A BINARY QUADRATIC TITCHMARSH DIVISOR PROBLEM

JUNXIAN LI

ABSTRACT. We consider a binary quadratic variant of the Titchmarsh divisor prob-
lem and give an asymptotic formula for Zp2 2N 7(p* + ¢*> + 1), where p,q are
primes.

1. INTRODUCTION

Let 7(n) = 34,1 be the divisor function. The Titchmarsh divisor problem is
concerned with finding an asymptotic formula for the average

> rlp—1), (1)
p<z
where p belongs to the set of primes. Under the Generalized Riemann Hypothesis
(GRH), Titchmarsh [I6] proved that

S rp-1) = —C(?(g;% +0 (—w l(ffgk;g x) . 2)

Linnik [I4] proved ([2]) unconditionally using his dispersion method. Later, Halberstam
[9] gave a short proof using the Bombieri-Vinogradov theorem on primes in arithmetic
progressions. Bombieri, Friedlander and Iwaniec [I] as well as Fouvry [6] improved
to

p<z

¢(2)¢3) . ( x )
Tp—1) =S r+cli(x) + O | —— |, 3
2.7 =1 == D+ O Togart 9
for some constant ¢ and any A, where Li(x) = f; @dt. Most recently, Drappeau [4]
gave a power saving in the error in under GRH. For primes in arithmetic progres-
sions, Felix [5] established a formula for

Yoor (%) = Crat + Oy (10;) , (4)

p<z
p=a (mod k)

p<w

for some constant ¢ .. A quadratic analogue of the Titchmarsh problem was considered
by Xi [17], where he obtained the correct order of magnitude given by

SC<<ZT(]?2+1)<<£L’. (5)

p<z
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In this paper, we obtain an asymptotic formula for
Y P+ 1)
p?+q2<N

Theorem 1.1 For N large enough, we have

> T(p2+q2+1):%1_[ 1_1+3p<_71> N (1+O((loglogN)2))7

— 2
PPH+q2<N o2 (p—1)°p | logN log N
(6)

where p, q belong to the set of primes.

A related question is the Hardy-Littlewood problem concerning asymptotic formulas
for

Y r(N=p)or > r(p—a), (7)

p<N p<N

where r(n) is the number of ways of writing n as the sum of two squares. This was
solved in the works of Hooley [10] under GRH. Unconditional proofs were given by
Linnik [13] and Bredihin [2] using the “dispersion method”. More recently, Friedlander
and Iwaniec gave a shorter proof in [7]. Greaves [§] considered the number of solutions
to N = p* + ¢* + 22 + y? and gave the lower bound with the right order of magnitude.
Later Plaksin [I5] obtained an asymptotic formula of the number of solutions to N =
I

Let us fix some notation: We use the relation a ~ A to denote A < a < 2A. The
arithmetic function w(n) denotes the number of distinct prime divisors of n. For a
prime p and natural numbers a and n, we write p®||n if p* | n but p®** { n. The letters
p and g denote primes, the expression e(x) denotes exp(2wiz), and (a,b,c) denotes
ged(a, b, ). Finally, for an odd integer d, let

I <_—1)d: d, d=1(mod4),
d —d, d=3

2. OUTLINE OF THE PROOF

Lemma 2.1

7(n) =2 1-1(n=0), (8)
i

where 1(n = O) vanishes unless n is a square, in which case it is 1.
Lemma 2.2 Let r(n) be the number of representations of n as a sum of two squares.

Then
r(n) =4 x(d),

din
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where x 1s the non-principal character modulo 4, and thus
r(n) < 7(n) K nf.

Let Z = /N + 1(log N)~#, for some sufficently large constant A to be chosen later.
From Lemma 2.1 and [2.2] we have

Z TP +¢*+1)=2 Z Z (1—s@*+¢ +1))

P2hq2<N p2+¢?<N p?+4¢%+1=0 (mod d)

d</p?+¢?+1
=2 > > 1+o0( > > 1

p?+¢%<N p?+¢?=—1 (mod d) P2+q2<N p2+q2+1=0

d<\/p?+¢?+1
=2 > > L+0( ) r(n’—1))

d<vN+1 d?—1<p*+¢?<N n<vN
p?+¢?=—1(mod d)

=2 > > 1+ O(NV/2+)

d</N+1 d?2—-1<p?+¢2<N
p?+q¢%=—1(mod d)

=23 > 142 > ST 1+ oW

d<Z d2—1<p?+¢2<N Z<d<y/N+1 d*-1<p?’+¢*<N
p2+¢?=—1 (mod d) p?+¢?=—1(mod d)

= M + My + O (N'/?*)

where

Mi=2d Y o (9)

d<Z d?—1<p?>+4¢*<N
p?+¢*=—1 (mod d)

