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Abstract

The mass spectrum of affine Toda theory is known to be expressible in terms of a suitable eigenvector of the
relevant Cartan matrix. The particles correspond in a precise manner to the Coxeter element orbits in the set
of roots. Recently, variants of affine Toda theory have been constructed for many different Weyl group elements.
Again, the particles correspond to orbits in the set of roots and this allows the calculation of the classical mass
spectrum. We show how these spectral calculations generalize the affine Toda relation with the Cartan matrix. As
an example, we calculate the spectrum for the unique non-Coxeter infinite family D2, (an—1) of primitive regular
conjugacy classes in the Weyl groups of complex simple Lie algebras.

1 Introduction

Let g be a simple finite-dimensional complex Lie algebra and let o¢c be a Coxeter element in the Weyl group of g.
Fring-Liao-Olive showed in [[2 that the particles of the affine Toda theory associated to g correspond to the orbits
of the cyclic group (o¢) acting on the set of roots. A beautiful consequence is an expression of the mass spectrum
in terms of the entries of a suitable eigenvector of the Cartan matrix of g. See the important experimental work by
Coldea et. al. [ for an observation of parts of this spectrum in quasi 1-dimensional magnetic systems related to eg
affine Toda theory. A mathematical survey of these developments is given in B.

Freeman introduced in [} a very useful re-formulation of the affine Toda theory Lagrangian. This involves
Kostant’s notion of a cyclic element in g, introduced in [[@. Fix a Cartan algebra § in g, and for 1 <4¢ <r =rank g
let e; be generators of the root spaces with respect to a choice of simple roots. Further, let ey be a generator of the
lowest root space. The corresponding cyclic element is defined as

I
A+ = Z €;
=0

Kostant showed in [ that its centralizer is again a Cartan algebra b’, different from h. Consider a field ¢ : R? — b
and let (—, —) denote the Killing form. Freeman showed that for a suitable element A_ in ', affine Toda theory can
be formulated in terms of the Lagrangian

5(0,9.016) ~ (exp(ad 6)(A4), A)

In this description, the Weyl group assumes a bigger role: both Ay and A_ are eigenvectors of a Coxeter element. In
4 we used this formulation to introduce new Lagrangians based on eigenvectors of Weyl group elements o different
from Coxeter elements. We call these Toda-Weyl theories and the classical mass spectrum is calculated in [[@. Again,
the particles of the theory correspond to orbits (in the set of roots) of the cyclic group generated by o. These Weyl
orbit particles have a mass with the following Lie theoretic expression: If 71,73, -+ are orbit representatives, then by
[[4 (Theorem 1) the masses are given by
[ At - il

The task is then to find an explicit description of these values, for example mimicking the description in terms of
eigenvectors of the Cartan matrix if o is a Coxeter element. In [ we gave some examples of this, without a
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systematic description of the eigenvectors of Weyl group elements in terms of eigenvectors of analogues of the Cartan
matrix. In the present work we give the full details of this correspondence. In Section ] the mathematical background
is described, and in Section [ this is used to give the full mass spectrum for a particularly interesting infinite family of
Toda-Weyl theories associated to simple Lie algebras of type D: We consider a Weyl group element o in the conjugacy
class Doy, (an—1) (see Sectionfor the definition). More specifically, we assume A is an eigenvector of o with eigenvalue
e2™/2n  The eigenspace is 2-dimensional, and for each choice of eigenvector one obtains a Toda-Weyl theory.

For simple Lie algebras of type Da,, the Coxeter element is of order 4n — 2 and the usual affine Toda mass spectrum
has an elegant trigonometric expression

. 7T . ((@2n=2)m\ 1
sin yree,sin | ———— |, = X 2
in — 2 an — 2 2

where we adopt the notation m x i to signify that the value m occurs with multiplicity i. See for example [I0 (Table
2) for the relevant eigenvector calculations. We show that for the conjugacy class Do, (a,—1) analogous trigonometric
formulas exist as well.

Theorem 1. Let o be a Weyl group element in the conjugacy class Doy (an—1). There are basis vectors Doy (an—1)1
and Doy (an_1)11 0f the 2-dimensional e2m/2 _eigenspace of o, such that the corresponding Toda- Weyl theories have
the following mass spectrum:

Do (an-1)1 0 sin (5) x4 | -+ | sin (U507) x4 |1

2n

Dzn(anfl)n 1 x (411 — 2)

2 Carter-Weyl correspondence

In this section we describe the mathematical background that allows us to relate the Toda-Weyl masses to eigenvectors
of generalized Cartan matrices.

