SMOOTH L? DISTANCES AND ZEROS OF APPROXIMATIONS OF
DEDEKIND ZETA FUNCTIONS

JUNXIAN LI, MARIA NASTASESCU, ARINDAM ROY, AND ALEXANDRU ZAHARESCU

ABSTRACT. We consider a family of approximations of the Dedekind zeta function (k (s) of a
number field K/Q. Weighted L?-norms of the difference of two such approximations of (f (s)
are computed. We work with a weight which is a compactly supported smooth function.
Mean square estimates for the difference of approximations of (x(s) can be obtained from
such weighted L?-norms. Some results on the location of zeros of a family of approximations
of Dedekind zeta functions are also derived. These results extend results of Gonek and
Montgomery on families of approximations of the Riemann zeta-function.

1. INTRODUCTION

In [4], Hardy and Littlewood provided an approximate functional equation for the Riemann
zeta-function

Cs) = % + WS_I/QF((IE(;/Z))/Q) . nll—s +O(X7%) + O(Yo |7 +1/2),

where s =0 +it,0<o <1, X >H >0,Y > H >0, and 2r XY = |¢|, with the constant
implied by the big-O term depending on H only. Define

Cx(s) == Fx(s) + x(s)Fx (1 = s),
where Fx(s) == Y, _yn™* and x(s) := 7 *T((1 — 5)/2)/T(s/2). Denote s = o + it

throughout the paper. Then for X = /|t|/27, one form of the above approximate functional
equation asserts that

C(s) = Cx(s) + O(It~7"?), (1.1)

where |t| > 1 and |0 —1/2| < 1/2. Spira [12} 13] independently studied the family of approx-
imations (x(s). Similar to ((s), the approximations (x(s) satisfy the functional equation

(x(s) = x(s)Cx (L —s).
More interestingly, in [I2], Spira proved that all the complex zeros of (;(s) and ((s) lie on
the line 0 = 1/2. In other words (i(s) and (5(s) satisfy the Riemann hypothesis. Spira
[13] also showed that if X < /t/27 < X + 1, then (x(s) approximates ((s). This can be
shown easily from (L.I)). In the same article, Spira also made an assertion that 2((s) can be
approximated well by (x(s) in the region V27X <t < 27X. Gonek and Montgomery [3]
gave a clever proof of Spira’s statement. They showed that the condition v27X <t < 27X
is not adequate to prove Spira’s assertion, it is also needed that o be near 1/2 in order
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to complete the proof. More precisely they showed that for a fixed A € (0,1), C' > 1,
0<op<o<l,and X* < |t|] < (2n/O)X,

Cx(s) =2((s) + o(1),

where

A
max(og, 1 — \) < 0 < min (1, m)
The above inequality is nonempty if and only if ¢ > 1/2. They also deduced that for o = 1/2
and 1 < [t| < (2n/C)X,

Cx (% + it) =2C G + it) + O(XY2t=h + O(Jt| 73,

which shows how the transition to a good approximation takes place as [¢| increases past
X1/2_ These motivate one to investigate such approximations in more generality. A natural
question that arises is how the sequence ((1/2+it) converges in the L2-norm. In particular
we are interested in studying the integral

T
/0 CN(%—H't) —CM(%—H't)

We will study such questions for a Dedekind zeta function of a number field. Since the case
of the Riemann zeta-function follows from the case of a Dedekind zeta function, we will focus
on Dedekind zeta functions throughout the paper.

Let K/Q be a number field. For Re(s) > 1 the Dedekind zeta function (x(s) of K is given
by

it (1.2)

1 = a(n)
= = 1.3
)= Y =320 0
a n=1
where the first sum is taken over all nonzero integral ideals a of K and where N(a) denotes
the absolute norm of a. In the second sum, a(n) denotes the number of integral ideals a with
norm N(a) = n.
The function (x(s) is analytic everywhere except for a simple pole at s = 1 (see Neukrich
[9]). The residue at this pole is given by
2" Rch
H(K) = Resyo1 (Cie(s)) = ———=="",
Wk |dK’
where r = r; 4+ ry (with 7 the number of real embeddings and ry the number of pairs
of complex embeddings of K), ng = [K: Q] denotes the degree of K/Q, Ry denotes the
regulator, hx denotes the class number, wg denotes the number of roots of unity in K, and
dr denotes the discriminant of K (see [9, p. 467]). The function (x(s) satisfies the functional
equation

Cx(s) = B(s)Ck (1 — s),

1
92rano\ 572 11 (ﬁ
B(s)=|—F 2

() < |di| ) '

where




SMOOTH L? DISTANCES AND ZEROS OF APPROXIMATIONS 3
The coefficients of the Dirichlet series of (x(s) satisfy the bound
a(n) < (d(n))" ™" < n,
where € > 0 and d(n) is the divisor function. This can be seen through the Euler product
¢x(s)=[a-Nw™) "t =][][0-Nm™)™ (1.5)
p P oplp

for Re(s) > 1 (see Chandrasekharan and Narasimhan [I, Lemma 9]). One also has the
estimate

> a(n) = H(K)x + O(z' /™) (1.6)
n<x
(see Marcus [8, p. 159]). For the second discrete moments we have
Z a(n)? < xlog™ 'z
n<x
for any number field K. If K/Q is a Galois extension, then we have
> a(n)® ~ C(K)xlog™ 'z, (1.7)
n<x

where C(K) is a constant that depends on the field K (see [1, Theorem 3]).
In view of ([1.3)), we define a partial sum of (x(s) by

FK,)((S) = Z aflzl)

n<X

If we denote
CK,X(S) = FK?X(S)—FB(S)FK’)((l—S), (18)

then one form of the approximate functional equation of (x(s) gives
Gels) = Giax(s) + O (11073 g ).

where X = +/|dg]|(|t|/2m)"/2, |t| > 1 and |0 — 1/2| < 1/2 (see [1]). For a given number
field K, it is easy to see that (x(s) can be approximated by (x x(s) in the region X <
ViIdg|([t]/2m)™/? < X + 1 and ¢ > 1 — 1/ng. We wish to obtain an asymptotic of the
moment integral for the family of approximations (x x(s). We will obtain this in a
slightly different way. In particular, we will estimate the L? distance between (x /(s) and
Ck.n(s), weighted by a smooth function which satisfies certain conditions.