My=2 Y > 1. (10)

Z<d<y/N+1 d>~1<p?+q*<N

p?+¢%>=—1(mod d)
We show that M; gives the main term in Section [3] and Section [4] and that M, con-
tributes to the error term in Section [§ and Section [0 Estimates for M; are similar to
the main term estimate of Plaksin [I5]. Assuming some preliminary results in Section
we obtain an asymptotic formula for M; in Section [df Now we are left to prove
an upper bound for Ms. Plaksin used Hooley’s method, as well as Linnik’s dispersion
method to study distribution of u? 4+ v* < N in arithmetic progressions with difference
d for d < N3*=<. Instead, we use upper bound sieve weights and separate p and ¢ by
introducing a smooth function. After applying the Possion summation formula, we are

left with the problem of bounding an exponential sum of the form

uhy + vh
E(el,eg,hl,hg,d) = Z e (%) .

e2u?+e2v?=—1 (mod d)
(uv,d)=1
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We assume an upper bound for E(ey, €2, hq, ha,d) in Section [5| and prove the bound in
Section [6l

3. PRELIMINARIES
Let (z) = #{p <z} and 7(z,d,u) = #{p <z : p =wu(modd)}.

Lemma 3.1 (Barban-Davenport-Halberstam) For any fivzed C > 0, any x(logx)~¢ <
Q < x, we have

> Z ( (z,d,u) %)2<chlogx

d<Q( ud)£1

Proof. This can be found in Chap 29 of Davenport [3]. O

Lemma 3.2 Let d be a fixed odd integer. For any fixed u, the number of solutions v
to the equation

u? +v* +1=0(modd)
is bounded by T(d).
Proof. For d = p, there are either 0 or 2 solutions for v depending u? 4+ 1 on whether
is a square or not. Suppose v is a solution to v?> + u? + 1 = 0(mod p*). Then the
solution to v + u? 4+ 1 = 0 (mod p**1) is given by v/ = p*t + v, where ¢ is determined
by 2tu + % = 0 mod p. Thus for d = p* there are at most 2 solutions to the
equation u? + v2 4+ 1 = 0 (mod p*). The lemma follows by multiplicativity. O

Lemma 3.3

Z 1=nN(log N)~?(1+ O (loglog N(log N)™")) .

p2+¢2<N

Proof. This is Lemma 11 in [I5]. We reproduce it here for convenience. The terms

with p < Z = v/N(log N)~* can be bounded by

VN
Z Z 10 Z—l N < N(logN)=™4
PSZ 4<\/N—p?
If p > Z, then logp > logZ = logV/N + O (loglog N). Since p < v/N, we have

logp = %log N(1+0 <%>), it follows that

Z 1= Z Z 14+ O(N(log N)=)

p24+¢?<N Z<p<VN 7<q<r/N—p2?

loglog N
Z logplogq(l—kO(%))—I—O(N(logN)_A).
Z<p<y/N/2 &

-2

1
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The conclusion follows from the following calculation

Z logp Z log g
Z<p<y/N/2 Z<q<q/ N—p?

= Y logp(v/N == Z)(1+ O(VNe™VeEN))

Z<p<+/N/2
— Y legp/N—p2+0 (Ne ViogN ) 4O <Z\/—>
Z<p<4/N/2
= Z logp\/N—p2+O<N(logN)*Al>
2<p<+/N/2
/i

VN — 22dz(1+ O(e V"8 %)) + O (N(log N)~*)

— ZN 40 (N(og N)™).

8
U
Lemma 3.4 Let ¢ be an odd prime. Then for (a,p) =1,
2 fa? a -1 a
uf(?J:(ﬁ (79 = (7) Ve
Proof. This can be found in Proposition 6.3.1 and Theorem 1 in [IT, Chap 5]. O
Let s(d) denote the number of solutions (u,v) to
u? +v* = —1(mod d), (uv,d) = 1,1 < u,v < d. (11)

Lemma 3.5 Let ¢ be an odd prime. Then we have

s(0)=0—-2-3 (_71) LSO = (s ().

and from the multiplicativity of s(d), we have

sy <a]] (1+1).

pld
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Proof. By orthogonality of the characters, we have

If (u,v) is a solution to u* + v? + 1 = 0(mod(*), then v/ = u+t/* 1 <t < p
determines v/ = v + ml* as 2mv = _1+;2_’“2(m0d€). Thus s(f**1) = (*s(¢) and

s(d) < de|d(1 + ]l?) O
Lemma 3.6
1

s 14 3p _7 oelo 2
2 qﬁ((j))2 N }lg (1 (- 1()229)) e N (HO (<l i}ggfg\fm >) '

d<Z

Proof. First note that s(d) is multiplicative and the terms with p = 2 or ¢ = 2 can be
bounded by O(v/N). Thus we can assume 2 { d. From Perron’s formula, we have

S o [ s s R,

d<z ¢(d)2 B 2_7TZ k—iT

where
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By applying Lemma [3.5 we obtain

= p—1—1—3(—71>
- 1+2 Pt p —1)%p

p>2 k=
1_1_3(= .
qfi it 3(1)
—1)2 _ p—s—1
s (p—1) 1—p
__1
s (p — 1)2p~+1

=:¢(1+8)(1—2""HG(s).

