and there is no other positive divisor d’ of n such that d’ < z
and d|d'. The set of maximal divisors with respect to x is denoted M (n).

Our goal now is to improve on the bound in Corollary 2.5 by replacing the set 7; with the set
My, as shown in this simple improvement of Proposition 2.4.

Theorem 3.2. For d dividingp —1 or p+ 1, let Mg = |My(p —1)| + |Ma(p+1)|. If no divisor
of p—1 or p+ 1 satisfies either inequality below:

2./2 81M3 8 +1 +1
\/79<d< b, p<d<\/ﬁ(p )T(p£1)
Md 4 6Md (b(p:l:l)

(where the &+ is + when d|p + 1 and — if d|p — 1), then G, is connected.

The proof of this is identical to that of Proposition 2.4, replacing all instances of T,; with My,
and noting that the rotation order d’ of the second and third coordinates in the orbit (3) must
divide at least one maximal divisor of p £ 1 with respect to d.

In Section 2, we relied on known upper bounds for 7(n), and now we hope to obtain helpful
bounds on M;. The authors are not aware of any literature on the number of maximal divisors
of n with respect to x. To find asymptotic and explicit bounds for small n, our strategy is to
first find those n for which M (n)| is maximized, akin to Ramanujan’s “superior highly composite
numbers.”

In [Ram15], Ramanujan introduced a simple approach to bounding 7(n) in which only a very
sparse set of integers n, which he called superior highly composite numbers, needs to be considered.
They are those n that maximize 7(n)/n° for some € > 0. The prime factorization of a superior
highly composite number was determined by Ramanujan to be 2%13%25% ... where

1
a; = .

These numbers are convenient for two main reasons: First, they are easy to enumerate due to their
scarcity (asymptotically logz/loglog 2 superior highly composite numbers less than x according




8 J. EDDY, E. FUCHS, M. LITMAN, D. MARTIN, N. TRIPENY

to equation (238) in section V.44 of [Ram15]) and readily known prime factorizations. Second, if
n1 and mo are consecutive superior highly composite numbers and f is a convex function on the
interval (e™,e™?), then log7(n) < f(logn) holds for all integers n € [ny, no] if and only if it holds
for ny and ng. These two facts make it easy to obtain both asymptotic bounds on 7(n) and a sharp
bound on 7(n) in a given interval. Our goal in this section is to recreate this approach for | M (n)]
in place of 7(n).

3.1. Reducing functions. In this section we introduce a tool for narrowing down the list of
integers n for which |Mj(n)| needs to be computed to obtain upper bounds. Our work culminates
in Definition 3.11 and Theorem 3.14.

Notation 3.3. For n € N let D(n) denote the set of positive divisors of n, and let A(n) denote the
least prime factor of n if n > 2. Set A(1) = 1.

The function A can also be found as “Ipf,” “LD,” and “P~” in the literature. We emphasize that
A here does not denote the Liouville function (—1)<(™),

Definition 3.4. For m,n € N, a function f : D(n) — D(m) is called reducing if and only if the
following hold for all d,d’ € D(n):

() Fd) <d.
mif@) _ [ A/ (@)
o 20 < mnf 1, ST

(c) f(d) =2'f(d") for some i € Z implies d = 2/d’ for some j € Z.
We say n reduces to m when such a function exists.

Observe that setting d = n in requirement (b) results in m/f(n) < 1. Since f(n)|m, this forces
f(n) = m, which combines with requirement (a) to give m < n. So integers can only reduce to
smaller integers.

Theorem 3.5. Ifn reduces to m, then |Mz(n)| < |My(2%m)| for all z € R, where a is the smallest
integer satisfying 2%m > n.

Proof. There is little to check if x > n, so assume otherwise. We claim that a reducing function
f: D(n) — D(m) induces an injection f : My(n) — My (2%m) defined by f(d) = 2 f(d), where i
is the largest integer such that 2if(d) < z and 2°f(d) € D(2%m). Note that (a) in Definition 3.4
guarantees ¢ > 0.

First let us verify that f(d) € M,(2%m). Since f(d) < = < n < 2%m, we see that f(d) has
proper multiples in D(2%m), and it must be verified that they exceed z. That is, we must show
F(dA2%m/f(d)) > x. This is immediate by maximality of i if A(2%m/f(d)) happens to be 2.

Otherwise,
R 29m, i 2%m
f<d)>\<f(d)> =2 f(d))‘<2¢f(d)>

S Qaf(d))(fz))
“md . /n
2 A<E> by Definition 3.4(b)

> d)\(%) by definition of a.

since A(2%m/f(d)) # 2 implies i > a

>
n
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Since d € Mz(n) and d properly divides dA(n/d) (recall that we are assuming « < n, so d # n), we
must have d\(n/d) > x by definition of maximal divisors. Combined with the inequalities above,
this completes our argument that f(d) € M(2%m).

Next we check that f is an injection. If f(d) = f(d') then 2if(d) = 2f(d) for some i,i’ € Z.
This means d = 2/d’ for some j € Z by (c) in Definition 3.4, so either d divides d’ or vice versa.
But then d,d’ € My(n) forces d = d’' by definition of maximal divisors. O

In this last theorem, 2°m < 2n. So at the expense of less than a factor of 2, we can forgo
computing |My(n)| in favor of computing |M,(2%m)|, the hope being that m has some kind of
predictable prime factorization like the superior highly composite numbers. Let us consider a simple
example.

Example 3.6. If p and ¢ are primes with 2 # p < ¢, then f : D(¢%) — D(p?) defined by f(¢*) = p’
is a reducing function. All three requirements from Definition 3.4 are trivially satisfied.

Using f to “replace” ¢* with p® may not seem helpful computationally because |M(¢%)| just
equals 1 for any x, but we can actually use f to swap primes within a prime factorization. That
is, if m is not divisible by p or ¢, then f can be extended to a reducing function D(ng*) — D(np®)
via the next lemma.

Lemma 3.7. Suppose ni,n2, mi,mg € N are such that ged(ni,ny) = ged(my,me) = 1. If f1 :
D(n1) — D(mq) and fa : D(ng) — D(me) are reducing, then so is the function fifo : D(ning) —
D(mimg) defined by fifa(dide) = fi(d1)f2(dz2).
Proof. Let n = ning, m = mymg, and f = fifs. Let d,d € D(n), and let di,d| € D(n1)
and do,d, € D(ng) be the unique divisors satisfying d = dids and d' = djd,. It is immediate
that requirement (a) in Definition 3.4 holds for f and that the ratio in requirement (b) is indeed
bounded by 1. So let us turn our attention to the bound in (b) involving the A function.
Suppose without loss of generality that A(mi/f1(d1)) < A(ma/ f2(d2)). Then
A(m/f(d)) _ min(A(mi/f1(d1)), A(ma/ fo(d2)))
A(n/d) min(A(ny/dy), M(na/d2))
_ A(ma/ fi(dy))
"~ min(\(ny/dy), M(n2/dz))
S Ami/fi(dr))
— AMm/dy)
> M since fi is reducing
nl/dl
o mi/fildr) ma/fa(ds)
T omi/dy na/dz
_m/fd)
n/d
For requirement (c), suppose f(d) = 2¢f(d') for some i € Z. Then fi(d1)/f1(d}) = 2 fa(dh)/ f2(d2).

By assumption, ged(f1(d1), f2(ds)) = ged(fi(dy), f2(d2)) = 1, so fi(d1)/fi(dy) and fa(dy)/ f2(d2)
must be powers of 2. Thus d; = 27*d] for some j; € Z because f; is reducing and dy = 272d, for
some jo € Z because f is reducing. This gives d = 2711724’ ([l

since fs is reducing

Returning to Example 3.6, if p and ¢ do not divide some n € N, then Lemma 3.7 allows us to
combine our reducing function D(¢*) — D(p®) with the identity D(n) — D(n) to obtain a reducing
function D(ng®) — D(np®) in which dg' + dp’. That is, replacing larger primes with smaller ones
in a prime factorization essentially produces no decrease in |M(n)|, as with the number of divisors
function. The catch is the extra factor of 2; in Theorem 3.5, 2%m can be almost twice as large
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as n. A natural concern is that with each successive maneuver like ¢* — p%, we pick up an extra
factor of 2. Knowing that M (n)| < |M,(2%m)| from Theorem 3.5 would not be helpful if 2*m
was significantly larger than n. The next lemma eliminates that concern.