More specifically, let h(t) be a smooth function with the following properties:

(1) 0 <h(t) <1forallteR,
(2) h(t) is compactly supported in a subset of (0, 00),
(3) 1M (#)]l0e <; 1 for each j =0,1,2,....

The Fourier transform of A(t) is denoted by h(s). Our first result is as follows.
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Theorem 1.1. Let K/Q be a Galois extension of degree ng. Let h be a smooth function
satisfying (1)-(3). Then for any fized eg > 0 and T < N < M < T™0/2=< e have

< [t I L.
[ #(F) (g it) ~uae(5 )
where C(K) is defined in (L.7).

Remark: In the special case K = Q it is known that C(K) = 1. Hence for the above
family of approximations of the Riemann zeta-function one has

[ ()l ) ~u( )

for T < N < M < TV,

Although ¢ (s) and (a(s) satisfy the Riemann hypothesis, in [I3] Spira numerically showed
that there are infinitely many zeros off the critical line for (3(s). In their paper [3], Gonek
and Montgomery studied the behavior of zeros of (x(s) for larger X. They established a zero
free region for (x(s). In the same paper they gave an asymptotic for the number of zeros of
(x(s) in a rectangular box and provided a lower bound for the number of zeros on a segment
of the critical line. More strikingly, they showed that almost all the zeros of (x(s) lie on the
critical line and are simple. Such results are sensitive to the length X of the truncated sum
Fx(s). In [7], the first and the last two authors provide analogues of some results from [3]
to an L-function associated with a cusp form. In that case the length N can be taken to be
shorter. We now present some similar results for (x x(s).

By the reflection and duplication formulas for the gamma function one obtains

) .
h
dt ~ 2T¥C(K}(log“° M —log™ N),
0

2
. M
dt ~ 2Th(0) log —
(0) 0g 7

B(s)B(1—s) = 1. (1.9)

Combining and we have the functional equation
Crx(8) = B(s)Ck.x(1—s). (1.10)
Note that I'(s) has simple poles at s = 0, —1,—2,—3,.... Therefore (k x(s) has zeros at

negative odd integers with order r, and at non-positive even integers with order rq + rs.
From the functional equation , we find that the nontrivial zeros are symmetric about
the critical line o = 1. Moreover (x x(s) is real on the real line, so the zeros of (x x(s)
are symmetric with respect to the real axis as well. Our next results are concerned with
properties of the nontrivial zeros of (x x(s). One result in this direction is an inequality

which gives an equivalent condition for the zeros on the critical line.

Theorem 1.2. Let K/Q be a number field and X be a positive integer. Then |(x x(1—s)| >
|Cx x(s)| holds for all s with [t| > 40 and 1/2 < o < 1, if and only if all the zeros B + iy of
Cr.x(s) with 5 € (0,1) and || > 40 lie on the critical line.

Our next result concerns the cases for which X =1, 2.

Theorem 1.3. Let K/Q be a number field. Then all the zeros of (i 1(s) for |t| > 40 lie on
the critical line. Moreover, if |as| < 1 then there ezists a constant t(K) such that all the

zeros of Ck2(s) lie on the critical line for |t| > t(K).

We now provide a zero free region for (x x(s).
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Theorem 1.4. Let K/Q be a Galois extension of degree ng and A\ > 1/ng. Let pxx =
Br.x + ivkx be a zero of (i x(s). There exists a constant X, such that if X > X, and
v x| > 27 X?, then

1 1 1 ngXloglog X
— = < — —_— 1 <A<?2
Prex 2’ no)\—l(Q log X for 1/no /Mo
and
1 1 2ngloglog X
——l <-4+ — A > 2/ng.
Br.x 2‘ 5T log X for A >2/ng

Moreover, there exists a constant Ty such that if X > 1 and yx x > maX(QWXQ/"O,TO), then

< ng+ 2.

1
frex =

Next, we introduce some notations to study the number of zeros of (x x(s) in a rectangular
box containing the critical strip. We denote

Ngx(T):=#{p=0+iy: (kx(p)=0 and 0 <~y <T}

and

r .
N x(T)=#{p= B +iy: (rkx(p)=0 and 0 <~y <T}.

We have the following asymptotic result.

Theorem 1.5. Let K/Q be a Galois extension of degree ng and dx be the discriminant. Let
A be a constant with A > 1/ng. There exists a constant Xq such that if X > Xo, T > 2rX?,
and U > 2, then

T+U T+U T T U
_ - 1 — ng—log — — —(ng —1
Ngx(T+U) — Ngx(T) =ng 5 og . n027r og o 27T(n0 og |dx])
TL())\
log(T . 1.11
+ Ok (no)\—l og( —|—U)) (1.11)

Furthermore, there exists a constant Ty such that if X > 1 with v x > maX(ZWXQ/"O,TO),
then (1.11)) holds with X\ replaced by 1 in the big-O term.

We also have the following lower bound.

