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Abstract

We define a connection on the formal disc that can be used to single out the vacuum of the Drinfeld-Sokolov
KdV hierarchy associated to a simple complex finite-dimensional Lie algebra. As a connection, it has a canonical
Katz extension from the disc to the sphere. We express this Katz extension in terms of the Kac coordinates of
a suitable Weyl group conjugacy class. As a consequence, we show that the Katz extension has meaning in the
context of the integrable hierarchy: It describes an additional symmetry.

1 Introduction

Let g be a finite-dimensional simple complex Lie algebra. Kostant initiated in [[@ the study of cyclic elements A
associated to g. To define them, let {e;, fi, hi}1<i<r be generators of g satisfying the Serre relations. Let F be a
non-zero element in the lowest root space with respect to the Cartan algebra H generated by the h;’s. A (classical)
cyclic element in g is an element of the form Z§=1 e; + F. Analogously, one defines the affine variant to be an element
A in the loop algebra g = gz, 27 !] of the form

A= Z e, +z2-F
i=1
After choosing a complex d-dimensional representation £ of g, the cyclic element A acts on
10) := C[2]*

The notation stems from the relation to Drinfeld-Sokolov integrable hierarches, where |0) describes the vacuum in
phase space. Similarly to the A action, the vacuum |0) is stabilized by the linear differential operator

V=0,+A

Operators closely related to V have been studied in various contexts recently: See the work of Frenkel-Gross [ related
to Langlands correspondences, the work of Masoero-Raimondo-Valeri [I§] on the ODE/IM correspondence, as well as
the work of Kamgarpour-Sage [[3]. Note that a variant 9, + A with z an indeterminate different than the loop variable
z is a central object in the Lax operator formulation of the Drinfeld-Sokolov integrable hierarchy associated to g.

Our first aim is to show a special relation between V and the vacuum |0). To make this precise, consider de-
formations of C[2]¢ inside of C((1/2))¢ that are complex subspaces of C((1/2))¢ whose projection onto C[z]¢
isomorphism. Among these, we consider deformations coming from g in the following sense: Let U in g be of the form
>i<o Ui where each Uj is of degree i in the principal gradation and also in z~'g[z~!]. Then by a (g, §)-deformation of
|0) we mean a subspace of C((1/2))% of the form V = exp(U)|0) where U is as above and acts via the representation
&. A natural question: Is the vacuum the only point in this collection of spaces that is stabilized by 0, + A7 We show
this is indeed the case:

is an

Theorem 1. If V is a (g,&)-deformation of |0) such that V'V CV, then V = |0).

Motivated by this result, we will call V the vacuum operator. Theorem [[]is a purely Lie theoretic result, but the
proof we give heavily relies on ideas coming from integrable systems, in particular certain uniqueness results related
to the Witten-Kontsevich points. The role of integrable systems should not be surprising, Cafasso and Wu show in
Bl (Theorem 3.5) that one realization of the phase space of the Drinfeld-Sokolov hierarchy associated to g and A is



precisely the space of (g, )-deformations of the vacuum (this kind of Grassmannian description has a long history,
certainly going back to the description of the KP hierarchy).

Special cases of Theorem [l] can be completely elementary: Consider Ay in its standard representation g = slz (we
will see later on that if the theorem is proved for one choice of faithful representation ¢ of g then the theorem is proved
for all such representations). One can choose A as

A=ey1+esa+z-e13

where e; ; has 0’s everywhere except a 1 at the (i, 7) entry. Note that for each (g, {)-deformation V' of |0), the natural
projection
7:V = C[z]> =10)

is an isomorphism and zV C V. Let v; with 1 < i < 3 be the standard basis vectors of C3. Let
w = [1 + fagvh]T = 7Tilvl

So f,g,h are in C((1/2)) and are O(z~!). Suppose now V is stabilized by the vacuum operator V = 9, + A. Since z
also preserves V', the following vector is in V as well:

" 4 30 + g+ 32k + 324’
(V3 - 2)w = g" +3f" +2h + 321 (1)
h///+3g//+3f/

Since all entries are O(27!) and since 7 is an isomorphism, it follows that the above expression is in fact the 0 vector.
Assume for contradiction that h is non-zero and write h = h,.2" 4+ hy_12" "' + --- with » < 0 and h, # 0. For a
non-zero Laurent series in C((1/2)) we call the largest i with non-zero coefficient of z* the degree and we denote the
degree of 0 to be —oco. From the second entry in Equation it follows that if deg(g) < r+2 and deg(f) < r+ 1 then
2h, + 3rh, = 0 with r an integer, a contradiction. It then follows from the third entry of Equation that both f
and ¢ are non-zero of degree bigger than r and deg(g) = deg(f) + 1. It then follows from the first entry of Equation
that if g = gs2° +--- with g; # 0, then gs; + 3sgs = 0. This is a contradiction and hence h = 0. Similar arguments
imply g = 0 and f = 0. Since Vw and V2w are in V it follows that v; is in V for all i and hence so is z7v; for all
j > 0. It follows that V' = |0), as desired.