Lemma 3.8. If f : D(n) — D(m) and g : D(m) — D({) are reducing, then so is go f.
Proof. To see that g o f satisfies requirement (b) in Definition 3.4, we have

Uigo )d) _ L/(gof)d) m/fd)
n/d mlfd) n/d
Wf1 Ao D)) A @)
Smm{l’ A/ f(d) } {1’ An/d) }
Cf AW g H@) Am/f(d)
Smm{l DTN i) Ainfd) }
w1, Ao}
» T Am/d) S

Requirements (a) and (c¢) are immediate. O

When combined, Lemmas 3.7 and 3.8 allow us to manipulate a prime factorization one compre-
hensible piece at a time. We have already seen through an example how to reduce to those n whose
w(n) distinct prime factors are exactly 2,3, ..., p,n). It turns out we can do even better: if p and ¢
are primes with 2 # p < ¢ and a and b are integers with 0 < a < b, then there is a reducing function
f: D(pq®) — D(pPq®). Tt is defined by f(p'¢?) = p'T*¢?~*, where k = max(0, min(i + 7,b) — a).
This allows us to rearrange prime exponents in decreasing order (except for the exponent of 2).
That is, to obtain bounds on |Mj(n)|, we need only consider those n that are products of primorials
up to a power of 2. We will not prove that this function is reducing, because its purpose is subsumed
by the next family of reducing functions. These not only rearrange exponents in decreasing order,
they also limit the rate at which exponents can decrease.

Lemma 3.9. Let p and q be distinct odd primes, let a and b be nonnegative integers, and set
c=l(a+1)/(b+2)]. If ¢ < p°, then p®q® reduces to p*~°q"*1.

Proof. Define f : D(p®q") — D(p¢"t1) by f(p'¢’) = p'¢ if i < (b+1—j)cand f(p'q’) = p" ¢’
ifi > (b+1—j)e. We claim f is a reducing function.

Suppose i < (b+1—j)c. The nontrivial assertion behind f(piq’) € D(p®q**!) is that i < a—c.
Indeed, i < (b+1—j)ce—1< (b+1)c—1=(b+2)c—c—1<(a+1)—c—1=a—c Next,
requirement (a) of Definition 3.4 holds because f(d) = d (we are still in the case i < (b+ 1 — j)c).
For requirement (b), we begin by observing that our hypothesis ¢ < p® implies

a—c b+1 /i .7
w -4 < min{l,q}.
p " /piq’ p°

There are only two ways the right-hand side above could possibly exceed the desired upper bound
of

A(p@—¢ b+1 /0,7
min{l, (p qb -/p‘q )}
A" /p'a?)
Namely, if A(p®~¢¢**1/pi¢g?) = 1 or if A(p® %"t /p'¢?) = p < ¢ = Mp®¢®/p'¢?). But the former
cannot happen because ¢ divides p“_cqu/ p'¢?, and the latter cannot happen as it requires both

a —c¢ > i and a = i. Lastly, requirement (c) holds regardless of the value of i because p and ¢ are
both odd.
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Next suppose i > (b+1—j)c. In this case it is clear that f (p'q’) € D(p?°q**1). For requirement
(a), f(p'q?) = p* ¢/t < p'¢? follows from the hypothesis ¢ < p¢. For requirement (b), we have

pa—cqb+1/pi—cqj+1

G
gt /piqd Apg®/pig?)

And we have already noted that requirement (c) is holds trivially. U

Next is a family of reducing functions devoted to controlling the exponent of 2 in a prime
factorization. Ultimately, 2 will play the role of p below.
Both in the lemma statement and its proof, the empty product is to be interpreted as 1.

Lemma 3.10. Let p,qi,...,q, be primes with p < q1 < --- < qu, and let a € N. If p®2 >
qQ - qk,lq,% then p® reduces to pbqy - - - q, where

- B <a B log(qi(;g;;qu_l)ﬂ '

Proof. Let ¢, = a—b and ¢; = [log(q1 - - - qj)/logp] for 0 < j < k. Define f : D(p®) — D(p°q1 - - - qx)
by f(p') = pbteiti= %@j4+1 - qr, where j is the largest index such that ¢; < a —i. We claim f is a
reducing functlon.

The nontrivial assertion behind f(p?) € D(p’q1 -+ - qx) is that b+ ¢; +i —a > 0. To verify this
inequality, suppose first that j < k — 1. In this case,

b+cj+i—a>b+c;—cj1+1 by maximality of j

Sh_ Pog qj+1
- log p

1/ log(qi---gx—1) log gj+1
S (a2 G ) | 08 GL
2 log p logp

% <a log(q1 '%1)) _ loggjt1 ,
1
=)
>0

—‘ +1 by definition of ¢; and ¢j4q for j <k —1

>

log p log p
, log(ar--ak195)

log p
since p* % > q1 -+ qr—1Gj-

) —1 since gj11 < g

In the case j = k — 1 we must have a — i < ¢y — 1 = a — b — 1 by maximality of j, so

bt+ci+ti—a>2b+c_1+1—a

1 1 g ] e
ol loslara) )| [loglarae-a) ]
2 logp log p

1 log(q1 - - - i loa(a1 -« ar..
oL, toslara)) N loglaran) o
log p log p

(Note that the strict inequality above uses the fact that log(q - - - gx—1)/log p cannot be an integer
by unique factorization in Z and our assumption that p is distinct from ¢, ...,qx—1.) Finally, if
j=kthenb+cj+i—-a=1i>0.
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Now we turn to the bound f(p) < p’ from Definition 3.4. If j = k then f(p’) = p’. Otherwise,

og(f(p")/p") _ bt —a+t 0g(qj+1 " )
logp logp
1
<b—a+1+ M by definition of ¢;
log p
1 1 g 1
<—=|a+ log(g1---gk-1) +1+ log(a -~ ak) by definition of b
2 logp log p
1 21 . 1 .
<—=(2+ Hog(ar - ) +1+ log(a1 - ax) since p*2 > q1 -+ - qr_1G5
2 logp log p
=0.

To verify requirement (b),

bay - .- i s
Pa qk/f(p ) 4 Vq] by definition of f
p*/p' pe

<1 by definition of ¢; (and b when j = k)

_ AP°q 0/ F(0Y)

- A(p®/p")
where the final inequality above uses p < q1, ..., gk from our hypothesis, as well as the fact that
Apbqr - qe/f(P")) = 1 would force a = i and thus A\(p?/p’) = 1. Requirement (c) is trivially
satisfied. m

Let us now identify those numbers that cannot be reduced by Lemma 3.9 or 3.10. These are the

numbers n that we use to determine the maxima of | M, (n)|, as made precise in Theorem 3.14.

Throughout the remainder of this section, p; denotes the i*" prime number.

Definition 3.11. An integer 2913%25% ... (where a; = 0 for sufficiently large i) is reduced if

a; + 1 < log p;
aj +2 log p;

(13)

whenever 7,j # 1, and 2 < Sp? whenever a; = 0.

Table 1 shows all reduced numbers with odd part bounded by 10°. For example, we see that
2% . 3 is reduced if 0 < a1 < 7, but not if a; > 8. Up to a power of 2, the reduced numbers in
Table 1 are products of primorials. This is always true, as mentioned before Lemma 3.9 and proved
below. Also note the restriction on how quickly exponents can decrease. This is exhibited by the
fact that 27 is not a reduced number—the exponent decrease from 33 to 5° is too much.

Lemma 3.12. [f 2913925% ... s reduced, then ay > ag > ---.

Proof. On the one hand, if ¢ > j in inequality (13) then the right-hand side is less than 1. On the
other hand, if a; > a; then the left-hand side is at least 1. O

Lemma 3.13. Let py be the largest prime divisor of n € N. If n is reduced, so is npgy1.