Theorem 1.6. The number of zeros of Fi x with imaginary part in (0,T] and real part
greater than or equal to % 8

T
< X log M + Ok (X)),
2m

where 0 < a < 1 and M s the largest integer less than or equal to X such that a(M) # 0.
There exists a constant Ty such that if X > 1, T > max(2rX?*™ Ty), and U > 2, then

T+U, T+U T T
0 0
Niex (T U) = Nige(T) 2 mom5 = o8 5y — 105 108 3 mar
U
— 5 (no —log|dk|) + Ok (X).

27
Furthermore the quantity on the right-hand side is a lower bound for the number of simple
zeros on the corresponding segment of the critical line.
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If one chooses 1 < X < T°M and T > Ty, with T}, the same constant as in Theorem |1 .
then by Theorems [1.5] and [1.6] we have
Ngx(T+U) - N?(,X(T> > Nex(T'+U) = Ngx(T) + Ok (Ulog M) + Ok (X).
Choosing U > T? for some positive constant 5 and X < 7°1) one obtains
. NRX(T+U) = N« (T)
lim inf ’ ’ =1
T—o00 Nny(T + U) — NK7X<T)

This means that as T" — oo, almost all the zeros of (x x(s) with imaginary part in (0,7
lie on the critical line for X < T°(M). Also by the last part of Theorem m one finds that
almost all such zeros are simple.

2. PRELIMINARY RESULTS

In this section we gather all the necessary ingredients to prove our results. The following
inequality is due to Gonek and Montgomery [3] Lemma 2.1].

Lemma 2.1. Let 0 > 1. Then we have

—1
<) < =

These results are also required and important in their own right.

Lemma 2.2. Let K/Q be a Galois extension of degree ng. Then for o > 1 we have

(1) <l < (55)

Proof. Since K/Q is a Galois extension, for each rational prime p we have the decomposition

pOx = (prpe)* with  N(pi) = pl,
where ¢ is the ramification index, f is the inertial degree, and v is the decomposition index.
Also eft = ng. Thus, for each prime p we have

H(l — N(p)_a)_l = (1 _fU (Zp_kf”) Zp—kfw > Zp—knoa _ (1 . p—noo)—l
k=0 k=0

plp

and
[[a=NE)) "= <ZPW) (Zp’“’) (Zp’“) (1—p)™.
plp k=0
Combining the above two inequalities with the Euler product ([1.5)) we have
((noo) < Ck (o) < ((0)™. (2.1)
Also by the triangle inequality one has
—N(p) )~ (k(20)

1-— 1> (1+ N(p = i 2.2
1;“ L1 H SNE )T o)
Combining ([2.1)) and . we ﬁnd

C(2n00)
C(o)mo

< [Cx(s)] < ¢(a)™
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Using Lemma [2.1| we see that

() <tn= (-55)

which completes the proof. [l

Lemma 2.3. Let K/Q be a number field of degree ng. We have the following estimates:
a) Let 0 > 1. Then

< M) 1o 4 0 (x1-rt0) (2.3)

5 o

n>X

= 45—

b) Let 0 < 0. Then
< H(K)

Xl—a + OK (Xl—a—l/no) )

S

Proof. Let o > 1 and define I(z) := ) __a(n). From (L.6) and by partial summation we
have -

l1—0

<y agz) :a/oof(t)t_l_"dt—l(X)X_"

_ H(K)leo' 4 Og (leafl/n0> .
oc—1

For the second part of the lemma we take o < 0. Note that

By using ((1.6) one can see that
X

Z a(n) = O'/ It 7dt+ (X)X 7 —1
1

g

n<X
HK) _ _ o
_ X o+1 O Xl o—1/no
—o+1 + UK ( ) ’
which completes the proof of the lemma. 0
Lemma 2.4. Let K/Q be a number field of degree ng. Then for |t| > 10 and o > 1/2 we

have

0 1
— [ log —— 1 — 2.55468).
5o (og \B(s)]) > no(log |s| 55468)

Proof. By Stirling’s formula (see [2]) we have

logF(s):(3—1/2)10gs—s+§10g27r—|—1—28—2/0 5+ dx, (2.4)

with P3(z) a periodic function of period 1. For z € [0, 1] it is given by
Py(z) = %(2# — 3z +1).
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It is straightforward that for z € [0, 1],

|6P5(z)| <

v -

From . and - one has

%(logwls)Q ~Re (aﬁlg%)

= Re (_;_;+ 2(;i 1) N %_ 6(373 1)2 +% O%%%-%log (158)
—;_Z i 2(;i 1) 1222 - 12(sri pjz T relogs +ralog(l—s)
— 1og(22§;n0) + 3y /0 ) % dx
> P
van [ s?i(/?+ i
= Re (275}(:_—7021) - 27“11;8_27”2 - 1;2 t 22)2 % log s(1 — s)
(2m)mo Py(x) Py(x)

— log( i )+3T1/Ooomdx+3r1/ow((1_8)/2+I)4dx
+6r2/0 <fjr(?>4dx+6r2/o %m«).

