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Chapter 1

Semiclassical Quantum Mechanics

In this Chapter we discuss the Schrédinger equation of quantum mechanics, which
is a fundamental example of a linear dispersive wave equation. We show how clas-
sical mechanics energes from quantum mechanics in a high-frequency, short wave,
“geometrical optics” limit, in which a classical particle corresponds to a packet of
quantum mechanical waves. The velocity of a classical particle is equal to the group
velocity of the corresponding quantum mechanical wave packet.

1.1 Classical mechanics

We consider, as an example of a mechanical system, the motion of a particle of mass
m in R? in a potential field* V : R — R. The position x(t) € R? of the particle at
time ¢ satisfies Newton’s second law
d’x
Moy = —-VV (x).

(We will frequently abuse notation slightly and use x to denote either a point in
R?, or a path t — x(t).) The ideas we develop in the context of this basic example
apply in much greater generality.

First, we briefly recall the Lagrangian and Hamiltonian formulations of the par-
ticle dynamics. As we will see, these formulation arise naturally from the semi-
classical limit of quantum mechanics. The Hamiltonian formulation arises directly
from short-wave asymptotics, while the Lagrangian formulation arises directly from
a semiclassical approximation of Feynman’s path integral formulation of quantum
mechanics.

We define the Lagrangian L : R? x R? — R of the particle by

L(x,v) = %mv2 - V(x).

*We will assume that the potential V' satisfies appropriate smoothness and regularity conditions,
unless stated otherwise.



2 Semiclassical Quantum Mechanics
That is, L is the difference between the kinetic and potential energies of the particle.

The action 8(£) of any (smooth) path £ : [0,{] — R? is the time integral of the
Lagrangian,

50 = [ 1 (%00.60)) s (1)

Newton’s second law is equivalent to the Euler-Lagrange equations associated

with L,
Caqony oL,
dt \ ov ox

Thus, the particle paths are stationary points of the action, meaning that

iS(x + ¢h)

de =0

e=0

for all paths h : [0,#] — R? such that h(0) = h(t) = 0.

The Hamiltonian H (p, x) of the particle is defined as the Legendre transform of
the Lagrangian with respect to v,
0L
oV’

For the particle moving in a potential, we have

P H(p,x)=p-v—L(x,v).

1
P =myv, H(p,X) = %pz + V(X)

Thus, p is the momentum of the particle, and H is the total energy. The Euler-
Lagrange equations may then be written as Hamilton’s equations

dx OH
dt — dp’
dp  OH
dt — ox’

1.2 The Schrodinger Equation

The Schrédinger equation for a quantum mechanical particle of mass m moving in
a potential V : R¢ — R is
2

ihipy = —;—mmp + V(). (1.2)

Here, h is Planck’s constant, which has the dimension of action (momentum X
length, or energy x time).



The Schréodinger Equation 3

The complex-valued function (x,t) is the wavefunction of the particle, where
|4|? is the probability density of the particle. Probability is conserved on account
of the conservation law

Ay +V-J =0,

where J is the probability flux,
= o= (VY — VYY),
m

Example 1.1 Let Q2 C R? be an open set. The classical “billiard” problem of a
particle confined to a region Q with a rigid boundary corresponds formally to the
potential

_Jo ifxeq,
V(X)_{+oo ifz¢Q’

The quantum mechanical problem consists of the Dirichlet problem for the free
Schrédinger equation:

hZ
iy = ——AY  z€Q,
2m

Pv=0 x € 0N.
The classical problem ranges from completely integrable to ergodic, depending on

the shape of the domain . Thus, this problem is a useful test case for the investi-
gation of the quantum behavior of classically chaotic systems.

We look for a solution of (1.2) of the form
= A(x, t; h)eSo0/M, (1.3)

where A is a complex-valued amplitude, and S is a real-valued phase.!
The use of (1.3) in (1.2) implies that

ih h?

1
—Si A+ ihA; = %WSPA +VA—- —(2VS-VA+ ASA) - 5 A (1.4)

2m

We look for an asymptotic solution of this equation for A of the form

A(x,t;h) ~ Y B"AM(x,t)  as h— 0. (1.5)
n=0

Remark 1.2 Strictly speaking, the limit A — 0 in (1.5) does not make sense,
because £ is a fixed dimensional number. What we really mean is that i/Sq — 0
where Sy is an action associated with the solutions that we consider. To make clear

TOne can also consider complex-valued phases, for example in the construction of Gaussian beam
solutions that are concentrated near a single ray, but we will not do so here.
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sense of an asymptotic limit, we should first nondimensionalize the problem, but
here it is more convenient not to do so explicitly.

We use (1.5) in (1.4) and equate coefficients of A™ to zero. When n = 0, and
assuming that A(® # 0, we find that

1 .
Si + %|VS|Z+V(X) =0. (1.6)
This equation is the eikonal equation for the Schrédinger equation.

Remark 1.3 The local frequency and wavenumber of the solution in (1.3) are

St \
YT TR h
These satisfy the local dispersion relation
h2k2
hw = o + V(x),

obtained by “freezing” coefficients in (1.2) and looking for Fourier mode solutions.
The analogy of this dispersion relation with the classical expression for the energy,

2
P
E=—
PV,

suggests that we can define the energy E and momentum p (or pseudo-energy and
pseudo-momentum) of a wave in terms of its frequency and wavenumber by

E=hw, p=hk

This connection is often useful, although it has pitfalls, especially for nonlinear
waves [34].

Equating coefficients of &, we get the transport equation
A Ly vAO 4 % (divy) A© =0, (1.7)
where the group velocity v(x,t) is given by
v = lVS.
m

The group velocity may be written as v = p/m, so it is equal to the classical
velocity of the particle. Note that although the the group velocity is orthogonal to
the wavefronts S(-,t) = constant, it is not equal in magnitude to the phase velocity
¢ = —V.S§/S;. Equation (1.7) implies the conservation of probability,

B A© P + div (v|A<°> |2) =0.



The Schréodinger Equation 5

The higher order corrections A(™ for n > 1 satisfy similar, nonhomogeneous, trans-
port equations,

A fv.ovam 4 % (divv) A(™ = %AAW“.

The classical particle paths are called the rays, or bicharacteristics, of the
Schrédinger equation. Let x = X(x¢,t) be the ray that starts at xg, so that

Xt = V(X7t)7 X(X070) = Xo-
We define the Jacobian J(x,t) by

_ 8X(X07t)
J(X(Xo,t),t) = det [Txo .

Lemma 1.4

1dJ

R | 1.

@ div v, (1.8)
where

d

E = 6,5 + v \Y%

is a derivative along a ray.

Proof. 1f E(t) € M¥*? is a smooth matrix-valued function with E(0) = I, then

:trﬁ(o).

4 det E(t)
0 dt

dt

Hence, if F(t) is invertible, we have

d d
— F = — F
p det F'(t) s det F(t + s)

s=0

= detF(t) d%F‘l(t) det F'(t + s)

= det F(t)tr {F‘l(t)%(t)}.

d ()X d ()X

s=0

dt 90X dt 0xo

o 8X0 ov

ov

= Jdivv.
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Since J(xg,0) = 1, we have J(xg,t) # 0 for small enough ¢, so the function
Xo — X is locally invertible. It follows from (1.8) that the ray density p = J~!
satisfies the continuity equation

pt +div (pv) = 0.

Along a ray, we have

0
dA® _1.dJ )
dt 27 dt

Thus,
A(O) (X(x07 t), t) = J_1/2 (XOJ t)AO (XO)'

This equation implies that A(©) increases as the rays focus. The asymptotic solution
is not valid near caustics, where J — 0 (c.f. Section 1.7).
The above construction gives an asymptotic solution

n
Y™ (x,8:h) = Y AW (x, t)e’S0/M
k=0
of the Schrodinger equation, for any n € N, such that

) n K2 pnt2
i + A LV (g = — S A4,

m
¥ (x, 05 h) = Ag(x)e' %I/,
The asymptotic solution is well-defined in any time interval 0 < t < T for which
a smooth solution of the eikonal equation (1.6) with initial data S(x,0) = Sp(x)
exists (see Section 1.4).
Using standard estimates for the Schrédinger equation, we see that the asymp-

totic solution is an asymptotic approximation of the exact solution ¥ (x, t; i), which
satisfies

h2
ihty + %A¢ + V)Y = O(hn—i-l),
B(x,0;h) = Ag(x)etSo /R

Theorem 1.5 If ¢ : [0,T] — L?(R?) satisfies

2

- j—mmp — V(X)) = f(x,1),
w(X;O) =0,

then

19l oo (0,77;2) < I fllL2([0,73;L2)-
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Note that the asymptotic solution approximates the exact solution as & — 0 on
a fixed time interval, but even if there is a global smooth solution of the eikonal
equation, the asymptotic solution is not generally uniformly valid as t — oc.

1.3 Hydrodynamic form

Writing the solution of the Schrédinger equation in the form (1.3), where A is
real-valued amplitude, and equating real and imaginary parts in (1.4), we get
h2

1
(St + —|VS]” + V) A=_—AA,
2m 2m

1
A+ —(2VS-VA+ ASA) =0.
2m

We introduce the density p = A? and the velocity v = VS/m. Then, when p # 0,
we may rewrite these equations as

pe+ V- (pv),
+v-Vv+ ! vV e \Y 1 Ap
vi+v-Vv+4+ — = — — .
¢ m 2m?2 VP p
These equations correspond to those of a compressible, pressureless fluid, with a
dispersive regularization that is neglected in the semiclassical limit.

1.4 The Hamilton-Jacobi equation

The eikonal equation (1.6) for the phase S(x,t) of the semiclassical solution of the
Schrédinger equation (1.2) is a Hamilton-Jacobi equation of the form

s
S,+H (a,x> ~0. (1.9)

In the case of a particle moving in a potential V', the Hamiltonian function H is
given by

H(p,x) = 5 [pf’ +V (), (1.10)

but most of the discussion in this section will apply to any smooth Hamiltonian
that is a convex function of p.

It is convenient to introduce a d-dimensional configuration space M, with coor-
dinates x, and a 2d-dimensional phase space P, with coordinates (x,p). We also
define the projection 7 of phase space onto configuration space by

m: P — M, T (X,p) — X. (1.11)
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As we will see, the solution of (1.9) by the method of characteristics leads directly
to Hamilton’s equations of classical mechanics, showing how quantum mechanics
leads to classical mechanics through short wave asymptotics.

First, let us suppose that S is a smooth solution of (1.9). A ray associated with
S is a curve in configuration space (whose equation, with a slight abuse of notation,
we write as ¢t — x(t)) that satisfies the ODE

dx OH ([0S x
dt  0p \ox' ")’
Computing the derivative of 05/0x along a ray, we find that
d(0s\ _ oS, dx @S
dt \ 0x - ox  dt ox?

= _E[H(a_sx)]_*_a_ﬂ’y_s
0x ox’ Op Ox2

_ om (88

- o (&,x>.

Since the second derivatives of S cancel, we get a closed system of ODEs for the
position x(t) of the ray, and the momentum p(¢) on the ray,

p(t) = oo (x().1).

This system is Hamilton’s equations:

ax _om

dt  op’

dp OH

—_— = ——. 1.12
dt ox ( )

The curves t — (x(t),p(t)) in phase space are called the characteristic curves of
(1.9) associated with S. The projections of the characteristic curves onto configu-
ration space are rays. Thus, the rays are just the classical particle paths.

The derivative of the phase S (x(t),t) along a ray is given by

@ —_ S+d_X6_S
d "' at ox
- . 0x
P a
dx
— ax 1.1
L (%), (113)

where the Lagrangian L(v,x) is the Legendre transform of H(p,x) with respect to
p:

O0H 0H

L(v,x)zp-%(p,x)—H(p,x), v:%(p,x).
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Thus, from (1.13), the phase is the time integral of the Lagrangian along a classical
path, or, in other words, the classical action (c.f. Section 1.1).

Next, we reverse the above discussion, and use integration along characteristics
to piece together a local solution of (1.9) subject to the initial condition

S(x,0) = Sp(x). (1.14)

Theorem 1.6 Suppose that H : P — R and Sp : M — R are smooth functions,
and X € M. There is a neighborhood U C M of X and a neighborhood W C M x R
of (%,0) such that there is a unique smooth solution S : W — R of the IVP

0S8
St + H (6—X,X

S(x,0) = Sp(x) xeU.

) =0 (x,t) € W,

Proof. We will only sketch the proof. (For the analytical details, see e.g. §3.2 of
[11].) Standard ODE theorems imply that for every xo € M, there is a unique local
solution of Hamilton’s equations (1.12) with the initial data

95
x(0) =xo, p(0) = 8—;’ (x0) - (1.15)
We write this solution as
x(t) = X (t;%0) , p(t) =P (t; %) - (1.16)

Since det[0X/0x¢] # 0 when ¢ = 0, the implicit function theorem implies that
the map xo — x(t) is locally invertible for sufficiently small ¢. Thus there is an
open interval I C R containing the origin, a neighborhood U C M of X, and a
neighborhood W € M x I of (%,0), such that for every point (x1,t;) € W there
exists a unique point xg = Xg (¢1;x1) € U with

X1 = X(tl;Xo).