Proof. Only the exponent ax1 has changed, so we need only verify (13) wheni = k+1or j = k+1.
First suppose i = k + 1 (so a; = 1 for npy41). If j <k +1 then a; > 1 by Lemma 3.12 applied

to n. Thus
{ai—i—lJ < LQJ _o< 1ogpj'
aj +2 3 log p;
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n Prime factorization | a; <
1 1 6
3 3 7
9 32 7
15 3.5 8
45 32.5 8
105 3.5.7 9
225 3%2.52 8
315 32.5.7 9
945 3%.5.7 9
1155 3-5-7-11 10
1575 32.52.7 9
2835 3t.5.7 9
3465 32.5.7-11 10
4725 33.52.7 9
10395 3%.5.7-11 10
11025 32.52.72 9
14175 3t.52.7 9
15015 3-5.-7-11-13 11
17325 32.52.7.11 10
31185 3t.5.7.11 10
33075 33.52.72 9
45045 32.5.7-11-13 11
51975 3%.52.7.11 10
99225 34.52.72 9
121275 32.52.72.11 10
135135 | 3%.-5.7-11-13 11
155925 3t.52.7.11 10
225225 | 32.5%2.7.11-13 11
255255 | 3-5-7-11-13-17 | 11
363825 33.5%2.72.11 10
405405 | 3*.5-7-11-13 11
675675 | 33-52.7-11-13 11
765765 | 3%2-5-7-11-13-17| 11

n Prime factorization a1 <
1091475 34.52.72.11 10
1334025 32.52.72.112 10
1576575 32.52.72.11-13 11
2027025 34.52.7.11-13 11
2297295 33.5.7-11-13-17 11
3828825 32.52.7.11-13-17 11
4002075 33.52.72.11° 10
4729725 33.52.72.11-13 11
4849845 3-5.7-11-13-17-19 12
6891885 3*.5.7-11-13-17 11
11486475 33.52.7.11-13-17 11
12006225 3%.52.72.112 10
14189175 34.52.72.11-13 11
14549535 32.5.7-11-13-17-19 12
17342325 32.52.72.112.13 11
26801775 32.52.72.11-13-17 11
34459425 34.52.7.11-13-17 11
43648605 33.5.7-11-13-17-19 12
52026975 33.52.72.112-13 11
72747675 | 3%2.52.7-11-13-17-19 12
80405325 33.52.72.11-13-17 11
111546435 | 3-5-7-11-13-17-19-23 | 12
130945815 | 3*-5.7-11-13-17-19 12
156080925 3%4.52.72.112-13 11
218243025 | 33-5%2.7-11-13-17-19 12
225450225 32.52.72.112.132 11
241215975 34.52.72.11-13- 17 11
294819525 32.52.72.112.13 - 17 11
334639305 | 32-5.7-11-13-17-19-23 | 12
509233725 | 32-52.72.11-13-17-19 | 12
654729075 | 3*-5%2.7-11-13-17-19 12
676350675 33.52.72.112.132 11
884458575 33.5%2.72.112.13 - 17 11

TABLE 1. All reduced numbers of the form 2%n for odd n < 107.

If j > k+1 then a; = 0. So

a; +1
aj—|—2

log pj

B log pj

logpr1  logp;’
Now suppose j = k+1 and i # k+ 1. Here the fraction (a; +1)/(a; +2) has decreased by adding

the factor of pxy1. So if inequality (13) holds for n, it certainly holds for npgyq

Theorem 3.14. For any integer n > 2, there exists a reduced integer m such thatn < m < 4n—6
and |Mz(n)| < |Mg(m)| for all x € R.

Proof. Let m’ be the odd part of the smallest positive integer to which n can be reduced. By
Lemma 3.9, the exponents in the prime factorization of m’ satisfy (13).
integer such that 2%m’ > n. Then |My(n)| < | M (2%m')| for all z € R by Theorem 3.5. Note that

29m! < 2n — 2.

0

Let a be the smallest
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Let py be the largest prime dividing 2%m/, and if one exists, let £ be the largest index satisfying
Dk41 - -pg,lp% < 2972 If no such index exists, let £ = k. We claim that m = 2%m/py,1---py
meets our theorem’s requirements, where a; is the smallest integer such that m > 2%m/. From
another application of Theorem 3.5, this time applied to the reduction in Lemma 3.10, we have
|IMz(2%m")| < |My(m)| for all z € R. Since

m < 2(2%m') — 2 <2(2n —2) — 2 =4n — 6,

we will be done provided m is reduced.
Apply Lemma 3.13 ¢ — k times beginning with the reduced integer m’ to see that m/pgiq1 - ps
is reduced, meaning (13) holds. Let us check that 2% < 8p7, ;. We have

108 (Ph+1 -+ PePiyq) -
— b

2
log 2 ZeT log 2

2logpesr | | log(Prs1---pe)
log 2

where the last inequality above uses maximality of . Thus 3+|2log py+1/ log 2] solves the inequality
for which a; is the minimal solution, implying a; < 3 4+ 2log ps11/log?2 as desired. (|

Reduced numbers turn out to be sufficiently rare for our purpose. Data up to x ~ 10'%% suggests
that (logx)*/(3loglog z) is a very good approximation for the number of reduced integers less than
x. This density could potentially be diminished further via new reducing functions, though the
authors suspect that Definition 3.4 is too restrictive to allow for a notion of reduced numbers with
density approaching that of the superior highly composite numbers (asymptotically log 2/ loglog
[Ram15]). Definition 3.4 might be loosened, however, to permit functions f : D(n) — D(m) with
ratios

o= max —= and (= max (m/f(d))Mn/d)
deD(n) d deD(n) (n/d)N(m/ f(d))

that exceed 1. Then, as long as a < 3, we could prove a version of Theorem 3.5 that requires
2%m > fBn in order to conclude My (n)| < [Mqz(2%m)] for all z.

3.2. An asymptotic bound. Our strategy for bounding | M, (n)| asymptotically is as follows: We
need only consider reduced n — that is the purpose of the last section — and reduced integers are
not too far from being products of one or two primorials (Lemma 3.15). This makes Q(n) roughly
equal to logn/loglogn (Lemma 3.16). If z = n® then we expect elements of M, (n) to be products
of roughly a€(n) primes (Lemma 3.19), so we just apply Stirling’s formula to bound how many
ways we can choose these primes (Theorem 1.3).

Lemma 3.15. For a reduced integer 2413% - .. pi*
k‘2/3
i —2) =0 ———= | -
;(al ) ((log k)l/?)

Proof. By setting j in Definition 3.11 equal to k + 1, we see that a; < 2logpgi1/logp; for any

i > 2, and that a1 < 3 + 2logpg+1/log2. In particular, if a; > 3 then p; < pifl. Let z = pzfl.
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These upper bounds on a; and p; that we have just established justify the first inequality below:

lo
Z<ai_z><3+2z< e _1>
(2

a;>3 pi<z

1 Tr(t)]
=3+ 2n(x) (C){gozl?l — 1> + /2 Wdt by partial summation

3logz [* m(t) . 2/3
=3+ 7(z) + 5 /2 H{log t)gdt since © = p,/"

log

o logx 1 T 1
=3+ —+31 ——dt ——dt
Tloga g””</2 (log)? *Agxaogt)?' )

2x log = T T
< — + 31 = .
=3+ log © +3logx <(log2)3 + (logx)3> © (logm)

2 Tt
<3+ % + 310g37/2 Wdt by [Dusl18], for example

Substituting z = piﬁ into the final expression above and applying the prime number theorem,
pr+1 = O(klogk), completes the proof. d

A small deficiency in our reducing functions from Section 3.1 is that they do nothing to bound
the index at which prime exponents of a reduced number must switch from 2 to 1. In fact, reduced
numbers can be perfect squares as shown in Table 1. This is why the previous lemma can only
bound sums of exponents that are at least 3 rather than at least 2, and thus why the proof of the
next lemma must consider products of two primorials instead of a single primorial.