It can be seen that G(s) is entire for R(s) > —1 and f(s) converges absolutely when
R(s) > 0. Let k = ¢;/logx. Moving the line of integration from R(s) = x to R(s) =
—c/log T, passing the pole of ((s+ 1) at s = 0, we see that

1
s(d) 1 1+ (5)
Z == — logz + R(T) + H(T)
=511 —y5, | los ,
o) 20 (p—1)%p
where
R(T) < i i s(n) (12)
= T 4 ¢(n)*n*|logx/n|’
k—1iT s k4T s
H(T) < / £ Zds + / £ ds. (13)
—c¢/log T—iT S —c¢/log T+iT S
Since s(n) < n][,,(1+ %), we have that
R s(n) x
T) < =+ =
R(T) < T * T IZ o(n)?n” |n — x|
§§n§2x
K log'1 2
< ¥y Uogloga)

T T
Since f(s) < log|Ss| when R(s) > —c/log T, we see that
H(T) < (1ogT)2%
We also have

—c/log T+iT 78
/ e TV s < 2T o T
—c/logT—i
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Taking T' = (log z)°® gives

Zs(d) 1H 1_% 10gN<1+M).

= 0(d)? T4 (p—1)% log N

4. EVALUATION OF M;

We first extract the main term in M;. Note that the terms with p or ¢ < Z can be
bounded by

2\ 1/2
1/2
> yoe(x) | = [z
p<Z.q d<Z p<Z,q <Z,q<VN a<z
PPN dlp gt 41 PEREYE N+

1/2

<m(Z)Pa(VN)2 LY ) Y1

n<N+1 P’+¢*+1=n
p<Z,q<VvN
1/2
<m(Z2)Pa(VN)Y2 LY Pn)r(n - 1))
n<N+1

1/2
<m(Z2)Pr(VN) LD T2<n)7(n—1)>

1/4
< 1(Z) (V' N)V? Z *(n) Z TQ(n)>

1/2
< (Z\/NNlogw N)
< N(log N)~4/2+5,
Thus with A’ = —A/2+ 5, from (9)), we have

RS> SN SENNED S

d<Z y?4v?=—1(modd) p=u(modd)
u,w<d g=v (mod d)
d?>—1<p?+¢*<N

-2y ¥ 3 1+0(N(1ogN)—A’>. (14)

d<Z y24+v2=—1 (mod d) p=u (mod d)
u,v<d g=v (mod d)

P*+¢*<N

Z<p,Z<q
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When d < Z < p, we must have (p,d) = 1. Thus,

M=2y ¥ Y 1+0 <N(log N)*A'>

d<Z y2+v2=—1 (mod d) p=u (mod d)
u,v<d g=v (mod d)
P*+¢*<N

Z<p

Z<q

-2y ¥ Y 1+0 <N(log N)—A’) .

d<Z y24+v?=-1 (mod d) p=u (mod d)
(uv,d)=1 g=v (mod d)
u,w<d p?+¢?<N

Let Q = v/ N(log N)=>. Then, we can cover the region G := {(p,q) : p* + ¢* < N}
with < (log N)¥ squares of the form X; < p < X; +Q and Y; < ¢ < Y, + Q,
i,j < (log N)°, and the boundary of G' denoted by G can be covered with < (log N)®
squares. The contribution from (p,q) € G can be bounded by

> > RS > (logN)5(%>2

d<Z y24v?=-1(modd) (p,q)€IG d<Z 42 +v2=—1 (mod d)
(uv,d)=1 p=u (modd) (uv,d)=1
u,v<d g=v (mod d)

< N(log N)~ Z Z %

d<Z y?4v?=—1 (mod d)

(uv,d)=1
u,v<d
N0 T 2 5 T
2k<Z d<Z
(d»2):
s\ T(d)
N(log N)™° —
< N(logN)P ) —
d<z

< N(log N)*(log N)?
< N(log N)7°. (15)
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Let A(Q,d,u) = w(z + Q,d,u) — w(x,d,u), and E,(Q,d,u) = A,(Q,d,u) — A;((d{)n?
where A (Q) =7(x+ Q) —xw(z). For (p,q) inside G, we have