We then define S : W — R by (c.f. equation (1.13))

S(X1,t1):SO(X0(t1;X1))+/ {p-dx — Hdt},
C(x1,t1)
where C(x1,t1) is the characteristic curve (1.16) with x(1) = x; and 0 < ¢t < #;
(ort; <t<0if t; <0).

One can verify directly that this function satisfies the Hamilton-Jacobi equation
(1.9) in V. Uniqueness follows from the method of characteristics described abovel

Although the IVP for (1.9) has a unique local solution, the global structure of
the solution is usually more complicated. We denote the flow of the Hamiltonian
vector field in (1.9) by g¢ : P — P. For simplicity, we suppose that the solutions of
(1.9) exist globally in time, so that g is defined for all ¢ € R.
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The initial data (1.14) defines a d-dimensional submanifold A° of 2d-dimensional
phase space, with equation

08
p= g(x)-

The phase flow maps A° to a submanifold
At — gtAO.

For sufficiently small ¢, A* projects locally onto M under 7 in (1.11), and we obtain
a unique local solution. For larger times, At may “fold over,” so that several points
on it project to the same point of space.

An image of a singularity of the projection 7 : A* — M, where the derivative dr
is singular, is called a caustic. The structure of generic caustics may be classified by
the use of singularity theory [2]. Once caustics form, the method of characteristics
gives a multivalued solution S(-,%) of the Hamilton-Jacobi equation.

It is often useful, instead, to regard the phase as a single-valued phase function
S(-,t) defined on A*. From (1.13), the variation in the phase S along a characteristic
curve is given by

ds dx

I <

at Pt T
which implies that, for (x;,p1) € A%1,

(1.17)

S(x1,P1,t1) = So(x0) +/ {p-dx — Hdt},
c

where C is the characteristic curve ¢t — (x(t), p(t)) that satisfies x(0) = xo, p(0) =
0S0/0%x(x0), and x(t1) = x1, p(t1) = p1-

Remark 1.7 We may also consider S as defined on the (d 4+ 1)-dimensional sub-

manifold
A=A
teR

of the 2(d+1)-dimensional phase space with coordinates (x,t, p, E), where H(p, x) =
-FE.

Away from the caustics, there are finitely many* phase functions S, each of
which is a local solution of (1.9), such that

Sj(x7t) = S(Xapj7t)7 (Xapj) € At'

Each phase is associated with a ray, and several rays reach the same point with
different momenta. As we explain below (c.f. Section 1.7), near the caustics, the

fthere may be none at all
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amplitude of the wave is larger than elsewhere, as a result of the focusing of the
rays. Moreover, there is a phase shift of —7/2 in the wave amplitude each time a
ray passes through a simple caustic.

Thus, when caustics are present, the semiclassical solution away from the caus-
tics has the form

)~ ZAjeiSj/ﬁ—iﬂwﬂ,
J

where the integer p; is the Morse index of the jth ray, which is equal to the number
of caustics (counted according to their multiplicity) that the ray passes through (see
Section 1.5).

1.5 The calculus of variations and conjugate points

Let us consider all (smooth) paths £ : [tg,t1] — R? such that & (tg) = xo, and
& (t1) = x1. Let t = x(t) be a stationary point of the action

t1
8(¢) :/t L (5, %) dt.

Then we define the classical action (or Hamilton’s principal function) S by
S (x1,t1;X0,t0) = 8(%).

Thus, S is the action associated with the classical particle path. In general, there
may be several stationary paths, and then S is multi-valued. (It is single valued
when ¢, — to is sufficiently small.)

Example 1.8 Consider the simple harmonic oscillator, with equation of motion

d? 9

+ mw z =0,

=

b1 (fdz\® 1
8(x =/ —-m <—> — Zmz? } dt.
(z) to {2 dt 2

Then, provided that w (tg — 1) # nm, the classical path with 2(tg) = z¢ and z(t;) =
x is given by

and action

1 — xg cosw (1 — to)
sinw (1 — to)

x(t) = zocosw (t — to) + [ ]sinw(t—to).

Evaluating the action on this path, we find that the classical action is given by

mw

S (21,130, t0) = 2sinw (&1 — to)

[(23 +27) cosw (t1 — to) — 2z0a1] -
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Theorem 1.9 The classical action S (x,t;Xg,%) is a solution of the Hamilton-
Jacobi equation
oS
St +H <—,X> = 0
ox

Proof. First, consider a stationary path x(¢) such that x(t9) = x¢ and x(¢1) = x;.
We consider a nearby stationary path x(t) + h(¢) with h(¢g) = 0 and h(¢;) = h;.
Then

S (x1 + hy,t1;%0,t0) — S (X1, t1; X0, t0)
:/t:1 {L (x+h,2—?+%> —L(x,é—j)} dt
) A5 Gw) e R (o 5) G o
t1 t
= [g—ﬁ-h]t0+/tol{g—i—%g—f}-hdt+0(h2)

= o (xS w).

where we have used the fact that x(t) satisfies the Euler-Lagrange equations asso-
ciated with L. It follows that

oS oL
— t1; ty) = — 1.1
ot (x1,t15%0,20) = 5 (x1,v1), (1.18)
where vy is the velocity of the stationary path at ¢t = ¢4,
dx
=— ().
vi= ()

Next, we consider how S changes with time. Let x(t) be a stationary path such
that x(to) = x¢ and x(¢1) = x1, and x(¢t1 + k) = x; + hy. Then

S (x1 +hy,ty + k;xo0,t0) — S (%1,t135X0,%0)
titk dx
= I ax
/t1 (x, dt) dt
= L(xl,vl)k—l—O (k2) -

We have h; = kvy + O (k?), so dividing by k and letting k — 0, we obtain that

oS
Sty (%1, t1;%0,0) + V1 - 5— (X1,%15%0,%0) = L (x1,V1).

8X1
Hence, from (1.18), we get

oL
Sty (x1,t15%0,0) + V1 - v (x1,v1) = L(x1,v1) =0.
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Since the Hamiltonian is the Legendre transform of the Lagrangian, and p;
085/0x1, the result follows. O

1.6 Symplectic geometry

From a mathematical point of view, classical mechanics is part of symplectic ge-
omtry. A symplectic structure arises naturally from short wave asymptotics, which
explains how the symplectic structure of classical mechanics arises from quantum
mechanics. In this section, we make a few brief remarks about the geometry of
phase space.

A symplectic manifold is a manifold equipped with a closed nondegenerate two-
form [1]. The phase space P considered in the previous section is a symplectic
manifold with the canonical two-form [1]

w = dp Adx = dp; A dz. (1.19)

Here, x = (z!,...,2%), p = (p1,...,p4), and summation is implied over repeated

upper and lower indices. (If X and Y are vectors in P, then w(X,Y) is the sum
of the areas of the parallelograms formed by the projections of X and Y onto the
(z%,p;) coordinate planes.) We have w = df, where 6 is the canonical one-form

6 =p - dx = pidz’.

The symplectic form (1.19) arises naturally on the cotangent bundle T*M of
any manifold M. If S : M — R is a function defined on configuration space, then

the differential
ds = (65) da’

ozt

is a covector field dS : M — T*M. (Here we use the notation of differential forms,
intead of the less geometrical partial derivative notation 8.5/9x.)

The function defines a d-dimensional submanifold A of P = T*M, with the
equation

p = dS(x).

An important geometrical property of such a submanifold is that it is La-
grangian.

Definition 1.10 A Lagrangian submanifold of a symplectic manifold (P,w) of di-
mension 2d is a submanifold A of dimension d such that

wly =0.

Example 1.11 The coordinate planes x = 0 and p = 0 are Lagrangian subanifolds
of P = R?¢ with respect to the canonical two-form dp A dx (all areas project to
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zero). More generally, if {aq,...,0,} and {B1,...,8,} is any disjoint partition of
{1,...,d} (so r+ s = d), then the coordinate plane

' =0,..., z* =0, p3 =0, ...,ps,=0

is Lagrangian.

Lemma 1.12 If A is a submanifold of P = T*"M, and 7 : U C A - M is a
diffeomorphism, where U is a simply connected open set, then A is Lagrangian if
and only if there is a function ¢ : U — R such that

U={(x,p) € P|p=dpx)}.
Proof. If U is given by (1.12), then

wly = dpAdx|y
2
( O >dxiAda:j

OxidxI
= 0.

Conversely, suppose that A is Lagrangian. Since w is closed, we may write it locally
as w = df for a suitable one-form 6, and d 6|, = 0. Hence, 8| is closed, so we may
write it locally as 6|, = dS. If x provides local coordinates on A, then this implies
that p = dS(x) is a local expression for A. O

The initial manifold A° has equation p = dSp(x), so it is Lagrangian. Since the
flow map g* is symplectic [1], it follows that A? is Lagrangian for all ¢ even after it
folds over.

We may introduce a topological invariant associated with a Lagrangian subman-
nifold called the Maslov index.

1.7 Caustics

The straightforward short wave solution described in the previous section breaks
down near caustics. We will show that the passage of a ray through a simple caustic
(or turning point) leads to a phase shift of —7/2 in the wave, and that the wave
amplitude is of the order A~ 1/% larger near the caustic than away from it.

A simple caustic separates a classically allowed region from a classically for-
bidden region, which the classical particle has insufficient energy to penetrate. In
quantum mechanics, diffraction effects are important near a caustic, and the normal
dependence of the wave function is described by an Airy function, which makes a
transition from oscillatory behavior in the classically allowed region, to exponen-
tially decaying behavior in the classically forbidden region. The fact that the wave
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function is nonzero (though small) in the classically forbidden region has impor-
tant physical consequences, such as the quantum tunneling of a particle through a
potential barrier. We will not consider this effect here, however.

There are various ways to motivate the asymptotic form of the solution near a
caustic, such as the method of stationary phase for a Fourier integral with coalescing
stationary phase points,

v, i) = [ At eS80 e

Here we obtain a uniform asymptotic solution by use of the method of multiple
scales ([33]). These ideas have extensive further developments in the theory of
microlocal analysis (see [10], for example).

We look for a solution of (1.2) of the form

Y(x,t;h) = W' F <p}(;2c/,;f) , X, b h) eioxt)/h (1.20)

where v is an arbitrary exponent which we introduce for later convenience. This
solution satisfies (1.2) if and only if F(n,x,t; h) satisfies the PDE

1 2 L .53 2
(sot+ Vgl +V>F Y
1
=in'/? (pt + V- Vp) F,

. 1 1
+lﬁ (Ft + RV(,O -VF + %AQOF)

1.4/3 1 1,
— . =A — . .
+mh (Vp VE, + 5 pF,,) + 2mh AF. (1.21)
on n = p(x,t)/h?/3.
We suppose that
F(n,x,t; k) = A(x, t; h)Ai(n) + ih*/* B(x, t; h)Ai' (1), (1.22)

where the prime denotes differentiation with respect to n, A(x,t; h) and B(x,t;h)
are complex-valued functions, and Ai(n) is the solution of the Airy equation

Ai" = nAi,

that decays as 7 — +o00, normalized so that

Ai(0) = 32—1/31“ (;) .

(See e.g. http://mathworld.wolfram.com/AiryFunctions.html for graphs.) This so-
lution decays exponentially as 7 — +oo (corresponding to the classical forbidden



16 Semiclassical Quantum Mechanics

region) and oscillates, with algebraic decay, as n — —oo. Specifically [29],

Ai(n) ~ { s 2/ exp[—21/2 /3] as 1) — +00,
P a2 (=) A sin[2(—n)* 3+ 7/4) asn — —co.
We have
F = AAi+ih'/?BAi,
F, = il'*nBAi+ AAY,
Fpy = (nA +ih1/3B) Ai + if/*nBAJ'.