Let o be an element of the Weyl group W of a finite-dimensional simple complex Lie algebra g. We are interested
in a subtle relation between the ¢ action on the root space, and the o action on the set of roots. More precisely, let ®
be the set of roots, and decompose it into orbits

O=0,U---U0;

under the action of the cyclic group generated by o. Let 1, - ,7s be orbit representatives. View W as acting on a
Cartan algebra h and view the roots as elements of h via the Killing form. Now let A in h be an eigenvector of o.

Question 1. What are the values |A - ;| for 1 <i < s7

We call these the Weyl-Orbit values. Since the Killing form is invariant under Weyl group elements, these absolute
values are independent of the choice of orbit representatives. When the Weyl group element o is a Coxeter element,
the Weyl-Orbit values are very interesting. The number of orbits s equals the rank of g, and it is known that the
Weyl-Orbit values correspond to the entries of an eigenvector of the Cartan matrix of g. This was used by physicists
to calculate the affine Toda theory mass spectrum, see [, [, . Put differently, the relative geometry of the
simple roots yields the answer to Question [[] for Coxeter elements. In the present work we generalize this phenomenon
beyond the Coxeter case, by showing in what way the Weyl-Orbit values are governed by the relative geometry of
certain special sets of roots.

The main idea is to generalize work of Coxeter [ that relates the linear algebra of Cartan matrices and Coxeter
elements, a generalised correspondence we call the Carter-Weyl correspondence. As noted in the work of Berman-Lee-
Moody [, this circle of ideas could be described as mathematical folklore, and many aspects are described in detail in
M. However, the results are not quite in the form most convenient for the present purposes and we therefore present
the Carter-Weyl correspondence from scratch, without any claim to originality.



For a root « denote by r,, the corresponding reflection in the hyperplane orthogonal to «. For a Weyl group element
o choose roots ¢1, - - , ¢ such that
0 ="T¢, Ty

In [@, Carter defines I(c) to be the smallest possible such k and shows that
l(c) <rank g

Suppose this inequality is strict. Then as in @ (Lemma 9), there is a rank [(o) subroot system of the root system of
g, such that o is in the corresponding Weyl subgroup. Hence, in the following we restrict our attention to Weyl group
elements such that I(c) = rank g. It then follows from the work of Carter [ (Section 3), that there are mutually
orthogonal roots §f, -+, & and mutually orthogonal roots &, - -+ ,§, such that a +b = rank g and 0 = 0 0_ where

or=]Irex (1)

We call such a collection of roots a set of Carter roots for o. Note that since I(o) = rank g, it follows from [ (Lemma
3) that the Carter roots are linearly independent. Order them arbitrarily as &1, &2, - , &, and define ¢; = £1 depending
on whether &; is of the form f;f or {; . Further, define the Carter matrix K in complete analogy with the Cartan
matrix via

Kij=2¢& &/ &

We can now state the generalization of the relation between Coxeter elements and Cartan matrices.

Theorem 2 (Carter-Weyl Correspondence). Let o be an element of Weyl group of a simple complex finite-dimensional
Lie algebra g of rank r such that l(c) = r. Let &,--- ,&. be Carter roots for o, with corresponding Carter matriz K.
Let S, and Sk denote the multi-sets of eigenvalues of o and K.

(i) There are 61,02, ,0, in [0,27) such that

Sa = {61;91"" 76i0r}

Sk ={2—2cos <921> oo, 2 — 2cos <92T)}

ii) There is an isomorphism between the left (2 — 2 cos (£))-eigenspace of K and the right €' -eigenspace of o, given
2
by

r
(xlv T 7IT) = szecji0/4 : €j
j=1

For Coxeter elements, the result goes back to the work of Coxeter [@] and Coleman [B]. We show how Carter’s work
El can be used to generalize this to more general Weyl group elements. Throughout, we closely follow the treatment
by Fring-Liao-Olive in [[2 of the Coxeter case (see also the work of Brillon-Schechtman [ for a similar discussion).
A fundamental tool employed in [[Z is that Dynkin diagrams can be bi-colored. This is clear, since these diagrams
are trees. Let us start by recalling in what way such a bi-colorability carries over to general Weyl group elements.

Given a product decomposition o = o,0_ with o1 as in Equation 7 one associates a certain graph, called by
Carter an admissible diagram. The vertices correspond to the Carter roots and the i’th and j’th vertices are joined
by N; ; lines where

Nij=Kij Kj,;

Hence, if the Carter roots are a set simple roots, one simply obtains the Dynkin diagram. In very subtle work, Carter
uses these diagrams in [ to classify conjugacy classes in Weyl groups. Note that a given conjugacy class might be
described by different admissible diagrams.