)IEED IR I SR NP S

d<Z u?+02=—1 ( mod d) Xi Y, X;<p<XitQ Y, <p<Yj+0
(uwv,d)= p=u(modd)  g=v(modd)
u,v<d

Z: >y (AX ? +EXi(Q,d,u)> (A;/zgz) + By, (Q,d, v))

u?+v2=—1( dd)X Y;
(uv, d)
u,vgd

1
o107

Z Z Ax, (Q,d,u) Ay, (Q,d,v) + E,
u?+v2=—1(mod d) X,Y;
(uv,d)=1
u,v<d

where

Pl Y Y B+ By (@.d ),

d<Z = w?4v?==1(modd) Xi,Y;
(uv,d)=1
u,v<d

where we have used the fact that =75 ()) Ex,(Q,d,u), ¢(c(1§2) Ey,(Q,d,u) < 9 since
d < Z <. For a fixed u, we have that for odd d,

S <[22 < r(a).

v2=—1—u? (mod d) pld
v<d

Consequently,

= ‘
v

E<Q) > Z |Ex,(Q.du)|+ > |Ey,(Q,d,v)

X;,Y; k<log Z d<Z (u,d)=1 (v,d)=1

2\ 1/2

TS Be@,d o)

d?
d<Z

<
e+

IA
N

< Q(log N)''  max
)

< Q(log N)"  max

Xe{X;,Y;}

(Q,d,u) . (16)
d

I /\

d<Z ( ud) 1
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From Lemma we have

m(z + Q) m(z))
Z Z ( (x+Q,d,u) — —qb(d) —ﬂ(x,d,u)—l-m)

d<z(logz)~=C (u, )1—

d

< Y > (w(x+Q,d,u)_%>2+(W@?d’u)_%)z

d<z(logz)=¢ | (u,d)=1
u=1

< (z+ Q) (log(x + Q))*¢
Combining this with the fact that max; ;{X;,Y;} < v/N, we see that (16) becomes

1/2
2
N +Q
E' < Qlog N)H +Q’d7u)_w
<z d<Z (u,d)= ¢(d)
u= 1
< VN(log N)~°(log N)* (log N)*V/N (log N>~/
< N(log N)10-4/2, (17)
Therefore, combining and m we have
y; (2
-y ¥ z - &) o(N(tog M)
d<Z y?4v?=—1(mod d) Xi,Y;
(uv,d)=1
u,v<d
Z o > > Ax (A, (Q) + O(N(log N) %)
d<Z v2= 1(modd)X Y;
(uv d)=
u,vgd

u?4v?=—1(modd) \p?+¢><N
(uv,d)=1
u,v<d

= 8((5))2 Z 140 (Z "d) N(IOEQN)_F’) + O(N(log N)™®)

= Z (;)2 Z Z 1+0 ((10gN)5 (%) )) + O(N(log N)™?)

<
where s(d) is defined in . Applying Lemma and Lemma , we have

T 1+3 ’71 oelo 2
noi (- ) (o () s
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5. ESTIMATION OF M,
Recall from that M, is defined by

My =2 Z Z 1.

Z<d<\/N+1 d?>—1<p*+¢*><N
p?+¢%>=—1(mod d)

Similarly to My, the terms in M, with p < Z can be bounded by

2\ 1/2
1/2
> ¥ oe(xy) | ¥ | ¥
p<Z,q Z<d<yN+1 p<Zyq p<Z,q<VN \ Z<d</N+1
P*+¢><N dp?4q2+1 d|p*+¢>+1
1/2

<n ()N w2 3

n<N+1 P> +q?+1=n
p<Z,q<VN
1/2
< N(log N)™ ( > (r(n)’r(n - 1))
n<N+1

1/2
< N(log N)™ ( > (r(n)*r(n— 1))

n<N+1

1/4
< N(log N) ™ (Z(T(n))4 Y (r(n— 1))2)

n<N n<N+1
< N(log N)~4/%+3,

The terms in My with p | d can be bounded by

< > 2 2 !

Z<d<y/N+1 pld a<VN
¢?=—14p? (mod d)

< Y > ng(d)

2k <\/N+1 Z<d<y/N+1 pld
21d

< VN(log N) Z m(d)”

d
Z<d<v/'N
< VN(log N)?.
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Thus,
My< ) > 1+ O(N(log N)~A/2+9), (19)

Z<d<vN+1  p*+¢?<N
p?+¢?=—1(mod d)

(pg,d)=1
p>2,q>7Z

In order to give an upper bound for My, we use upper bound sieve weights to detect
the primality of p and ¢. First we recall the fundamental lemma of sieve theory.

