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PROBLEM 1: Compute the area of the enclosed region bounded by the graphs of the equations
y=ux,y=2x, and x = 4.

SOLUTION 1: Compute the area of the enclosed region bounded by the graphs of the equations y = =,
y = 2z and x = 4 . Begin by finding the points of intersection of the two graphs. From y = x and y = 2z
we get that

Using vertical cross-sections we get that

4
AREA = / (top — bottom) dz
0

= /04(236—30) dz

4
:/xdx
0

PROBLEM 2: Compute the area of the enclosed region bounded by the graphs of the equations
y=2andy=x+2.

SOLUTION 2: Compute the area of the enclosed region bounded by the graphs of the equations y = z
and y = z + 2 . Begin by finding the points of intersection of the two graphs. From y = 22 and y = z + 2
we get that

2=x+2 —
?—-z-2=0 —
(z-2)(z+1)=0 —
r=2 or zr=-1

Using vertical cross-sections we get that

2
AREA :/ (top — bottom) dx

-1



22 231 12
= (2=,

PROBLEM 3: Compute the area of the enclosed region bounded by the graphs of the equations
y=e",y=e " andx=1In3.

SOLUTION 3: Compute the area of the enclosed region bounded by the graphs of the equations y = e”,

T

y=e % and z = In3 . Begin by finding the points of intersection of the two graphs. From y = e® and
y = e " we get that

ef=e" —
er=1 —
z=0 —

Using vertical cross-sections we get that

In3
AREA = / (top — bottom) dx
0

In3
= / (e —e ™) dx
0




=103 - 63

=43

PROBLEM }j: Compute the area of the enclosed region bounded by the graphs of the equations
y=22andy=—224+4x+6 .

SOLUTION 4: Compute the area of the enclosed region bounded by the graphs of the equations y = 2
and y = —22 + 42 + 6 . Begin by finding the points of intersection of the two graphs. From y = z? and
y = —x2 + 4z + 6 we get that

?=-2+42+6 —

202 —4r—6=0 —

22 —-2x-3=0 —

(z=3)(z+1)=0 —

r=3orxz=-—1

Using vertical cross-sections we get that

3
AREA :/ (top — bottom) dx

-1

3
= / ((—2* + 42 +6) — (2?)) dx

-1
3
:/ (—2% 4 4z + 6) da
—1
3
= (—22%3 + 4222 + 6x> ‘
-1
3
— (—232% + 242 + Gx)‘
—1

(
(
- ( —23(3)° +2(3)2 + 6(3)) - ( —93(—1)% +2(—1)% + 6(—1))
(—18+18+18) - (23+2—6)

(

18) — (23— 63— 183)
- (18) - (— 223)

= 543 + 223

=763



PROBLEM 5: Compute the area of the enclosed region bounded by the graphs of the equations
y=234+2%and y = 322 + 32 .

SOLUTION 2: Compute the area of the enclosed region bounded by the graphs of the equations y = x3 4z
and y = 322 + 3z . Begin by finding the points of intersection of the two graphs. From y = 23 + 22 and
y = 3z2 + 3z we get that

22?2 =322+32 —

2 -202-3x=0 —

(2?2 -22-3)=0 —

z(zx-3)(z+1)=0 —

r=0,z=3,orz=-1

Using vertical cross-sections we get that

0 3
AREA = (top — bottom) dx—i—/ (top — bottom) dx
—1 0

= / (2 4 2%) — (32% + 32)) dx —|—/0 (322 + 3z) — (2% + 2?)) dx

-1

0 3
z/ (23 — 22 — 3x) da:—l—/ (=% + 227 + 32) do
0

-1

0 3
- (x44 _ 2433 3x22) ] L+ ( — M 2%3 4 3x22) ‘0

- (044 ~2(0)%3 — 3(0)22) - ((71)44 —2(—1)33 — 3(—1)22) + ( — 3% 4 2(3)33 + 3(3)22)

(-0
=(0)-

_ (312 812 - 1812) T ( — 814 4 724 + 544)

= (= 712) + (454)

=712 4 454

0%4 + 2(0)°3 + 3(0)22)

(14+23 32) n (—814+ 18+272) _ (0)

=712+ 13512
= 14212

=716

PROBLEM 6: Compute the area of the enclosed region bounded by the graphs of the equations
y=Ilnz,y=1, and x = e? .



SOLUTION 6: Compute the area of the enclosed region bounded by the graphs of the equations y = In z,
y =1and y = €2 . Begin by finding the points of intersection of the two graphs. From y = Inz and y = 1
we get that

Inzx=1 —

Using vertical cross-sections we get that

AREA = / (top — bottom) dx

2

:/: (Inz—1) de

2 2

:/ lnxdas—/ 1dz

Let A= /lnx dx.