This type of elementary argument ceases to be as effective for Lie algebras with more complicated cyclic elements.
For example for ¢ in one of the 27-dimensional faithful representations, cyclic elements are up to conjugation and
scaling of the form

€21 tesatesstesqstesastersterstesestegr+enr+ €8+ €119+ €129+ €1210+ €13,11 + €14,11 + €14,12
+e15,12 + €16,13 + €16,14 + €17,14 + €17,15 + €18,16 + €18,17 + €19,17 + €20,18 + €20,19 + €21,19 + €22,20 + €22,21 + €23 20

+e24.22 + €24,23 + €25,24 + €26,25 + €27,26 + 2 - (61,21 + €222 + €324 + €425 + €626 + €8,27)

To deal with these more complicated cases, we prove Theorem [l] using the work by Cafasso and Wu H on the
Witten-Kontsevich point for the Drinfeld-Sokolov hierarchy associated to g.

The second aim of the present work is to show that a certain perturbation of the vacuum operator also has
meaning in the context of the Drinfeld-Sokolov hierarchy. To define this perturbation we note that since points in the
Grassmannian are special subspaces of C((1/2))?, one can say that the hierarchy lives on a formal punctured disc with
coordinate 1/z. This disc can be thought of as the disc around the point z = co on the sphere P!. The vacuum operator
can be viewed as a connection on this disc and as such has a canonical Katz extension to the sphere. We give the
precise definition in Section B2 It is a particularly nice extension, unique up to isomorphism due to its construction
via a quasi-inverse functor, see [[@ (Equation 2.4.11). The Katz extension, also called canonical extension, is not
too singular near z = 0, and has normal form properties in the style of Levelt-Turrittin, similar to those enjoyed by
connections on a disc. This notion is far removed from the topic of integrable hierarchies: Katz used it in [[d for the
calculation of differential Galois groups. Surprisingly, we show in Theorem [ that in the case of the vacuum operator
this connection has integrable meaning: It generates an additional symmetry of the hierarchy.



Note that Theorem []is stated in the context of classical cyclic elements. In contrast, we are able to prove Theorem
[ for generalized Drinfeld-Sokolov hierarchies associated to arbitrary Heisenberg subalgebras of the affine Lie algebra
g. In order to state the result precisely we need to recall the notion of Kac coordinates associated to conjugacy classes
in the Weyl group of g.

1.1 Kac coordinates

Kac and Peterson have shown in [[[ that Heisenberg subalgebras of g can be parameterized by conjugacy classes [w]
in the Weyl group of g. This parametrization can be (non-canonically) reduced to the case of primitive conjugacy
classes and we assume from now on [w] is indeed of this form. Let r denote the rank of g, let N denote the order of
w, and let (x be a primitive N’th root of unity. The starting point in the construction of the Heisenberg algebra #|,,
associated to [w] is a collection of 7 + 1 non-negative integers s = (sg, -+ , ;). To define them, one shows that there
exist two Cartan subalgebras h,H of g with the following properties:

(i) There exists a finite-order inner automorphism o = exp(ad h) of g that restricts to w on h and to the identity
on b

(ii) Let eq,--- , e, be generators of the simple root spaces with respect to E and let ey be a generator of the lowest
root space. There are coprime integers s; in [0, N — 1] such that

ole) = i -
for all ¢ (for notational convenience we say that 0 is coprime to all integers)