Lemma 5.1 (Fundamental lemma of sieve theory) Let y > 1 and s > 1. There exists
a set of numbers (N\g) such that

(1) My =1

(2) Ml <1 ifl<d<y.

(3) )\dIOidey.
and for any integer n > 1, 0 < de Ai. Moreover, for any multiplicative function g(d)
with 0 < g(d) < 1 and satisfying the dimension condition

IT a=9)" < (llsgg;)ﬁ (1 + lo[g(w) (20)

w<p<z

forall2 <w < z <y, we have

S hagld) = [1 (1 - o(v) (1 +0 (fg()) /

d|P(z) p<z

where P(z) =[],..p and s =logy/log z, the implied constant only depends on .

Proof. See Lemma 6 in Chapter 6 of [12]. O
Let (m) = > ¢jn Ay E = N°, for some 0 < § < 1/2. Let
e<F

S= > > B f(m)f(n), (21)
Z<d<+/N+1 m24+n?<N
m2+n2=—1 (mod d)
(mn,d)=1

where f is a smooth function which is 1 on [%, 2v/N]. Since (p) > 1 when p > E, thus
M, < S. From , it is enough to obtain an upper bound for S. Suppose further
that f is bounded by 1 elsewhere satisfying

f @) < 27 (22)
for all n > 1 and =z.

Lemma 5.2 (Poisson Summation formula) Let f : R — C be a Schwartz function, i.e.
f is smooth and | f(x)] < (1+ |x|)™™ as x — oo for all n. Then

o0

> ftenm) = 30 f (5 )

n=-—00 k=—o00

where f(k) = 7 f(x)e?mikedy.
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Proof. See equation (4.24) in Chapter 4 of [12].

We have

/f (=Az)dz < VN.

Also, from ([22]),

61d

A J .
f (ﬁ) < (6&1) Z-IV/N, for all j > 1.

h

Applying Lemma 5.2 we have

> Aade Y. > f(exm) f(ean)

e1,e2<FE Z<d<+/N 1 e2m2+e3n’=-1 (modd)
(erez,d)= (mn d)=

B SEUES 3 S fem)

Y. flen)

e1,e2<FE Z<d<+/N 16 u +e%v2:—1(modd)m u (mod d) n=v (mod d)
(e1€2,d)= (uv,d)=
u,vgd

(23)

(24

-3 e Y % 3 —21:22: (mﬁvm)f(eld)

€
e1,e2<FE Z<d<+/N+1 e2u?+e3v?=—1 (mod d) 162

(ere2,d)=1 (uv d)=1

The terms with h; = hy = 0 give a contribution of

DD IP I FE S SR (10

e1<Ee<FE Z<d<+/N+1 2 e%u2+621)2=—1 (mod d)
(ere2,d)=1 (uv,d)=

I SR

€1€2
e1,e2<E Z<d<+/N+1
(61 ) ,d):l

A r(d) Ae; Ae
= (£(0))? i Sl Zeitler
For X X
Z<d</N+1 e1,ea<kE

(ere2,d)=1

SUOHED DR I S

Z<d<+/N+1 e<k

(25)

)

f

()
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Applying Lemma [5.1| with z = y = E, we have

1
<] (1 - —>
p<E p pld p
p<E
1\
< (1 — 1) <1 — —)
p<E p pld p
< (1 1) d
i p) o(d)’
From Lemma (3.6, we see that
—1
s(d) 1 1+3p (7) VN F1
Z qﬁ(d)?:_ 1+W log 7 (1+o0(1))
Z<d</N+1 p>2 p p

Since E = N°, Z = &, we see that is bounded from above by

fofo Y @H(l_l) ¢d2 LU0? VN

Z<d<+/N+1 @ p<E p (d)2 (logE)2 4
log log N
N————.
S g2

By breaking eq, e; and d into dyadic ranges , we need to consider

Yo Yo Y —ZZ (Uh1+vh2)f(eld)f(ezd)

e1~Er,ea~Eo d~D e2u?+e2v?=—1 (mod d)
(ere2,d)=1 (uv,d)=1

(26)

where F1, Ey < E, (h1,hy) # (0,0), and Z < D < /N + 1. Since E,D < N, the
number of Fy, Fy and D is bounded by N°M. Applying with j = n for f(ethd>
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and j =2 for f <€};—2’d>, we see that the contribution from |hq| > % is bounded by

1 1 ~( hi\ +( ho
)DL DI D DD SN M4 ¢ H &)
e1~E,ea~Ey d~D e2u?+e2v2=—1 (mod d) 172 |h ‘>DElNE ho 1 2
(6162,d):1 (’U,U7d):1 1= VN
1 r(d) erd\" A
SO b o O N Do C RN
€1NE1,62NE2 d~D DEjN¢ h27£0
Ihi12 =
n—1
VN
< N(E,D)" Z-"/N ((EQD)zz*\/N + \/J_V>
E,DN¢
< N6E1E22D3N—en/2—1/2+N6E1DN—en/2+1/2

