The Toda-Weyl mass spectrum
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Abstract

The masses of affine Toda theories are known to correspond to the entries of a Perron-Frobenius eigenvector of
the relevant Cartan matrix. The Lagrangian of the theory can be expressed in terms of a suitable eigenvector of a
Coxeter element in the Weyl group. We generalize this set-up by formulating Lagrangians based on eigenvectors of
arbitrary elements in the Weyl group. Under some technical conditions (that hold for many Weyl group elements),
we calculate the classical mass spectrum. In particular, we indicate the relation to the relative geometry of special
roots, generalizing the affine Toda mass spectrum description in terms of the Cartan matrix. Related questions of
three point coupling and integrability are left to be addressed on a future occasion.

1 Introduction

In low temperatures, below around 2.95 K, Cobalt-Niobate CoNbOg is in a magnetically ordered phase, see BIJ. The
magnetic structure is dominated by the Cobalt ions Co®" since these possess the only unpaired electrons, having 7
electrons in the 3d orbital. The solid exhibits quasi-1D behavior due to the chain geometry in which the Cobalt ions
assemble. Describing the CoOg environment, the oxygen atoms assemble in a slightly deformed hexagonal octahedron
around zig-zag chains of Cobalt ions. Schematically:
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There is a magnetically preferred easy axis at an angle of around +30° with the Cobalt chain direction, see [[H]. As
a consequence, Cobalt-Niobate is well modeled by the 1D quantum Ising model. The situation becomes very interesting
with an externally applied magnetic field orthogonal to all the Cobalt chain easy axes. For suitable field strength of
the external field, the 1D transverse field quantum Ising model has a quantum phase transition and is described by a
central charge 1/2 minimal model conformal field theory. From a Lie algebraic perspective, this conformal field theory
can be described, see [0, as a Toda theory:

Let g be a simple complex finite-dimensional Lie algebra of rank r, with a real form g*=! of “Hermitian operators”,
we recall the definition in Section . Let b be a Cartan subalgebra of g and consider a field ¢ : R? — hng*=!. Let
R be a subset of the roots. Let (—, —) denote the Killing form and define the Lagrangian

Li = 5(0u6,0"0) — Y explai 9)
a;€ER

If R={aq, - ,a,} is chosen to be a set of simple roots, one obtains the usual conformal and massless Toda theory
(we have set all coupling constants to 1, for simplicity). Its quantization, as carried out in [[@, describes for g = sly



and g = eg the previously mentioned minimal model.

The actual magnetic structure of CoNbyQOg incorporates a non-zero, yet small; interchain coupling. One obtains a
Hamiltonian with an additional term corresponding to magnetization along the easy axis. This magnetic deformation
of the transverse field Ising model has a beautiful Lie algebraic formulation on the level of Toda theory: Replace
the set R of simple roots by Rpew = RU {ap} for the lowest root ap. The resulting affine Toda theory acquires a
fascinating mass spectrum, that is known to correspond to the entries of a Perron-Frobenius eigenvector of the Cartan
matrix of g, see [IZ. Since in the case g = eg affine Toda theory describes the quantum phase transition of CoNbsOg
in the presence of a small interchain coupling, this confirms the mass spectrum predicted in groundbreaking work by
Zamolodchikov . Coldea et al. in [ were able to confirm experimentally for CoNbsOg some of these predictions
using neutron diffraction, in particular that the ratio of second lightest to lightest mass is given by the golden ratio.
As we are about to recall, affine Toda theory is intimately linked to the Coxeter element of the Weyl group of g. The
aim of the present work is to generalize these mass spectrum calculations for Lagrangians based on much more general
Weyl group elements. We show that the classical masses can again be expressed in terms of the relative geometry of
a special collection of roots, generalizing the mass expression in terms of the Cartan matrix.