Lemma 3.16. Let Q(n) denote the number of prime factors of n, counted with multiplicity. For a

reduced integer n,
logn logn
Qn) < ——— — .
(n) < loglogn +0 < (loglog n)2>

Proof. Suppose n is reduced, and let m be the largest factor of n that is cube-free. By Lemma 3.12,
up to a factor of 2 or 4 we have either m = py# for some k or m = (pp#)(p;#) for some k > j. Let us
ignore the contribution to £2(n) from the potentially errant factor of 2 or 4 because it gets absorbed
by the error term logn/(loglogn)?. Let us also remark before proceeding that k (in our expression
for m) cannot remain bounded as n grows. Indeed, logn <logpy >, a; = log pi(2k + >, (a; — 2)),
which Lemma 3.15 bounds by a function of k. This is important as it allows us to apply bounds
that only hold for large k.
There are two initial inequalities that we aim to prove for large n (and therefore k):

logn > (k + j) log(klog k) — 3k, (14)
where j is understood to be 0 if m = pi#, and (the crude bound)
loglogn < 2log(klogk). (15)

To prove each of them, we will use standard bounds on Chebyshev’s theta function. (Recall that
Hx) = Zp log p, the sum being over primes p < x.) Namely,
k(log(klogk) — 1) < 9(pk) < klog(klogk) (16)

for k > 5107 [MR96], with analogous bounds for ¥(p;) when j > 5107.
On the one hand, if either m = py# or if j < 5107, then (14) follows immediately for large k
from the lower bound on ¥(py) above. Indeed,

logn > 9(px) > k(log(klogk) — 1) > (k + 5107) log(klog k) — 3k > (k + j) log(klog k) — 3k.
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On the other hand, if £ > j > 5107 then
logn > logm > Y(pi) + 9(p;) by definition of m
> k(log(klogk) — 1) + j(log(jlogj) — 1) by (16)

. . . jlogj
— 1 1 - 1 . 1
(k+j)log(klogk) — (k+7)+ 7 Og<klogk) (17)

The smaller terms in the final expression above are bounded multiples of k:

. , jlogj k 1
k <2k d —jl — {1 k. 18
+7 <2k, an 30g<klogk><e< +10gj>< (18)
Combining (17) and (18) completes the proof of (14).
Now let us turn to (15). Lemma 3.15 tells us that
Qn/m) =Y (ai—2) < k*/? (19)

a;>3
for large k. In particular,
loglogn = log(log(n/m) + logm)
< log(Q(n/m)log pi, + log m)
< log(k2/3 log px, + logm) by (19)
< log(k*3logpy + 9(pr) + 9(p;)) by definition of m
< log(30(p))
< log(3klog(klogk)) by (16)
< 2log(klogk) for k> 3. (20)

Finally we apply (14) and (15) as follows:
Q(n)loglogn  (Q(m/n) + Q(m))loglogn

logn N logn
- (E?/3 + k4 j) loglogn
logn
(K23 + k + j) log((k + j) log(klog k) — 3k)
(k + j)log(klogk) — 3k
og(klogk) + 3k
og(klogk) — 3k

j)1
7)1
- (log (klog k) )

=1 by (15).
+O<loglogn) y (19)

Note that in the second inequality above, to apply (14) we use the fact that logx/x is a decreasing
function for x > e, as well as the assumption that (k + j)log(klogk) — 3k > e. Scaling both ends
of the inequality above by logn/loglogn completes the proof. ([l

by (19) and definition of m

by (14) ((logx)/x is decreasing)

for £ > 50

okt
O
=1

The notation below and the lemmas that follow it are purely combinatorial. We phrase them in
the language of divisors for convenience.

Notation 3.17. For n,k € Z with n # 0, let Ci(n) = [{d € D(n) : Q(d) = k}|. Note that
Cr(n) =01if k <0 of k > Q(n).
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So Cg(n) counts the k-element multisets of the Q(n)-element multiset consisting of the prime
factors of n with multiplicity. In particular, if n is square-free then Ck(n) is just a binomial
coefficient. For general n, there is an upper bound

Ci(n) < (ngn)>,

because counting a single prime divisor with multiplicity as multiple distinct set elements increases
the number of k-element subsets.

Lemma 3.18. For any n € N, if k < Q(n)/2 then Cr_1(n) < Ck(n). If k > Q(n)/2 then
Cr(n) = Cry1(n).

Proof. In [DEK51] it is shown that D(n) can be partitioned into “symmetric chains” of the form
{d1,...,d;}, where Q(d1) + Q(d;) = Q(n) and Q(diy1) = QUd;) +1 for all i = 1,...,5 — 1. By
applying € to each symmetric chain, we partition the multiset {Q(d) : d € D(n)} into subsets of
the form {Q(dy), Q(d1)+1,Q(d1)+2,...,2(n) —Q(d1)}, a sequence of consecutive integers centered
at Q(n)/2. In particular, if £ < (n)/2, then every such sequence that contains & — 1 must also
contain k, showing Cy_1(n) < Ck(n). Similarly, £ > Q(n)/2 implies Cx(n) > Ci11(n). O
Lemma 3.19. Givenn € N and x > 1, let k be an integer that is closest to Q(n)/2 in the range
min{Q(d) : d € My(n)} < k < max{Q(d) : d € My(n)}.

Then |Mg(n)| < Ci(n).

Proof. Again we partition D(n) into symmetric chains {dy,...,d;} as in the proof of Lemma 3.18.
Since elements of M (n) cannot divide one another while elements of a particular symmetric chain
always divide one another, each symmetric chain contains at most one maximal divisor. This
allows us to define an injection from M;(n) to {d € D(n) : Q(d) = k}, and the latter multiset has
cardinality Ci(n). Indeed, to each d € M, (n) we associate the unique divisor d’ that belongs to
the same symmetric chain as d and satisfies Q(d’) = k. Such a d' always exists because we chose k

to be at least as close to Q(n)/2 as Q(d), and Q(n)/2 is the “center” over which symmetric chains
are symmetric. O

We can now prove the asymptotic bound on [M_(n)| stated in the introduction.

Theorem 1.3. For anye >0, if a € [e,1 — ] then

1 logn logn
a(n)] < (loglogn)2 )
log |Mpa(n)| < 10g<aa(1 — a)l—a) loglogn * O((loglogn)2>

The implied constant depends only on .

Proof. Recall from Theorem 3.14 that an integer n can be replaced with a reduced integer at most
four times its size. Since the increase from logn/loglogn to log4n/loglog4n is absorbed by the
error term above, we need only prove this theorem for reduced integers. So let n = 2913%2 ... pi*
be reduced.

Suppose first that o > 1/2. Let dy be the divisor of n such that dy > n®, and Q(dy) is minimal
among all divisors exceeding n®. Note that dy is composed of the largest primes dividing n, so

Q(dp) < af2(n). This gives

Q(n/dp) > (1 —a)Q(n) > eQ(n) > e(k—1)
(note that a; might equal 0). Since ¢ is fixed, if n is sufficiently large then Lemma 3.15 implies n/dy
must be divisible by more primes than just those whose exponent in the factorization of n exceeds 2.

In particular, we see that dp is not divisible by any perfect cubes. That is, dy = (pp#)(p;#)/ (pi#)*
for some 7 < j.
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Since A(n/d)d > n® for any d € Mya(n), the definition of dy implies Q(d) + 1 > Q(dp) for any
d € Mpa(n). So our goal is to bound Q(dy) — 1 from below. To this end, the exact same argument
from inequalities (17) and (18) shows that

log(n) > (k + j)log(klog k) — 3k
for large n, and a nearly identical argument shows that
logdy < (k+j —2i—1)log(klogk) + 3k

for large n. These are the first and third inequalities below, while the fourth uses Lemma 3.15:
log dy — 3k
log(klog k)
alogn — 3k
> e —

log(klog k)

Qdy) —1=k+j—-2i—1>

~ 31+ ok
log(klog k)
3(1 + )k + ak??log(klog k) (21)
a(k + j + k2/3)log(klog k)

> a(k + j)

:a(k+j+k2/3)<1—

> aQ(n)<1 - log(l:?ogk‘)> '

Note that oo > 1/2 to justify the constant 10 for large k in the final error term. Now recall from (20)
that log(klog k) can be replaced with (loglogn)/2 above. In particular if 8 € R is such that SQ(n)
is the closest integer to (n)/2 between min{Q(d) : d € M (n)} and max{Q(d) : d € M (n)} then

5>a<1 20 > (22)

B loglogn

Lemma 3.19 followed by Stirling’s formula for binomial coefficients tells us

Q(n Q(n)
e e (350) -0

Now let f(z) = (x — 1)log(1 — z) — xlog =, and take logarithms of the inequalities above to get
log | Mpa(n)| = O(log 2(n)) + f(8)$2(n)

B log n _ logn
= f(ﬁ) <10g10gn + O((loglogn)2>>

20a f' ()| logn logn
(o B (o )

logn logn
= — 4+ 0| —"- ).
f(a)log logn + ((log log n)Q)

Both the second and last equality above use that « (and ) are restricted to the interval [e,1 — ¢].
The lone inequality symbol above is justified by (22) and the mean value theorem.

We need not repeat these arguments for o < 1/2. Indeed, the only missing piece is an analogous
upper bound on Q(d;), where d; is the divisor of n such that d; < n®, and (d;) is maximal among
all divisors not exceeding n®. But this makes d; = n/dy. So by (21), but with « replaced by 1 — «,
we have

Q(dl):Q(n)—Q(do)<Q(n)<1—(1—a)<1 20)):a9(n)<1+0< logn >>

B loglogn loglogn

The uses of Stirling’s formula and the mean value theorem work again with trivial modification. [J
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As a corollary, we get an asymptotic bound on the total number of divisors of n bounded by n®.