< N79,

by taking n sufficiently large. The terms with |hy| > 2£22° can be bounded N—¢ in
VN

the same way. Thus it remains to consider the case 0 < hy < 2 ?ﬁN S 0< hy < %
and (hq, hy) # (0,0). Denote

E(el,eg,hl,hg,d) = Z (& (M> . (27)

e2u?+e2v2=—1 (mod d)
(uv,d)=1

We use the following lemma to complete the estimates for M,, and the proof of Lemma

[5.3]is given in Section [6]

Lemma 5.3 If (hy, he) # (0,0), then
E<€17627h17h27d) < Cw(d) (h17h27d)d7

where C > 0 is an absolute constant.
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Applying Lemma to (26]), we have

1 1 ~f hi \ 2/ ho
Aes A —_— — — | F hi,hy.d
Z €17te2 d? e16s Z Z f (Gld) f (ezd) (61,627 1,142, )

e1~F1,ea~F9 d~D |ha|< DE{N¢€ Ih |§DE2Ne

(e1e2,d)=1 VN 2 VN
(h1,h2)#(0,0)
1
<N — — C¥ D/ (hy, hy, d)d
ZZ L F 22 Vi)
e1~E ea~E» (ele;d) [hi|= \ﬁl © lha|< \/%
< NHGZ 'y SR DD SN/
g<D d~D/g hy ‘<DE1N e ‘_D\}}J%Ne
g

< NH&Z CW(Q)QDEIN DN max C“/d
= 9 D VNg VNg @D

log C/log 2
<> T(g>—DE1E2NE max 7(d)°8 ¢/ 1082\/
d~D

g<D g
< D3/2+6E1E2N6.

Choosing E < NY/8% we find that S < N'=% for some &' > 0.

6. PROOF OF LEMMA [5.3

6.1. Quadratic Gauss Sums and Twisted Kloosterman Sums.

6.1.1. Quadratic Gauss Sum. Let a, b, d be natural numbers. The quadratic Gauss sum
is defined by

2
Slabd)i= 3 %@). (28)
n (mod d)

Lemma 6.1 We have the following properties of S(a,b,d).

(1) If (c,d) =1, then S(a,b, cd) = S(ac,b,d)S(ad,b,c).
(2) If (a,d) > 1, then S(a,b,d) =0 except when (a,d) | b, then

S(a,b,d) = (a,d)8 <<afld>’ o <afld>> | (29)

(8) For (a,p) =1 and p > 2,

S(a, b, p®) - 3 )e (‘m;—jm> - (%) S(1,0,p%)e (—@bz) (30)

pa

(4)
S(1,0,p%) = pS(1,0,p* %), a > 2 (31)
S(1,0,p%) = p. (32)
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(5)
S(1,0,d) = Vd* (33)
Proof. See Chapter 3 of [12]. O

6.1.2. Kloosterman Sums. Let a,b,m be natural numbers. The Kloosterman sum is

defined by

m

K(a,bym) = 3 K (‘“” + bf) , (34)

(@,m)=
x (mod m)

where 7T is the inverse of x modulo m.
Lemma 6.2 Let K(a,b;m) be defined as above. Then

|K (a,b;m)| < 7(m)+/(a,b,m)y/m.

Proof. See corollary 11.12 in chapter 11 of [12]. O

6.1.3. Salié¢ sums. Let m,n,d be natural numbers. The Saleé sum is defined by
T mx + nx
o = 3 (2)e (25
)= ¥ (5)e (™).
z (mod d)
where (E) is the Jacobi-Legendre symbol.

Lemma 6.3 Suppose (d,2mn) =1, Then T'(m,n,d) vanishes unless there exists an a
with a*> = mn (mod p?). Given a, all the solutions to x> = mn (modd) can be written

explicitly as * = (rf — s8)a, where r,s run over the factorizations of rs = d with
(r,s) = 1.
T(m,n;d) = Vd* (= 2a (L -2
(m, n;d) = (d) Z_d <a<s 7’>>
(re)=1
Proof. See equation (12.43) in Chapter 12 of [12]. O

As a corollary of Lemma we see that
Corollary 6.4 Let T(m,n;d) be as above. Then,
T(m,n;d) < Vd2*@
Lemma 6.5 Let ¢ be a prime and k > 1 be an integer. Then,