~ e ((’f o 1))

> 2 log [s(1 = )| -

Thus we have

% (1 e >|>

7’1—{—7“2 _27“1—|—’l“2_ 27“1—|—’l“2
2|s(s — 1) 12]s/? 12]s — 1/2

o (S07) - () e

Choose |s| > 2. Then clearly |1 — s| > |s| — 1 > |s|/2. Applying this to (2.6]), one finds

ﬁ 1 1 | | T1+r2_2r1+7‘2_27‘1+7“2
do | B(s)| 2 |s|? 3s[? 3|s[?
— log (2m)™ <4T1 +r2)\/_(i)
|d| 108 |s|3

7 5v/3
> ng <1Og |s| — 3 27lsP log(‘lﬂ)) + log |d|.
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Using the Minkowski bound
no no
i)t > 20 G) (2.7)

no |

and |s| > 10, we conclude that

0 1
— — | > — 2. .
oy <log |B(s)|) > ng(log |s| — 2.55468)

This proves the lemma. U

Lemma 2.5. Let K/Q be a number field of degree ng and let di be the discriminant. If
[t| > 20ny and o > 1/2, then

|<>\<103(") 7 alhe

Proof. From [14] we have

IP(s)| = (27T)1/26_”|S!”_1/2€_targ5|eXP(Rl(S) +1/12s)], (2.8)
with Ry(s) < 6| - Using (2 (2.8), we find
I'(52) o1
22— (2e) 31— | 55|75
‘ I(3)
t 1—s s 1 1
- 1— Ry =L (o
xexp{2args( s)+ Ry ( 5 ) R1(2)+6(1—s) 63} (2.9)
and
F 1 - 1 1
‘ (F(S>S) — e2o—1|1 _ 8‘§—U|S|§—G

X exp {targs(l —8)+ Ri(1—s)— Ri(s) + ﬁ - l_;s} (2.10)

Hence by ((1.4), (2.9) and (2.10) we deduce
no(%fa) ¢
B =l () el (s - 9)x

e

272 0= |exp(r1R1(1T + ’l“le(l — S) + %|

)
|exp(riRi(2) + raRy(s) + 222

’1 - = (2.11)

S

Next we denote

1—s 27’1—|‘T2 27’1+7”2
=r R —— Ri(1— —_— R R )
z 1 1( 5 >+T2 1( S)+12<1_ ) — T 1( )+?"2 1() 195
Therefore
| ’ 27’1+7’2 27’1+7’2 2T1+7’2 27’1—|—T2< Nno < 1
z — —.
= 6ll—s| | 6]s| | 121—s  12]s] 2/ ~ 40

Since |z| < 1/40 < 1, we have

o] < (1 1 (ﬁ))_l < 39/38. (2.12)



10 JUNXIAN LI, MARIA NASTASESCU, ARINDAM ROY, AND ALEXANDRU ZAHARESCU

For |t| > 20ng, one can see that |1 — 1/s| > 1. Therefore, for r5/ng < 1/2 < ¢ we have

'1 - é Y (2.13)
Clearly
targ(s/2) +arg((1 —s)/2)) <O0. (2.14)

Combining (2.11)), (2.12)), (2.13) and (2.14)) we obtain

B <>|<103(2'W'e) il

Hence the lemma is proved. 0

We also need the following estimate for the number of zeros of Fi x(s) up to height T,
which can be found in [5] [6].

Lemma 2.6. Let K/Q be a number field. Let X, T > 2 and let Nk x r(s) denote the number
of zeros of Fi x whose imaginary parts are in the interval (0,1, and let M be the largest
integer less than or equal to X such that a(M) # 0. Then

T
NK,X,F(T> — %IOgM‘ <LK X

3. PROOF OF THEOREM [L.1]

For the sake of simplicity we define

hop () 1= h(%)

Now we compute the weighed second moment of the difference between two approximations
Cx.n(s) and Cxar(s) on the critical line Re(s) = 3. From the definition (1.8)) one can write

I:= / h(8) [Cx.n (% +it> — Cxm (% —H’t)

:7hT<t)< 2 a(”>”_5‘“+B(%+z’t> > a(n)n—§+it>

N<n<M N<n<M

><< > a(mym” +”+B<; ) > a(m)m—%—it> dt. (3.1)

N<m<M N<m<M

2

dt

—00

Invoking ((1.9) in ( and exchanging the summation and integration we have

>

= \/— / hr(t) ( n"+B (% + z't) a(n)n”) (a(m)mit + B (% - it) a(m)m“> dt

- 3 ( an((2) (1) o




SMOOTH L? DISTANCES AND ZEROS OF APPROXIMATIONS 11

o [t (534 ) oo+ (i) gy Yo

= I + I,
where
e 5, e o (3)'+ () )
and
R Sl T R e e T

The diagonal terms m = n of I; contribute

> 20 [i(pa-amio 5 < 52

N<m<M

—00 =M=

The off-diagonal terms m # n of I; can be written as

3 ) F((2) (2) e

_ Z a(m)a(n) /hT(t) <€itlogr’; +€—itlog Z)dt
N<m#n<M v Immn o
2 T I
_ Z a(m)a(n) /hT(t) (eztlogm +e—ztlogm)dt
N<m<n<M v mn oo
2a(m)a(n
= Z %(Sll(mv n) + Siz(m,n)), (3.3)
N<m<n<M
where
Sii(m,n) = / hop(t)et o8 m dt
and
Sia(m,n) = / hp(t)e™ 108 m dt.
Integrating by parts one obtains
w ) N _1)7" % t eitlog%
= [ hp(t)etemdt = ( / A = ) ———dt 4
Sll(m7n) / T( )e TT T (Z log%)r (3 )

—0o0 —0o0
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for any positive integer r. Note that

n—m 1 1

log(1 + ) > log(1 + E) > (3.5)

m
for large m. Using (3.5) in (3.4]) we find

o< (3 J () (32).

Sia(mm) < 0] (725 ).