Corollary 3.20. For anye >0, if a € [¢,1/2] then

1 logn logn
log[{d e N:d|n,d <n®}| <1 0 '
og|{d e [, d <n}| < Og<a"‘(1—o¢)1‘a>loglogn+ <(10g10g”)2>

The implied constant depends only on €.

Proof. Let x € R, and suppose d is a proper divisor of n in (x/2,x]. Since A(n/d) > 2, we see that
d\(n/d) > x, implying d € M, (n). Therefore all positive divisors d of n with d < n® are contained
in the union of the sets My (n) for z = |n%], [n®/2],...,1. There are at most |logyn®| + 1 such
values of z. By Lemmas 3.18 and Lemma 3.19, each |My(n)| is bounded by Cq4,)(n), where dy
is as in the previous proof: the divisor of n such that d; < n®, and Q(d;) is maximal among all
divisors not exceeding n®. We just showed that

1 logn logn
log C, <1 O\ Goalozn)2
0g Co(a)(n) < Og<aa(1 —a)l—a) loglogn <(10g10g”)2> ’

and scaling Cg(q4,)(n) by |logan®] + 1 does not change this. O

As mentioned in the introduction, when oo = 1/2 Corollary 3.20 recovers Wigert’s theorem that
log 7(n) = (log2 + o(1))(logn/loglogn) [Wig07].

3.3. An explicit bound. The next section gives a computer-assisted proof of Theorem 1.4 via
Algorithm 1, in which a bound on the number of maximal divisors of some p 4+ 1 is found by first
replacing p + 1 with a reduced number (because these are far more sparse than primes). Finding
exact values of |M_(n)| for reduced n up to Corollary 2.5’s bound of 10°32 is computationally
infeasible. We have the bound |M,(n)| < Ci(n) for the right choice of k¥ by Lemma 3.19, but even
computing Ci(n) is expensive. The following bound, on the other hand, is computed almost
instantly assuming the prime factorization of n is known. Its purpose is to avoid computing
Cx(n) when possible, to the effect of making Algorithm 1 run anywhere from 3 times faster (when
exact integer arithmetic is performed throughout) to at least 40 times faster (when floating point
arithmetic is used for computations that need not be precise).

Theorem 3.21. For anyn € N and x € R,

Ma(n)l < Sa <m(n)/2j>'

Proof. By Lemma 3.19, |My(n)| < Ck(n) for the appropriate choice of k, and by Lemma 3.18,
Ck(n) is maximized at k = |2(n)]. So it suffices to prove that for all n,

Ci(n) < ;gzl)) (Qggm) (23)

for k = [Q(n)]. Note that if n is square-free, then we have equality above since 7(n) = 2¢(") and

Ck(n) = (Qgg”)) So suppose p? | n for some prime p. Our strategy is to replace n with n’ = ng/p
for some prime ¢ 1 n, essentially making n one prime closer to being square-free while preserving
Q(n). If we can show that
Culn) _ Ci()
T(n) = T(n/)’
then the prime replacement process can repeat until a square-free integer ng is reached, allowing
us to conclude by induction that

C’k(n) Ck(n') Ck(nsf) o 1 Q(nsf) - 1 Q(n)
) = ) S T _zﬂ(nsa( k )_zﬂw)( K >

(24)
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Comparing the two ends of the chain above is equivalent to (23).
Turning to (24), let p®*! be the largest power of p dividing n (so @ > 1 by choice of p), and let
m = n/p**tt =n'/(p?q). We have

7(n)Ci(n') — 7(n')Ci(n)

) = 7(p*™HCk(n') — 7(p?q)Ci(n) by multiplicativity of 7
T(m

= (a+2)Cr(mp®q) — (2a + 2)Cy(mp™*')

a 1 a+1
=(@+2)> Y Cisij(m) = (2a+2) > Cr_i(m)
i=0 j=0 i=0

_QZCk i(m) —a(Cr(m) + Cr_q—1(m))

> 2a< 11;1};1@ Cr—i(m) — max{Ck(m), C’k,a,l(m)}) (25)

By Lemma 3.18, to compute the minimum and maximum indicated above, we can simply compare
distances from the subscripts k — i to Q(m)/2. We have

i 2| | B0 R eo) {:?/2-2'/2_i 2100
For the case 21 Q(n),

a . a .
max |- —i = — = min f—z
1<i<a 1=0,a+1
For the case 2|Q(n),
a+1 | a—1 a + 1
max —i| = < = min |- —1
1<i<a 2 i=0,a+1

So either way, the final expression in (25) is nonnegative by Lemma 3.187 implying 7(n)Cg(n') —
7(n')Cr(n) > 0. This rearranges to give (24) as desired. O

4. PROOF OF THEOREM 1.4

4.1. Computer-assisted proof. Further reduction to the preliminary bound of p > 10532 from

Corollary 2.5 can now be obtained with maximal divisors. We aim to determine more precisely the
minimal value of p needed to guarantee the first interval in Theorem 3.14 is empty. The second
interval in Theorem 3.2 is ignored — it is empty for p > 100 as shown in the proof of Corollary 2.5.
This is much smaller than what we might hope to work for the first interval.

Let us give an intuitive outline of how Algorithm 1 works. Recalling Theorem 3.2, the first
interval is empty precisely when 81M7 < 8y/2p. To determine when this occurs we need upper
bounds on

= [Ma(p—1) UMa(p+1)|
for varying d and p < 10532, There are roughly 10°? such primes, so of course we cannot hope to
treat them individually. Instead we apply Theorem 3.14, which says we can obtain bounds on My
by bounding |M(n)| for all reduced n between p — 1 and 4(p+ 1) — 6 = 4p — 2. There are roughly
108 reduced numbers less than 10532, which is much more manageable.

For a reduced number n, Algorithm 1 finds a series of increasingly better bounds on 2| M (n)]
(the “2” accounts for p — 1 and p + 1) until hopefully the first interval in Theorem 3.2 is verified
to be empty. The first of these bounds is from Theorem 3.21, and can be computed in negligible
time. If this fails, the algorithm proceeds to the more computationally expensive bound of Cy(n)
with & = |Q(n)/2]. This may fail too, but if My < Cj(n), we realize from the first inequality in
Theorem 3.2 that a bound on My is only really needed for d < 81C(n)3/4. For such divisors, Q(d)
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may never reach |(n)/2], meaning Lemma 3.19 allows us to decrease k and recompute a potentially
smaller bound, still of the form Cj(n). This process can be repeated until 81Cx(n)?/4 < 2,/p/Ci(n),
which successfully demonstrates that the first interval in Theorem 3.2 is empty, or until £ can no
longer be decreases, which is a failure.

Algorithm 1: Connectivity test for Markoff mod-p graphs for all primes in a given interval.

Input: A, B € N defining the range (A, B] in which primes are tested
Output: updated A so that G, is connected if A <p < B

1 for reduced n from 4B — 2 to A do > see Algorithm 2 and Remark 4.6
2 k<« [Q(n)/2] > 2Ck(n) bounds My from Theorem 3.2
3 if 282 (n 4+ 2) < 8(3 (QEC"))T(n))S then > avoid Ck(n) and Algorithm 3 if possible
4 while n + 2 < 8(3Ci(n))® do > Theorem 3.2’s first interval not empty...
5 j + max{Q(d) : d|n, d < 162Cy(n)3}
6 if j > k then > ...and it never will be
7 A+ max{A,n+1} > connectivity test failed for p < A
8 break while loop
9 k<« j
10 return A > empty first interval for A < p < B

Remark 4.1. The smallest reduced n for which line 7 is never called is (173#)2/4 = 6.938...- 1053,
So if the input A, B satisfies A < B < 10153, say, then line 7 makes the output A’ larger than every
reduced number between B and 4B — 2. (There is at least one by Theorem 3.2.) Thus the output

interval (A, B] is empty. Since 10173 exceeds 104 from (10), the second interval in Theorem 3.2 is
ignored in Algorithm 1 and the proof below.

Theorem 4.2. If A, B are input into Algorithm 1 and A’ is output, then G, is connected for
A <p<B.