Contrary to the case of simple roots, in general there will be some indices ¢ # j with K; ; > 0. It will be useful for
our purposes to keep track of this: Define a new graph exactly as the admissible diagrams, except that if K; ; > 0 then
the edges between the i’th and j’th vertex are dotted. See the work of Stekolshchik [[7] for a more in-depth study of



such “Carter diagrams”.

Example. The conjugacy class Eg(a;) in the Weyl group of ¢s has admissible diagram

One of the underlying Carter diagrams is

as can be seen by the following choices of roots:

g —— Q3 + Qg [e5]
Qg + Oy Qs o7}
where a1, - -, ag are simple roots, indexed as in [B]. Different choices of roots can have different Carter diagrams with

same admissible diagrams.

From the decomposition 0 = o40_ it follows that admissible diagrams (and Carter diagrams) can be bi-colored,
simply by assigning one color to roots of the form ¢ and assigning the other color to roots of the form &; . So in the
previous example one can color

(¢]

This consequence of Carter’s work allows to obtain the generalization of the Cartan-Coxeter correspondence de-
scribed in Theorem Q The following proof closely follows the seminal work by Fring-Liao-Olive [, which in turn
is based on Coxeter’s crucial insights in [@]. We simply put here these arguments in their natural context of general
bi-colorable root configurations.

Proof of Theorem[d Let &,--- ,& be the Carter roots, and group them as before into two groups {f‘, <o+ &8 and
&, -+, &, of mutually orthogonal roots. Let r¢, denote the reflection in the ¢’th Carter root, so

re; & =& — Kji&i

For an index 1 <1 < r we write ¢ € + if &; is of the form 5;' for some j, and analogously we write ¢ € — if §; is of the
form &; for some j.

For i € £, clearly 04+&; = —§; and we now calculate 0§;. Recall from Equation that the definition of ¢ involves
mutually orthogonal roots &, -+ , &} and mutually orthogonal roots &, - - - ,&, - For notational convenience we set ¢
to be b or a, depending on whether ¢ € + or ¢ € —. Then
o5& =rex o rer& =rer vy (& — K 1€) (2)

s

where 1 is the index such that &f = &;. Iterating this process, one obtains for i € +

ox& =& — Z K; ;&5 (3)

JEF



Consider the linear endomorphism of root space given by o + o_. As in [0, one obtains

(o + o)) ==Y Kij§ (4)

JEF
= (205 — Ki )4 (5)
j=1
Now let x1,- - ,z, denote the entries of a left eigenvector of the Carter matrix, so there is a scalar ¢ such that
Y @ik = cay (6)
i=1
for all j. If j € + then
-
inKi,j = —2],‘]‘ + inKiJ = (C — 2)$J‘ (7)
ieT i=1
Recall that ¢; =1if ¢ € + and ¢; = —1 if i € —. One obtains for j € +
T
Zci . inKiJ = :|:23;‘j F inKiJ’ = (:|:2 F (C — 2))33‘1 =Cj- (4 — C) * Ty (8)
i=1 €T
Define
g =Y mi&
i€EE
From Equation (§)), Equation (f]), and Equation (@) it follows that

or(qg-)+to-(¢+) = gq-+ ZT»i 2(251',1' - Kij)§ +at + Z/Iz Z(%i,j - Ki ;)&
=1

ie— ic+  j=1

= q¢-+tgq4++ Z(Q — )&

j=1
From Equation @, Equation , and Equation @ it follows that
oi(g-)—o-(¢+) = q-+ sz 2(251',1' - K )& —a+ — Z% 2(25@]' - K ;)&
ie— =1 i€+ g=1

= ¢ —arF Y ¢ (2
j=1

Therefore
oi(g-)=gq-+(2-¢)-q+
and
o (q+) =q+ +(2—-¢)-q-
Since clearly 01 (q+) = —q4, it follows that the action of 0 = 00— on the gy-plane with respect to the basis {¢+,q—}

is described by the matrix

2-¢)?—-1 c—-2

M= 2-¢ 1 (9)

To proceed, we relate the spectrum of the Carter matrix K to the spectrum of the Weyl group element o. The



finite-order endomorphism o of root space is diagonalizable, and hence so is

(o0p+0 ) =24+040 +0 0, =2+0+0 " (10)
Let {u1,- -, ur} denote the multi-set of eigenvalues of . Since the Killing form is symmetric and non-degenerate, the
Carter matrix K is symmetrizable and hence diagonalizable. Let {\1,--- , A} denote its multi-set of eigenvalues. We

have shown earlier that for all 7 ,

(0 +0)(&) =D (20, — Ki)§

Jj=1

Hence, o +0_ is a diagonalizable endomorphism of root space. Together with Equation this yields two descriptions
of the spectrum of (o4 + o_)?, and hence an equality of multi-sets