Using (1.22) in (1.21), simplifying the result, and setting = p(x,t)/h*/3, we find
that

2
—ihapy — Zh—mm,/} + Vi) = PAi + ik PQAf,

where
1 ) ) 1
P = <Pt+2—|V(,o| —p|Vpl"+V i A+pips+—Ve-Vp; B
m m
) 1 1
—zh{At + —Vp-VA+ —ApA
m 2m
1 1 1 K2
+—pVp-VB+ ——pApB+ —|Vp|’B — -—AA4,
m 2m 2m 2m
1 1
Q = {‘Pt + 2—|V90|2 —P|Vp|2 + V} B — {pt + —Vep- Vp} A
m m

1 1 1 1 2
—ih{Bt + - Vy-VB+—ApB+ —pVp-VA+ —pApA} _ " aB.
m 2m m 2m 2m

Thus, a sufficient condition for (1.20) and (1.22) to give a solution of the Schrédinger
equation (1.2) is that

P =0, Q =0.
We look for an asymptotic solution of these equations for A and B of the form

A=A L p/BAM L 234 L O(h),
B =B 4 z1/3p(1) L z2/3B(2) 4 O(h),

where A© and B are assumed to be nonzero. Using these expansion in the
equations, and equating coefficients of powers of i'/3 to zero, we find that

1 2 2 —
i+ 5~ (IVel” = pIVpl*) +V =0,

1
—Ve-Vp=0
pt+m @ P ’
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A 4 %w VA 4 %AQDA(‘D + %pr .VB©®

1 2\ »(0) _
+5— (pAp +|Vp|*) B =0,

o, 1 . 0, 1 o, o . 0, 1 (0) —
B” + —Vi - VB + - ApB® + —Vp- VA® + —2pA® = 0.

The solutions of these equations provide a uniform asymptotic solution of the
Schrodinger equation in a region that contains a simple caustic.
In p < 0, we define

2
St=p+ 3 (—p)*>.
Then we have
1
St + 5 |VSEP +V =0,
2m

meaning that each S* satisfies the eikonal equation. We interpret S~ as the phase
of an incoming wave, since the corresponding group velocity

1 1
—Vo+—(=p)'/*Vp
m m

is directed towards the caustic p = 0 from the side p < 0 where the solution is
oscillatory, and ST as the phase of an outgoing wave.
As n — —oo, we find that (1.20) has the form

hv+1/6 iS™ /h+im/4 iST /h—im/4
F 1/4A{€ [htin/4 4 giST/ /}.

22 (=p)
Thus, away from the caustic, the solution is a superposition of two waves, with the
phase of the outgoing wave retarded by /2 from the phase of the incoming wave.
This loss of phases may be interpreted as the result of the diffraction of the wave
into the shadow region in a layer of the order of its wavelength. The ray density J
is proportional to (—p)~'/2.

If the wave amplitudes are O(1) as i — 0 away from the caustic, we see that
we must take v = —1/6. Thus the wave amplitude is larger by a factor of R-1/6
in a layer of width A?/® near the caustic (where, again, it is convenient not to
nondimensionalize the problem).

1.8 Eigenvalue problems

Eigenvalue problems are harder to analyse than the wavepacket problems we have
considered so far, because the semiclassical limit 7 — 0 does not commute with the
large time limit ¢ — co. There is a consistent semiclassical quantization method
(EBK quantization) when the classical system is completely integrable, but the
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behavior of the spectrum of quantum systems that correspond to chaotic classical
systems is still not well understood.

The 2d-dimensional phase space of a completely integrable system with compact
energy surfaces is foliated into d-dimensional tori. The basic principle of EBK-
quantization is that the phase function of a semiclassical eigenfunction should be
single-valued on one of these tori. This picks out tori who actions are integer
multiples of 27. When caustics are taked into account, this condition leads to
corrected Bohr-Sommerfeld conditions.

Even for integrable systems, some difficulties may arise when quantum mechani-
cal tunneling between different tori is possible, typically leading to an exponentially
small splitting of eigenvalaue. For nonintegrable systems, the problem is much more
difficult. Mixing systems have spectra that resemble those of random matrices. For
KAM type systems, whose phase space contains a complex fractal structure of in-
variant tori and stochastic layers, the problem is harder still.

1.9 Path integrals

Every quantum event is associated with a complex number, called the amplitude of
the event. The probability of the event is proportional to the square of its amplitude.
If an event can occur as the result of several different outcomes, then its amplitude
is the sum of the amplitudes of each outcome. The amplitude of each outcome is
proportional to e?3/% where § is the action of the event.

Remark 1.13 The fact that amplitudes, rather than probabilities, add leads to
the interference effects that are characteristics of quantum mechanics.

Feynman used this formulation of quantum mechanics to give a beautiful expres-
sion for the solution of the Schrodinger equation in terms of path integrals [12], [13].
In particular, semiclassical quantum mechanics is obtained from the path integral
by a stationary phase approximation, so that classical events are ones for which the
cancellation between the amplitudes of nearby quantum fluctuations is minimal.

The Green’s function, or “propagator,” G(x,t;y), of the Schrédinger equation
(1.2) is the solution of

h2
ihGy = ——AG + V(x)G,
2m
G(x,0;y) =d(x—y),
where ¢ is the delta function. The solution of the initial value problem

2
ity = =3 A+ V()
$(x,0) = o (x),
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has the Green’s function representation

viet) = [ Gty dy. (1.23)
R
Feynman’s expression for the Green’s function as a path integral is
1 (x,8)
Glx,ty) = = / SO/ g (1.24)
Z Jiy.0)

Here, £ : [0,t] — R? denotes a continuous curve, or “path,” d¢ is supposed to denote
a translation-invariant measure on the infinite-dimensional space of paths, and Z is
a suitable normalization factor. The integral f((;g)) denotes an integral over the set
of paths from y at time 0 to x at time ¢

{eeC(0,4hRY) | €£0) =y, &) =x}.

As in classical mechanics, the action 8(&,t) of a path £ on the time-interval [0, ¢] is
the time-integral of the difference between the kinetic and potential energies

8(§,t)=/0t{%m

Suppose that a particle is located at the point y at time 0. The event of observing
the particle at the point x time ¢ can occur in many different ways: the particle
can move along any path connecting y to x. Formally summing the amplitudes of
these paths, we get (1.24).

Despite the intuitive appeal of (1.24), we cannot define the Feynman integral
directly as an integral. There are no translationally-invariant measures on infinite-
dimensional spaces, analogous to Lebesgue measure on finite-dimensional spaces
(see [36] for an interesting discussion of this fact), so “d§” cannot be interpreted as
a measure. Moreover, the integrand in (1.24) is a highly oscillatory function of £,
since 8(&) is large for non-smooth paths, and is not even defined for paths whose
derivative does not belong to L2 (Ry).

We therefore have to define the path integral in some other way, for example, as
a limit of finite dimensional integrals on R™ as n — 0o, or by analytic continuation
from integration with respect to Wiener measure. Unfortunately, these definitions,
and others, lack the direct intutive appeal of the heuristic path-integral formulation.

€
ds

: - V(§)} ds. (1.25)

1.10 Trotter product formula

The definition of the Feynman path integral as a limit of finite-dimensional integrals
is based on the Trotter product formula. Every self-adjoint operator A on a Hilbert
space is associated with a unitary group e~#4 [8], where u(t) = e~ %4uyq is the
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solution of
iuy = Au, u(0) = uo.

The Trotter product formula (which we consider here only for unitary groups) pro-
vides an expression for the solution operator of

iu; = Au + Bu
in terms of the solution operators of
iuy = Au, iu; = Bu.
If A and B commute, then
—it(A+B) _ ,—itA,—itB

e

If they do not not commute, we can still obtain e~#A+B)t by means of a fractional
step method.

Theorem 1.14 (Trotter product) Let
A:D(A)CH—H, B:DB)CH—-H

be unbounded, self-adjoint operators on a complex Hilbert space H. Suppose that
A + B is essentially self-adjoint on D(A) N D(B), and let C = A+ B. Then, for
each ug € H,

e~#Cyy = lim [e—itA/ne—itB/n]"um
where the limit exists uniformly in ¢ on bounded intervals |t| < T

In other words, e~(A+P) is the strong limit of [e~#4/7e~#*B/"]" We write the
Schrédinger equation (1.2) as an abstract evolution equation on H = L? (R?),

iy =HY H=T+V,

where the kinetic and potential energy operators T' and V, respectively, are given
by

Ty = —%Agﬁ, D(T) = H? (R?),

Vi =V -1, DV)={ypeL®>R?) |V -yeL®R)}.

Here, with a slight abuse of notation, we use the same symbol V to denote both
the potential function and the associated multiplication operator.
The solution of

iy =V (1.26)
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is given by
Y(x,t) = e VO Py (x),
where 1(x,0) = 99(x). The solution of
il = T (1.27)

is given by

Y(x,t) = 9 E(x —y,t))o(y) dy,

where E is the Green’s function of the free Schrédinger equation

m \4/2 im|x|?
E = .
00 = (3m) o ( 2ht

Assuming that V is sufficiently regular® for the hypotheses of Theorem 1.14 to hold,
we find from the Trotter product formula that

mn \ nd/2 .
N o= i iSn (X,¥n—1,--,y1,¥5t/n)/h
b(x,1) s (2m'ht) /Rd /Rd /Rde
Yo(y) dyn_1 ...dy.dy, (1.28)

where the limit is with respect to the L?(R?)-norm, and

t =1 — vl
Sn (¥ ¥no1,---,¥1,Yoit) = — ; {imw - V(yk)}. (1.29)

This expression is a discretization of the action integral (1.25) for a path £ : [0,t] —
R?, with time-step At = t/n and ¢ (kAt) = yy, for 0 < k < n. Thus, (1.28)-(1.29)
provides a definition of the path integral representation (1.23)—(1.24) as a limit of
finite-dimensional integrals.

Example 1.15 The path integral may be evaluated exactly for a quadratic poten-
tial.

1.11 Wiener measure

Feynman'’s path integral representation of the solutions of the Schrédinger equation
inspired Kac to obtain an analogous expression for solutions of a diffusion equation.
Kac’s path integral is a genuine integral with respect to Wiener measure on the
function space of continuous paths. The Feynman integral for the Schrodinger

§A sufficent condition for —A + V to be essentially self-adjoint is that V > 0 pointwise and
V e L} (R); see [25].

loc
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equation may be defined by analytic continuation from the Kac integral for the
diffusion equation.
Let

Q=C(R;RY)

denote the space of continuous functions 8 : R, — R?, where Ry = [0,00). Let C
be the o-algebra on {2 generated by the cylinder sets

{ﬂ € | ﬂ(tl) € Al;/B(t2) € A277ﬂ(tn) € An}a

where 0 < t; <ty <...<tpn, and Ay, As,..., A, are Borel subsets of R¢.
We denote the Gaussian density with mean zero and variance tI on R¢ by

1 |x|?
p(x,t) = Wexp( o )

Definition 1.16 Let x € RY. Wiener measure, starting at x, is the probability
measure P* on C such that P*((0) =x) =1, and

B(t1) € A1, B(t2) € Aa, ..., B(tn) € Ay)
/ / / p(y1 —X,t1)p(¥y2 — ¥1,t2 —t1) - - . P(¥n — Yn—1,tn — tn_1)
Ay J Ay
dy1dys ...dy,.

for all 0 < t; < ty < ... < t,, and all Borel subsets A;, Ay, ..., A, of R?.

It is not clear from the definition that Wiener measure exists, or that it is unique.
There are many ways to construct it (for example, by approximation by random
walks, or by random Fourier series [26]), but we will take its existence for granted.
We denote the expected value of a functional f : Q@ — R that is integrable with

respect to P* by
= [ 10 ar)
Q

For functions that depend only on the values of 8 at finitely many times 0 < ¢; <
to <...<t,, we have

In view of this formula, we write the density of Wiener measure formally as

dP* = exp (—% /Ot B2(s) ds) dg, (1.30)

where df is supposed to denote a suitably normalized translation invariant measure
on 2. This equality is purely heuristic, however, since there is no such transla-
tion invariant measure on ). Moreover, it is possible to prove that § is nowhere
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differentiable almost surely with respect to Wiener measure [26], so that ﬂ is not
well-defined. Nevertheless, (1.30) is useful in connecting Wiener and Feynman in-
tegrals.

Remark 1.17 We may define a stochastic process¥
{B;: Q- R |te R}
on the probability space (Q2,C, P*) that consists of the coordinate maps
Byi(B) = B(¢).

This definition gives a canonical representation of Brownian motion, which is a
Gaussian, Markov process with the properties that:

(a) Bp =x and t — By is continuous almost surely;
(b) for all 0 < s < t, the increment By — B, is a Gaussian random variable with
mean zero and variance (¢ — s)I that is independent of B, for 0 < r < s.

The Feynman-Kac formula provides a representation of the solution u(x,t) of
the parabolic IVP

1
utngu—V(x)u t>0,x€Re,
u(x,0) =ug(x) x€RY (1.31)
in terms of an integral with respect to Wiener measure.

Theorem 1.18 (Feynman-Kac formula) For a sufficiently regular potential V' :
R? — R and initial data uo : R? — R, the solution of (1.31) is given by

o, t) = B [uo (30 exp { - [ "V (s)) s} (1.32)

Formally, we may use (1.30) to write (1.32) as

wt) = [ ow{= [ (556 +V (606D ) fuo 50 a,

s

where fx,O denotes an integral over the paths {5 € Q | 5(0) = x}. It is possible to
prove under suitable assumptions on V that the right hand side of (1.32) can be
continued analytically from real ¢ to imaginary ¢, and that the resulting analytic
continuation provides a solution of the Schrodinger equation

1
iut:—iAu+V(x)u t>0,x€Re,
u(x,0) = ug(x) x € R?,
that results formally from the transformation ¢ — 4t to imaginary time in (1.31).