Proof. Suppose p is a prime for which G, is not connected. Assuming A < p < B, we must
show that p is at most the output A’. By Theorem 3.2, there must be some divisor, call it
do € D(p+ 1) UD(p — 1), that satisfies

2./92 81M3
P 4 < do

26
N <do< g (26)

where My, = |[Mg,(p — 1) U Mg,(p + 1)|. In particular, comparing either end of the chain of
inequalities above, we see that

128p < (3My, )% (27)
Let ny be the reduced integers provided by Theorem 3.14 for p+ 1. According to Theorem 3.14,
pEl1<ny<4(p£tl)—6<4p—2, (28)

which in turn gives A < ny < 4B — 2 since A < p < B. So at some point(s) in Algorithm 1’s for
loop, “n” will assume the value of n_ and n..
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Assume without loss of generality that | Mg, (n4)| > |[Mgy,(n_)|. Then
ny +2<4p by (28)

(3Md0)8
<35 by (27)

1
< 35 8Mag(p = 1) + 3| Ma, (p + D))

1
< 33(3|Md0 (n—)| 4+ 3|Mgy(ny)|) by Theorem 3.14
< 3—12(6|./\/ld0 (ny)))® by assumption

3r(ny) [ Qny) i

< .
<38 ( 20 ) (LQ(H+)/2J by Theorem 3.21 (29)

Therefore the if condition in line 3 is satisfied by ny (or n_ if |[Mg,(n_)| > |Mg,(n+)] instead).

To help determine the output of the while loop, call k € N sufficiently large if it is at least as
close to Q(n4)/2 as anything between min{Q(d) : d € My, (n+)} and max{Q(d) : d € My, (n+)}.
Lemmas 3.18 and 3.19 tell us that

|May(ns)] < Ci(nx) (30)

for such k. By using this bound in (29) instead of the one provided by Theorem 3.21, the same
chain of inequalities tells us ny +2 < 3(3Cx(ny))®. So the while loop condition in line 3 is always
satisfied if k is sufficiently large.

Now, by induction on the number of while loop iterations completed for n,., the value of k used
in line 4 is always sufficiently large. Indeed, the base case holds by line 2. For the induction step
we assume j in line 5 is less than k, since otherwise line 8 breaks the while loop and no more
induction is needed. We have

j=max{Q(d) : d|ny, d < 162C,(ny)*}
):d|ny, d<81MJ /4} by induction hypothesis and (30)
d):d|ngy,d<dy} by (26)
):d|ng, de Mg, (ny)}
But j < k < Q(n4)/2], so j is sufficiently large. Line 9 then completes the induction proof.
We have shown that the while loop condition in line 4 is always satisfied for ny (or n_ if

IMg,(n-)| > |Mag,(n4)|). As k cannot decrease indefinitely, the output of Algorithm 1 satisfies
A" >ng +1>pbyline 7. O

Finally, we use Algorithm 1 to produce our main result.
Theorem 1.4. G, is connected for all primes p > (863#)(53#)(13#) (T#)(5#)332° ~ 3.45 - 10392,

Proof. By Corollary 2.5, we need only check connectivity for primes less than 10°32. When A = 2
and B = 10%3? are input into Algorithm 1, the output is (863#)(53#)(13#)(7#)(5#)332% + 1.
Since this number is not prime, the “41” has been omitted in the theorem statement. O

Let us examine what occurs during the execution of Algorithm 1 when it encounters the eventual
output n = (863#)(534)(13#)(7#)(5#)3325. We have Q(n) = 187, so line 2 sets k = [187/2] = 93.
The if condition in line 3 does not stop n since

1
28087 (1, 4+ 2) = 9.448... - 103! < 3.638... - 10542 = 8(3< 9837)T(n))8-
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So we move to line 4, where the forthcoming Algorithm 3 computes
Cos(n) = 3013671869689423302959704266406116383317724743440 = 3.013... - 10%%.
This inequality comes closer:
n+2=3.448...- 1032 < 3.571... - 10%9% = 3(3Cy3(n))®,

but it is still a failure. After n passes line 4, there is hope that k might decrease in line 9,
providing a second chance to achieve n + 2 > 8(3Ck(n))®. However, looking at line 5, the divisor

d = (281#)(53#) (134 ) (7#)(5#)332° satisfies
d=1.312...- 10" < 4.434... - 107 = 162Co3(n)?,

and it determines the value of j to be Q(d) = 97. Since this is at least 93, line 7 is called, and the
value of A increases accordingly.

4.2. Algorithm implementation. In this section we elaborate on the subroutines required to
implement Algorithm 1. The most complicated subroutine is enumerating reduced numbers. This
is achieved by Algorithm 2 below, which constructs prime factorizations that satisfy Definition 3.11.
In particular, since Algorithm 2 outputs numbers with known prime factorizations, lines 2, 3, and
5 of Algorithm 1 are straightforward to execute and require negligible time. This leaves only line
4 of Algorithm 1 to be addressed — the computation of C(n), for which Algorithm 3 can be found
at the end of this section.

Algorithm 2: Find all reduced integers (and their prime factorizations) below some bound.

Input: A, B € N defining the search range (A, B] for reduced numbers
Output: all reduced numbers n € (A, B| and/or the factorization of n into primorials.

1 v =(v1,02,..,90) < (1 +max{i: pj# < 2b}) > vector of length ¢ (¢ =1 for now)
2 N4 Dy, /2 > will always have n = [[,(pv, #/2)
3 while /> 1 and A < sz;’ﬂrl do >i.e. while v is nonempty and v is
4 | n<n/py, not too small
5 vp —vp— 1
6 while vy, > 2 do
7 J  max{i:i < vy n(pi#) < 2b} > potential next entry for v
8 k<1
9 while £ < ¢ do > test if n(p;#)/2 is reduced
10 if [(+2)/(k+1)]logp; > logpy,+1 then > test failed
11 k<0 > reset while loop to test j — 1
12 j+—j3—1
13 if j =1 then
14 ‘ break line 9 while loop > skip to line 16
15 k< k+1
16 | | nen(p#)2
17 append j to the end of v > ¢ increases by 1 accordingly
18 delete vy > ¢ decreases by 1 accordingly
19 a1 < max{0,1 + [logy A/n|} > output must satisfy 2%n > a
20 while a; < [logy(min{8p2 ||, B/n})] do > also need 2*n < b and reduced
21 output 2%n and/or v, a;
22 a1 +—a; +1

23 return > all output occurs in line 21




24 J. EDDY, E. FUCHS, M. LITMAN, D. MARTIN, N. TRIPENY

V4
Lemma 4.3. Let /> 1 and vy > ---> vy > 2. Setn = HM We have the following:

2
i=1
(a) If n is reduced, then so is n/p,,.

(b) If n is reduced, then n(py,.,#)/2 is reduced for some vey1 < vp if and only if

\‘g + 2J logpvk-l-l
k+1 log pu, 4

forallk=1,..., 0.
(c) If n is not reduced, then neither is n(py,,,#/2) -+ (pv, #/2) for any vey1, ..., ve < vy

Proof. Let n = 3%25% ... and for part (a), let n’ = n/p,, = 3%25%---. So a; = a for all i # vy,
and ay, — 1 = a;,. We must verify that n’ still satisfies the inequality of Definition 3.11:

L1 1 ;
a} + < 0g Pj (31)
a; + 2 log p;
for all 7,5 > 2. First, since n’ is still a product of primorials up to a power of 2:
(-1
) Dug—1# Do, #F
= 32
= 1 (32)
=1
we see that afy > af > ---. Thus a} < a; whenever i > j, making the left side of (31) equal 0, so

the inequality holds trivially. Thus we need only consider the case i < j. (This observation also
applies to parts (b) and (c) of the lemma.) Furthermore, the only exponent of n that has changed
is ay,, so we may restrict to the cases i = vy and j = v,. If 2 < i < j = vy, then from (32) and the
assumption 2 < vy < --- < vy, we see that a; = ¢ and a;- = ¢ — 1. This gives

a;+1|  [£4+1 _1<logpj
al; +2 Cle+1] logp;
If 2 <j <=y, then

41 b —1)+1
a,’ Ry {WJ (recall how a; and a) are related)
a; +2 a; + 2

< | Qe +1
“la;+2
log p; _ log p;
logpy,  logp;
Thus n’ is reduced as claimed.

For part (b), let n' = n(py,,,#)/2 = 3%5% ..., So a; = a) for all i > vy, and a; + 1 = a for
all 2 < i < wvgy1. As in part (a), to check if n’ is reduced we need only verify (31) when i < j.
If vp11 < i < j then (31) holds because a; = a; and a = a;, and n is reduced. If i < j < vpy1,
then a, = a;- = ¢+ 1. So (31) holds because the left side equals 0. The only case remaining is

i <wppq < J. Again @ = £+1, but now aj = k — 1, where k is the smallest index such that j > vy.
Thus

since n is reduced.

a/g+1 _ V+2J and 08 Pu+1 < logp;
al+2 k+1 log py,,, ~— logp;

Comparing to the inequality in (b) completes its proof.