O R P,

(a7€):1 O, k > 2
a (mod £F)
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Proof.
a a a -1, k=1,
> oe(m)= X e(m)- X elmm)-
(a,0)= (mod ¢k) (mod ¢k—1) 0, k=>2
a (mod £F)
U
Now we are ready to prove Lemma [5.3]
Proof of Lemmal[5.5 We rewrite as
uhy + vh
E(617€27h1)h27d> - Z € (%)
e2u+e3v?=— l(modd)
(uv d)=
Z Z Z uhy + vhy a(eiu® + e3v? + 1)
e
d
a (mod d) u (mod d) v (mod d)
(u,d)=1 (v,d)=1
aetu® + uhy ae3v? + vhy
=0 X e(§) T (M) X ().
a (mod d) u (mod d) v (mod d)
(u,d)=1 (v,d)=1

From the Chinese remainder theorem, it is enough to consider E(ey, eq, hy, ha, (%) for
primes ¢. For (ejey, ¢) = 1, we have

E(617627 h17h‘27€a)

1 hietu + hoesv au?® + av? +a
S XX (M) e (g
1 — > kqg 27k qu? 4+ hyequ 0°"*av? + hyezv
- g_oz Z Z € ( ga ) Z € ( Ea ) Z € < ga )
= u 0)=1

k=1 q—=¢k (u,0)=1 (v
u (mod £%) v (mod £%)
~kau? 4+ h161u> (Eakch + hge_gv)
T > e R ]
¢ k=1 (al)= ( ) (u,0)=1 ¢ (v,6)=1 ¢
a (mod Zk) u (mod £%) v (mod £%)
(35)

From Lemma [6.5, we see that

(> kq *"Fau? + hiequ 0°7*av? + hyesv 1
prse (7)) 2 () 2 ()

k=1 q=¢k )
u (mod £%) v (mod £%)



20 JUNXIAN LI

For (a, () =1, (> | by, from ([29), (30), and (31), after writing hy = (**+1h], we
have that if k& > 3,

(fo‘_kmﬁ + hle_1u>
Z € ga

(u,l)=1
u (mod £%)
. Z e ga_kCLUQ -+ hle_lu Z ¢ ga—k—i—lauQ —+ hle_lu
- fo fo—1
u (mod £<) u (mod ¢>~1)
2 / 2 ! =—
_ pa—k au” + hiletu okt 1 au® + hieru
ek S (M) e 3 (M
u (mod £k) u (mod £k—2)
_pa—k (@ —daeih?? k a—k+1 (@ —daeih? k—2
=0.

(36)

For (a,f) = 1, (>*1 | hy, from (29), (B0), and (31), after writing hy = >R}, we
have that if & < 3, then ¢*~1 | h;. It thus follows that

(ﬁa_kau2 + hle_lu)
Z € ga

(u,l)=1
u (mod £%)
"k qu? + hyeru R lqu? + hiequ
DI e D S e
u (mod £%) u (mod £>—1)
2 ! )= —
ok au” + hiletu hietu
St (M) -y (08
u (mod ¢k) u (mod ¢2~1)
_ pa—k a _4a6%h/12£2 k a—1
=/ (f—k>e<£—k S(1,0,0%) — ¢
o— a o—
— k(@) S(1,0, %) — 21, (37)

Similarly, for (a,?) = 1, £27% || hy, after writing h; = (**h), we have that if k > 2,

then
ok qu? + hyeru ok [ G —4aelhf? &
) e( - ) — (E—k>e TR 5(1,0,0%),  (38)

k
(u,0)=1 ¢
u (mod £%)

and if £ = 1, then

*“tau® + hyeru o1 [Q —4aesh’? o1
3y e( - >_€ (z)e — ) s0.0 - e (39)

(u,f)=1
u (mod £%)
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For (a,f) = 1, (*7 %t hy, we have that if k > 2,

a—k .2 >
Z . (ﬁ aug:— h161u> _o. (10)

(u,0)=1
u (mod £%)

and that if £ =1,

07k qu? 4+ hyequ hietu -1, a=1,
Z e( 7 ):— Z e<€a_1>: R (41)

((u,f)d:é}l) u (mod £>—1)

Let hy = €'} and hy = ¢°R),, where (h}h}, ¢) = 1. From and (41]), we see that only
the terms with k satisfying @« — k < t and a — k < s will contribute to the sum (35))
unless a = 1. Without loss of generality, we can assume ¢t < s. Thus we only need to
consider k > o —t > o — s when o > 2. From , and , we see that we can
further restrict k£ such that k = 1,2, o« — t. In the following we consider a = 1 in Case
0 and o > 2 in Case 1-Case 6.