THere, the subscript ¢ denotes dependence on the time variable ¢, and not a partial derivative.
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1.12 Semiclassical quantum mechanics

Semiclassical mechanics may be obtained as a stationary phase approximation of
the path integral. A rigorous justification of a stationary phase argument for the
Feynamn path integral is more technical than in the finite-dimensional case, and
the justification depends on how the path integral is defined. Here, we consider a
formal argument.

We can give an alternative expression for the Jacobian J as a Van Vleck deter-
minant.

Proposition 1.19

8?8
J = det <8x8y> .

1.13 Wigner transforms

Suppose, for simplicity, that ¢ : R — C is a Schwartz function. We define the
Wigner transform W : R¢ x R? — R of ¢ by

1 1 1\ .
_ _ = el ip-y/h
W(x,p) @) /Rdso (x 2)’) ¢ (x + 2y)e dy

1 1 1 .
S S VAR N WA 1 iax
) /Rdcp (p 2q) 7 (p + Zq/ﬁ>e dq,

where @ is the Fourier transform of ¢,

~ 1 b
@(p):W/Rdgo(x)e px/h g

The Wigner transform has the property that

/ W(x,p) dp = o), / W(x,p) dx = |3(p)[*
Rd Rd

Thus, in some respects, W is similar to a phase space density of ¢. It may, however,
be negative.

Example 1.20 Find the Wigner transform of a function
QD(X) — A(x)eis(x)/h,
and compute its limit as A — 0.

Remark 1.21 A nonegative density function, the Hussimi transform, may be ob-
tained by convolution of W with a Gaussian in both variables. One may also
construct H-measures (Tartar) or Wigner measures (Gerard). The nonegativity of
W is recovered in the limit 2 — 0.
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If ¢(x,t) satisfies the Schrédinger equation (1.2), and

1 1\ ([ h_)\.
t) = —— — t —£.t zp-y/h
W(x,p,t) ) /Rdw (x 5> >¢ <X+ 56 )e dy,
is the Wigner transform of 1), then it follows that

p oW
Wt(xapat) + E ’ 6—X(X,p,t)
V(x—3y) =V (x+3y)

B (27r1h)d /]R

Hence as h — 0, we find that W satisfies a Liouville equation,

1\ — 1 :
_ = _Z ipy/h —
g P (x 2y) P (x 2y> e dy.=0.

The characteristics of this PDE are
dx_p dp_ oV

d — m’ dt ~—  0x
These are the classical equations corresponding to the Hamiltonian

H(x,p) = % + V(x).

1.14 References

For semiclassical mechanics, see... For path integrals, see [13], [25], and [45]. For
quantum chaos, see..
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Chapter 2

Linear Dispersive Waves

In this Chapter, we describe some basic ideas about dispersive wave propagation,
such as group velocity.

2.1 Dispersion relations

We consider a linear wave equation in d-dimensional Euclidean space, whose solution
depends on a space variable x € R? and a time variable ¢ € R. If the wave equation
is invariant under space and time translations (corresponding to wave propagation
in a uniform medium), then it has solutions proportional to the Fourier modes (the
eigenfunctions of space and time translations)

ez’(k~x—wt) ) (2.1)

The constants k € R? and w € R are called the wavenumber and (angular) frequency
of the wave, respectively. The phase velocity ¢ € R? of the wave (2.1) is the normal
velocity of the phase fronts k - x — wt = constant, or

_wk
kK’
where k = |k| is the Euclidean norm of k.

We suppose that the Fourier modes (2.1) are solutions of the wave equation if
the frequency is related to the wavenumber by

c (2.2)

w=W(k), (2.3)

where W : R? — R. Equation (2.3) is called the dispersion relation of the wave.
More generally, the dispersion relation may have the form

P(—iw,ik) =0,

where P is the symbol of the operator that defines the wave equation. Different
roots of this equation for w give the dipersion relation of different wave-modes.

27
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For waves modeled by a PDE in (x,t), the function P is a polynomial. For waves
modeled by an integro-differential equation, a pseudo-differential equation, or an
IBVP (such as waves in a waveguide, see Exercise 2.2), the function P may be
algebraic or transcendental. In some cases, a wave equation may have no dispersion
relation. If W is complex-valued, then the wave is damped or unstable with Im w
giving the growth rate. We will assume that W is real-valued, unless we state
explicitly otherwise.
We define the group velocity C : R? — R? of the wave by

ow
= —. 4
C 7K (2.4)
The dispersion tensor of the wave is
o*w
D —_— W. (2-5)

A wave is dispersive if the dispersion tensor is nonsingular, meaning that
o*wW
det { =——— 0,
(Okiak]) 7

otherwise the wave is nondispersive.

Example 2.1 (Given by Stokes in an 1876 exam question at Cambridge Univer-
sity.) Consider a superposition of two waves with wavenumbers k + Ak and k — Ak,
where |Ak| < [k|:

i(k+Ak)-x—iW (k+AKk)t i(k—Ak)-x—iW (k—AKk)t

u(x,t) = ae + ae

Taylor expanding this expression in Ak, and using the definition (2.4) of the group
velocity, we obtain that

u(x,t) = A(x,t)e!* > L O(Ak),
A(x,t) = 2acos[Ak - (x — C(k)t)].

Thus, the “beats” in the envelope of the wave train propagate at the group velocity.

The general solution of a wave equation for a scalar wave-field u(x,t) with a
single mode and a dispersion relation (2.3) is

u(,t) = [ e W di,

where f(k) is the Fourier transform of the initial data u(x,0). For definiteness,
we suppose that f € C®°(R?) is a smooth function with compact support. This
solution may be written as

u(x, t) = / FR)e# /1) i (2.6)
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where
p(v, k) =k-v —-W(k).

We consider the limit of (2.6) as t — oo with x/t = v, where v is fixed. The
asymptotic behavior of the integral in (2.6) is dominated by contributions from a
neighborhood of the stationary phase points such that

¢
Thus, k = k’(v) is a stationary phase point if
CKW) =V, (2.7)

meaning that the group velocity of k'(v) is equal to v.
The Taylor expansion of ¢ in k at a stationary phase point is

o(v,k) = ¢ (v,K') — %D k) k-K,k-K)+0 (|k - k'|3) .

where D is the dispersion tensor defined in (2.5).
It follows that (Exercise 2.4)

/2
2 1 . . '
U(Vt,t) ~ (%) E ! deth (kl) ezﬂ-a/4ez<p(v,k )t as t — oo, (28)

where the sum is taken over all wavenumbers k’(v) in the support of f that satisfy
(2.7), and o is the index of the dispersion tensor D, that is the number of its negative
eigenvalues.

The energy in a wave packet propagates at the group velocity, rather than the
phase velocity, and it is the group velocity that is of fundamental importance. The
group velocity of a dispersive wave has nonsingular derivative with respect to k. As
a result, the initial data spreads out, or disperses, into an oscillatory wave train.

Example 2.2 The dispersion relation of the wave equation,
Ugg = c%Au,

is
w? = cik?,

where the parameter ¢g > 0 is a wave speed. This equation has two roots,
w = *cok.

We consider the positive root for definiteness. The phase and group velocities
¢ = C = ¢ok/k are equal. The dispersion tensor,

Co kok
D=—1(1-
k‘( k2 )7
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has k as a null vector, so the wave equation is nondispersive. Waves that propagate
in the same direction have the same group (and phase) velocities so they do not
disperse. Nevertheless, waves that propagate in different directions have different
phase velocities, so they do spread out; this directionally dependendent dispersion
is called diffraction.

Example 2.3 The water wave equations are..
The dispersion relation of gravity water waves in deep water is given by

w? = gk, (2.9)

where g is the acceleration due to gravity Here, “deep water” means that the depth
of the water is much greater than the wavelength of the water wave. Dimensional
arguments imply that if the only parameter appearing in the equations modeling
the waves is an acceleration g, with dimensions LT 2, where L denotes a dimension
of length and T denotes a dimension of time, then w?, with dimensions of T2,
must depend linearly on gk. If the wave equation is isotropic (that is, invariant
under rotations and reflections), as is the case for water waves which propagate
horizontally but are acted on by a vertical gravitational force, then w can depend
only on the norm k. This argument determines the dispersion relation in (2.9) up
to a constant of proportionality.
The dispersion relation of water waves in water of depth h is

w? = gktanh kh.

This relation reduces to (2.9) as kh — oc.

Equation (2.9) implies that the group velocity C = ¢/2 is parallel to the phase
velocity ¢, but has half its magnitude: As a result, wave packets move slower than
wave crests, and the crests move through a packet of waves. This phenomenon can
be observed in the circular ring of water waves created by throwing a stone into a
pond.

The generation of waves by a ship in a wedge of half-angle tan—' 1/(2v/2), or
approximately 19.5° can also be explained by a group velocity argument. This
problem is the one that led Kelvin to develop the method of stationary phase.

By contrast, the dispersion relation for deep water, capillary waves, whose restor-
ing forcing is dominated by surface tension instead of gravity, is

W= Tkg,

where 7 is the coefficient of surface tension (with dimensions L27 2. In this case the
group velocity C = 3c/2 has a larger magnitude than the group velocity, explaining
why capillary waves appear upstream of a moving source.

Example 2.4 The Boussinesq equations for the motion of a stratified fluid are...
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Consider a dispersion relation of the form

k-n

W = Wo Ta
where the frequency depends on the direction of the wavenumber vector but not
its magnitude. Here, the parameter wy is a constant frequency, and n is a constant
unit vector. This dispersion relations arises for internal waves in a stratified fluid,
where wy the Viisila-Brunt frequency, and n is in the direction of gravity. The
phase and group velocities,
k-nk w n-kk

k k

TR Tk
are orthogonal, and wave packets propagate in a direction orthogonal to their wave
crests.

A striking effect of the orthogonality of the phase and group velocities is the
generation of a cross-shaped pattern of internal waves by an oscillating cylinder in
a stratified fluid (see [30], [53] for pictures of this “St. Andrew’s cross”). As this
example illustrates, waves with different phase and group velocities often behave in
unexpected ways based on ones familiarity with the wave equation, where the phase
and group velocities coincide.

2.2 Wave trains and ray tracing

A wave train is a function of the form
u(x,t) = A(x, t)e? b, (2.10)

We call A(x,t) € C the amplitude and 6(x,t) € R the phase. The uniqueness
of the decomposition of v in (2.10) into an amplitude and a phase arises in an
asymptotic, or “geometrical optics,” limit in which the amplitude and phase are
slowly varying functions, in the sense that we explain below (2.11). When A is
compactly supported, or rapidly decaying, in x then we often call a wave train a
wave packet.

We consider a scalar-valued wave-field for simplicity. More generally, the am-
plitude A may be vector-valued (as for electromagnetic or elastic waves, which in-
troduces the phenomenon of polarization), tensor-valued (as for gravitational waves
in general relativity), spinor-valued, or it may take values in some other space. A
real-valued wave-field is given by the sum of (2.10) and its complex conjugate,

u(x,t) = A(x, 1)’ 4 c.c.
For linear waves, we may instead take the real part of (2.10), to get

u(x,t) = a(x,t) cos (6(x,t) + §(x,t)),
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where A = ae®®, with a,d € R.
Taylor expanding the solution (2.10) about (x,t) = (Xo,%0), we get a local plane
wave solution

U(X, t) ~ 14()(07to)eiko-(x—xo)—iu.)o(t—i&o)—i—iﬂ(xo,to)7

where kg = VO(Xg, to) and wo = —6;(X0, to). We therefore define the local wavenum-
ber k(x,t) and frequency w(x,t) of the wave train (2.10) by

k=V0, w=-6,. (2.11)
It follows from (2.11) that
kt + Vw =0.

This equation states the number of wave crests is conserved, a natural result when
the variations in the phase are slow enough that crests cannot appear or disappear
within a single period.

Example 2.5 The Fourier mode (2.1) corresponds to a wave train with constant
wavenumber and frequency.

Example 2.6 The stationary phase approximation (2.8) is a wave train (Exer-
cise 2.5).

Suppose that the local frequency and wave number are related by a local dis-
persion relation of the form

w=W(k,x,t). (2.12)

This equation arises in the limit of slowly varying wave trains, in the sense that the
frequency, wavenumber, and the amplitude change by a small fraction over a single
period. For example, if k # 0, then

IVA|

VK|
1 k.
S T

Here, we take (2.12) as an assumption, and explore its consequences. The explicit
dependence of W on x and ¢ describes a nonuniform and nonstationary medium
whose properties may vary in space and time. Using the definitions of the local
frequency and wavenumber (2.11) in the local dispersion relation (2.12), we see
that the phase 6 satisfies a Hamilton-Jacobi equation, called the eikonal equation,

0: + W (V0,x,t) = 0. (2.13)
The characteristic curves of (2.13)satisfy Hamilton’s equations

dx _ oW
dt ~ ok’
dk  OW

E —_ _6—X, (2-14)
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in which the wavenumber (the normal to the wavefronts § = constant) corresponds
to the momentum, and the dispersion function W corresponds to the Hamiltonian.
The projections ¢t — x(t) of the characteristic curves onto space are called rays.
The velocity of a ray is the group velocity C.