The starting point is Freeman’s slight reformulation in [ of affine Toda theory. For Ry, as before, rewrite the
field as @umin + ¢ where ¢ui, is @ minimum. The resulting Lagrangian for the new field ¢ is

50u0.0°6) = 3 miexplai-0) (1

@i € Rnew

where ng is normalized to be 1 and the n;’s are such that

Qg = — iniai (2)
i=1

See for example B (Section 2) for details. Using the Killing form, identify roots as elements of the Cartan subalgebra
h of g. For each root « fix a generator E,, of the corresponding root space with respect to b, normalized so that

[Ea,E_o]=a€h

Let

AJr = zr: aiEai
=0

1=0

where a;b; = n; for each i. Since ayq is the lowest root, [Eai,E_aj] =0; ja; for all 0 < 14,7 < r. Hence, the Lagrangian
in Equation () can be re-written as

5 (0,0,0"6) — (exp(ad 6)(A4), A) Q

One can show, see the work of Kostant [I8 (Section 6), that the centralizer of Ay is a Cartan algebra, denote it by
Vel Tt follows from Equation that A_ is in BV, The Weyl group W of g acts on this Cartan algebra and
Kostant has shown in loc. cit. that there is a Coxeter element ocoxeter i W such that

27

UCoxeter(Ai) = ei mo Ay

where h is the Coxeter number. In this manner, Equation allows to formulate affine Toda theory in terms of the
linear algebra of Coxeter elements. We extend this formalism to more general Weyl group elements and calculate the
classical mass spectrum.

For usual affine Toda theory, the masses were calculated in the early 90’s by Dorey B, Freeman [, and Fring-
Liao-Olive [[Z: They can beautifully be expressed in terms of the Perron-Frobenius eigenvector of the Cartan matrix



of g. More recently, Brillon-Schechtman in H] considered the case of the Coxeter element but with A, replaced by an
arbitrary eigenvector. Many other works concern various generalizations of Toda theory, see for example [, [, [,

3, 3.

1.1 The Toda-Weyl Lagrangians

In this section we generalize the affine Toda Lagrangians described by Equation @ As before, let g be a simple
finite-dimensional complex Lie algebra of rank r, and fix a Cartan subalgebra hWVe¥l. Let (—,—) denote the Killing
form and identify elements in root space as elements of h*Ve¥! by associating to = in h™Ve¥! the functional (z,—). For
every root a consider the endomorphism of VeV given by

(o, B)

a, a)

ro(B)=p~-2-

jye’

—~

The Weyl group W of g is the group generated by the r,’s. For ¢ in W we aim to construct an analogue of the
Lagrangian in Equation . This requires two things: Define the target space of the field ¢, and generalize the special
elements A4 in the Lie algebra g.

For each root a choose generators e, of the root space of +-a (with respect to hVe!), normalized so that [eq,e_o] =
«. Let a be the real subalgebra of g given by the R-span of the following elements, as a ranges through the set of all
roots:

(i) a
(ii) en + €—q
(iii) i(eq — €—q)

Consider the involution * : g — g discussed in detail by Kostant [[§ (Section 6): It is given by
¥ x4y —=x—1iy

where x and y are in a. Then a = g*=! can be considered the space of Hermitian operators, it is a real form of the
complex algebra g. The field ¢ will take values in a real subspace of g*=!. To define this subspace, we appeal to results
by Kac.

Starting with o and the Cartan algebra
a gradation g = @xgx (if o is a Coxeter element, the two Cartan algebras and are in apposition, in the
terminology of Kostant [[§]). Kac showed, see [[7] (Theorem 8.6), that there is a Cartan algebra h%2¢ and a collection
of non-negative integers s = (sg, - , s,) with the following properties:

hWerl we recall how to construct a second Cartan algebra h¥2¢ as well as

hKac hWeyl

(i) There is a finite-order inner automorphism & of g (of order 7, say) such that
a—|hWeyl =0
5—| hKac == ld

2mi
n

(ii) Let ( =e V, let aq,- -+, a, be a set of simple roots, and let g denote the lowest root. For all j =0,--- ,r
&(Eaj) = CSj : Eaj
where E,; generates the a; root space with respect to pKac,

(iii) The s;’s that are non-zero are co-prime.

