
MATH 147 FINAL REFERENCE SHEET

Here is a reference/reminder of some facts from set theory that you
may need. You may use these facts freely on the exam.

(1) If A ⊆ X then

X \ (X \ A) = A.

(2) If Uα ⊂ X for all α ∈ I, DeMorgan’s rules say that
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(3) If f : X → Y is a function

f−1(Y ) = X

and
f−1(∅) = ∅.

(4) If f : X → Y is a function and Vα ⊂ Y for all α ∈ I then
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Here are some theorems from the end of the course. You may use
the statement of these theorems (as well as any other theorems we have
proven in class) in any of the problems. If you are asked to prove one
of these theorems, you should provide a proof. If you are using the
theorem to prove another result, you do not need to give a proof of
these theorems.

Theorem 1. Let (X, τ) be a compact space and C ⊂ X a closed subset.
Then C is compact.

Theorem 2. Let (X, τ) be compact and K ⊂ X a subset with infinitely
many different points. Then K has at least one limit point x ∈ X such
that for every open set U such that x ∈ U , U ∩K \ {x} 6= ∅.
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Theorem 3. Let (X, τ) be a Hausdorff space. If F ⊂ X is a compact
subset, then F is closed.

Theorem 4. Let (X, τX) be compact and (Y, τY ) be Hausdorff. If f :
(X, τX)→ (Y, τY ) is a continuous function which is bijective, then f−1

is continuous so f is a homeomorphism.

Note: f : X → Y is bijective if and only if it has an inverse function
f−1 : Y → X such that f(f−1(y)) = y for all y ∈ Y and f−1(f(x)) = x
for all x ∈ X. (This is a statement about sets, and says nothing about
continuity.)

Theorem 5. If (X, τX) and (Y, τY ) are compact spaces, and τX×Y
denotes the product topology, then (X × Y, τX×Y ) is compact.

Theorem 6. If A ⊂ Rn is a subset of Rn, then A is compact if and
only if A is closed and bounded.

Theorem 7. If X is Hausdorff, K is any subset, and x is a limit point
of K such that for every open set U where x ∈ U , U∩K \{x} = ∅, then
x is an accumulation point of K (every open set U such that x ∈ U
has the property that U ∩K contains infinitely many points).

Theorem 8. If (X, d) is a metric space where every infinite subset
has an accumulation point in X then X with the metric topology is
compact.

We proved this with two lemmas:

Lemma 9. If (X, d) is a metric space such that every infinite subset
has an accumulation point in X, then for any ε > 0, the open cover
{Bε(x)}x∈X has a finite subcover Bε(x1) ∪ · · ·Bε(xn) ⊃ X.

Lemma 10. If (X, d) is a metric space such that every infinite subset
has an accumulation point in X, then for each open cover {Uα}α∈I, of
X, there exists ε > 0 such that for each x ∈ X, there exists α0 ∈ I
such that Bε(x) ⊂ Uα0.