Remark 2.7 The appearance of Hamilton’s equations and a symplectic structure
is a general feature of geometrical optics, or microlocal analysis, and is one of the
main ways in which symplectic structures arise in physics (c.f. classical mechanics
and quantum mechanics).

As in the case of the Schriédinger equation, the rays may focus and form caustics,
after which the solution of the Hamilton-Jacobi equation may become multivalued,
meaning that several waves with different initial wave numbers and locations prop-
agate to the same point; there may also be “shadow regions” that are not covered
by any rays. As a result of the focusing of rays, the amplitude of the wave is larger
at a caustic than elsewhere. This makes caustics in light waves easily visible in a
coffee cup. An important feature of caustics is that they lead to a phase shift in
the wave as it passes through a caustic.

When many caustics are present, the global pattern of rays becomes very com-
plicated. This complexity is a major difficulty in the practical implementation of
ray-tracing methods.

Remark 2.8 It is possible to define the notion of single-valued weak solution of
a Hamilton-Jacobi equation called a wiscosity solution. In making the viscosity
solution single-valued, one has to give up its smoothness (it may have corners or
other singularities). Although viscosity solutions are not the relevant ones for the
phase of a linear wave train, a number of attempts have been made to use them in
the context of ray tracing because they are easier to compute by finite difference
methods than the multi-valued solutions.

2.3 The transport equation and wave action

In the previous section, we discussed the rays associated with a wave train solution
(2.10) whose frequency and wavenumber (2.11) satisfy the dispersion relation (2.12).
The variation in the amplitude A of the wave train is governed by the dynamics of
the wave motion. This typically leads to a transport equation for A. The transport
equation implies, in particular, the conservation of wave action. For a linear wave
equation with a Hamiltonian or variational structure, the wave action density is
|A]?, in suitable canonical coordinates, and the wave-action flux is C|A|?, where C
is the group velocity.
The variation of A along rays is given by the transport equation,

1
A +C-VA+3V-CA=0. (2.15)
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Conservation of wave action is the equation

AP + V- (CIAP?) =0. (2.16)
It follows that

d1ap+ (V- 0142 =0,

where

d 0
d—t—aﬁ-C'v.

Thus, the wave action propagates along rays. A useful physical interpretation of the
wave action is as the number density of “quanta” of the wave-field. Slow changes
in the medium do not create or destroy quanta.

The energy density of a wave is typically given by E = w|A|?, so that action is
energy divided by frequency. In a stationary medium, the frequency is constant, and
conservation of wave action is equivalent to conservation of wave energy. In a non-
stationary medium, the wave may exchange energy with the medium, so that wave-
energy is not conserved becuase the energy of each quantum may change, although
the number remains the same. The energy is associated with time-translation in-
variance; the wave action with phase translation invariance.

An alternative approach to wave action via ensemble averages (Hayes, Andrews
and Maclntyre..see Section...).

The presence of dissipation leads to a decrease in wave action. Nonlinear effects,
such as three wave resonant interactions, do not preserve the number of “quanta”
and therefore they do not conserve wave action. Four wave resonant interactions
may, however, conserve wave action (see Section ..).

A quantity, such as the wave action, that does not change under slow variations
of external parameters (in this case, the properties of the medium), is called an adia-
batic invariant. Wave action is a generalization to infinite-dimensional Hamiltonian
wave equations of the action in finite-dimensional Hamiltonian systems that is an
adiabatic invariant. (Unfortunately, the term “action” is used in several different,
but related, ways.)

2.4 Adiabatic invariants
A basic example illustrating the notion of an adiabatic invariant is the harmonic
oscillator with slowly-varying frequency,

#+ wi(et)z = 0. (2.17)

When ¢ < 1, this ODE describes small-amplitude oscillations of a pendulum whose
length is changing slowly relative to its period. For another simple example of an
adiabatic invariant, a ball bouncing between slowly moving walls, see Exercice 2.8.
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The energy of an oscillator of mass m is
1 /.
BE=o— (2 + wiz?) - (2.18)
We look for a solution of (2.17) the form

z(t;e) =X ((p(:‘t) ,et;e) , (2.19)

where the function ¢(7) is to be determined. In order to obtain an asymptotic
solution that is valid on time-scales t = O(1/e), we require that X (0,7;¢) is a
periodic function of 8; for definiteness, we suppose that the period is 2. Using the
method of multiple scales, we find that X (4, 7;¢) satisfies the PDE

w? Xgg +wg X — € {2wXpr + wr X} + 2 X;, =0, (2:20)
where
wW=—@r. (2.21)
We look for an asymptotic expansion of X of the form
o0
X(0,1;€) ~ Z e"X™ (6, 7) ase — 0. (2.22)
n=0
Using this expansion in (2.20), and equating coefficients of €™ to zero, we find that
WX +W2X© =, (2.23)
w2Xéé) +wix® = 2wX{g2) + wTXG(O), (2.24)
wQXég) + ng(") = Qngf_l) + wTXg(”_l) — XQT’_Q), n>2. (2.25)

The condition that equation (2.23) has a 27-periodic solution for X(®) implies
that w? = wg. Without loss of generality, we suppose that

W = wo. (2.26)

Then integration of (2.21) gives

o) =0 [ an(r) dr
The solution of (2.23) is

X©,7) = B(r)e? +c.c., (2.27)
where B is a function of integration. The use of (2.26) and (2.27) in (2.24) implies

that

X$0 4+ X0 = L (2w B, +wo, B) e + c.c.

)
Wo
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This equation has a 27-periodic solution for X is that
2wo B + worB =0,

which implies that

d

— (wo|BJ?) = 0.

dr (w0| | )

From (2.18), (2.22), and (2.27), the energy of the oscillator is given asymptotically

by

_ WRIBP

m

d E
%(w—o)—o’

corresponding to conservation of wave action. The quantum-mechanical interpreta-

tion is that the energy of the oscillator changes because its energy levels change as

the frequency changes, but for very slow changes, the number of quanta occupying

each energy level remains the same. This explains the origin of the term “adia-

batic” (due originally to Eherenfest), which in thermodynamics refers to isentropic

changes, because the entropy depends only on the distribution of energy levels...
The Hamiltonian form of the harmonic oscillator equations are

E

It follows that

. OH . OH
where ¢ = z, p = m&, and
1 1
H . — 2 T2
(g3 wo) = 5" + Swod

Action-angle variables for the system with constant wg are

I =

I=7{pdq,

which is the area enclosed by the periodic orbit. Thus, in the adiabatic limit, as
the orbits deform slowly, the area they enclose remains constant.

More generally, consider a completely integrable finite-dimensional Hamiltonian
system, with action-angle coordinates (p,I) and Hamiltonian H = H(I; \), depend-
ing on a parameter A. Suppose that a varies slowly in time.

The adiabatic invariant is
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2.5 References

The general theory of the kinematics of dispersive waves was developed by Lighthill
and Whitham. We have followed their descriptions in [31] and [52].

2.6 Exercises

Exercise 2.1 Find the dispersion relations of:
(a) the linearized KAV (Korteweg-de Vries) equation
Ut + Ugge = 0;
(b) the linearized BBM (Benjamin-Bona-Mahony) equation
(=02 +1) ug + uy = 0;
(c) the linearized BO (Benjamin-Ono) equation
ut + Hug] =0,

where H denotes the Hilbert transform;
(d) the Klein-Gordan equation

uge — Au +u = 0.

Exercise 2.2 Let Q' ¢ R?, and Q = R x Q. We write x = (z,x’), where z € R
and x' € Q). If A is the Laplacian with respect to x, and A’ is the Laplacian with
respect to x', then

A=92+ A
Look for solutions of the wave-guide problem

ug = coAu xeRxQ,
u=20 x e R x o,

of the form
u = eilka=et) (g,
Show that the dispersion relation of this problem has infinitely many modes,
w? =k + Wi,
where w, = cgAp, and A = A, with n € N is an eigenvalue of the Dirichlet problem

—Alp = A,
p=0 in Q.
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Exercise 2.3 Consider a dispersion relation w = W (k), where W : R? — R is
homogeneous of degree one, meaning that

W (k) = AW (k) for A > 0.
Show that the wave is nondispersive.
Exercise 2.4 Establish (2.8). (See Section 7.7 of [20] for a detailed proof.)

Exercise 2.5 Show that the stationary phase approximation is a wave train.

Exercise 2.6 Show that the gravity water waves, with dispersion relation (2.9),
generated by a ship moving at a constant speed through deep water form an angle
of tan~' 1/(2v/2), or approximately 19.5°, to the direction of motion of the ship.
(For further discussion of the generation of dispersive wave patterns by sources with
constant velocity, see [32].)

Exercise 2.7 Show that the angle of waves generated by a stationary source of
internal waves whose frequency is w is sin~*(w/wp), where wy is the Brunt-Viisila
frequency.

Exercise 2.8 Ball bouncing between slowly varying walls.
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Linear Hyperbolic Waves

In this chapter, we study the geometrical optics, or high-frequency, limit of solutions
of linear hyperbolic PDEs.

3.1 The wave equation

The most fundamental example of a hyperbolic PDE is the wave equation for
u(x,t) € R,

Ut — Au = 0. (31)

We look for an asymptotic solution as € — 0 of the form

t
u(x,t;e) = u (SO(:’ ),X,t;6> ,

Using the chain rule, we find that u(6,x,t;¢) satisfies

(0 — [Vol?) ugo + € {2 (pruoe — Voo - Vug) + (o1 — Ap) ug} = O (€%)
Expanding » in a power series expansion with respect to ¢,
u=u® +eu™ +0 (7,

and equating coefficients of €° and ¢ to zero, we find that

(97 = Vo) ufy) =0, (3.2)

(67 = IVol?) ufy) +2 (prufy) = Voo Vi) + (pu = Ap)uf? = 0. (3.3)

Equation (3.2) has a nontrivial solution for () if and only
¢; —|Vel> = 0.

This equation is the eikonal equation for the wave equation. Equivalently, the local
frequency w = —¢, and local wavenumber k = V¢ must satisfy the dispersion

39
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relation of (3.1),
w? = k|
One class of solutions of (3.2) is then
u(©(8,x%,t) = a(x,t) f(6),

where a is an arbitrary real-valued wave amplitude, and f is an arbitrary real-valued
function.
Equation (3.3) then implies that

2(ptar — Vo - Va) + (pu — Ap)a = 0.

This equation is called the transport equation for a. We can also write it as
1
at+C-Va+§(V-C)a=0,

where

is the group velocity of the wave. Note that the wave equation is nondispersive,
and the phase and group velocities coincide.

Continuing this expansion to higher orders, we obtain an asymptotic solution of
the form

3

i ) ~ 3 a0 (2D,
n=0

where
dr fm
don
Different choices of the function f describe different waveforms. For example, if
f(8) = e? + c.c., then we get the harmonic solution

o0
U~ E i "ema™e/ 4 e,
n=0

while if
_[er/r!l if6>0,
f(e)_{o if 8 <0,

we get (after a rescaling by e~") the wavefront expansion

U~ { S pa™emt/(n+ 1)l if o >0,
0 ifo<0 '



First order hyperbolic systems 41

Thus, the propagation of both high-frequency waves and singularities are described
by this geometrical optics solution. For linear equations, these two features are
intimately related through the Fourier transform, but the connection is less direct
for nonlinear waves.

A fundamental difference between linear dispersive waves and nondispersive hy-
perbolic waves is that the wave profile of a dispersive wave must be harmonic,
whereas the wave profile of a hyperbolic wave may be arbitrary.

3.2 First order hyperbolic systems

We consider an m x m linear first order system of PDEs in d space-dimensions,

d
w0 A%, =0, (3.4)
a=1
where x = (21,...,24) € R%, u(x,t) € R™, and the A%(x) are m x m coefficient
matrices.
For k = (ky,---,kq) € R?, we denote the eigenvalues of the matrix
d
D kad*(x)
a=1

by A;(k,x), where 1 < i < m, and we denote corresponding left and right eigenvec-
tors by 1;(x,k) and r;(x, k), respectively, so that

d d
> kadri =Ny, 1D kaA* = NI
a=1 a=1

Definition 3.1 The first order system (3.4) is hyperbolic at x € R?, with ¢ as
a time-like direction, if the eigenvalues {\; (k,x),..., An(k,x)} are real for every
k € R?, and the eigenvectors {r;(k,x), --,rm(k,x)} form a basis of R™. If, in
addition, the eigenvalues {1 (k, x), ..., A (k,x)} are distinct for every k € R?\ {0},
then (3.4) is strictly hyperbolic.