The collection of integers s = (sg,-- ,s,) are called Kac coordinates of o. In general, there are multiple possible
coordinates s associated to a given Weyl group element. In some situations however, for example if o lies in a regular
conjugacy class, they are uniquely defined. See for example [[@ for more details. Associate to ¢ a Z/nZ-gradation on



g, by letting g, denote the G-eigenspace with eigenvalue e27#/™  The space go then contains h¥2¢ but is in general

larger. We can now define the target space of the field ¢: We assume
¢:R? — gong*=!
Furthermore, let from now on A in h™Ve¥! denote an eigenvector of o with eigenvalue p, say, and let A_ = x(Ay). It

follows from the definition of * that it maps hWV! to itself. Hence A_ is again in h™Ve¥! and is in fact an eigenvector
of o with complex conjugate eigenvalue compared to A;. To summarize the situation:

R? i) go N 9*21 s go O'(Ai) = /,L:tlAi
pee ¢ LW S {A LA}

generalized apposition

Definition 1. For ¢, Ay, and A_ as above, define the Lagrangian exactly as in Equation by

tudaviest = 3(0u6,0"9) — (explad 6)(A+), A-)

We call this the Toda-Weyl theory.

Suppose o is a Coxeter element and A has eigenvalue e2™/h The Kac coordinates are known to be (1,---,1) and
hence go = hrac. If the Cartan algebra b in Section []is identified as hkac, the Toda-Weyl theory recovers affine Toda
theory.

2 Mass calculations

For 1 < i < s consider complex-valued scalar fields ¢; : R — C. Let ¢ = (¢1,---,¢s)T and consider a Lagrangian

density
1

L=5- 0.0 Adué+Bo+9 Cot---
where A and C are s x s matrices and B is of the form (b1, --,bs). Under a field redefinition ¢ — X¢ (with X
invertible) one obtains

L Ly = % 0,6 (X AX)0,6+ BXo+ (X CX)p+---

Suppose that for some X

1 — 1 — m
Ly =3 0,0 0u60—5-9 S 6+ (4)

where the m;’s are non-negative real numbers. The masses of the Lagrangian are then by definition mq,--- ,ms. If the
masses exist, they are well defined: If Y is another field redefinition such that Ly is as in Equation @, then Y = XU
for a unitary matrix U. Hence the spectrum of X'ox agrees with the spectrum of vioy. Furthermore, the linear
¢ term in Lx vanishes if and only if B = 0 and hence vanishes in Ly as well.

In the remainder of this work we calculate the masses of the Toda-Weyl Lagrangians. The key idea is to construct
a basis of go in terms of the root space decomposition with respect to h"Ve¥! (for Coxeter elements such a description
goes back to work of Kostant [[§]). This allows a description of the masses in terms of pairings Ay - a := a(Ay) for

suitable roots a, viewed as functionals on hWVevl,

Theorem 1. Let g be a simple finite-dimensional complex Lie algebra with a Cartan subalgebra h™VV'. Let o be an
element in the Weyl group of g such that:

(i) 1 is not an eigenvalue of o acting on hWevl,



(i) There is an inner automorphism & of g such that &|yweyt = 0 and ord ¢ = ord o.

Let Ay € bWV be an eigenvector of o and let A_ = x(Ay). Let v1,--- s denote orbit representatives for the action
of the cyclic group (o) on the set of roots. Then the masses of

L= 5(0,:6,0"9) — (explad 6)(A1),A)

are given by
m; = |Ay - il

Proof. Let us show that the absolute values |Ay - 7;| are independent of the choice of orbit representatives: Let
A+ = (A4, —) be the element in root space associated to A;. Recall that Ay is an eigenvector of o, denote the
corresponding eigenvalue p, a suitable root of unity. It follows that for all j

Ay - o7 = [(077) (A )]
= (077, A4))
= |(vi,07A4))|
= [ (i, A
= A+ -yl

where we have used that the inner product in root space is invariant under the Weyl group action.

