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Abstract

Kostant introduced the notion of a cyclic element in a finite-dimensional complex simple Lie algebra. Its
spectrum has beautiful trigonometric expressions, thanks to work of Coxeter and others that relates the linear
algebra of Coxeter elements and Cartan matrices. Instead of viewing cyclic elements as linear operators, we consider
the associated linear differential operators, viewed as connections on a formal punctured disc. After introducing a
variant of the Levelt-Turrittin normal form of such connections, we calculate them for cyclic elements on simple Lie
algebras of type ABCDG.

1 Introduction

Let g be a finite-dimensional complex simple Lie algebra. Fix a Cartan subalgebra b, let aq, -+, o, be a set of simple
roots and e; generators of the corresponding root spaces with respect to . Let ey denote the lowest root space.
Kostant introduced in [ the cyclic element

A=ey+- - +e,

After fixing a representation of g, the cyclic element can be viewed as a linear operator. What is its spectrum? Note
that by [ (Theorem 6.2), this spectrum is independent of any of the above Lie theoretic choices, up to an overall
scaling. Furthermore, by loc. cit. (Lemma 6.3) A is diagonalizable. The spectrum turns out to be very interesting,.
Consider for example ¢g in its 27-dimensional first fundamental representation. Let h = 12 denote the Coxeter number
and for each k let ¢, = e2™/*. Up to an overall scaling, it turns out that the spectrum equals the following multi-set:

. . . . {¢ | 0<i<12} U {2cos(E)Cn-¢ | 0<i<12} U {0,0,0}

Such surprising trigonometric formulas for the spectrum can be understood via the “Cartan-Coxeter” correspon-
dence. This is a beautiful relation between the linear algebra of Coxeter elements and Cartan matrices, initiated in
the work of Coxeter B]. Kostant showed in [[[] (Lemma 6.4B) that the centralizer of A is Cartan algebra b’ (different
than h). Let of,---,al denote a set of simple roots, viewed as functionals on h’. Choose a bi-coloration of the
corresponding Dynkin diagram, so that adjacent vertices are of opposite color. Let ¢c; = £1 depending on the color of
the j'th vertex and let h denote the Coxeter number of g. The work of Coxeter was refined by Fring-Liao-Olive in [[
to show that (up to scaling A)

T
A-a) = cjexp (—cj . 2h> e (1)
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where the z;’s are the entries of a (right) Perron-Frobenius eigenvector of the Cartan matrix of g. This allows the
spectrum calculation of A with respect to any representation, by expressing the weights in terms of the simple roots.
For example, the previously mentioned spectrum for ¢ can be deduced from Equation and the calculation of a
Perron-Frobenius eigenvector of the Cartan matrix (with indexing convention as in [I) as

1Y cos (32 con () 2008 () eos (22 ) cos () seos (42))
cos | 15 )08 | 75 | cos {15 ), 2cos {15 Jcos | 7o | cos {35 ) cos | 5

It should be noted that for most of the simple Lie algebras, the spectrum (say with respect to the first fundamental
representation) can be calculated also in a purely elementary manner. Namely, let e; ; denote the matrix with 0’s
everywhere except a 1 in the (7,7) entry. Using the same choices of cyclic elements as in [ (Appendix A) and [HI
(Appendix 1), one obtains the following:

‘ cyclic element spectrum
n—1 —1
5[n el,n+zi:1 €itl,i 17Cn7"' 7C:LL
1 2n on—1
502n+1 | 5 ° (e1.2n + €2,2n+1) + Zi=1 €it1,i 1,¢on, - ,C5 7,0
2n—1 2n—1
5Pan e12n + Zi:l €i+1,i 1, <2n7 o Gon
1 1 1 2n-1 0
502, s(e1on—1 + e220) + F(€ntim—1 + enyon) + | 1,Cn-2,,(on_2,0,
n—1
Yoicy (€it1i + €ang1—i2n—i)
1 6 5
92 7 (e16+e27) + 20 it NN

In the present work we consider a non-linear variant of the above discussion. In fact, we also switch to the affine
version of the cyclic element:
Ag=z-e0+e1+---+e,

This affine cyclic element is central for example in the definition of Drinfeld-Sokolov integrable hierarchies in [H].
Instead of viewing A4 as a linear operator, we consider the differential operator

0. + Ag

The most interesting behavior of this operator occurs near z = co. When viewed as a connection on the formal
punctured disc D* around oo, we call it the Heisenberg connection ConnIg{CiS(DX), since the centralizer of Ay is a
Heisenberg algebra in the affine algebra g. Our notation suppresses the dependency of the connection on the Lie
theoretic choices involved in the definition of Ay, we justify this in SectionEl After fixing a finite-dimensional complex
representation of g, the Heisenberg connection has a Levelt-Turrittin normal form. What is it? It has been observed
in different contexts that after passing to a suitable finite cover of the disc, the problem reduces again to the spectrum
of Agl,=1. See for example [[F (Lemma 2.1) for a result of this flavor. Nonetheless, what happens without the base

change is interesting, and this is what we study in the present work.