When convenient, we normalize the eigenvectors so that

. 1 ifi=j],
lir’_‘s’"{o if i # j.

The characteristic variety is the surface in (k, ) space such that

d
det [Z ko AY — /\I] =0.
a=1



42 Linear Hyperbolic Waves

The slowness surface has equation

d
det [Z ELAY — I] =0.

a=1

The slowness surface is...
Example 3.2 The wave and Dirac equations.

Example 3.3 Light, and other electromagnetic waves, consist of oscillating electric
and magnetic fields, E and B, respectively. In a vacuum, these fields satisfy the
Maxwell equations

B;+VxE=0,
E;—cVxB=0,
V-B=0,
V-E=0,

where ¢y is the speed of light (co ~ 3 x 10°ms1!).

We will discuss further examples of first-order hyperbolic systems (such as the
acoustic equations) in Chapter 6.

3.3 Geometrical optics
We look for a solution of (3.4), depending on a small parameter & > 0, of the form
t
w(x,t) = U* (x,t, “"(’;’ )> , (3.5)

where ¢ : R? x R — R. The function u®(x,t) in (3.5) satisfies (3.4) if and only if
U¢(x,t,0) satisfies

d d
<<pt1 +> gowaAa> 5+U+ ) A°U; =0 (3.6)
i=1 a=1
on 0 = p(x,t)/e. We will look for a function U®(x,t,0) that satisfies (3.6) for all
(x,t,0) € R? x R x R. Thus, we have replaced the PDE (3.4) in (d + 1) variables
by the PDE (3.6) in (d + 2) variables. This replacement may not appear to be an
improvement at first sight, but we can construct an asymptotic solution of (3.6)
by the use of a regular perturbation expansion, whereas the solution (3.5) of (3.4)
depends in a singular way on €.
We look for an asymptotic solution of (3.6) of the form

Ut(x,t,0) = UO(x,t,0) + eUW (x,¢,0) + 22U (x,¢,0) + O(c?).
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3.4 References
3.5 Exercises

Exercise 3.1 Obtain the geometrical optic approximation of the wave equation

uge = c2(z,t) Au. (3.7
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Chapter 4

Nonlinear Dispersive Waves

4.1 Introduction

A translation-invariant, nonlinear, dispersive wave equation typically has a one-
parameter family of periodic travelling wave solutions of the form

u(x,t) = U(k-x — wt;a), (4.1)

where U(0 + 27;a) = U(0; a), the parameter a measures the amplitude of the wave,
and frequency w satisfies a nonlinear dispersion relation

w=W (k;a®). (4.2)

The dependence of the frequency of a nonlinear oscillator on its amplitude is well-
known in classical mechanics (see Exercise 4.1).

The travelling wave solutions (4.1) typically bifurcate off the linear harmonic
waves, and as a — 0,

U(8;a) = Ae? + c.c. + O(a?) where |A| = a. (4.3)
We consider a wave train
u(x,t) ~ A(x, t)elkox—wot) 4 ¢ e

where the “carrier” wavenumber ko and frequency wyg satisfy the linearized disper-
sion relation,

wo = W (ko;0),

and the amplitude A is small and slowly varying. The Fourier transform of the
wave train with respect to x is then centered near k = kg, so we may approximate
the nonlinear dispersion relation by its Taylor expansion about k = k¢ and a = 0:

W (k;|A]) ~wo +C - (k — ko) + % (k — ko) - D (k — ko) +7|A|*. (4.4)

45
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Here,
15144
== (ko;
C = i (ko:0)
is the linearized group velocity at k = ko,
0w
D= k2 (ko3 0)
is the linearized dispersion tensor at k = ko, and
ow
= —— (kg;0

measures the change in frequency with amplitude. The invariance of (4.3) under
the phase change 6 — 0 + «w implies that

ow
Ba (ko;0) = 0,

so there is no linear term in a in the Taylor expansion.
The PDE for A with the dispersion relation (4.4) is

1 .
i(A+C-VA) = 2V - (DVA) +1]APA. (4.5)

If the wave motion is isotropic, then
D =8I,
and, in a reference frame moving with the group velocity in which x — x — Ct,
equation (4.5) becomes the nonlinear Schridinger equation (NLS equation),
A= 3BAA+|APA.
If B, v are nonzero, then we may normalize this equation to get
iA; = —AA+ o] AP A. (4.6)

where 0 = —sgn (7.

The sign o in (4.6) is essential, and cannot be removed by a further normalization
of variables. If o = 1, then (4.6) is the focusing NLS equation, while if o = 1, then
(4.6) the defocusing NLS equation. The Hamiltonian form of (4.6) is

oH

M=

where the Hamiltonian H is defined by

H= /VA VA" + %A2 (A%)? dx.
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The Hamiltonian is conserved, as follows from the conservation law

<VA VA" + %a/ﬁ (A*)2) +..=0.

¢
Hence, for the defocusing Schridinger equation (o = 1), an energy estimate implies
that A(-,t) is bounded in L* (R?)NH! (R?). For the focusing Schrédinger equation,
however, the L* and H' norms of A may blow up simultaneously while conserving
energy.

A useful quantum mechanical interpretation of (4.6) is as a Schrodinger equation
for a particle moving in a potential V' = o|A|?>. In the case of the focusing NLS
equation, a local concentration in | A| creates a potential well, thus tending to further
concentrate |A|. In one space-dimension, the balance bewteen the linear dispersion
and nonlinear self-attraction of a wave packet leads to localized travelling wave
solutions, called solitons,

A=..

The self-focusing of a wave packet in two, or more, space-dimensions, may lead to
the formation of singularities in finite time.
Benjamin-Fier (modulational) instability... Dark solitons... IST...

4.2 Nonlinear Klein-Gordon equation

We consider a nondimensionalized, nonlinear Klein-Gordon equation for u(x,t) € R,
uy — Au+ f(u) =0, (4.7)

where f : R - R. We assume that f(0) = 0, so that « = 0 is a solution of (4.7),
and that f has the Taylor expansion at u = 0,

f(u) =u+au®+ pu® + 0 (u*). (4.8)
We look for a multiple-scale solution
u=u(®,n,€m¢'%),
where € > 0 is a small parameter, and

plex, et P(ex, et
0:%, n:%, £:EX, T = €t.

This ansatz corresponds to a wave train whose local frequency and wavenumber are
O(1) and vary over length and time scales of O(1/¢).

Using the chain rule, we find that the partial derivative with respect to ¢ has
the expansion

0y = 09 + €'/*p, 0, + €0,



48 Nonlinear Dispersive Waves

with an analogous expansion for spatial derivatives. The PDE becomes

(02 = |Vol?) ugo + f(u) + 26"/ (pr9r — Vo - Vip) ugy,
e {2 (pruor — Voo Vug) + (prr — Ap)ug} = 0 (£2), (49)

where V denotes the gradient with respect to the “slow” space variable £. Expanding

u in a power series expansion with respect to £1/2,

u=e"?u® +eu® 4+ /243 1+ 0 (£?),

using this expansion in (4.9), Taylor expanding f, and equating coefficients of £'/2,
¢, and €%/2 to zero, we find that
(2 = Vo) ufy +u® =0, (4.10)
(‘P?— - |V(P|2) ué29) + U(Z) +2 (‘prwr - VSO ) V¢) uéz)
2
+a (u(l)) =0, (4.11)

(62 = Vo) ufy) +u® +2(p,0, — Vo Vi) ufy)
3
+2auMu? + 8 (u(l)) +2 (cprug,) - V- Vugl))

+ (prr = Ap)ug) + (7 ~ [V4P) ul) =0. (412)

We will look for solutions that are periodic in the phase variable §. In order
to obtain an asymptotic solution which does not contain secular terms that grow
in 6, it is crucial to require that the period of w in 8 is independent of (§,7). By
rescaling the phase function ¢, we may choose this period to be 27 without any loss
of generality, so that

u (9 + 27f,n,£,T;61/2) =u (0,77,6,7;51/2) :

Each u(™ is then also 27-periodic in 6.
Equation (4.10) has a nontrivial 2r-periodic solution for u(!) if and only

g7 —Vyl* =1

Equivalently, the local frequency w = —¢; and local wavenumber k = V¢ must
satisfy the linearized dispersion relation of (4.7),

w? = |k|® +1.
The solution of (4.10) is then
u®(0,1,€,7) = A@n, €, 1) +cc, (4.13)

where A(n,£,7) € C is an arbitrary complex-valued wave amplitude, and c.c. de-
notes the complex conjugate of the preceding term.
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Equation (4.11) becomes
uy +u® +2 (o0, — Vo - Vi) uf) + o (u<l>)2 ~0. (4.14)

Using (4.13) in (4.14), we get
u$? +u® = 20 (p,h, — Voo - Vip) Ae®® + a (4263 + |A]?)” + c.c. = 0. (4.15)

Proposition 4.1 The ODE

ugg +u = f(0),
where f: T — R, has a 2n-periodic solution for u if and only if

/ f(®)e ®d =0.
T

Proof. Take the L?-inner product with e®. O

The application of this solvability condition to (4.15) implies that

orthr =V - Vip =0.

This equation may also be written as

Y, +C-Vy =0,

where
c__Ve_k
Pr w

is the linearized group velocity asociated with the phase . Thus, ¥ must be
constant along the rays associated with ¢.
The corresponding solution for u(?) is then

u? 6,n,€,7) = B(n, €, 7)e*® + M(n,&,7) + cc.,
where

B= %aAQ, M = —alA]?.
Here, we omit from u(?) for simplicity a solution of the homogeneous equation, pro-
portional to e*?, which does not affect the final result. (This component could also
be absorbed into A.) The important components of u(?) are the mean component
M and the second-harmonic component Be?¥ that are driven by the quadratically
nonlinear self-interaction of the fundamental harmonic.
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Imposing the solvability condition on (4.12) in a similar way, and using the
solution for u(?) in the result, we obtain an NLS equation for the amplitude A of
the wavetrain:

1
i {«pTAT — V- VA+ S (prr = A9p) A}

1 3 5a”
b3 (02~ 1V0P) Ag + 2 2 apa=o.

The nonlinear term has two components, one proportional to 8 from direct cubically
nonlinear interactions (e.g. w + w — w — w), and one proportional to a? from
successive quadratically nonlinear self-interactions (e.g. w + w — 2w, follwed by
2w —w = w, or w—w — 0 followed by 0 +w — w)).

We may also write this equation as

1
i {AT +C-VA+ 3 (divC) A} + BAn, +v|APPA =0,

where

2 — V|2 683 — 5a2
BJ 2| ¢|, y= B ‘
Pr 47

4.3 Mean-field interactions
4.4 Modulation of large amplitude dispersive waves

We again use the nonlinear Klein-Gordon equation to illustrate the basic ideas of
modulation theory for large amplitude dispersive waves (¢f. [53]).
We look for a solution of (4.7) of the form

t
u(x,t;€) =u (M,ex,et;e) .
€

Here, we abuse notation slightly by using the same symbol u on either side of this
equation. We will require that

u (b +2m,&,736) = u(0,§,758).
The function u(x,t;€) is a solution of (4.7) if u(8,&,;¢) satisfies

(92 = IVel?) ugs + f(u)
+e {2 (prugr — Vo - Vug) + (prr — Ap)ugy = O (€7)

where V denotes the gradient with respect to &.
We look for a large-amplitude asymptotic solution,

=209 +eu® 4+ 0 (%) .
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We find that
(62 = Vo) ufy) + £ (u®) =0,

(903— - |V90|2) uéle) +f (U(O)) u® +2 (SDTUS)T) - V- vug())) + (prr — Ap) ugJ) =0.

4.5 Reaction-diffusion equations

We consider a system of reaction-diffusion equations,
u; = Au + f(u),

where u(x,t) € R™, and f : R™® — R™. We assume that the reaction ODE
u; = f(u) has an isolated limit cycle solution with period T,

u=U(t), U@t+T)=U(t).

We look for a solution that consists of coupled limit cycle oscillations with a
slowly varying phase:

u(x,t;e) = u (t + p(ex, %t),ex, et ) .
Writing
0 =t + p(ex,et), £ = ex, T =€,
we find by expanding derivatives that u(6,&, 7;¢) satisfies
uy + Epruy

Amplitude “slaved” to frequency. Kuramoto-Shivashinsky equation for phase dy-
namics.

4.6 References

For a recent account of the Nonlinear Schrédinger equation, see [51].