Let ¢ be a finite-order inner automorphism lifting . For each root « let e, be a generator of the root space with
respect to Hweyl. Then e, is a generator of the root space of o(a). By the assumptions of the theorem, we can
assume that ¢ is of the same order as 0. Hence, one can choose the generators of the root spaces such that for each
root «

5’€a = eg(a) (5)

For each orbit O; pick a representative «; and define

1 |0;]-1
Ai = . €5 (v;

From Equation @ it follows that A; is fixed by 6 and hence lies in go. Since the root space generators are linearly
independent, so are the A;’s. We have seen that ¢ permutes the various root spaces, and since |ywey1 = o it follows
that go has a basis given by the A;’s together with a basis of (h'Ve¥1)?=1. By our assumption on o, (hWVe¥1)o=1 = 0
and therefore the A;’s are in fact a basis of gg. We now show that in this basis one can read off the masses of the
Toda-Weyl Lagrangian. Write
S
= did;
i=1

Since (eq,es) = 0 unless v + 5 = 0, one can deduce that
(Ai, Aj) = bin(j) (6)

where 7 is a permutation of the indices such that —v; is in A for all j. By @ (Theorem 2.4)

m(j
[Aj, A, A] = (Ap-yy) - (A yy) - 4
Note that by [[§ (Equation 6.1.1), for every complex scalar ¢

(c-eq)"=C-e_q (7)



It follows from the construction of * that for all =,y in g

In particular:

Therefore
([Ai, [Ag, Ayl A-) = (A, [[A45, A ], A
= (Ay -y5) - (A= 95)(Ai, 4j)
= Ay il 6in(y)

Together with Equation (@, this implies that the Toda-Weyl Lagrangian density is given by

IO .
=5 Zau@‘a#(bﬂ( (Ay, A Zd)z [A;, ALl A a0 Z ¢:0;([Ai, [Aj, Ay]], A_) + higher order terms
i=1
1 .
9 Z 00" br(iy — (A4, A Z ¢i(Ai [Ay, A 31 Z G5 Ay - 7il* - 6, x(;) + higher order terms

To simplify further, note that by construction the image of ¢ is contained in the space fixed by *. Hence

Z(biAi = * (Z ¢iAi>
=1 =1
= Z@Aw(i)
i=1

and therefore
(i) = Pi
for all 4. Furthermore [Ay, A_] = 0. Therefore, up to the constant (A4, A_), the Lagrangian density is given by

1 - 1
=5 Z 0Ot d; — 3 Z |¢s|?|A+ - 7i|* + higher order terms

This implies the theorem.

Remark 1. The number of Toda-Weyl masses often has a very simple expression. Suppose for example o is a regular
Weyl group element such that 1 is not an eigenvalue. As discussed by Reeder in [[@ (Proposition 2.2), since o is
regular there indeed exists a lift & of the same order as . Hence the conditions of Theorem [[] are satisfied. Since o
is regular, it follows from the work of Springer [ZI] (Proposition 4.1) that every orbit has exactly n = ord o elements.
The total number of roots is known to be hr where h is the Coxeter number and r is the rank of g. It follows that the

number s of orbits of o satisfies
ord o-s=~h-rank g

In particular, the number of Toda-Weyl masses is given by

__h-rank g
© ordo



In Section [2-]] and Section B-2] we give two illustrative examples of how to use Theorem [I] to obtain the precise
mass spectrum.

2.1 Examplel

Let g = ¢g, with simple roots a1, -, ag indexed as in [[]. Consider the Weyl group element

0 =Ta1TasTasTagTaz+asTas+as

Since the 6 roots involved in the definition of ¢ are a basis of root space, it follows from work of Carter [ (Lemma
3) that 1 is not an eigenvalue of o. Furthermore, one can calculate that the eigenvalues are distinct: For (g = e2mi/9,
they are Co, (3,(5,¢3,¢5, ¢85, see for example B (Table 1). Hence, by work of Springer BI] (Lemma 4.11), the element
o is regular. By Remark [I] it follows that the conditions of Theorem [[] are satisfied. We apply the theorem with A
an eigenvector with eigenvalue (9. Since (9 has multiplicity 1, up to an overall scaling, the masses are independent of
Ay

Let ¢ = e2™/36 be a primitive 36’th root of unity. It has minimal polynomial over Q given by z'? — 2% + 1. We
claim that one can take A as