Use integration by parts. Let v = Inx and dv = dz such that du = 1z dx and v = =x.

A=zhhx — /(1:10)(:10) dx

:xlnx—/ dzx

=zghhx—-—a2+C

A—/ 1 dx

62

xlnx—xfx)
€

xlnx—Qx)

=(
(
(Fine? —26?) = (e —2)
(e
(

2(2) - 2¢%) — (e - 2)
0)-(~¢)

PROBLEM 7: Compute the area of the enclosed region bounded by the graphs of the equations
y=cosx,y =sinz, and x =0 .



SOLUTION 7: Compute the area of the enclosed region bounded by the graphs of the equations y = cosz,
y = sinz and x = 0 . Begin by finding the points of intersection of the two graphs. From y = z? and
y =1z + 2 we get that

cosT = sinx —
coszxsinx =1 —
cotx =1 —

r =74

Using vertical cross-sections we get that

w/4
AREA = / (top — bottom) dx
0

/4
= / (cosz —sinz) dx
0

w/4

= (sinz - (fcosx)> .

/4
= (Sinx + cosac)
0

= (Sin7r4+cos7r4) — (SinO—f—cosO)

= (v2+v22) - (0+1)

=v2-1

PROBLEM 8: Compute the area of the enclosed region bounded by the graphs of the equations
y=8/r,y=2x,and y =2 .

SOLUTION 8: Compute the area of the enclosed region bounded by the graphs of the equations y = 8z,
y = 2z and y = 2 . Begin by finding the points of intersection of the two graphs. From y = 8x and y = 2z
we get that

8r =2x —

8 = 222 —

4=22 —

r=2orzx=-2 —

y=4ory=—4

Using horizontal cross-sections such that x = 8y and x = y2 we get that

4
AREA:/ (right — left) dy
2



PROBLEM 9: Compute the area of the enclosed region bounded by the graphs of the equations
y=Inzrandy = (Inx)? .

SOLUTION 9: Compute the area of the enclosed region bounded by the graphs of the equations y = Inx
and y = (Inx)? . Begin by finding the points of intersection of the two graphs. From y = Inx and y = (Inx)?
we get that

Inz = (lnz)? —
Inz—(Inz)2=0 —
Inz(l-Inz) —
Inz=0orlhx=1 —
r=lorxz=e

Using vertical cross-sections we get that

AREA = / (top — bottom) dx
1

= /le(lnx — (Inx)?) dx

:/ Inz dx—/ (Inz)? dz
1 1

Let A= [{Inz dv and B = /(lnav)2 dx.

(Recall from PROBLEM 6 that /lnx dr=a2ln—-2x+C)

e

A= (xlnx—m) )

- (elne—11n1) - (e—1)




:(e—o)—(e—1>

Use integration by parts. Let u = (Inz)? and dv = dz such that du = 2Inx(1z) dz and v = .

e e
—/ 2Inzx dx
1 1

€

B= (m(ln gc)Q)

€

= (a:(ln x)2>

—Z(xlnx—x)

1 1

(e(lne)2 —1(In 1)2) - 2((6 Ine—e)—(1lnl— 1))

= (e=0) =2(c=e) = (0-1)

PROBLEM 10: Compute the area of the enclosed region bounded by the graphs of the equations
y=tan’z, y=0and 2 =1.

SOLUTION 10: Compute the area of the enclosed region bounded by the graphs of the equations
y=tan?z, y = 0, and z = 1 . Begin by finding the points of intersection of the two graphs. From y = tan?z
and y = 0 we get that

tan?x =0 —
tanx = 0 —
x=0

Using vertical cross-sections we get that

1
AREA = / (top — bottom) dx
0

1
:/ tan® z dx
0

1
z/ (sec’z — 1) dx
0

_ (tanaﬁ—x)‘;
= (tan1-1) = (tan0-0)

=tanl—1



PROBLEM 11: Compute the area of the enclosed region bounded by the graphs of the equations
y=z,y=2zx,andy=6—=x.

SOLUTION 11: Compute the area of the enclosed region bounded by the graphs of the equations y = z,
y =2z, and y = 6 — z . Begin by finding the points of intersection of the two graphs.

From y = x and y = 2x we get that

r =2x —

From y = x and y = 6 — z we get that

r=6—x —

From y = 2z and y = 6 — x we get that
20 =6—-2 —
3r=6 —
r=2

Using vertical cross-sections we get that

2 3
AREA = / (top — bottom) dx + / (top — bottom) dx
0 2

:/02(235—1‘) dm—l—/23((6—x)—x) dx

2 3
:/xd:c+/(672:c)dm
0 2

:x22‘z+ (633—29622)‘2
o)

- (2227022>+((6~3732)7(6~2722))
- (2—0)+(9—8)

—211

=3

PROBLEM 12: Compute the area of the enclosed region bounded by the graphs of the equations

9



y=siny/z,y=0,and z =7/2 .