4.7 Exercises

Exercise 4.1 Frequency dependence of a nonlinear oscillator

E+V'(z)=0.
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Chapter 5

The Hamiltonian description of waves

5.1 Poisson brackets

One of the most direct ways to describe the Hamiltonian structure of a wave
equation is in terms of Poisson brackets. Let

F:C®[RY) - R

be a functional defined on the space of test functions. We say that F is differentiable
if for each u € C2°(R?) there exists a function v € C°(R?) such that

d
d—gf(u+sg0) T /Rd vpdr.
We write
>
T du’

If D: CX[RY) — CX(R?Y) is a skew-symmetric operator, then we define the
Poisson bracket

_ [6F 66

We require that {-,-} satisfies the Jacobi identity
{FAGHI} +{GAH, F}} +{H.{F.G}} =0
for all functionals F, G, H.

5.2 Interaction of dispersive wave trains

We consider the resonant interaction of four weakly nonlinear dispersive waves. The
frequencies w; and wavenumbers k; satisfy the four wave resonance condition

w1+ we +ws +wy =0,
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ki+ ko + ks + ks =0.

When the interacting waves are not spatially modulated, the wave field u(x,t) has
the form

4
u ~ ZAj(t)ei(kﬂ*“’ft) +c.c., (5.1)
j=1

where A; is the complex amplitude of the jth wave. To simplify the discussion,
we suppose there is a single space dimension, so x € R. The amplitudes A;(t)
satisfy a system of nonlinear ordinary differential equations, the four wave resonant
interaction equations [7],

4
iAj+ > M| ARPA; +T;AA7 A7 = 0. (5.2)
k=1

In (5.2), the indices (j,p,q,r) run over cyclic permutations of (1,2,3,4), and the
real numbers Aj; and I['; are interaction coefficents.

For a single spatially modulated wavepacket, the complex amplitude A(xz—C't,t)
is a function of time ¢ and a spatial variable z — C't in a reference frame moving with
the group velocity C of the wave. In a suitable limit in which cubically nonlinear
and dispersive effects are of the same order of magnitude, the amplitude A(&,t)
satisfies a nonlinear Schrédinger (NLS) equation,

iAp + pAge + NAPPA=0. (5.3)

For the four wave resonant interaction of spatially nonuniform waves, the wave
field u(x,t) is given by

4
U~ ZAJ- (z — Cjt, t)eitkiT—wit) 4 ¢ c. (5.4)

i=1

A common practice in the study of the resonant interaction of spatially nonuniform
waves is to add the spatial derivative terms from the NLS equation (5.3) directly
into the four wave interaction equations (5.2). Knobloch and DeLuca [28] pointed
out that this result does not follow from a systematic asymptotic expansion unless
the group velocities of the different waves are almost identical. When the group
velocities are significantly different, as is usually the case, the nonlinear terms ap-
pearing in the equation for A; must be averaged in a reference frame moving with
the group velocity C; of the jth wave. Thus, the complex wave amplitudes A;(¢,t)
satisfy the following system of nonlocally coupled NLS equations,

iAj + i Ajee + NIA;PA; + 3 Akl AcPA; + T;(Az 4409 =, (5.5)
k#j
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where

T
[A2(t) = lim | |An2(s,¢)ds, (5.6)
0

T—o0
RUFNG) N
(54340 €0 = Jim [ 45 (€4 (C = Gt

AL (E+(C5 = Cy)s, t) AL (E+(Cj — Cr)s,t) ds. (5.7)
An interesting feature of these equations, which does not occur in the case of two
nonlocally coupled NLS equations studied in [28], is that the coupling is not only
through terms which are completely spatialy averaged. The coupling terms which
involve four different wave amplitudes are themeselves spatially dependent. These
terms are similar to the ones which occur in the three-wave resonant interaction
equations for weakly nonlinear hyperbolic waves [35].

There are analogous nonlocal equations for n-wave interactions. For example,
the nonlocal three wave resonant interaction equations are

iAjt + MjAjgg + Fj(A;A;>(]) =0,
where (j,p, q) is a cyclic permutation of (1,2,3), and
, T
(540 (€0) = Jim [ 4564 (C = Cylat) 45 (€4 (C5 = Ct) ds

As an example, we derive the nonlocal four wave resonant interaction equations
for a simple model problem, the KdV equation

1
ug + (§U2) + Ugzz = 0. (58)
X
The linearized dispersion relation of (5.8) is
w=—k>. (5.9)
The associated group velocity is
C = -3k%.

The dispersion relation (5.9) does not allow three wave interactions. One simplifying
feature of (5.8) is that the interaction coeflicients for mean-field interactions vanish,
because it is in conservative form.

The KdV equation gives an asymptotic description of the resonant interaction of
weakly dispersive shallow water waves when the phase velocities of the interacting
waves are nearly equal.

We look for an expansion of (5.8) of the form

v = eui(z,t,X,T,7) +cuy(z, t,X,T,7)
+eduy(z,t, X, T, 7) + O(e?), (5.10)
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where the multiple scale variables are evaluated at
X =e¢x, T = et, T =€%t. (5.11)

Using (5.10) and (5.11) in (5.8), and equating coefficients of ¢, 2, and €° to zero
leads to the following perturbation equations:

Cul = 0, (5.12)
1
Lug + Muy + (51@) =0, (5.13)
1
Luz + Mus + Nug + (ulug)g” + (yﬁ) =0. (5.14)
X

Here, the linear operators £, M, and N are defined by

Lu = us + Uzzz,
Mu = ur + 3uzex, (5.15)

Nu=u;+3u,xx.
A solution of (5.12) is
J .
u = Z Aj(X,T,7)e"%, (5.16)
j=—J
where A; (j =1,...,J) are arbitrary complex-valued wave amplitudes, and

€j = kj.’E - w]'t,

wj = —k]3-,
05 =—0;
A=A
Ao =0.

Equation (5.13) can be solved for us provided that the coefficients of exp(i6;)
in the terms involving u; are zero. This solvability condition implies that

Ajr + CjAjx =0, (5.17)
where C; = —3kj2- is the group velocity of the j*" wave. The solution of (5.17) is
Aj=A;(&,71), & =X-C04T.
A solution of (5.13) for ug is then

uy =Y Di(X,T,7)e% +> By (X,T,7) ot (5.18)

J q,r
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where the D; are arbitrary complex-valued functions and
Byr = agrAjAr, (5.19)
aqr:m lfkq+kr750,
agr =0 ifky+k =0.
Equation (5.14) can be solved for ug provided that
Djr + CiDjx + Ajr + 3ikjAjee +ik; WA, By =0, (5.20)
p’q”r’
where
Z (@)
p’q7’r
denotes the sum over p, g, r such that
Wp + Wy + wr = wj,
kp + kg + kr =kj.
To avoid secular terms in D; on the intermediate time scale T, the average of

(5.20) with respect to T keeping X — C;T = £ fixed must be zero. Using (5.19),
this solvability condition implies that A;(¢,7) satisfies

Ajr +3ikj Ajee +ik; > Dag (4,4,4,)7 =0, (5.21)

p7q7T

The explicit expression for the j-average is
(ApA A (€ ) =

T
Jim [y €4 (= 0)nm) Ay (64 (0 =)o) A, (€4 (6 = enr) ds

Now consider the simplest case of a single resonant quartet (J = 4), such that

w1 + w2 +ws +wyq =0,
ki +ko+ks+ks=0.

There are three types of terms which contribute to the sum

Z G) Qqgr <ApAqAT > )

p’q7r

The first type of term is the one wave, self-interaction:

wj+wj—wj—wj:0.
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This has the coefficient
1

6k2"

Qjj+Qjj+ 055 = Qjj=

since o, _; = a—; j = 0. In this case, the average does not alter the corresponding
term,

A;1" 45,
since A; depends only on £, which is held constant when taking the average.
The second type of term is the two-wave interaction:
wj +ws —wj —ws =0,
where 1 < s < 4 and s # j. This has the coefficient
20,5 + 205, _5 + 205, _5 = 0,

since aj,_s = —a,; and a,,_s = 0. Thus, in this example, interaction terms of the
form

2
(14,°) 4;
do not appear; presumably this is because there are no mean-field interactions for

(5.8).
The third type of term is the four-wave interaction:

wj +wp +wy +wr =0,

where (4,p,q,r) is a fixed cyclic permutation of (1,2,3,4). The corresponding co-
efficient in the sum is
1k

2 (a_q7_T + a_rv_p + a—Pa—T) = _g m.
phvqvr

Using these expressions in (5.21), and multiplying the result by ¢, gives the final
amplitude equations,

iAjr — 3kjAjee — o%; |A;17 Aj + WMPAQAT) D _, (5.22)

where (j, p, g,r) runs through cyclic permutations of (1,2,3,4).



Chapter 6

Hyperbolic conservation laws

6.1 Conservation laws

We consider a first order system of conservation laws

d
u+ Y f*(u),, =0. (6.1)

Here, u(x,t) € R™ is a vector of conserved quantities, and f*: R™ — R™ is the flux
vector in the at? direction.
We say that u is a weak solution of (6.1) if

d

+ 3 g, £2(u) § dxdt =0
/Rm{sotu > ¢ (U)} X

a=1

for every test function ¢ € C, (R¥+!).

6.2 The compressible Euler equations

A fundamental example of a hyperbolic system of conservation laws is the compress-
ible Euler, or gas dynamics, equations that describe the flow of a simple compressible
fluid. We denote the density of the fluid by p, the pressure by p, the specific internal
energy by e, and the velocity by u. Conservation of mass, momentum, and energy
imply that ([19], [53])

pt+ V- (pu) =0,
(p0)i + V- (pu@u—-T) =0, (6.2)

o (e buea)] +9- o(er bun)u-mued] <0
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Here, T is the Cauchy stress tensor, q is the heat flux vector, and ® denotes the
tensor product,

[u® v];; = uv;.

For an inviscid gas with no thermal conductivity, the constitutive relations for the
stress and heat flux are

T = —pl, q=0. (6.3)

The internal energy e is given in terms of the density p and and the pressure p by
an equation of state, e = e(p, p). The specific entropy s(p,p) and the temperature
T(p,p) satisfy the thermodynamic identity

Tds:deJr—pd(%).

The sound speed ¢(p, p) is defined by

Op
2—_
c—ap

S
For an ideal gas with constant specific heats, we have

1 p 2_ P
€= ) p:nexp(s/c )p’Y, c =—,
(y=1p ’ p

where the constant v > 1 is the ratio of specific heats, ¢, is the specific heat at
constant volume, and k is a constant. A detailed discussion of equations of state
for real gases is given in [37].

For smooth solutions, the non-dissipative gas dynamics equations (6.2), (6.3)
are equivalent to the equations in non-conservative form,

pt+u-Vp+pV.-u=0,

1
ut+u-Vu+;Vp:O, (6.5)
s¢+u-Vs=0.

In (6.5), we use (p,u,s)? as the vector of dependent variables, and p = p(p, s) is
a given function. If shocks are present, then one must use the weak form of the
conservative equations (6.2) rather than (6.5). Alternatively, for piecewise smooth
solutions, one can use (6.5) in the regions where the solution is smooth, supple-
mented by the jump conditions across shocks derived from the weak form of (6.2).

Other important equations are the incompressible Euler equations, and the com-
pressible and incompressible Navier-Stokes equations.
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6.3 Acoustics
Linearizing (6.5) about a constant background state, u = 0, p = po, and s = sg, we

get the acoustics equations,

pllt"'POv'ul =O>
pou, + c2Vp' + doVs' =0, (6.6)
sy =0.

In (6.6), p' stands for the perturbation in the density from pg, so that p = pg + p/,
with u’ and s’ defined similarly, ¢g = ¢(po, so) is the sound speed in the unperturbed

state, and
Op
do = % , (po,So). (67)

In d space-dimensions, the plane-wave solutions

"1 =ak -x—Ak)t)

w2

satisfy (6.6) if A satisfies
MM = c2k*] =o. (6.8)

The root
N = k%

corresponds to sound waves, whose phase velocity ¢ = ¢ok/|k| is normal to the
surfaces of constant phase, and has magnitude equal to the sound speed ¢g. The

associated right eigenspace is one dimensional, and is spanned by

p Po
a | = | k/\
5 0

Thus, sound waves carry longitudinal velocity perturbations (i is parallel to k),

and density and pressure perturbations at constant entropy.
The root A = 0 is a multiple eigenvalue for d > 1. The d-dimensional eigenspace

is spanned by the vectors

p —do p 0
i | = 0 |, and a | =]kt [,
3 & 5 0
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where k' runs over (d— 1) linearly independent vectors such that k' -k = 0. These
eigenvectors correspond to entropy waves at constant pressure, and vorticity waves,
respectively.

6.4 References

See Dafermos [9] and Serre [46].



Chapter 7

Variational Equations

7.1 Classical fields

An important class of hyperbolic partial differential equations consists of the the
variational hyperbolic equations that arise in classical field theory [27]. These in-
clude the equations for scalar, tensor, or spinor fields on a Lorentzian space time,
the Einstein field equations in general relativity, and the wave map equations [50].