Con+ (=" +C+ Qoo+ (= +C+Qas+ (¢ =T+ P+ G+ Qo+ (¢ + C+ Phas + (¢ + P)as
(8)

To show this, note that the 8 orbits Oy, -+, Og of the cyclic group (o) acting on the set of roots can be calculated
easily:

Ol 02 03 ‘ 04

—Q —Qg — Oy a3 — Oy (675

(0759 + (675 (6%} + (0751 o + e + (0759 (5] +052+O[3+2044+2015+046

011+012+053+2044+045 Ot2+044+015+046 011+052+2043+20t4+2045+046 Oél+2042+2013+3044+2045+

87

s+ + g a1 t+astazgtay | ap+ o+ 2a3 +3as + 205 +as | artas+2a3+204 o5+

o+ ag + oy a3 as + ag + 204 + a5 + ag a3+ oy

—a —a —as —ap = —as

—Qg — Qi3 — (g — Qs —a1 — Q3 —q1 — o — a3 — 204 — 2005 — Qg | —p—Qg—203—2004—2005—
ag

— Q] — Q03— 04— 05—0Qg —Q3 — Oy — Q5 —a1—2a2—2a3—3a4—2a5—a6 —041—042—2053—3044—2055—
Qg

70&270[3720&470&5 —0y4 — 5 — O 70&170&2720[3720&470[570&6 704270&3720[470[570[6




Os Os O Os

Q2 a3 oy a1 +ag+oq+as
a1 + Qs ag + -+ as —Q] — Q3 — Qg — Q5 oo 4+ ag + 204 + 205 4+ ag
a3+ ayq4 + as a1tag+--4ag | —as —ag — 2a4 — 205 — Qg a1+ as+ag+ 204+ a5 +ag
a4 + a5 + ag as+a3+2a4+ | —ap —as—a3—204 —a5 —0g | Qg+ a3+ g
Qs
Qg + (g o7} —Qg — Q3 — 0y —Qp — Oy — Q5
—Q4 — Qs —Q5 — Qg Q2 +ay + as —Qp — = Qg
—Qg — Oy — 05 — Qg —Q] — Qg — (3 — 011+"'+016 70&170[2720[3720[470[5
204 — a5
—0 — g — o3 — Oy —0g — - — 0 o1 + oz + 203 + 204 + 05 —03 — 0 — s — O
—asg —Qp — a3 — Qg a3+ oy + o5+ o6 —Qy

In particular

ola1) = as+as+as+as

olas) = a1 +as

olas) = —ag

olay) = —a1—az—oag—ap

olas) = a1+ as+ as+2a4 + 205 + ag
olag) = —as—ag

It follows that
o(Ay) =¢ Ay =G Ay

and A is indeed the desired eigenvector. Orbit representatives for the o action on the set of roots are given by
a1, 2, 3, Qg , A5, —Q1, —Q4, —Q5
By Theorem [I] one obtains the following 8 masses:
At Ear| = |¢% — ¢ + (| =~ 0.684
Az = [¢1 = ¢ 7 = P+ (]~ 0.446
A -] = ¢ = 2¢° + ¢T = ¢ + (¥ ~ 0.446
Ay - Fay| = |- ¢+ ¢ (7|~ 0.879
Ay - +as| = |7+ ¢ — (| ~1.286
Let us normalize the masses so that the lowest mass equals 1 and let us index these normalized masses as
myp < - <mg

In the following calculations we repeatedly exploit that ¢'? — (%41 = 0. One has



Hence my = mo = 1. Furthermore

M= +C-CH+C | s 2
(L —209 4 (7T — 5+ (3 _K _C|

= [¢*- (6" -
- ¢!
=1

¢

¢ ¢ +¢
¢ =(T+ = +¢

= ¢t
= 2cos (27T>
9

7411+§97<7
c11—<7+<5—<3+<‘

—|-¢2 -1
= |-¢7 (¢ )
— ¢t et

= 2cos (1)
18

ms = my =

mys = Mg =

T+ ¢ ‘
Cll_c7+<5_c3+C
:|_<—11+<—5+<—3+<—|
= ¢+ (T

T 2
=4cos (7) cos | —
()

my =mg =

Recall that if 0coxeter 18 & Coxeter element, the mass spectrum corresponds to the Perron-Frobenius eigenvector of the
Cartan matrix. In particular, the mass spectrum has elegant trigonometric expressions. We have shown that similar

formulas hold for our choice of o:



O Coxeter o
order 12 9
my 1 1
mo 1 1
ms 2cos (35) 2 cos(&)
my | 4cos(%)cos(5%) 2 cos(%r)
ms | 4cos(%) cos(4%) 2 cos({g)
me | 4cos (%) cos (32) 2 cos(7%)
my 4 cos(F) cos(3Fr)
mg 4 cos(F) cos(3F)

Table 1:
Mass ratios

In Table I} we plot the normalized masses for the Coxeter case, denoted by Eg, as well as for o, denoted by Eg(aq)
(since this is the conjugacy class of ¢ in the notation of [H).

I I T T T
——-Eg(a1)
—o— E6 | EG Eﬁ(al)
1 1
1 1
- 1.414... | 1.532...
£ 1.932... | 1.532...
7 1.932... | 1.970...
2.732... | 1.970...
1 | 2.879...
2.879...
| | | | | | | |
1 2 3 4 5 6 7 8
i
2.2 Example 11
Let g = f4 and let aq, - -,y be simple roots, indexed as in []. Consider the Weyl group element

0 =TaTas+asTazTar+as+as

It is of order 6 and by the same argument as in Example I one sees that 1 is not an eigenvalue of o. For (g = €2>7/6

the eigenvalues are

C67 Cﬁa Cga Cg

See B (Table 1). The check for regularity is different than in Example I since both eigenvalues occur with multiplicity
bigger than 1. One approach is to calculate explicitly an eigenvector that is not orthogonal to any root, along the lines
of the calculations in the current section. Instead, we show in Section @ that o lies in the conjugacy class F4(aq),
which is known to be regular. Either way, the conditions of Theorem [I] are satisfied.

Let ¢ = (a4 = €2™/?% be a primitive 24’th root of unity, its minimal polynomial over Q is #® — z* + 1. We claim
that

Ay = Car+ (C+ (?)ag + 2Cas + 2¢ay 9)

10



is an eigenvector of o with eigenvalue (5. The 8 orbits Oy, --,Og of the action of the cyclic group (o) on the set of

roots are as follows:

01 02 03 04

oq Q2 as Qg

—ag — 203 —ap — g — 203 — 20 ar + as + 2a3 + ay Qo + a3+ g
-1 — g — 203 —ap — 200 — 23 — 204 | o a9 +az + oy a9 + a3

—Q —Q0 —Qs3 —Qy

o + 20[3 a1 + ag + 20&3 -+ 20(4 —Qp — Qg — 20[3 — Q4 —Qp — (3 — Oy
a1 + oo + 20[3 oy + 2@2 + 20[3 + 2044 —Q1] — Qg — Q3 — Q4 —Qo — (3

(95 06 07 08

053+Oé4 041+042+Oé3 a1 + Qo O[1+2012+2043
a1 +2as+3az3+ay | —as —2a3 —ay —ap — 200 —4daz — 20y | —ag — 203 — 20
a;+2as+2a3+ay | —ap — 209 —3a1 —ay | —2a1 —3as—4az—2ay4 | —a1 — 3as —4az — 20y
—Q3 — Qy —ap — Qg — Qg —o1 — iy —aq — 209 — 203

—a1—200—3a3—Qy

—1—200—203—0uy

In particular

It follows that

(%) +20[3 +OZ4

a1 + 2a0 + 3az + ag

a1 + 2a0 + dag + 20
201 + 3ag + daz + 204

= —Qg — 20&3
= —Q] — Qg — 20&3 — 20[4
= a1 +as+2a3+ay

= oo+ a3+ oy

o(Ay) =CH Ay =G Ay

as desired. Orbit representatives for the o action on the set of roots are given by