Case 0. For prime ¢, (ejeq,¢) = 1, we have

Z e hlu + hQU
14

e2u?+e2v2=—1 (mod ¢)
(uv,0)=1

(h1€_1U + h2€_2'U)
= > € I

u?24+v2=—1 (mod ¢)
(uv,£)=1

1 hietu + hoegv a(u® +v* +1)
Ry ( 0 )( 0
=1
1 1 hieiu + hoesv a(u? +v? +1)
A IEDY 6( ¢ )6( ¢
s s 1

(a,0)=1 (uv,f)=
L1 2+ ey 2 4 hyey
:Z‘i‘z Z e(%) Z e(au 6161u> Z e(av €2€2U>
(a,0)=1 (u,l)=1 (v,0)=1
1 1 a a —4ae;’h? - a —4aez’h? -
itT () () (FoF)vE-1) () e (T v 1)

1 a — 4aeh? — daethy \ [ —1
Sy ( i (1) +o(v)
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Case 1. If t < o — 1, then ¢~ { hy, thus only terms with k = o — ¢ > 2 contribute
to (35) when oo > 2 by and . Ift=s<a—1, then we have

E(€1,€2, hth,éa)

Mzz(

k=12a—t (al)=
a(modfk)

Yy (e

k=a—t (a,0)=1
a (mod £F)

1 (-1
s +4 (ga—t) Z
(a,0)=1
a (mod £2~t)

-0 (7).

a — a(4e2h? + 4e2h2)

ga—t

where the last equality follows from Lemma [6.2]
Case 2. If s > a— 1 > t, then from (36)), we see that if k = o —¢ > 3 then

_F 2
=) st e

)

Eler, es, hi, ha, %) = 0= O (\/£a+t) .

Case 3. When s > a—1>t,k=a—t=2, from (37) we have

13(617627h17h256a)

Gt Y% (

k=120t (a,6)=1
a (mod £F)

FED Y e

k=a—t (al)=1
a (mod £F)

1, (-1
—nre(F) %
(a,0)=

-0 (1)

where we used Lemma [6.4]

gak)

Z . (f"‘_kalﬂ + hiequ

u ( mod ZO‘)

ga k ( 4a61h’2) (1,0, %) (EQ k (gk) S(1,0, 04 _ga—1>

a — a(4e2h?)

ga

ga—k—i—a—l

)|

gat

)

ga

dae2h’}

T) S(1,0, %)

v (mod £%)

>«
(a,0)=1

a (mod £F)

(> kg Z "k au? + hyequ Z 027k qu? 4 hoezv
(& €
(e I
u,l)=1 (v,0)=1
u (mod £%) v (mod £%)

°"kqu? + hg@@)

(&
) X (%

a — a(4e3h?)

Ek

) S(1,0,05)
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Case 4. If s >t =a — 1, then we have

E(€17€2, hl,h%ga)

a3 () (7 () (FEE) s ) (o7 (B st - )

(a,0)=1
a (mod £)
S o) e (@s0nn-e) (- (5000 -
(a,0)=1
a (mod £2)
a (mod £)
o a a — 4e2h%a a
¥ (3 (o (=218 ) () st
a (mod £)
_gpad (g:l e (212) (%) S(1,0,2) + (a%:l e (%) S(1,0, 2)2g2~4
a (mod £2) a (mod £2)
—0 (W)

Case 5. If s >t > «, then from , we have

E(€17627 h17 hQaga)

D B @ sno-e) (e (@snon-e)

_ gla > Y () (za—'ﬂ <;—kl) - 25“"’”“‘15(1,0,6’“)) (o2

where the last equality follows from Lemma (6.5)) for & < 2.
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Case 6. If s =t = a — 1, then k = 1,2 contribute to . From , and
Lemma Lemma [6.3] we have

E(617€27 hl: h?aga)

“wrm X ) Qe (R s o)

(a,0)=1
a (mod £)

X <£a—1 (%) e (@) S(1,0,0) — EO“1>
o E R @an- ) e (s -

(a,0)=1
a (mod £2)
S ga—l __1 e a— C_L(4_€%h,12 + 46—%}7’,22) + 2604—2
Iz r) &, ¢
a(;nodZ)
_ phIZ* _ PhIZ*
N> (%) (e (—“ Zl 1“) te <—a ;2 2a>> S(1,0,0)
(a,0)=1
a (mod ¢)

e X (@) @5 T (@) s

(a,0)=1 (a0)=1
a (mod £2) a (mod £2)

:0(\/@).

Combining all cases, we see that

E(ex, e0, hy, ha, 6%) = O ( (hn, h2,£a)£a> Cifa > 2. (43)
Combining and , we have
Elex, €0, hy, ha, €9) = O ( (hl,h2,€“)£a> forall o> 1. (44)

For E(ey,es, hy, he,d), by multiplicativity and , we have
E(ela €2, h17 h27 d) - H E(Cl, €2, h17 h27 éaé) < CUJ(d) (h17 h27 d)da
eoe|d

where C' is an absolute constant. O
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