7.2 A nonlinear wave equation
7.3 Wave maps

Wave maps are the Lorentzian analog of harmonic maps on a Riemannian manifold,
and are stationary points of a natural action functional. In this paper, we derive
a nonlinear geometrical optics solution for large amplitude wave maps. We show
that, in an appropriate limit, a general wave map equation reduces to a wave map
equation on (1 + 1)-dimensional Minkowski space, with an additional lower order
term that describes the effect of focusing or defocusing on the wave. Null cordinates
on this space are a phase variable and an arc-length parameter along the rays
associated with the phase. The asymptotic equation has a variational formulation.
The additional lower order term in the asymptotic equation arises from a factor in
its Lagrangian that is proportional to the cross-sectional area of ray tubes. This
factor relates volumes in the (14 1)-dimensional Minkowski space to volumes in the
original Lorentzian space.

Apart from their intrinsic geometrical significance, wave maps are of interest
because they provide a simple model for some nonlinear features of general relativity
[38].

We will consider geometrical optics expansion for wave maps. A more compli-
cated analog of the wave map expansion derived here applies to large-amplitude,
high-frequency solutions of the Einstein field equations in general relativity, and
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leads to the equations for colliding plane gravitational waves.

Let M be a Lorentzian manifold with metric g of signature (—,+,...,+), and
N a Riemannian manifold with metric h. A map u : M — N is called a wave map
if it is a stationary point of the action functional

Slu] = % /M(du,du) dy, (7.1)

where (-,-) denotes the natural inner product associated with g and h, and du is
the natural volume form on M. In local coordinates & on M and u® on N, the
wave map action functional is given by

/ ha.b a.iL'o‘ 6.%'5 \/ d.'L‘, (72)

where we use the summation convention, and

g = det [gap] .
The Euler-Lagrange equation associated with S is

e ra oub due
Dgu +Fbc(u)g ( )aill'a oxB 07 (73)

where O, is the d’Alembertian operator on M,

1 0
Oyu=—+— | 9*°V—9g 4
v /=g 0z® ( 63:5) (7.4)
and I'f, are the connection coefficients on N,
o _ 1,40 (Ohee  Ohpe Ohy
be 2h (6ub T B T Bur ) ' (75)

We look for a multiple-scale, nonlinear geometrical optics solution of (7.3) of the

form
u® = u’ (.TL‘, @;E) , (7.6)

where ¢ : M — R is a phase function, and u®(z,8;¢) is a function of z = (z®) and
the “fast” phase variable,

_ ¥
o=2. (7.7)

We define a wave-vector one-form k, with covariant components k, and contravari-
ant components k%, by

k=dp, ko= 5%= k* = g*Pkg. (7.8)
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From (7.6) and (7.8), we have

our 1. "
% = Ekaua + (9au 5 (79)

where the subscript # denotes the partial derivative with respect to 6 at constant
z, and 0, denotes the partial derivative with respect to % at constant 6.

Use of (7.6) in the wave map equation (7.3), and expansion of derivatives as in
(7.9), implies that u*(x,8;¢) satisfies

= (ko) {uy + T (wyuus)

+§ {2k*0quf + 2T5. (u)k* Ouuluf + (Ogp) uf }

+0,u® + T, (u)g*? ,u’Bsu’ = 0. (7.10)
We look for a power series expansion of u® as € — 0 of the form

u(z,0;¢) = ul(z,0) + cul(x,0) + O(?). (7.11)

We use (7.11) in (7.10), Taylor expand the result with respect to &, and equate
coefficients of €72 and e~! to zero. This gives the equations

(kak®) {uggy + FZC(UO)USGU(CM} =0, (7.12)
ore
(kak®) {U[faa + 2T'p, (uo)ulgufy + #(UO)UEUSQUSG}
+2k%0puly + 2%, (uo)k*Opulusy + (Typ) udy = 0. (7.13)

The leading order perturbation equation (7.12) is satisfied provided that

kok® = 0. (7.14)

From (7.8) and (7.14), it follows that the phase ¢(z) satisfies the eikonal equation,
dp Oy

of 5 22— 7.15

Oz 0z (7.15)

A global solution of (7.15) may not exist because of the formation of caustics. The
asymptotic expansion breaks down when this occurs, and we consider the solution
only in regions of M where ¢ is a well-defined, smooth function.

The use of (7.14) in (7.13) implies that ud(z,8) satisfies the equation

1
k%Onugy + Fgc(uo)kaaauguga + 2 (Oy) ugy = 0. (7.16)

An asymptotic solution of (7.3) is therefore given by (7.6) and (7.11), where the
phase ¢ satisfies the eikonal equation (7.15), and the leading order approximation
ud satisfies (7.16).

We define a partial derivative s along the rays associated with ¢ by

8y = k%04, (7.17)
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and define J by
k0o J = (Oy) pJ (7.18)

Then, using a subscript s to denote the partial derivative ds, and dropping the zero
subscript on u¢ to simplify the notation, we may write (7.16) as
J.

u% + T (u)ubu§ + ﬁug =0. (7.19)
This equation has the same form as a wave map equation on (1 + 1)-dimensional
Minkowski space, where (s,6) are null-coordinates, with an additional lower order
term proportional to u§, whose coefficient is a function of s on a given ray. The
lower order term describes the effect of focusing or defocusing of the wavefronts on
the wave.

Equation (7.19) is the Euler-Lagrange equation of the functional

Solu] = / a (w)uluil J(s)dsdé. (7.20)

As in linear geometrical optics (see §22.5 of [39], for example), that the function J
is proportional to the cross-sectional area of the ray tubes associated with .

The action functional in (7.20) differs from the wave map action functional in
(7.2) on (1 + 1)-dimensional Minkowski space, because the volume form J(s)dsdd
differs from the natural volume form dsdf. The origin of the volume form in the
asymptotic action functional may be understood in a heuristic way as follows. The
wave map action functional S in (7.2) is given by

Su] =/ Ldu, (7.21)
M
where du = /—gdz is the natural volume form on M, and the action density L is
given by

1 ou® dub

L= _hab(u)%wg

5 B (g). (7.22)

Using the derivative expansion (7.9) in (7.22), and simplifying the result with the
help of (7.14) and (7.17), we find that L has the expansion

1
L= ghab(uo)ugsugo +O(1). (7.23)

If we consider an infinitesimal tube of rays on a wavefront ¢ = constant, with (m —
2)-dimensional cross-sectional area o, where m = dim M, then the corresponding
volume element in M is given by du = adsdp, or from (7.7),

dp = eodsdb. (7.24)
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The use of (7.23) and (7.24) in (7.21) gives
S[u] = So[uo] + O(e),

where Sy is the action functional defined in (7.20).

The global existence of smooth solutions of (7.19), for smooth coefficient func-
tions p and complete Riemanian target manifolds N, follows from [14], [17]. Thus,
there is no spontaneous development of singularities in a high frequency wave map
when its rays do not focus at a caustic; such waves are locally approximated by
(1 4+ 1)-dimensional wave maps, which remain smooth. This behavior contrasts
with the behavior of high frequency waves that satisfy hyperbolic conservation laws
[4], [22], the Einstein field equations, or the hyperbolic variational equations studied
in [15], [23], [24], where nonlinear effects can lead to the formation of singularities
even in the absence of caustics.

If p # 0, we can normalize (7.19) by the introduction of a new ray parameter
t : M — R that satisfies t; = p/2, meaning that

1
k*at = S040.

Changing variables from s to ¢, we find that (7.19) adopts the form
udy + T8 (w)ubu§ + u§ = 0. (7.25)

The lower order term in (7.25) cannot be removed by a simple change of variables,
unlike the corresponding lower order term in the inviscid Burgers equation that is
obtained by the application of weakly nonlinear geometrical optics to hyperbolic
systems of conservation laws [21].

7.3.1 Wave maps on Minkowski space

We suppose that the base space M = R'*? is Minkowski space with coordinates

(t,x), where x = (z',...,2%), and metric g = diag(—1,1,...,1). The eikonal

equation (7.15) is then
o2 = [Vol?, (7.26)

where V denotes the gradient with respect to x. As an explicit example of non-
planar wave maps, we consider outgoing spherical waves, with phase

p=r—t, (727)
where r = |x|. The phase (7.27) satisfies (7.26), and

2c d—1
Oy = — =2
9= ¢ 2
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Using the radial coordinate r as a parameter along the rays, we may write the
asymptotic equation (7.19) as

uly + T8, (u)uluf + gug =0. (7.28)

In characteristic coordinates,

r+t
(p=7‘—t, § = 2 )

the exact equation for spherically symmetric wave maps is [5]

¢
'U/Zqo + Fgc(u)ugu; + mui =0. (729)
Thus, the asymptotic equation (7.28) is a simplification of the exact equation (7.29),
in which the ¢p-dependence of the coefficient of the lower order coefficient is ne-
glected.
A self-similar solution of (7.28) is given by

=@, =1, (7.30)

1-—
5+ ( ; C) 0%+ T9_(0)0b9¢ = 0,

where the dot denotes the derivative with respect to €. If the base Minkowski space
has spatial dimension d = 3, then ¢ = 1, and the self-similar solutions are geodesics
in V. Exact self-similar solutions for wave maps in d = 3 are constructed in [47].

An interesting special case of wave maps is that of wave maps from (1 + d)-
dimensional Minkowski space into an n-dimensional sphere S™ Embedding the
sphere in Euclidean space, we write the map as

1+d 1
u:R'*T - §" c R",

where R**! has coordinates u® and is equipped with the Euclidean metric h =
diag(1,1,...,1). The wave map action functional is

Slu] = / {—Uf + |Vu|2} dtdz, (7.31)
R1+d

where

d n+l u® 2
=YY ()
a=1 a=1

and the wave map is subject to the constraint

u? =1
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The wave map equation is
—uy + Au + (—uf + |Vu|2) u=0. (7.32)

The use of the geometrical optics expansion (7.6) and (7.11) in (7.32) leads to
an asymptotic solution of the form

u =y (t,x, 90(';’ X)> +0(e), (7.33)

where the phase ¢ satisfies the eikonal equation (7.26), and the leading order ap-
proximation ug(t,x, ) satisfies

1
ugsp + (ugs - ugg) ug + 501109 =0, 113 =1, (7.34)

with
O0s = =10 + Vo -V, p=—pu+ Agp.

For planar phases, we have p = 0, and then (7.34) is just the wave map equation for
maps from (1+1)-dimensional Minkowski space into the sphere, which is completely
integrable [41], [48]. For non-planar phases, we have p # 0, and the equation does
not appear to be completely integrable in that case.

7.3.2 Diffraction

To account for the effect of diffraction on wave maps, we consider a solution of (7.3)

of the form
a_ aof. @) ¥(@),
u® =u (a:, - i) (7.35)

where ¢ is a small parameter, p,v : M — R are functions, and u*(z,0,n;¢) is to
be determined. We define k, by (7.8), and let

¢

ea:w.

(7.36)
Use of (7.35) in (7.3) implies that

1
= (kak®) {ufy + Ti(w)ufug}
1

+53/2

(o) {208, + 2T, (w)ubus)}
1
+E {2k*0,uf + 2T, (u)k*dpulu§ + (Oyp) ug

+ (€al®) [ul, + Tp(wubug]} = O(e™/2). (7.37)
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Expanding u® in (7.37) as
u®(z,0;¢) = uf(w,0,n) +&'/?uf(2,0,n) + euf (z,6,n) + O(*?), (7.38)

and equating the coefficent of =2 to zero, we get (7.12) and (7.14), as before.
Equating the coefficient of e~3/2 to zero in (7.37), we obtain that

(kal®) {2ufy, + 204 (uo)udgus, } = 0. (7.39)
This equation is satisfied provided that
kat® = 0. (7.40)

The use of (7.17) and (7.36) in (7.40) implies that 9,1 = 0, meaning that 1 is
constant along the rays associated with ¢. Equating the coefficient of ¢! to zero
in (7.37), we obtain an equation for ug,

a 1 (o7 a 1 a
Ugso + 5 (EO!Z )UOnn + 5 (Dg(p) Uy
a c 1 (63 a c
+T¢ (uo)ub usy + 3 (Lot )Fbc(uo)ugnu()n =0. (7.41)

This equation is a wave map equation on (1 + 2)-dimensional Minkowski space time
with an additional lower order term, proportional to ul,. In (s,6,7)-coordinates,
the Minkowski metric components g®# are given by

1 01 0
(gaﬁ) =-1 10 0
0 0 £,*

The global existence of smooth solutions of the (1 + 2)-dimensional wave map equa-
tions is an open question, so it is unclear whether or not the focusing of a smooth,
high frequency wave map, as described by (7.41), can lead to the formation of
singularities.

7.4 General relativity
7.5 Weakly nonlinear gravitational waves

7.6 Colliding plane waves
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