CONNECTIVITY OF MARKOFF MOD-P GRAPHS AND MAXIMAL DIVISORS 25

Part (c) follows by induction on ¢ provided we verify the claim for ¢ = £+ 1. So let n’ and
aly, ah, ... be as in the proof of (b). Also let ¢ and j be indices for which n fails the inequality in
Definition 3.11, meaning

{ai—i—lJ > logpj. (33)
aj + 2 log p;

As we have already noted, this implies ¢ < j. Furthermore, it cannot be that j < vy41, since then
vey1 < vg implies aj = a} = £ + 1, rendering (33) impossible. Therefore j > vyi1, which gives
a’; = aj. Since a; > a;, the left-hand side of (33) could only increase with a; and a; replaced by a;
and a. Thus n' is not reduced. O

The next lemma justifies the inequality involving A in line 3, whose purpose is to avoid wasting
time searching prime factorizations that cannot possibly be reduced.

Lemma 4.4. If n = 2%3%... is reduced and aj = 0 for some j, then n < 8p]2-j72.

Proof. If n is reduced Lemma 3.12 tells us that a; = 0 for all ¢ > j. According to Definition 3.11,
we also have 2% < Sp? and a;/2 < [(a; +1)/2] < logp;/logp; if 2 < i < j. The latter implies
Pyt < p?. So altogether, n = 291392 .. ~p?i‘11 < 8p?p§ . -pjz. = Sp?j_Q. O
Theorem 4.5. For inputs A and B, Algorithm 2 outputs n if and only if A <n < B and n is
reduced.

Proof. If an odd number n = 3925% ... (with a; = 0 for sufficiently large ) is such that ag > a3 >
---, then there exist v{ > v9 > --- such that

i>1

(with v; = 1 for sufficiently large 7). Call this vector v,, = (v1,v2,...). By Lemma 3.12, all reduced
numbers correspond to such a vector. These are essentially the vectors v produced in Algorithm 2,
though an infinite tail of 1’s has been appended for convenience. We will prove that Algorithm 2
outputs all such vectors (for reduced n € (A, B]) from largest to smallest under the lexicographic
order: v > v’ if v; > v}, where 7 is the smallest index such that v; # v..

Remark first that our convention of empty vector entries being treated as 1 rather than 0 is
maintained in Algorithm 2. Indeed, the while loop in line 6 does not terminate until v has a single
1 at its end (if v already ended in a 1, the loop never even begins), which is immediately deleted
in line 18. Thus line 5 never results in vy = 0.

Now, suppose at the start of a line 3 while loop iteration, “v” is equal to some v,, = (v1,va, ...)
with n reduced (note for the very first iteration that n is indeed reduced by line 2 and Lemma
3.13). We claim that this while loop iteration ends with “v” assuming the value of a new vector
vy = (v],vh,...) that is maximal under the stipulations that v,y < v,, n’ < B, and n’ is odd and
reduced. Throughout the remainder of the proof, ¢ is fixed as its initial value in the while loop
iteration under consideration.

First, the fact that n’ is reduced follows from applying Lemma 4.3 (a) to line 4 and comparing
the if condition in line 10 to the inequality in Lemma 4.3 (b).

To see that v,y < vy, observe that vy = v{,...,v—1 = v)_; and vy — 1 = v}, according to line 5 —
the lexicographic ordering does not consider subsequent entries.

Next, n’ < B follows from the definition of j in line 7 and the observation that the while loop
in line 9 could only decrease j.

Finally, let us check the maximality of v,s,. Assume by way of contradiction that there exists
an odd reduced number n” < B such that v,y < v < vp,. Let v,r = (vf,05,...). Since v; =
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V], ..y V-1 = v)_; and vy —1 = v, the only way to achieve v,y < v,r < vy, is for v} = oY, ..., v) = v}.
So let ig > £ be the smallest index such that v; # vj, and set

io—1
pv;#
m—Zl:Il i

Again we compare the if condition in line 10 to Lemma 4.3 (b) in order to conclude that vgo is the
largest integer that does not exceed v; _; and makes m(p, #)/2 reduced and bounded by B. As
i

m(py #)/2 < n” < B and v}, < vl <o) =)
0

o1 i1, we conclude that m(pv%#)/Q must not be
reduced by maximality of vgo. But then Lemma 4.3 (c) tells us n” is also not reduced, which is a
contradiction.

This proves that Algorithm 2 finds all odd reduced n < B from largest to smallest with respect to
the lexicographic order on v, provided the bound A < 81012)112rl from line 3 is met. But Lemma 4.4
says that this bound only eliminates reduced numbers that do not exceed A, which we have no
intent to find. To complete the proof of the theorem, note that the exponent range for a; in line

20 matches the bound on a; in Definition 3.11. ]

Remark 4.6. The most efficient ordering for n in the for loop of Algorithm 1 is largest to smallest.
This way no time is wasted on testing reduced integers that end up being less than the output. We
saw in the previous proof, however, that Algorithm 2 outputs n in decreasing lexicographic order
of v,,. But there is no need to reorder. It is also efficient to simply insert lines 2-9 of Algorithm 1
into line 21 of Algorithm 2. Indeed, under this setup and with inputs A = 2 and B = 10°32, the
combined algorithm encounters a total of 124,720,785 reduced numbers, only 48,066 of which are
less than the eventual output of (863# )(53#)(134)(7#)(5#)332°.

Our next and last subroutine computes C(n). To do this, Algorithm 3 uses the recursion

1
Ci(n'ppt) = Z Cj(n')
j=i—ap
(which holds provided pp, t n’) repeatedly, adding prime power factors one at a time until the input
n is reached. Comparing the summation range of j above to that of j in line 6 below, the additional
range restriction is simply the observation that C;j(n') =01if j < 0 or j > Q(n’). Algorithm 3 saves
some time in line 2 by using binomial coefficients to account for all primes of multiplicity 1. (Recall
that if n is a product of distinct primes, C(n) = (ngn)) .) This is effective for our purpose since most
reduced numbers are “nearly primorial.” And finally, note that line 5 is careful to only compute
C;(n/pj") for those i that are necessary to find Cy(n).

Algorithm 3: Compute Ci(n) for some n € N.
Input: k,n € N with n =2%3% ...
Output: Ci(n)

1t |{h:ap =1} > count multiplicity 1 primes

2 Co, .ty Cr = (§) s () > if, for example, t = Q(n)

3 for h such that ap, > 2 do then Ci(n) = (7))

4 t<t+ap > grows until t = Q(n)

5 for ¢ from max{0,t+ k — Q(n)} to min{k,¢} do > only find needed coefficients
6 | D; « > Cj for max{0,i —ap} < j <minf{i,t —ap} > don’t replace C; until done

7 for ¢ from max{0,t 4+ k — Q(n)} to min{k,¢} do

8 ‘ C; + D; > now ok to update

9 return C}
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5. DATA ON CONNECTIVITY

Aside from justifying Algorithm 1, Theorem 3.2 also provides a method for verifying connectivity
of G, for a given prime p. Previously, proving connectivity for G, has been done in [CL20] for
primes less than 3000 by computing the adjacency matrix of the graph. Due to the large amount of
memory required by this method, it has limitations as to how large a prime it could handle. Most
likely one could not prove connectivity for primes larger than a few thousand using this method.
Our algorithm, on the other hand, is specifically catered towards larger primes (and, indeed, is
inconclusive for nearly all the primes handled in [CL20]). In this section, we prove connectivity for
many more primes and explore how powerful our method is regarding the size of a primes that it
can handle.

We programmed the two conditions of Theorem 3.2 and performed an exhaustive search over all
primes less than 107 that satisfy these conditions. We found that Theorem 3.2 proves connectivity
for p = 3,7,101 and then the next prime is on the order of 10%, given by

p=1,327,363.