Qg + 2a3 + 204
a1 + 3as + dag + 20

a1, Qy, a3, 4, a3+ a4, @1 + a2 +a3, a1 +as, a1 + 209 + 203

11



Using Theorem [1] one obtains the following 8 masses, repeatedly using ¢ — ¢* +1=0:
At -] =[C-¢?=[¢°=1
_ _ _ T

(A g = | = C+207% = |¢° - (=€ +267%)] = |62 +¢ %) = 2c0s ()
Ay -asl =]~ ¢¥ =1
A -aa] = ] = 1

A (ag +an) = ¢ = ¢ ¥ =1

|A+ . (061 + ao +043)| =0
At (ar+ag)|=|¢7% =1
At - (a1 + 200 +203)| = | - (+ (7P| =1

As in Example I, we have shown that the Toda-Weyl mass spectrum for ¢ has trigonometric expressions analogous to
those for affine Toda theory:

‘ O Coxeter ‘

o

order 12 6
mi 1 0
Mo 2 cos (‘i—“) 1
ms 2cos({s3) 1
my | 4cos(Z5) cos(3%) 1
ms 1
me 1
mry 1
mg 2 cos (%)

The masses are plotted in Table P] normalized so that the first non-zero mass equals 1.

Table 2:
5 1 T T T
—6— F4
g | [T Fa(a) . F, Fy(ar)
1 0
3r il 1.414... 1
g 1.932... 1
9l | 2.732... 1
1
/ i
1+ 5—=8 s 1
1.73205...

12



2.3 A general theory

As demonstrated in Example I and II, Theorem [[] allows the effective calculation of the Toda-Weyl mass spectrum.
Nonetheless, the meaning of the spectrum might still be open. To this end, recall that in the Coxeter case a crucial
insight is the relation to the Perron-Frobenius eigenvector of the Cartan matrix. With some mathematical effort, a
corresponding theory can be developed for the Toda-Weyl Lagrangians. The full details will be presented elsewhere,
but we describe the approach for the two previously considered examples.

In Example I, the Weyl group element of ¢g is given by

0 =TayTayTasTagast+asas+oy

For simple roots, the relative geometry is captured by the Cartan matrix and the Dynkin diagram. Consider now
analogous constructions that capture the geometry of the six roots

a1, g, 05, O, Qg + g, 3 + Oy

involved in the definition of o. Order them arbitrarily as +1,---,7¢ and define the Carter matrix K in complete
analogy with the Cartan matrix via K; ; = 2- (vi,7;)/ (7, 7). Now define a graph with vertices corresponding to the
vi’s and the 7’th and j’th vertices are joined by N; ; lines where

Nij = Kij- Kji

This graph generalizes the notion of Dynkin diagram and was introduced in seminal work by Carter in [, classifying
conjugacy classes of Weyl groups. In the present situation one obtains

Qg —— a3 + oy (051

Qg + Oy (673 Qg

In the notation of [A, this means that o lies in the conjugacy class Eg(a1). If we let v1 = a1,72 = 9,73 = a5, 74 =
g, Y5 = Qo + ayq,6 = a3 + a4 one obtains the corresponding Carter matrix

(2 0 0o 0 o0 -1]
0 2 0 0 1 -1
0 0 2 -1 -1 -1
K= 0 0o -1 2 0 0
0 1 -1 0 2 0
-1 -1 -1 0 0 2]
Let ¢ = 2™/36_ A simple calculation yields an eigenvector (x1,--- ,x6)" of K with eigenvalue A = 2 — ((2 +¢~2):

1 =1=ux4
4
x2_§10—§8—|—1—1—2cos<;r)—%

™
z3=—C" + ¢+ ¢ =2cos (5) = x4

It turns out that the relative geometry of the roots «; allows to write down the desired eigenvector A, of 0. The
definition of A, in Equation (ED is simply

Ay =C (mm + @272 +2373) + ¢ (Taya + 2575 + T676)

Therefore, the eigenvector of the Carter matrix determines the pairings of A with a basis of root space, and hence
via Theorem [I] determines the mass spectrum.
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To make this even more clear, re-scale our choice of eigenvector (x1,--- ,7¢)T of K such that the smallest entry is
1, in other words we divide the original entries by 1 — 2 cos (%T). Ordered by size, the re-scaled entries are then

27 21 T 2 T 2
1,1,2c08 [ 22 ) ,2cos [ X ) 4 (f) I (f) il
COS( 9 > cos < 9 ) cos 9 cos ( 9 ) Cos 9 cos 9

So (rank g) = 6 out of the 8 masses of the Toda-Weyl theory associated to o come from the eigenvector of the Carter
matrix. In this manner, the celebrated relation between the affine Toda mass spectrum and the Perron-Frobenius
eigenvector of the Cartan matrix is generalized to the element o in the conjugacy class Eg(aq).