2m

Similarly

Therefore

> 2 5 )+ Siom, ) < 1] (M;w SaiauL gﬂj

N<m<n<M
MT+3
<LK <T’"_1 ) (3.6)
for any positive integer . Combining (3.2)), (3.3), and ({3.6]) we see
A a(m)? M3
I =2Th(0) ) ——+0k (Tr_l . (3.7)

N<m<M

We now estimate I5. Let

[2 = Z M(Sm(m, n) + SQQ(m, n)),

N<mn<M vmn
where :
So1(m,n) == / hr(t)B (% + it) eitos(nm) gy (3.8)
and h
Sao(m,mn) = / hT(t)B(% - it) e~ itlog(nm) gy

From Stirling’s formula we have
1
2)m0\ T2 1 1
B(s) = (%) exp(%irl) exp (n0(§ — s)log(1 — s)i + no(s — 1)) <1 + O(—)) .
K ||
Now in a bounded vertical strip one can write
. (27)mo )”W . ( 1 )
B(o + it :( "I (] + O(—
( ) o ldr] (‘ t|)
fora <o <bandt > 1. In particular

™

4

L . , 1
B(i + zt) = exp{—notlogt + it(nglog(2ern) — log(|dk|) + —irs} (1 + O(m)) (3.9)
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for t > 1. Invoking (3.9) in (3.8]) we have

o0

521<m7n) _ / (hT<t)einotlogt+it(n010g(2e7r)10g(|dK|)+lOg(nm))+Iir1 {14—0(%)}) dt

_ / B (e PO 5 gt 4 OB log T), (3.10)
0
where F(t) = —ngtlogt + t(nglog(2em) — log(|dk|) + log(nm)). Note that

2
|F'(£)] = |no log 7” +log % S e logT (3.11)

for all ¢ in the support of the function hy and m,n < T2 ~©. Then from (3.11)) and by
integrating by parts we have

o0 o0

i imry hr(t) iF(t)+ =L
/hT(t)e F®+7 dt:/iF,(t)d@ O+ )
0 Te

W) nolh (t)T)]
SO/ (T|F'<t>| MO )dt

1
o o Al []) (3.12)
Combining (3.10) and (3.12) we have
So1(m,n) K e logT.

By an similar argument we obtain
Soa(m,n) K e logT.

Putting these together we arrive at

I, = N<Z<M m\/mi:f)(sm(m, n) + Sea(m,n))

a(m)a(n)
ChmplogT Y Almeln)
N<mn<M mn
Lgeeg M log T. (3.13)
Hence from (3.7), (3.13)), and using that M < T~ we have
2
I = 2Th(0) Z a(m) + OK,eo (T4—60(r+3)) + Ok o (T(l—eo)(l—I—e) log T) ]
N<m<M
Thus by choosing € < ¢, and r large enough we deduce
; a(m)?
1 =2Th(0 1 1
0 > B+ o)

N<m<M
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for T'— oo. Finally by partial summation and ({1.7)) we conclude

I = QT@C’(K)(log”O M —1log™ N)(1+ ok(1))

for M, N > T and T — oo. This completes the proof of the theorem.

4. PROOF OF THEOREM

From (1.4) one can see that B(s) is analytic for all s with ¢t # 0. Let us now define
h(s) := —log|B(s)| for t # 0. We will show that h(s) > 0 for 1/2 < ¢ < 1 and |t| > 40.
Here we should mention that by using the bound in Lemma one can obtain h(s) > 0 for
1/2 < 0 < 1 and sufficient large |t|. Using the fact that ng = r1 + 2rs, one has

(2%#10)% [ (5) 17 (s)
|dk| I (L2) 0 (1 - )

o+t 1—0+1t
()| el (57)

1
— 21y (0 - 5) log 21 + rolog [T (o +it)| — rolog |I' (1 — o + it)|

1

+ (U — 5) log |dk|

(o= — 27y | log2 —31 II" (o + it)|
=03 rp | log2m — o log |I' (0 + .

r(75") ) 1oz ).
o=09

with 0 < 09,09 < 1. In the penultimate step we also used that |['(s)| = |I'(s)|. Next we
prove that

h(s) = log

1
= —ri(o — 5) log ™ + 1y log

0
—r1 | logm — %log

0
— log|I" (o + it)| —2log2m >0 (4.1)
do o—u
for all 0 <wu < 1. From (2.4 we have
0 0
—log |T'(s)| = =— logT
55 108 11(s)] = 5 Re logI'(s)
= Re %logf(s)
= l —_—— — —
Re (ogs 7% 1252+6/0 (s+;1:)4 dx)
o o? — t*
=1 2 12 — _
BV T ) T2+ )
o 4_ 2,2 | 44
~|—6/ Ps(z)((0 + ) S(a—l—:ﬁ)t +t)dx. (1.2)
0 ((0+2)" +12)
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Invoking the inequalities (2.5) and (o + z)* — 6(0 + )t +t* < ((o + z)? + t2)2 in (4.2)) we
derive

o2 —t? N dx

0 o
—log |’ t)| > log Vo2 +t2 — — - — .
90 Og| (U+Z >| = l0gvao + 2<0.2 +t2) 12(0-2 +t2)2 36 0 ((0__{_1;)2 +t2>2
(4.3)
For o > 0 the integral part of (4.3]) can be bounded by
3 [~ d 3
V3 ’ V3n (4.4)

36 )y (@2+)° 1445
Combining (4.3) and (4.4) we have

0 , o o2 —t? V3r

P log |I' (0 +it)| > log Vo? + 2 — 2021 7)) T2eTT ) 1448
for 0 < o < 1 and [¢t| > 40. Using the Minkowski bound and , we conclude
that h(s) > 0 for 1/2 < ¢ < 1 and [t| > 40. Therefore, for |[t| > 40, the inequality
|Cre x(1—=5)| > |Ck,x(s)| holds true if and only if (x x(s) # 0 in the vertical strip 1/2 < o < 1.
By using , one can make the similar statement in the strip 0 < ¢ < 1/2, which concludes
the proof of the theorem.