{(2_)‘1)27"' 7(2_)‘7‘)2} ={2+m +/‘I1>"' ’2+MT+M;1} (11)
Choose an arbitrary u; and write this root of unity as p; = € with 6 in [0,27). Then
2+2cosf = (2—c)? (12)

where c is an eigenvalue of K. The two roots of this quadratic equation for ¢ are 2 42 cos(f/2) and we now know that
at least one of them is an eigenvalue. By Equation @, if ¢ is an eigenvalue of K, so is 4 — ¢. It follows that in fact
2+ 2cos(6/2) are both eigenvalues of K. If u; # £1, then fi; = uj_l = ¢?7=9) i5 a second eigenvalue and

{2+ 2cos(6/2),2 —2cos(6/2)} = {2 — 2cos(6/2),2 — 2cos((2m — 0)/2)}

is as predicted by the theorem. If p; = '™ = —1, then Equation implies that 2 = 2 — 2 cos(7/2) is an eigenvalue
of K. Finally, u; = 1 does not happen: This follows from our assumption /(c) = r, by comparing with the eigenvalues
listed by Carter in [f (Table 3). This proves the eigenvalue part of the Carter-Weyl correspondence.

Consider now to the comparison of the eigenvectors. Let ¢ be an eigenvalue of o and choose ¢ = 2 — 2 cos(0/2)
for the eigenvalue of the Carter matrix. With this choice of ¢, the eigenvalues of the matrix M in Equation @D are

et Calculating the right eigenvector of M corresponding to e?? yields the right eigenvector of o given by

r
A= ei%q+ + efi%q_ = Zl'jecji% . 5] (13)
j=1

As shown before, the Carter roots &; are linearly independent. It follows that for each fixed eigenvalue of K,
linearly independent eigenvectors of the Carter matrix yield via Equation linearly independent eigenvectors for
o: The multiplying factor e i% is constant for each j. Hence, one obtains the claimed isomorphism of eigenspaces in
the Carter-Weyl correspondence. O

A crucial consequence of the theorem is the determination of the inner products of A with all the Carter roots.

Corollary 2.1. Let A in b be the eigenvector with eigenvalue €% corresponding to (x1,--- ,x,) under the Carter-Weyl
correspondence. Then, after scaling A, one obtains for all j

0
A& =cje it .gij

In particular, the values |A - &;| yield the absolute values of a right eigenvector of the Carter matric.



Proof. Let t = et Using Equation @ and Equation 7 one obtains for j € £

2 +1 gjthFI
A& =yt 42— > w Ky

sEF

= (tF = (P +t72)tF1)2) - Cay

0 0
R o City 2,
= isin <2 cje” It - g

This implies the first part of the corollary. After scaling A one obtains |A - &;| = ‘5]296]| Hence, whereas the x;’s are
the entries of a left eigenvector of the Carter matrix, the absolute values |A - §;| are the absolute values of the entries
of a right eigenvector. O

In principle, the Carter-Weyl correspondence allows to answer Question [[] and in particular the calculation of the
Toda-Weyl mass spectrum: Corollary 2] describes how A pairs with a collection of Carter roots. Since Carter roots
give a basis of root space, this determines how A pairs with any root, in particular with the orbit representatives ~;.
The corresponding formulas will be particularly nice if there is a close relation between the Carter roots and the orbit
representatives.

If o is a Coxeter element, Kostant shows the following in [[3: Let aq,--- ,a, be a collection of simple roots and
as before let ¢; = +1 according to a choice of bi-coloration of the simple roots. Consider the Coxeter element

= v 11 7

Ciil C,;:—l

Kostant showed that the number of positive roots that get mapped via ¢ to a negative root is the rank r of g. Further,
each orbit of (o) on the set of roots contains exactly one of these “sign-changer” roots. Using the fact that off-diagonal
entries of the Cartan matrix are non-positive one can show, see [ (Lemma 3.9), that tc; is either a sign-changer
or the image under o of a sign-changer. Further, if the sign is chosen according to the bi-coloration of the Dynkin
diagram, then this dichotomy corresponds exactly to the color of each root. It follows that all ¢;«; lie in distinct orbits
and in fact this gives all the orbits, since the number of roots is hr where h is the Coxeter number. Since for any root
B one has r_g = rg, it follows that there is a choice of Carter roots that are in fact a collection of orbit representatives.