Remark 1. Connections similar to Connlg{eis(DX) have been studied for example by Frenkel-Gross [@, Kamgarpour-
Sage [, and Masoero-Raimondo-Valeri [I3.



2 Coarse Levelt-Turrittin normal form

Fix an indeterminate ¢. By definition, a connection (V, V) on a formal punctured disc D* = Spec C((t)) consists of a
finite-dimensional C((t))-vector space V together with V in End¢ (V) such that V(fv) = f'v+ fV(v) for all f in C((¢))
and all v in V. Levelt [ and Turrittin [[H showed that isomorphism classes of such connections have certain normal
forms, reminiscent of the Jordan normal form. The aim of the present work is to explicitly calculate the normal form
of 0, + Ay, viewed as a connection on Spec C((1/z)). Observe that the choice of Chevalley generators involved in the
definition of Ay can change the isomorphism class of the connection. Hence, we now introduce a slightly coarser variant
of the Levelt-Turrittin normal form which, for Heisenberg connections, is independent of the Lie theoretic choices.

Let n be a positive integer and let f = >°, a;t"/™ be an element of C((#'/™)) that is not an element of C((t'/™)) for
1 < m < n. View C((t'/™)) as an n-dimensional C(())-vector space. The basic building blocks of the Levelt-Turrittin
classification are connections of the form

ﬂW”)

et = (e, o+ 10

with a@; = 0 for all 4 > 0. This connection is irreducible, see for example [[d] (Proposition 3.1). (Since E(f,n) is

n-dimensional, it will be convenient later on to allow the notation £(f,0) to denote a 0-dimensional connection.)
Given £(f,n), there are two obvious modifications to f that do not change the isomorphism class of the connection.

First, let k£ in Z and consider the C((t))-linear automorphism of C((t!/™)) defined via v + t*/™ - v. This shows that

E(fm) 2 E(f + o)

for all integers k. Second, let ¢, be an n’th root of unity, and consider the C((t)-linear automorphism of C((t*/™))
defined via the substitution

tl/n = Cp - tl/n (2)

This shows that
E(F(E™),n) = E(f(Cat'/™),m)

In the Levelt-Turrittin normal form, these two modifications are essentially the only ambiguity. To make this precise,
we restrict now to semi-simple connections (this is all we will need), so connections that are the direct sum of irreducible
ones. Levelt [[I] and Turrittin [[3 then show the following: For every semi-simple connection V on D* there exists
r > 1 and f;’s, n;’s such that

V= DE(fin)
i=1

This description is essentially unique: Consider

Viz@Pe(fin) , V2= EPE(gmy)
i=1 j=1

Then
ViV,

if and only if r = s and, possibly after a permutation of the indices, one has n; = m; and for each ¢ there is an n;’th

root of unity (,, such that
1

fi(2Y) = gi(Gny - 2™ €2 —
n;
We refer to the work of Sabbah [ for a description in modern language of the results of Levelt and Turrittin.
We now introduce a coarser notion of equivalence of connections: Instead of the substitutions in Equation , we
now consider
tl/n s c- tl/n



for an arbitrary non-zero constant ¢, not just n’th roots of unity. More precisely:

Definition 1. Consider two semi-simple connections Vi and V5 on D* with Levelt-Turrittin normal forms

Viz=Pe(fin) , Vo= EPElg,m))
=1

j=1
We write
Vi ~ Vs

if r = s and, possibly after a permutation of the indices, one has n; = m; and there are non-zero scalars ¢, -- , ¢,
such that 1

fi(2) = gies - 2V e 2 —

n;

for all 4.

One sees that ~ is an equivalence relation, and isomorphic semi-simple connections V1 and Vs are always equivalent.
We show in Theorem [[] that with this coarser variant of the Levelt-Turrittin normal form, the Lie theoretic choices
involved in the definition of cyclic elements do not change the equivalence class of Heisenberg connections.