> 2log 271

5. PROOF OF THEOREM [1.3]

Let np > 2. An argument similar to the argument in [11 [15] will work for ny = 1. In the
previous section we proved h(s) = —log|B(s)| > 0 for 1/2 < 0 < 1 and |t| > 40. Hence for
X =1 we see trivially

[Cra(s)| = [1+ B(s)| = 1—|B(s)[ > 0

for 1/2 < o < 1 and |t| > 40. The same holds for 0 < o < 1/2.
Next we will prove the desired result in the case when X = 2. From ([1.8)) we can write

et =1+ L2+ 5oy (14 22 | 2 14 2 - oy (14 52 .

25 2175 25 2175

So it suffices to prove that

14 22
1/|B(s)| > e (5.1)
1+ T
for large enough t and o > 1/2.
First we consider the case 3/4 < o < 1. Using the fact that |a(2)| < 1, one obtains
1+ 22| 1427 142
e | S |1 | STo g <P (5:2)
23

Then from (5.2)) and Lemma [2.5] inequality (5.1]) holds true if

s\
> 0.97 (%) |dg|7277 > 5. (5.3)

|B(s)|
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For o > 1, one can see that 14 2°~! < 29, Following the same logic as in and (| .
inequality ((5.1] . holds true if

1
|S| TLO(—§+O') . \/5
0.97 dg| 277 > ——— 5.4
(2\/§7T6 x| 277 > 1 —2-3/4 (5:4)
for ¢ > 1. Finally, we consider the case 1/2 < ¢ < 3/4. Let
1+ 52 91(s)
s) = B(s 2 and [(s) :=log | ——1——|.
9(s) (>1+—§? (e) 1= log g1 (1/2 + it)

From (|1.9) it is clear that |gi(1/2 + it)| = 1. Proceeding as in the previous section, one

derives that
1\ o 1
I(s) = — ) = | log —— —1
9= ("-3) ao—<°g\B<s>r e )‘

for some oy > 1/2. Therefore [(s) > 0 only when
>| : (5.5)

g lo ; 0 lo
oo \ BB )|, o0\ *®

for some oy € (1/2,3/4]. Note that

1+ 22
1+ 42

1+ 22

1+ 42

) 1+ 22 o[ 1+
e (log = (2) = Re — 75 log - a(2)
a(2) +2°71427°
=a(2)log2 R
(2 los2 fe <<1+a<2>2sl><1+a<2>28>
1+ 20—1 + i

< log?2

- ((1 — 21— 2—0>)

<27, (5.6)

Using Lemma [2.4] and (5.6)), inequality (5.5)) holds for
no(log [t| — 2.55468) > 27. (5.7)

Clearly (5.3), (5.4), and (5.7) hold true When t > t(K) for some large constant ¢(K') depend-
ing on K. The functlonal equation gives the case o < 1/2. This completes the proof
of the theorem.

6. PROOF OF THEOREM [1.4]

Let p = B3+ iy be a complex zero of (x x(s) with |y| > 2meX?*. We will show that Cx x(s)
never vanishes for

5> ngA (1 2ng log logX)

2(noA — 1) log X
when 1/ny < A < 2/ng, and is nonzero for

B>14 2ng loglog X

log X
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when X\ > 2/ng. Let A > 1/ny, [t| > 2meX?, and

Ang cloglog X
l, ——— 14+ ——-— 6.1
0>max< ’Q(Ano—l)) ( T T g X ) (6.1)

for some positive constant ¢ which will be determined later. From (1.8) we have

y o S el

n<X n<X

ICr,x(8)] >

—|B(s)]

By Lemmas [2.2] and 2.3 we see that

a(n) a(n)
Do = ex () =D —
n<X n n>X n
—1\" H(K)X!'
> (U ) CHUEXTT | o (x1-otim) (6.2)
o oc—1
By (6.1) we always have
cloglog X
>14+ —-.
’ log X

Hence from (6.2 we have

loglog X "o 1 log X
Z a(n) - ( cloglog ) R < og ) (H(K) L0 (Xfl/no)> _
= ns log X + cloglog X log® X \ cloglog X

Therefore for ¢ > 2ny and sufficiently large X we have

a(n) cloglog X\ ™
> - >( Tlog X . (6.3)
n<X

Using Lemmas [2.3] and [2.5] we have

>

n<X

no(%fcr) )
< 1.03 ('i) |dre|277 (H(K)X" 4+ O (X7 /m))

e

|B(s)|

for || > max{2reX? 20ny}. For a large value of X,

a(n) s (1) .
|B(s)] ans < 1.03|dg|> (—€> H(K)X
n<X &
< 1.03|dg |2 H(K)X =)o, (6.4)

Now consider 1/ng < A < 2/ng. By the aid of (6.1)), the exponent of X in ([6.4) can be
written as

1 Ang cloglog X < cloglog X

M= — = — — A—1) < —npA—=—>—
nA(g o) Fo=m momA =) < mnod P S X
If A> n%, then the exponent of X in (6.4)) is
cloglog X

1
no)\(§—0)+0§(1—20)+0§— log X
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Combining the above two cases and using (6.4)), we derive

a(n)|  1.03|dg|2"H(K)
B(S) Z nl—s 10 c/2X
n<X Q)

Therefore from ((6.3) and (6.5)) we have
cloglog X  1.03|dyk|2“H(K
G (s)] > Cloglog X |dxk| (K)

2log X log? X
with X > X, for some X,.
For the last part of the theorem we will use the inequality

(6.5)

Gex()] = Gu(s) — |32 42| sy | 32 4
> (2) - | S - men [T 2

We recall the trivial bound a(n) < (d(n))™ ! < nm™~! Using this fact together with
Lemma one can show that there exists a large T (depending on K') such that if || >
max (27 X?/™ Ty) and o > ng + 2, then (g x(s) # 0.