Some care is required to obtain generalizations of this relation for other Weyl group elements. To illustrate the
point we discuss the conjugacy class Eg(aq).

Let oy, , a6 be a choice of simple roots, indexed as in B]. One possible representative of the Eg(a;) Carter
diagram is
(o) a2 + a3+ oy Qg
oy Qs Qg

The corresponding Weyl group element is

0 =TaTasTasTasTagTas+az+oay

It turns out that the signed Carter roots (where the sign is chosen according to a bi-coloration of the Carter roots) do
not lie in distinct orbits: Otherwise, ay and —ay4 should lie in distinct orbits, however, the orbit of as is given by

{ag, —an —az, —ag —az — o — a5, —s — a4 — a5 — 0, —Qa, @2 + u + as,
oy + as + ag, a1 + oz + g, as}

Nonetheless, there is a different representative of the conjugacy class Eg(a;) that has a better relation between



Carter roots and orbit structure. Consider a second representative of the Carter diagram, given by

Qy —— a3+ oy o
Qg+ ay as Qg
and define
0 =TayTasTasTagTas+asTas+ay (14)
A direct calculation yields the following eight orbits Oy, .-, Og for the action of the cyclic group (o) on the set of
roots:

0, = {al,a2+---+o¢5,oq+ag+---—|—oz6~,ozg—|—043—|—20¢4—|—0z5,oz6,—oz5—046,
—a1—ag—a3—2a4—a5,—a2—~--—a6,—a1—a3—a4}
Oy = {ag, 1 +az, a3 + ag + as, a4 + a5 + ag, a2 + g, —ay — as,
— Qg — Qg — Q5 — g, —Q] — - — g, —Q3}
03 = {044,—051 —Oé3—0é4—045,—042—043—2014—2045—0&6,
—Qp — Q2 — Q3 — 204 — Qa5 — Qg, —Q2 — Q3 — g, a2 + &y + a5,
a1+ -+ ag, a1 + as + 203 + 204 + a5, a3 + ag + a5 + agt
O, = {a5,a1+a2+a3+2a4+2a5+a6,a1 + 200 4 2ai3 + 3ay + 2a5 + ag,

a1 + as + 2a3 + 204 + a5 + ag, a3 + g, —p — - -+ — Qs,
—a1—a2—2a3—2a4—2a5—a6,—a1—a2—2a3—3a4—2a5—a6,
—ag—a3z—2a4 — a5 —agt

and O = —01, Og = — 0y, O7 = —03, Og = —Oy4. Since o from Equation can be written as

0 =T TasTasT—as"—(az+04)"—(asz+os)

it follows that there are Carter roots for o that lie in distinct orbits: & = a1, & = a2, {3 =a5, & = —ag, & =
—(ag + aq), & = —(asz + a4). Having illustrated some of the subtle relations between Carter roots and orbit
representatives, we focus for the remainder of this work on an especially interesting family of conjugacy classes:

The Weyl group conjugacy class of Coxeter elements is an example of a regular primitive conjugacy class. Such
conjugacy classes are known to be the building blocks of all regular conjugacy classes. Apart from the Coxeter class,
there are in fact not many others for complex simple Lie algebras: Apart from a few cases for the exceptional algebras,
there is exactly one infinite family of regular primitive non-Coxeter conjugacy classes. In the notation by Carter [@,
it is denoted by Doy, (an—1).

3 Toda-Weyl mass spectrum for Dy, (a,_1)

In this section we prove Theorem A representative for the conjugacy class Doy (an,—1) is given by Carter in [G
(Proposition 25). We supplement this with the description of the orbit structure. Throughout, our indexing convention
for simple roots is as in [B].



Lemma 1. Consider the element 0 = oyo_ in the Weyl group of type Do, where

O+ =TayTas " " Tagn1T8 » 0— T TagTay " " Tagn_»

for B=a,+2 Zfﬁ;j_l ; + agp—1 + agy,. Then o is a representative of the conjugacy class Doy (an—1), the number of
orbits of (o) acting on the set of roots is 4n — 2, and a list of orbit representatives is

aq
Q2p—1

7 = ar forl<i<n-—1

n
v = Z ar+apy1 fori=0aswellas2<i<n-—-1

Proof. Tt will be convenient to express the Weyl group elements in terms of permutations. From this perspective the
roots are +e; &+ e; and the Weyl group elements acts via signs and permutations. Note that 8 = e,, + e,41 and the
corresponding reflection is given by

ro=(n, —(n+1))