The same phenomenon persists in Example II where we consider the element of the Weyl group of f4 given by

0 =Ta;Tazg+asTazTar+az+as
The corresponding graph equals
oy —— Q2
ap+oagtoaz3——az+ oy
Let 1 = a1, 72 = as + a4, v3 = a2, 74 = a1 + as + ag. The corresponding Carter matrix is then
2 0o -1 2
0 2 -1 -1

-1 -2 2 0
1 -1 0 2

K =

Note that it is non-symmetric and we now choose a left eigenvector! Let ¢ = €>™/24 and let A = 2 — (¢ +(¢7?). One
possible corresponding left eigenvector of K is given by (w1, x2, x3,24)T with

1‘1—1
x2—2

us
T3 = 208 (6)
.’1?4—0

As in Example I, the desired eigenvector A4 of o can be expressed in terms of this data: The choice of A1 in Equation
@D is simply
Ay = (mam +xo72) + ¢ (2373 + Ta7a)

To realize part of the mass spectrum in terms of the eigenvector entries x1,- - , x4 requires more care than in example
I: In non-simply laced cases an interesting duality occurs, the o eigenvector is expressed in term of a left eigenvector
of K, whereas the inner products of A, with the roots «y; are expressed in terms of a right eigenvector. This duality
is already present in the classical Coxeter case, see [ (Equation 24). To make this explicit, let us normalize the
root lengths so that a3 = a3 = 2 and o = o3 = 1. Then 7§ = 72 = 2 and 73 = 77 = 1 and the right eigenvector
corresponding to the left eigenvector (w1, 2,23, 24)T has entries 'yf - x;. Its entries are therefore

™
2,2,4 (7) 0
COS 6

Hence, after scaling to make the lowest entry 1, one sees that (rank g) = 4 of the Toda-Weyl masses calculated in
Section - can be read off from a suitable eigenvector of the Carter matrix.

This relation between the relative geometry of special sets of roots (the “Carter roots” ;) and eigenvectors of
Weyl group elements allows to generalize the mass description of affine Toda theories in terms of the Perron-Frobenius
eigenvector of the Cartan matrix. We will describe the full mathematical details elsewhere.
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3 Conclusions

Starting with the formulation of affine Toda theory in Equation , we generalized this set-up by considering La-
grangians involving eigenvectors A4 of other Weyl group elements o.

Note that the resulting Toda-Weyl theory does not usually have a simple description of the form as in Equation
(1): Typically, when the Weyl group element eigenvector is described in terms of root spaces, it involves two roots &
and v such that £ — v is again a root. This is one of the reasons we simply took the formulation of affine Toda theory
in Equation @ as our starting point.

Under some technical conditions on ¢ that are frequently satisfied, we obtained a description of the classical mass
spectrum in terms of the pairings of A, with orbit representatives of the action of (o) on the set of roots. After
calculating the masses in some illustrative examples, we sketched in Section how one can construct the desired
eigenvectors A in terms of eigenvectors of generalized Cartan matrices. We will describe the full mathematical
details elsewhere. This relation between the linear algebra of Weyl group elements and matrices describing the relative
geometry of special sets of roots generalizes the celebrated description of the affine Toda mass spectrum in terms of a
Perron-Frobenius eigenvector of the relevant Cartan matrix.

There are many open questions regarding these Toda-Weyl theories. For example, one should calculate the three
point couplings, as is done in usual Toda theory in [[2. Another open question concerns the integrability or failure
thereof. We do not address this issue here at all but hope to return to it on a future occasion.
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