As indicated before, we view the Heisenberg connection 0,4 Ay near z = oo, hence as a connection on the punctured
disc Spec C((t)) with t = 1/z. For notational reasons we often write various connections on this disc in terms of z and
its fractional powers. For example, if (" = z for some positive integer h, and ¢ is a constant, then

¢4 t—(+D)/h
) 3)

ele+ ¢ = (e m),0, -

To state our main result, we introduce the notion of a shifted connection: If Conn = (V,V) is a connection on
D* = Spec C((t)) with d = dimg4)(V'), define the shifted connection for a (complex, say) scalar i by

Conn[i] = (V,V + % . %)
Here 1/t stands for the C((¢))-linear map v — (1/¢) - v, where v is in V.

Theorem 1. Let g be a simple complex Lie algebra of type ABCDG and consider the associated Heisenberg connections

Conn?CiS(DX) with respect to the first fundamental representation. These connections are semi-simple, and their ~

equivalence class is independent of the choice of cyclic element. Define k via

typeongA‘B‘C‘D‘G
o JJofrfof1]

Let h be the Coxeter number and ¢ such that (" = z. Then

—1+h—&

Heis X Heis X E E ~
Conn, “*(D™) ~ Conng*(D ){2}695(2,/1) 5( 57

h+1 k
g slp +C + ah> 695(5,5) (4)
Proof. We start by relating the Heisenberg connections for two different choices of cyclic elements on g. Kostant shows
in [ (Theorem 6.2) that any two cyclic elements are conjugate, up to a non-zero scalar. We adapt these argument
to the corresponding Heisenberg connections. Fix a set of simple roots S = {aj,---,a,} and corresponding lowest
root ag. Fix a Cartan algebra hh and view all roots as element of § via the Killing form. For each i choose a generator



e; of the «; root space with respect to . Choose two cyclic elements

T
A =agzey + E a;e;
i=1

A = bozeg + Z b;e;

i=1
for non-zero scalars a; and b;. Let ¢; be the fundamental weights, viewed as elements of §j, and define
T bz
B Zi) e
! ; * (az> “
Define b via exp(ad y)eg = beg. Let g denote the height of the highest root and define ¢ via

e—elatn) _ Do
bao

Let pY be the element of h so that [pY,e;] = ¢; for all 1 < i < r. Kostant shows in the proof of Theorem 6.2) that
9 g
exp(ad(y + cpy ))A = AN

for A = e°. Let
a:=y-+ cpgv

From the definition of ¥, b, and c it follows that the coefficients of eg in A and A’ only contribute to a through their
quotient. Hence, a has no z-dependency. Therefore

exp(ad a) (0, + A) = 9, + exp(ad a)(A)

=0, + A\

For any other set S of simple roots, choose a Weyl group element ¢ such that S = {oaq, -+ ,0a,}. Now choose
a finite-order inner automorphism exp(ad r) of g that restricts to o on b, see [. The new root space generators can
be chosen as exp(ad r)e;. It follows that for every cyclic element A with respect to S, there is a cyclic element A with
respect to S, such that
exp(ad 7)(0, +A) =9, + A

Finally, since all Cartan algebras are conjugate, we have shown that for any two cyclic elements A and A on g, there
is a non-zero scalar A such that

exp(ad z) (0, + A) = 9, + AA (5)

for some z in g.

Having established this close relation of Heisenberg connections associated to different cyclic elements, we now
show that one can perturb these connections in a very specific manner, without leaving the isomorphism class. Let Ag
be an arbitrary cyclic element on g. We claim that for every non-zero scalar A there is Y in g[[1/z] such that

21

exp(ad Y) <3z + . + )\Ag> =0, + A\, (6)

In particular, with respect to any representation £ of g, one obtains isomorphic connections on C((1/z)). A con-
venient reference for Equation @ is the work of Cafasso and Wu ] (Lemma 3.9 and Theorem 3.11). The idea is to

decompose Y = > j<0Yj with Y; in g of principal degree j, and then to solve the equation recursively with respect to
the principal degree. Note that in loc. cit. Equation @ is obtained with —Ag instead of AA4. However, this is simply



due to the intended application to the construction of Drinfeld-Sokolov integrable hierarchies. The proof can be seen
to be independent of the choice of root space generators eg,e1,- - , e, involved in the definition of Ay. In particular,
after working with —\e; for all 4, one obtains Equation ().