For a cycle (z1, - ,&q,—21, -+, —Z4) we write for simplicity (z1,---,2,)". If n is odd, define
oo=01,2,4,--,(n-1),-n,—-(n-=-2), -, =3)"
oe=(n+1,n+3, -, 2n,2n—-1,2n—-3, --- ;n+2)"

If n is even, define
oo=01,2,4,---,n,—-(n-1), -n=3), -+, =3)~
oce=Mn+1,—-(n+2),—(n+4), - ,-2n,—2n—1),—(2n - 3),--- ,—(n+3))~
An explicit calculation yields the disjoint cycle decomposition
0 = 0102

In particular, in the notation of [ (Section 7), the signed cycle-type of o is [m m]. By B (Proposition 25), this
corresponds to the conjugacy class Do, (a,—1), as desired.

We now compute orbit representatives. As discussed by Reeder [, for regular conjugacy classes it follows from
work of Springer [[G (Proposition 4.1) that every orbit of o has exactly ord(c) elements. The total number of roots is
known to be h-rank g where i = 4n — 2 is the Coxeter number. It follows that the number s of orbits of ¢ is given by

h-r (4n —2)-2n

ord(o) 2n "

Hence it suffices to show that the Carter roots and 7;’s and v;’s all lie in distinct orbits. We write v ~ § if two roots
~ and § are in the same orbit. Note that n; = e,_; — e,11 and v; = €, — €,40.
From the explicit form of o1 and o5 it follows that

o () < n (15)



for all k and all 1 < j < n, and
0" (4)I > n (16)

for all k and all n < j < 2n. Suppose now o*n; = n;. From Equation it follows that o%(n + 1) = n + 1. Hence k
is 0 modulo 2n and ¢ = j. In the same manner, replacing n 4+ 1 by n 4 2, one obtains v; + v; if i # j. Suppose now

for contradiction that n; ~ v;. Looking at the action on n + 1 this implies oy = v; if n is odd and oty = v; if

n is even. Therefore o"*!(

n — 1) would need to be of the form n — j with either j = 0 or 2 < j < n — 1. However,
the only 1 < a < n — 1 such that o"*!(a) is positive, is a = n — 1 with n even, and 0"~ !(n — 1) = n. It follows that
M, % v for all 4, 5.

By Equation and Equation , if a; = e; — €;41 is in the orbit of any n; or v; one needs ¢ = n. Looking
at the action on n + 1, clearly a,, % n; for every i. If o, ~ v;, then looking at the action on n + 1, one sees that
0" a, = v; when n is odd, and 0" a,, = v; when n is even. However, if n is odd then 6" ~*(n) = —(n — 1) and if
n is even 0" (n) =n — 1. It follows that indeed a, is not in the orbit of any n; or v;.

Consider now 8 = e, + ept1. As for oy, one obtains 3 % n;. If 8 ~ v}, then looking at the action on n + 1, one
sees that that o135 = v; when n is odd, and 08 = v; when n is even. If n is odd, then o = —ep_1 — enga # vj.
If n is even, then also 08 = —e,—1 — eny2 # V. In conclusion, 8 is not in the same orbit as any of the n;’s or v;’s.
Furthermore, by Equation and Equation , B # «; for i # n. Looking at the action on n, one also sees that
there is no k with ¢*38 = a,.

To complete the proof of the Lemma, it remains to show that all the a;’s with 1 < i < 2n — 1 lie in distinct orbits.
If i <nand j > n it follows from Equation that a; o a;. For 1 < a,b < n there is a unique k£ modulo 2n such
that o (a) = b and we define d(a,b) := k. As i varies from 1 to n — 1 the values of d(i, —(i + 1)) are exactly the n — 1
valuesn+1, n—2, n+3, n—4,---,3,2n—2,1ifnisodd,andn+1,n—-2, n+3, n—4,---, 2, 2n—1
if n is even. In particular, if i # j
A, ~(i + 1)) # d(G, —( + 1))

Since d(o'a,c'b) = d(a,b) for all 1 < a,b < n and all ¢, it follows that o; # «; for 1 < i,j < n — 1. Suppose now

n+1 <4, < 2n. Then the values of d(i, —(i+ 1)) are exactly the n —1 values 2n—1, 2 ,2n—-3,4, -+ ;n+2, n—1
ifnisodd,and 1, 2n -2, 3, 2n—4, --- , n+2, n—11if nis even. As before, one obtains «; »# «;. Finally
consider o, = e, — ep+1. By Equation and Equation it follows that «,, o4 «; for i # n. O

Having established the orbit structure, we now answer Question [lf for the conjugacy class Doy, (an—1).