After finding this first prime with a connected Markoff mod-p graph that was not handled by
[CL20], we tackled two collections of primes: the first 10000 primes greater than 10" and 10000
“random” primes between 10" and 10"*! for 8 < n < 35. By random primes, we mean that we
take 10000 numbers between 10" and 10"*! chosen uniformly at random, and then for each number
find the first prime greater than it.

n | q1000(10™) | q10000(10™) | 710000(10™) n | q1000(10™) | q10000(10™) | 710000(10™)
8 21.3% 20.22% 38.12% 22 100% 100% 100%
9 48.1% 49.04% 67.46% 23 100% 100% 100%
10 76.1% 76.41% 87.05% 24 100% 100% 100%
11 90.9% 90.78% 95.33% 25 100% 100% 100%
12 96.6% 97.10% 98.29% 26 100% 100% 100%
13 98.8% 98.65% 99.11% 27 100% 100% 100%
14 99.4% 99.44% 99.52% 28 100% 100% 100%
15 99.7% 99.74% 99.83% 29 100% 100% 100%
16 99.7% 99.88% 99.88% 30 100% 100% 100%
17 99.9% 99.93% 99.95% 31 100% 100% 100%
18 100% 99.97% 100% 32 100% 100% 100%
19 100% 99.97% 99.97% 33 100% 100% 100%
20 99.8% 99.97% 100% 34 100% 100% 100%
21 100% 99.99% 99.99% 35 100% 100% 100%

TABLE 2. For each value of 8 < n < 35, we calculate the two quantities ¢,,(10™) and
Tm(10™). ¢m(10™) denotes the percentage of the first m primes after 10" for which
Theorem 3.2 guarantees connectivity of G, and r,,(10") denotes the percentage
of m random primes between 10" and 10"*! for which Theorem 3.2 guarantees
connectivity of Gy,.

Beginning at n = 31 in the table above, the value of My in Theorem 3.2 can be replaced with
T7(p—1)+7(p+1) (which can be computed quickly for primes up to at least 10°), and there is still
no value of d satisfying either of the inequalities for the 10,000 random primes we tested between
10" and 10"*!. That is, 103! is roughly where the Erdos-Kac theorem takes over—the expected
value of 7(p £ 1) is small enough so that it becomes extremely rare to need the improvement that
comes by considering maximal divisors rather than all divisors.
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Example of Inconclusiveness: Theorem 3.2 guarantees connectedness of the Markoff mod p

\ﬁ 81M 8v/B(pE1)7(p£1)
T GPﬁd < d < W From
Table 2, we see that once we are on the order of 1021, Theorem 3.2 captures almost all primes p.

However there are still some exceptional cases where this theorem is inconclusive.
For the first 10,000 primes greater than 10%!, there is a single prime p’ that does not pass these
two criteria, p’ = 1,000, 000, 000, 000, 000, 124, 399. We have

p—1=2-7-13-29%.43-705,737 - 215,288,719

pP+1=2.3.52.112.17-19-23-97- 757 - 1,453 - 8,689
Number of divisors of p’ +1=7(p— 1)+ 7(p+1) —2 =192+ 11,520 — 2 = 11,710
Number of divisors of p’ & 1 which fail either bound of Theorem 3.2 = 989

The largest value that My = [My(p' — 1) U My4(p' + 1)| attains as d varies over the 989 divisors of
p’ =1 that fail one of the bounds in Theorem 3.2 is 438. An example of a divisor d with My = 438
is d = 1,664, 125,969. For this divisor we have

graph given that no divisor d of p+ 1 satisfies

2./2p 81 - 4383
4381’ ~ 2.042 x 108 < d ~ 1.664 x 10° < 1.702 x 10° ~ —
Note that g ~ 3.80518 x 107, YEELLTWHL 1 4971016, and EE_LTEL 1 302 101

so there are no divisors that can ever satisfy the second bound of Theorem 3.2.

While examples like this become exceedingly rare, they persist throughout the range in which
we are able to execute Theorem 3.2°s test. Indeed, we have verified that our test fails for every
prime p < 1019 such that p+1 is a reduced number as defined in 3.11. There are 591 such primes,
and there are certainly many others for which our test also fails, just not enough to be picked up
by our random samples of 10,000.

6. APPENDIX

In this section, we make more precise some of the implied constants in the proof of the following
proposition in [BGS16b]. The point of this is to determine exactly how large an order a triple must
have in order to conclude that it is connected to Cp as in the End Game in [BGS16b].

Proposition 6.1 (Explicit version of Proposition 7 in [BGS16b]). For d dividingp—1 orp+1, a

Markoff triple of order d belongs to C, provided

8yplp£1)T(p£1)
d(p£1)

(where the £ is determined by whether d dividesp —1 or p+1).

d > (34)

Proof. Without loss of generality, let d be the first coordinate order of some Markoff triple, and
recall notation from (3). In Proposition 7 of [BGS16b], Bourgain, Gamburd, and Sarnak show that
if d is sufficiently large (at least p'/?*9 for some 6 > 0 depending on p), then either the second or
third coordinate in the orbit

( N . (T+T_1)(T2ns+r_2ns_1) (r+r‘1)(r2"ils+r2nils_1)>
T T 5

)

r—r-1 r—r-1
has order p — 1 for some n. We will run through their argument and show that (34) is sufficient
for the relevant inequalities to hold. Since every triple of order p — 1 is in C, (Proposition 6 in
[BGS16b]), this will complete the proof.

First suppose d |p — 1. We seek a solution (z,y) € F, to

(r+rY(sx+stz7t) 1

=y+y (35)

r—r-1
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such that x belongs to the cyclic subgroup of order d (generated by r in the notation above), and
y is a primitive root modulo p. We will show such a solution exists with a counting argument.
Let d = (p —1)/d, and given some e dividing p — 1, let ¢/ = (p — 1)/e. Consider the equation

r+ r1 sxd/ + sila:*d/ / o
( )( — ) :ye +y e' (36)

r—r

Assume for the moment that d’ > ¢’ so that the projective completion of the affine curve defined
above is given by

Xleye + ! Ye Z2d/ - Xdly2elzd/—e/ o Xdlzd/—l-e/ — O

Call this curve C. Bourgain-Gamburd-Sarnak show that C is irreducible over F,. Furthermore, its
geometric genus is bounded from above by

degC —1 mp
("27)-2(%)
preC
where mp denotes the multiplicity of the point P in C. (See Corollary 1 in Section 8.3 of [Ful69],
for example.) Observe that P = [0: 1 : 0] has multiplicity mp = 2d’ — €/, so the genus is at most

2/ /_1 2/_/
<d+; >—<d2 e>:4d’e'—4d’—2e’—|—2.

Thus we can apply the Weil bound to conclude that the number of points on C over F), differs from
p+ 1 by at most 2(4d’e’ — 4d' — 2¢’ + 2),/p. Now let us exclude the points [1: 0 : 0], [0 : 1 : 0],
and [0 : 0 : 1], which occur on C' with multiplicities €/, 2d’ — €/, and €', respectively. Then, via the
map [X :Y : Z] — (X/2)¥,(Y/Z)¢), there is an €/d'-to-1 correspondence between the remaining
points on C' and solutions to (36) in which = belongs to the subgroup of order d and y to the
subgroup of order e in F;. In particular, if f(e) denotes the number of such solutions (z,y), then
we have shown

|d'e' fle)+ (¢ +(2d —€')+€') — (p+1)| < 2(4d'e’ — 4d' — 2¢’' + 2),/p.
This simplifies to the following slightly weaker form:

p+1
’f (e) — T | <8VP
The exact same bound can be obtained in the case ¢/ > d’ by swapping d’ and ¢’ throughout the
argument and using the singular point [1 : 0 : 0] instead of [0 : 1 : 0] to bound the genus.
Let p be the Mobius function and let ¢ be Fuler’s totient function. By inclusion-exclusion, the
number of solutions to (36) in which z belongs to the cyclic group of order d and y is a primitive

root is
S u(H) e = Y (w5
e|p-1 ( € > €,|p_1( de )
> p+1
z
S e BV
> dgtp(p__ll)—&/ﬁT(p—l).

The last expression above is positive precisely when d satisfies (34).
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A very similar argument works when d|p + 1. But now r ¢ [F,,, so a modification is needed in
order to reapply the Weil bound over F,. Let d' = (p+ 1)/d. Instead of (35), we now count points

on the curve
Ldl/QJ d U N . ! !
S (L)t =,
= 21

where €’ is still some divisor of p — 1 (see equation (42) in [BGS16b]). The same singular points,
[0:1:0] when d > ¢ and [1 : 0 : 0] when ¢ > d, can be used to bound the genus of the
curve above, and in fact we get an even smaller bound of 2d’¢’. The remainder of the proof is
unchanged. O
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