For g = sl;, we choose the Chevalley generators such that

h—1 h

1 .
Ag, =z-e1pn+ ; Citli 5 Pai, = 3 ;(—1 —h+2i) e (7)
All matrix realizations of Lie algebras that we use in the proof of Theorem can be found for example in [ (Appendix
A) and H. Let ¢ be such that ¢" = z and consider as in work by Kac and Schwarz [B] an isomorphism v of C((1/%2))-
vector spaces between C((1/2))" and C((1/¢)) given by f(2)v; — f(¢")¢*~" where v; with 1 <4 < h is the standard

i’th basis element in C((1/2))", with 0’s everywhere except a 1 in the i’th entry. Note that

i—h
h¢h

(WO~ H)(fF(CMET") = Oen (F(CMECT) — fEMeh

Exploiting the second summand and its partial cancellation with the p;’[h contribution, one sees that via v, for any
scalar s

\Y
ps[h

hz

—14+h+2s

—h
(A ®)

0, +

h
S
+E';eivi+>\A5[h > Oen +

Crucially, the coarse Levelt-Turrittin normal form is independent of A: The connection on the right-hand side is

nothing but
—1+h+2s

‘=

+ )\Ch+1’ h)
Changing A corresponds exactly to a substitution

C — Al/(h+1)<

that does not change the coarse normal form.
Let Y be as Equation @ for g = slj,. Then, for any complex scalar p

v
ps[h

TR 1o~
exp(ad(—Y)) (82 + . ; eii + )\A5[h> =0, + s + e iz:;(ii,i + Mgy, (9)

Note that as in Equation , there is a sign change in the regular singular term when switching from the description
of a connection in terms of z to 1/z. Hence, Equation @D with g = —k/2h and A = 1 implies together with Equation

that

K —14+h—k
(0 + Ast,) H ~ g <2h 4 Ch+1,h>

Choose now an arbitrary cyclic element for sl;, and let Conngiis

Equation @7 Equation @, and Equation @ it follows that

(D*) be the corresponding Heisenberg connection. By

. 14 h—
Conni®*(D>) [g} ~E (*%" + ML h) (10)

In particular, in type A, the coarse Levelt-Turrittin normal form of is independent of the choice of cyclic element.
Consider now again the case of general g in its first fundamental representation, and let i denote the Coxeter
number. It follows from Equation (f)) and Equation (L0)), that in order to prove the theorem, it suffices to show that



there is some choice of cyclic element A4 such that for every non-zero scalar A

h
Pat K K
Ay = 1/2)" o, A K 11
9z + Mg (C(( 2" 0=+ 2ok = o ;:161,24‘)\ [h>@5(2,n) (11)

We establish this on a case-by-case basis. Consider first g = §09,,4+1, with Coxeter number A = 2n and (2n + 1)-
dimensional first fundamental representation. Following ] (Appendix A), one can choose Chevalley generators such
that for 1 <i<n

€; = €i4+1; + €2n+2—i2n+1—

and
1
ey = 5(61,211 +e2,2n+1)

Hence

2n 2

Ay = Z; €it1,i + 3 (e1,2n + €2,2n+41) (12)
1=
2n+1

py =D (—n—1+i)-e;; (13)

i=1

Note that the right-hand side of Equation has trace 0 and commutator 1 with e; for all 1 < i < n, as desired.
Let ¢y, ,can41 denote the standard basis of C*"*! and view it as a basis of C((1/2))>"! as a C((1/z))-vector
space. Consider the change of coordinates to the basis

C1 Coan+1
d1=*+n7+
2 z

d,’:Ci fOrQSiSZﬂ

€1 Con4l

d2n+1 9 2

Remark 2. A very similar coordinate change was used by Vakulenko in [[@ to describe a type D integrable hierarchy
of Drinfeld-Sokolov type.

In terms of the new basis, one obtains

2n—1
Ag = Z €i+1,i +2z- €1,2n
i=1
as well as
pv 1 2n
hiz =5 (—n “(e1,2n+1 + €2n+1,1) + ;(—n —1+41d)- em‘) (14)

The gauge term of the coordinate change is v9,(y~!) where

2n
1 1 1
Y= E €ii T 5(61,1 +e1,2n41) + ;(62n+1,1 — €2n41,2n+1)
i=2

2n
z
v = E € te1,1+ empt11+ 5(61,2n+1 — €an+1,2n+1)
i=2



One obtains )

’Yaz(W_l) =9 (—e11 + €2nt1,1 + €1,2n4+1 — €2n41,2n41)

Observe the crucial cancellation when adding this term with the term in Equation . This is at the heart of our
argument!