Using the functional equation ((1.10) one gets the zero free region on the left side of the
vertical axis. This completes the proof of Theorem [I.4]

7. PROOF OF THEOREM [L.5]

Let T > 2meX? be a large number for A > % Then by Theorem we conclude that
the zeros of L¢(N;s) with ordinates 7' < vy < T+ U, for some positive constant U, must
lie in a rectangle of width 2w — 1, with w = max{2, ngA/(neA — 1)}.

Let R be a positively oriented rectangle with vertices w+iT, w+i(T+U), 1 —w+i(T+U)
and 1 — w +47. From Theorem [[.4] we observe that the complex zeros will be inside the
rectangle R for sufficiently large X. Without loss of generality we assume that the edges of
the rectangle do not pass through any zeros of (x x(s). Then by the argument principle we
have

1

N(T+U)—-N(T) = %ARCK,X(S).

From (1.8]) we have

Then from (|7.1) we write

ICk,x(s) — 1] < Z %—HB(S)\ Z ZEB

2<n<X 1<n<X

Since T' > 2weN?, applying (2.3) and (6.4) we find that
l1—0o

+ |dK‘ %70’X}\no(%70)+0’

-1
ICrx(s) — 1] <x o
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<k Xl 7 4 ‘d |270X)\n0(770) o

1 mm(o—l,—)\no(E—U)—o)
<LK (5) , (7.2)

for ¢ > w and large X. Note that for A\ > 1/ng, both o — 1 and —Ano(3 — o) — o are positive
and increasing as a function of o. Therefore from , log (k x(s) is analytic and non-zero
for o > w.

For A > 2/ng, we have w = 2 and hence

. 1

[Crx (w +4T)| >k >

For 1/ng < A < 2/ng, we have w = 2nygA/2(noA — 1). In this case,
[Crex(w+iT)[ >k 1 — Smox”

Then the change of argument of ( x(s) along the right vertical segment of R is bounded by

.
Using the functional equation ((1.10}) we may write

arg(Cx x(1 —w +it)) = arg((x x (w + it)) — arg(B(w + it)) (7.3)
Recall Stirling’s formula in the form
1 1 1
logF(s)—(s—§>logs—s+§log2w+0<| |) (7.4)

for |s| — oo and |args| < 7 —e. Then from (1.4) and (7.4) we have
1 2m)no 1
log B(s) = <5——> log( ) Wzrl—l—no( )log(l—s)z+n0(s—1)+0< )
2 |dx| 2 5]
as |s| — oo and arg < 7w — €. Also for t — oo

2 3
Re(log s) = logt + O (?—2) and Im(logs) = (E — z) +0 (U—) :

2 t t3
Note that

arg B(s) = Im(log B(s))

1
=Im <<s - 5) (nglog 27 — log |dk|)

+%ir1 +ng (é _S) log(1 —s)i+mo(s —1)+0O (I I))

t 1 2
= —ngtlog — —I— t(no — log |dk|) + %ﬁ + ng (§ — 0) T+ O (%) : (7.5)

Therefore, from and -, the change of the argument on the left vertical segment of
R is
+U

T T w?
2(T 1 — 2T log — — 2 — |.
(T'+U)log 08 5 U—i—O(T)

Next we consider the change in arg(x x(s) along the bottom edge of R. Let g be the
number of zeros of Re((x x(c + iT")) on the interval (1 — w,w). Then there are at most
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q + 1 subintervals of (1 —w,w) in which Re ((x x (o + ¢T)) is of constant sign. Therefore
the variation of arg (i x (o +7") is at most 7 in each subinterval. So we have

arg (. x (o +iT)|{_, < (¢ + ). (7.6)
To estimate ¢, first we define
9(z) == Crx(z +1T) + (e x (2 +4T). (7.7)
If 2 = 0 is a real number then we have
g(o) = Re ((kx(o+1iT)).
Let R = 2(2w — 1) and consider the disk |z —w| < R centered at w. Choose T large so that
Im (z+iT)>T — R > 0.

Thus, (k. x(z + 47T, and hence also g(z), are analytic in the disk |z — w| < R. Let n(r) be
the number of zeros of ¢g(z) in the disk |z — w| < r and Ry = R/2. Then we have

R R

d

/ nir) dr > n(Rl)/ < n(Ry)log2. (7.8)
o T R T

By Jensen’s theorem,

R 2 i6
/ n(r) g 1 . lg(w + Re )|d0:i
0

2
= — og ————————— / log |g(w 4+ Re®)| df — log |g(w)].
Sar=o | o 5 | toslotw + Re) 9(w)

(7.9)

From ([7.2]) we have

1 min(w—1,A(2w—1)—w)
|Crex (w +iT)| > 1 = (5)

for T > 2meX* and A > 1/ng, which shows that log |g(w)] is well defined. From the definition
(1.8) we have

)

Gex(@)l < 34 4 e 3 A

n<X n<X
By Lemma [2.5) we have
B(s) < |s|™G).