SOLUTION 12: Compute the area of the enclosed region bounded by the graphs of the equations
y = siny/z, y = 0, and © = 7/2. Begin by finding the points of intersection of the two graphs. From
y = sin+/z and y = 0 we get that

siny/r=0 —
=0

Using vertical cross-sections we get that

/2
AREA = / (top — bottom) dx
0

= /OTF/Q(Sin V) d

Use integration by parts. Let u = sin y/z and dv = dz such that du = cos /x - 12y/z dz and v = z.

/2

/2
= rsinz / cosv/T - 12v/x - = dx
0

S
= ((7‘(2) sin V72 — (0) sin \fO) - /07T/2 cosvx - 12v/z - x dx

= m2sin V72 — /Oﬂ/2cos\/5. 12z -z dx
Use substitution. Let
w=a
so that
dw = 12/x dx = \/22x dx
zdw=+22dr —>

w? dw = /22 dx

\/T/2
=7r251n\/7r2—/ cosw - w? dw
0

Use integration by parts. Let u’ = w? and dv’ = cosw dw such that du’ = 2w dw and v/ = sinw.

V72 \V7/2
=m2sinvVw2 — (wZSinw’0 —/ 2w sin w dw)

0

2w sinw dw

V7/2 V2
:7r2sin\/772—w281nw’ —|—/
0

0

2w sinw dw

/m

0

= n2sin V72 — ((\/E)Qsin w2 — (0)2Sin0> +

10



=7m2sinVvVn2 — m2sin Vw2 +

2w sinw dw

/\/m

0

2w sinw dw

/m

0

Use integration by parts. Let v’ = 2w and dv” = sinw dw such that du” = 2 dw and v” = — cosw
V)2 V72
:—2wcosw‘ +/ 2cosw dw
0 0

V2
= —2((\/71'2) cos Vw2 — (0) cos O) + 2sinw .

= ~2(V/72) cos Va2 + 2(sin V72  sin0)
= —V2wcosVn2 + 2sin vr2

PROBLEM 13: Compute the area of the enclosed region bounded by the graphs of the equations
2
r=y*andxr=4.

SOLUTION 13: Compute the area of the enclosed region bounded by the graphs of the equations z = y?
and = 4 . Begin by finding the points of intersection of the two graphs. From z = y? and z = 4 we get
that

y2:4 —
y=—2ory=2

Using horizontal cross-sections we get that

2
AREA:/ (right — left) dy

-2

2
:/ (4-v°) dy
)
= (w-v3)[,
= (4 - 233) - (4- (—2) — (—2)33)

—(3-83) - (-8+83)

=16 — 163
=483 — 163
=323

PROBLEM 14: Compute the area of the enclosed region bounded by the graphs of the equations
r=y+3andz=9y>—y.

11



SOLUTION 1/4: Compute the area of the enclosed region bounded by the graphs of the equations x = y+3
and = y? —y . Begin by finding the points of intersection of the two graphs. From z = y+3 and z = %> —y
we get that

y+3=9y*—-y —
0=y>-2y—3 —
0=@-3)k+1) —
y=3ory=-—1

Using horizontal cross-sections we get that

3
AREA:/ (right — left) dy
-1

=/ (y+3) = (¥* —y)) dy

-1

3
=/ (—y* +2y+3) dy

-1

PROBLEM 15: Compute the area of the enclosed region bounded by the graphs of the equations
x =y and z = y% + 2y.

SOLUTION 15: Compute the area of the enclosed region bounded by the graphs of the equations z = y>
and « = y?+ 2y . Begin by finding the points of intersection of the two graphs. From z = 33 and z = y? +2y
we get that

Y=y +2y —
Y-y -2y=0 —
yy*-y-2)=0 —

12



yy-2)y+1)=0 —
y=0,y=2,ory=—1
Using horizontal cross-sections we get that

0 2
AREA :/ (right — left) dy+/ (right — left) dy
1 0

0 2
=/ (v° — (¥ +29)) dy+/ (v> +2y—y®) dy
-1 0

0 2

=/ (v* —y* — 2y) dy+/ (v*+2y—y°) dy
—1 0

0 2

R =)

0 2
(ra-v )+ (93201

(0% =023 0%) — ((-1)* = (=1)3 = (=1)) + (2%3.+ 22 — 2%4) — (0%3 + 0% — 0"4)
- (0) - (14+13—1) + (83+4—4) - (0)
- —( - 712) + (83)

=712+ 83
=712+ 3212

= 3912
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