Proof of Theorem[]} Suppose the theorem is known for o, and o/ = pop™*

If v is an orbit representative for o, then pvy is an orbit representative for ¢/, if A is an eigenvector for o then uA
is a corresponding eigenvector for ¢’. Since the Killing form is invariant under the Weyl group action it follows that
uA - py = A-~. Hence, it suffices to prove the theorem for one element in the conjugacy class Doy, (a,—1). We therefore
assume that 0 = 04.0_, where as in Lemmal[]

is another element in the conjugacy class.

O+ =TayTas " " Tazn_1T8

O— =TayTay """ Tagn_2
for B =a, +2 2122;_52_1 @; + aop_1 + ao,. The corresponding Carter diagram is given by

Ap

Q) —— Q2 —— - —— Qp—1 Qpyp1 — " Qap—2 —— Q2p—1
We order the Carter roots &1, - ,€a, a8 a1, ,Qn, 8, Qpy1, -+ ,2n—1. Recall also that the roots involved in
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defining o4 have ¢; = 1 and the roots involved in o_ have ¢; = —1. One has

as well as
Vo =bn+&nt2 , Vi=bngat Y bny (for2<i<n—1)
t=0

For ( = e*™/?" we now describe the (two-dimensional) (-eigenspace of o using the Carter-Weyl correspondence.
All entries of the Carter matrix K can be read off the Carter diagram in complete analogy with the relation between
Cartan matrices and Dynkin diagrams. For example for n = 4:

2 -1 0 0 0 0 0 0
-1 2 -1 0 0 0 0 0
0 -1 2 -1 -1 0 0 0
k_lo 0o -1 2 0 -1 0 o0
o 0 -1 0 2 1 0 0
O 0 0 -1 1 2 -1 0
o 0 0 0 0 -1 2 -1
(0 0 0 0 0 0 -1 2]

Let t = ¢™/*"_ Since the Carter matrix K is symmetric, the task is to describe the right eigenvectors of K with
eigenvalue 2 — 2cos(4~) = 2 — (2 + ¢~2). By @ (Table 1), together with the Carter-Weyl correspondence, we know
that this eigenspace is two-dimensional. Let (x1,--- ,72,)T be an eigenvector. Assume for the moment that x; # 0,
so after scaling we can set 1 = sin (%) The first row of the eigenvector equation yields

2

In this manner (exactly as for Lie algebras of type A) one obtains for all 1 < j<n—1

. (JT
r; =sin | ——
J 2n

From the way «,_1 pairs with the other Carter roots, the eigenvector equation yields
Tp+ Tppr =1

Analogously, from «,,, 3, a,1 respectively, one obtains

Tpgo = —Tp_1+ (2 +t Dz,
Tn42 = Tp—1 — (tQ + t_2)$n+1
Tpt3 = —Tp + Tpt1 + (tQ + t_2)$n+2

). By an analogous argument as before, one obtains for all n +2 <1i < 2n

) <2ni+1 >
r;,=sin| — -7
2n

Let us make the Ansatz x5, = sin (%

11



Then z,, = 1 and x,,+1 = 0 satisfy all constraints and this yields the eigenvector

Now make the Ansatz x4, = 0. The eigenvector equation yields for all n +2 <1i < 2n
€Xr; = 0

In this case x,, = x,+1 = 1/2 satisfy all constraints and this yields the eigenvector

T . ((n=1m\ 1 T
va= i (g0 () g0 0)

Since we know the eigenspace is 2-dimensional, v; and v is a basis.

Let A correspond to v; under the Carter-Weyl correspondence. We now calculate the corresponding Weyl-Orbit
values. Since by Lemma [I] all Carter roots &; lie in distinct orbits, we obtain from Corollary B-] the 2n Weyl-Orbit
values corresponding to the absolute values of the entries of vy.