One can show (similarly to Lemma [2.3)) that
Xt if 1
Z o) <k { o :

ne logX ifo=1
n<X

Thus,
Therefore from ([7.7) we have

19(s)| < |Crx (s +iT)| + |Cxx (s — iT)| < (X177 +log X + TG0 X)), (7.10)
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Since |s —w| < R =2(2w — 1), then 2 — 3w < 0 < 5w — 2. Also T > 2meX* for A > 1/ny.
Thus the expression on the right-hand side of ([7.10)) is largest when ¢ = —3w + 2. Therefore
s)| <k X3w—1 + loo X + Tno(—%+3w)X2—3w
|9(s)] <k ( g

< (T(3w71)/>\ + Tno(f%+3w)+(f3w+2)/)\)

<k (Tn0(3w—1) + Tno(—%+3w)+no(—3w+2))

<<K T3n0w‘
Finally

lg(w + Re™| < T,

Hence, from (7.8) and (7.9)), it follows that n(R;) < wlogT. The zeros of (x x(o + iT)
for 1 —w < o < w correspond to the zeros of g(¢) in the same interval. Since the interval
(1 — w,w) is contained in the disk |s — w| < R; we have ¢ < n(R;). Since
’ no)\ < 277/0)\ 7

no)\ —1 - no)\ —1
from (|7.6]) we conclude that the change of the argument on the lower horizontal segment of
R is bounded by wlogT'. Similarly, the change of the argument on the top vertical segment

of R is bounded by wlog(T + U).
Combing the four sides of R, we see that

W = max (2

T+U T
Ar(L¢(N;s))=2(T +U)log o 2Tlog% —2U + O(wlog(T + U)),

which concludes the first part of Theorem [I.5] For the last part of the theorem, we will
follow the same argument as in the proof above, on the positively oriented rectangle [ng +
24+ iT,ng+2+i(T+U),—1 —ng+i(T"+U),—1 —ng + ¢T]. This proves the theorem.

8. PROOF OF THEOREM [L.6]

Let N I‘;XV #(T') denote the number of zeros of Fi x(s) with imaginary part in (0,7 and
real part > 3. From Lemma [2.6) we have
T
Nf ¢ p(T) < ;—ﬂ log M + O (X) (8.1)

for some 0 < a < 1. We re-write (1.8)) as

CK,X(S) = Fny(S) (1 + B(S)

= Frx(8)Zkx(5).
Then (x x(3 + 4t) = 0 if and only if
(i) Frx(5+it) =0
(i) Zxx(3 +it) =0.
We are going to estimate the number of zeros of Zg x(s) on the critical line Re (s) = 1. Note
that

Bt )

1
ZK’X(§ + Zf) =0
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— B(s)% S
= arg(B(s)%lé)s)) =2k+)m

< arg B(s) — 2arg Fx x(s) = (2k + 1)7.
We estimate the number of zeros of arg B(s) — 2 arg F,x(s) on the line segment (3 + 7', § +
i(T +U)]. Let L(€) be the curve defined in [3, p. 20]. Let m(g) be the multiplicity of the

zero 3 + ig of Fi x(s). An argument similar to [3, p. 20] shows that a lower bound for the
number of zeros of Zk x(s) is

= lim i\Aﬁg(e)(au"gB(s) —2arg F x(s))| — Z m(g) + Ok(1).

e—0+ 27
T<g<T+U

This also gives a lower bound for the number of distinct zeros of Zx x(s) on the line segment
(3 +iT, 2 +i(T+U)).
Note that a similar computation to ((7.5)) gives
T+U

T w?
—i—no(T)log% + U(ng — log |dk|) + O - -

Next we estimate Ap ) Fi x(s). Consider the contour C(e) consisting of L£(e) and three
line segments: top (3 + (T + U),w + (T + U)], right [w + i(T),w + i(T + U)], bottom
(3 +i(T + U),w+i(T)], with counter-clockwise orientation. If € is small enough, we have

Acgarg Fiex(s) = =20 (Ngg x p(T + U) = Ny x p(T))-
From the definition of Fi x(s) and an argument similar to (7.2)) we find

Apearg B(s) = —no(T + U) log

1
|Frx(s) — 1| < T
Hence
arg F x(w + it) ;JFU < L
Note that
, a(n)sin(T logn)
Im (F T)) = — .
m (Fg.x (o +1iT)) > —

n<X

By a generalization of Descartes’s Rule of Signs (see Pélya and Szego [10], Part V, Chapter
1, No. 77), the number of real zeros of Im (Fg x(o + ¢71)) in the interval 1/2 < o < 3
is less than or equal to the number of sign changes in the sequence {a(n)sin(7'logn)}, for
1 < n < X, which in turn is less than or equal to the number of nonzero coefficients of
a(n)sin(T'logn). Therefore

arg Fie x (o +4T)[}), <k X.
Similarly
arg Fie x (o +i(T + U))[}), <k X.
Thus
Ape arg Fire x(s) = _QW(N;,X,F(T +U) - NI?X,F(T)) + Ok (X).
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Thus we have

lim |2 (arg B(s) — 2a1g Fix(s) = > mlg)

e—0t+ 27 T<g<T+U
T+U T+U T T
> | — ng— log — — —1 — E
Z Ny o 0g o No o 0g o U(no 0g |dK|) m(g)

T<g<T+U
= 2(Ng x,p(T+U) = N x p(T)) + Ok (log X).

Using Lemma (8.1) we have

alU
N;,X,F(T +U) — NI_(‘—,X,F<T) < o log M + Ok (X)

for some 0 < a < 1. Note that

> mlg)

T<g<T+U

is the number of zeros of Fi x on the line segment of (3 + 4T, 3 +i(T + U)]. Combining this
with the estimate of the number of zeros of Zk x(s), we have

T+U T+U T T
0 0

U
- %(no —log |dk|) + O (X).

This completes the proof of the theorem.
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