We obtain that for any non-zero scalar A, the connection 0, + A\, is isomorphic to the connection (W, V) with
underlying vector space W = C((1/2))?"*! and V: W — W given by

2n 2n—1
1 1
O+ — - E —n—1+1i)-e;+A- E i+l T 2 €12n | — 57 €2n41,2n
(—n i) - €, ( Citl,i T2 61,2) P €2n+1,2n+1

2nz i=1 i=1
Note that
1 2n 1 h
%~Z(fnfl+z)-em = %~Z(7h72+21)~e“
i=1 i=1
\/ h
p5[h ]'
= — — — . e .
hz 2hz ; o
and
2n—1
> eirit 2 eran = A,
i=1

where Ag(, and p;/[h are chosen as in Equation @) It follows that for g = 509,41

~ h pﬁ[h 1
D 4+ M, = ((C((l/z)) L0+ k- % Zez i+ AA5[h> ((C((l/z)),@z - 2Z> (15)
As before, there is a sign change in the regular singular term when switching from a description of a connection in
terms of z to 1/z. Hence the second summand in Equation is exactly £(%, ), and we have shown Equation (TI)).

Assume now that g = s0s,,, with Coxeter number h = 2n — 2 and 2n-dimensional first fundamental representation.
As in B (Appendix A) choose Chevalley generators such that for 1 <i<n—1

€; = €115+ €an—it12n—i

and
1
€n = §(Gn+1,n71 + en+2,n)
ey = 5(61,27171 + e2.2n)
Hence
1 s z
Aso,, = 5" (€n+1,n—1 + €n+2,n) + Z(€i+1,i + 62n+1—i,2n—i) + 5(61,271—1 + 62,2n) (16)
i=1
as well as
n—1
p;/o%,:Z( n+1 ell+ Z n*1+zelz (17)
=1 1=n+2

Note that the right-hand side of Equation has trace 0 and commutator 1 with e; for all 1 < i < n, as desired.
Let 1, -+ ,c2, denote the standard basis of C?" and view it as a basis of C((1/2))*" as a C((1/2))-vector space.



Consider the change of coordinates to the basis

C1 Con
dy=— 422
! 2 * z

di=c¢; for2<i<n-1

Cn+1
dn mn
Cp + 5

di:Ci+1 forn+1<i<2n-—2

C1 C2
dan-1 =5 =7
Cn+41
d2n =Cn — n2+
In terms of the new basis one obtains s
n—
Ay = Z €it1,i+ 2 €1on-2
i=1
as well as
n—1 2n—2
p;/ =(—n+1)(ezp-1,1 +e€1,2n-1) + Z( n+i)e;; + Z —n+i)e;;
1=2 1=n+1
The gauge term of the coordinate change is v9,(y~!) where
2n—2
1
= Z €ii Z €it+1,i 62n 1= 6271,27171) + 5(61,1 + En+1,n — En+1,2n + el,2n71) + En,n + €n,2n
= 1=n—+1
2n—2 2 1
v = Z €+ Z €ii+1 1 5(61,2n — €an—1,2n) + §(en,n +eann)t+ €11+ €m_11~+ €nnti — €2nnt1
= i=n+1
One obtains )
7@(7_1) =5 (—e11 — €an—1,2n—1 + €1,2n—1 + €2n—1,1)
It follows that for every non-zero scalar A
0. +My=20,+A+AB+C
where
1 2n—2
A= —— | (=n+1)(eg,— €1.9n— —n+1) e
2n—2)2 (( +1)(ean—1,1 +€1,2n-1) + ;( +1) z,l)
2n—3

B = E €it1,i+ 2 €12n—2
i=1

1
= 2 (—e11 —ean—12n-1+€12n-1+ €2n-1,1)

Hence, there are again some important cancellations in the sum A + AB + C, and 9, + A + AB + C equals

2n—2 2n—3
1 . 1
0. + @n—2): : <Z (—n+ Z)ei,z) +A (Z €it1,i+2- 61,2n2> — g, €n-l2n-1 (18)

i=1 i=1



Furthermore

2n—2 h
1

. 1 .
5 5 Z (—n+1i)e; = o Z(—h—i—Qz —2)-e

i=1 i=1

Hence, in the same way as for type B, one obtains Equation .
Suppose now g = spo,, with Coxeter number h = 2n and 2n-dimensional first fundamental representation. As in
Bl (Appendix A), one can choose the cyclic element so that

Aﬁpzn = A5[2n

Hence the theorem follows from the already treated type A case. Note that this relation between type A and C cyclic
elements holds more generally in the context of folding, see for example B and [[2].

The last case to consider is g = g2, with Coxeter number h = 6 and 7-dimensional first fundamental representation.
One can choose Chevalley generators such that

6

z
Ay, = ; €it+1,; + 5 (e16 +e27) = Ao,
Hence, the result follows from the so;-case treated earlier. O
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