We claim that for 1 <k <n -1

= Lptnrremen-n _y-nreni) (17)

Ao =5

For k =1 it follows from Corollary 2] that

Ao =Ap - (§o1 +&n)

= (-1

)n—l

(t2(n71) _ t72(n71)) + (71)n+1t(71)" (t2n _ t72n))

]. n n
— (=) —(=1)" t(fl) (2n—3) _t(fl) 2n+1
(1" 5 (1" )
as predicted. Suppose now Ay -7y is as in Equation . Then
A=A - (Gn o+ 6nmi1)
=Ay e+ Ay -Gk

— %(t(fl)n_wl(z(n—k)fn . t(*l)n@”*l)
1

+ (71)n7kt(71)"_k+1 (t2(n7k71) . t72(n7k71)))
1 n—k n
_ LR en—2k-3) _ (-1 @n+1)
5 ( )
Hence, Equation holds for all 1 < k < n — 1. Note that

te —¢b
2

_|marnyz 1=t
2

Let
0 ifk=n mod?2

Cn,k =
(=)™t ifn#k mod 2
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It follows from Equation that

IA : nn—k‘ =

_1\n+1 _1\k+1
4n

If n is even, these absolute values as k varies from 1 to n — 1 are

. (n ) . n 4+ 2 . n—2 . n+4 . n—4
sin in 7| ,sin n | ,sin n 7w | ,sin in | ,sin in T

If n is odd, one obtains the absolute values

. n—+1 . n—1 . n+3 . n—3
sin in | ,sin in | ,sin in | ,sin in T,

Hence, in both cases

(T . n—1)m
{|A-77k’lﬁkﬁn—l}:{&n(%)’...78111(())}
We now calculate |[A-v;|. For2<i<n-—1

Avi=An+A app

A (e BT

24
Therefore
(=DM RE-1) (-1 (2n41) (_1)nt(—1)"+1(t2(n—1) _ t—2(n—1))
A- Un—k — B
27
Since t*" = —1, |A - v,,_g| is given by
(C1yrtigg DT EESD _(-DTCRHD 4 (gD (200D g 200
t — n
24
HED P EEDHED 2 ()" (g2 4 ¢2)(—1)ng-D"
B 2i
B (DM E-DH (=D 20y (-1
B 2i
Note that . .
) 2n—(a+b)/2 il sin dnta- bﬂ
27 21 8n

One obtains for 1 < k <n —2

A. — =
A sl 8n

‘i <4n + (=D 2 = 3) + ()M 2k - 1) W) ‘
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If n is even, one obtains the values
n + 1 n
sin | 2 o), sin | =2 - sin
2n 2n
n—1 .
,sin m),sin| —- 7
n 2n

If n =2m + 1 is odd, one obtains the values

3m+1 . 3am
n o ] ,sin o | ,sin o
.<n+1 ) .<2n—2 >
,sin -7 | ,sin - T
2n

2n
Hence, in both cases:
{\A-V‘|‘1<i<n—2}— sin 2 ..., sin M
! - = o on )’ 2n

Finally
A'VO_A"'71 :A'(§n+€n+2)_A'(§n—1 +§n)

=0
where we use Corollary @ and the fact that the n — 1 and n 4 2 entries of vy agree. It follows that

|A - v9| = sin (%)

This proves the theorem for A associated to vy.
Suppose now that A corresponds to vo under the Carter-Weyl correspondence. To calculate A-n,_j for 1 < k < n-—1
note that the relevant entries of vi and vq all agree, except the n’th entry now is 1/2 instead of 1. Therefore, using

the earlier calculations for vq, one obtains
DR RE=1) _ p(-1)"(2n+1) + (_1)nt(71)" (t2n _ t72n)/2
2i

A- Nn—k =
DR RE=1) (t2n+(71)” + t72n+(71)”)/2
B 2i
(—=1)*F(2k-1)
- 2i
where the last equation holds since t2* = —t~2". It follows that
1
A k| = )

Recall that for 2 <i < n — 1 one has v; = 1; + &,+2. Since the n + 2 entry of vs is 0, it follows

1
|A'Vz‘|=§
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Finally
A-vg=A- (& + &nt2)
= A&
= (71)n+1t(71)" . 1
Hence, after scaling A, all these absolute values equal 1. O

As an example, we plot below the Weyl-Orbit values m; < mo < --- for the Coxeter case Dy4 as well as for
Di4(ag)1, normalized so that the first non-zero m; equals 1.

Figure 1: Normalized Weyl-Orbit values

- Dyy
——Dia(ag)r

myg

4 Conclusions

We used a very general correspondence between the linear algebra of Weyl group elements and generalized Cartan
matrices to calculate the mass spectrum of Toda-Weyl theories associated to a Weyl group element . These mass
expressions necessitate an understanding of the relation between the Carter roots involved in the definition of o, and
roots that are orbit representatives of the o action on the set of all roots. The details of this relation depend on the
Weyl group element and we carried out this comparison for an interesting infinite family of conjugacy classes in Weyl
groups of Lie algebras of type D. The corresponding mass expressions have a trigonometric form closely resembling
those for usual affine Toda theories.
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