The s;’s are called the Kac coordinates of [w] and are well defined up to permutations coming from diagram automor-
phisms. In general, there is also an ambiguity coming from choosing different liftings ¢ of the Weyl group element
w, but since we assume that [w] is a primitive conjugacy class, the Kac coordinates turn out to be well defined. We
list below all regular primitive cases, with the ordering of simple roots as in [B]. Most of these Kac coordinates are
calculated by Bouwknegt in H], see also [[A. For completeness we calculate the remaining cases in Section

regular primitive conjugacy class ‘ Kac coordinates
Fa(ar) (1,0,1,0,1)
Eg(ay) (1,1,1,1,0,1,1)
Eg(az) (1,1,0,0,1,0,1)
Er(ay) (1,1,1,1,0,1,1,1)
E7(a4) (1,0,0,0,1,0,0,1)
Eg(ay) (1,1,1,1,0,1,1,1,1)
Esg(az) (1,1,1,1,0,1,0,1,1)
Es(as) (1,1,0,0,1,0,0,1,0)
Es(as) (1,1,0,0,1,0,1,0,1)
Es(ag) (1,0,0,0,1,0,0,1,0)
Es(as) (1,0,0,0,0,1,0,0,0)
Dop(an-1) (1,1,0,1,0,1,0,1,---,0,1,1)
Coxeter class (1,---,1)

The Kac coordinates are used in the construction of H[,) by singling out a suitable twisted realization of the loop
algebra: Consider the type s-realization g(s) of g together with the isomorphism

®:g— g(s)



as described in [[@ (Chapter 8). The Heisenberg algebra Hj,) is then obtained as the inverse image via ® of a
subalgebra of g(s) built out of loops with suitable coefficients that are in particular in .

1.2 Katz extensions

It follows from the construction of H[,) that the Kac coordinates s yield a gradation on g for which Hw) has a
homogeneous basis. Fix an element A in #j,, that is of s-degree 1 and introduce the vacuum operator

Vvac = 62 + A

If [w] is the conjugacy class of the Coxeter elements one can see that this recovers our earlier definition.

Let (—, —) be a non-degenerate symmetric invariant bilinear form on g and via its restriction to the Cartan algebra
E we view the fundamental weights w; as elements of E Let «; denote the simple roots. We show that the Kac
coordinates describe the Katz extension of the vacuum operators:

Theorem 2. Let [w] be a regular primitive conjugacy class in the Weyl group of g, let N be the order of w and let

s = (sg, - ,58) be the Kac coordinates. The Katz extension of the vacuum operator is
(a +A)Katz:a +A+LXT:S 2 - W
z z Nz v 1 (ai7ai) )

As for Theorem [I] this result makes sense without any mention of integrable hierarchies. However, as indicated
earlier, our motivation comes from showing that these Katz extensions of vacuum operators do in fact play a crucial role
in integrable systems. Delduc and Feher describe in ] how to construct for every suitable element A in H, of s-degree
1 an integrable hierarchy of Drinfeld-Sokolov type (the original construction of Drinfeld and Sokolov in [ is recovered
by letting [w] be the conjugacy class of a Coxeter element). See also the work of de Groot-Hollowood-Miramontes [T
for another construction of the generalized Drinfeld-Sokolov hierarchies. As shown by Hollowood-Miramontes-Guillen
in [, these hierarchies possess additional symmetries which commute with the flows but amongst themselves obey
commutation relations of Virasoro type. As a consequence of Theorem ] we will show:

Corollary. The Katz extension of the vacuum operator 0, + A describes an additional symmetry of the generalized
Drinfeld-Sokolov hierarchy associated to g and A.

This shows that the a priori unrelated notion of the Katz extension does indeed play a crucial role in this integrable
hierarchy. The proof is by direct calculation: We calculate the Katz extension and compare it to the known shape of
additional symmetries. This leaves open a more conceptual understanding between the two notions and a more direct
understanding of this relation would be desirable!

2 Characterizing the vacuum

In this section we prove Theorem [l Write v = exp(—U) where U = )
as mentioned before assume that U is in 271
the vacuum operator:

i<o Ui with U; in g of principal degree i, and
g[z~1]. Suppose the point V' = ~|0) of the Grassmannian is stabilized by

0.+ NV CV (2)

Equivalently, |0) is stabilized by 7~1(d, +A)y. Let us rewrite this stabilization condition as a vanishing result. Expand

YO+ M)y =expad U)(0: + A) = 0. + A+ > A2 (3)
i<0

with A; in g independent of z. Then the stabilization is equivalent to the vanishing result

A; =0 foralli<O (4)



In particular, the validity of Theorem [I]is independent of the choice of faithful representation £ of g. We now show
how to deduce the theorem from various results by Cafasso and Wu in A, concerning the existence and uniqueness of
the Witten-Kontsevich point in Drinfeld-Sokolov phase space. This point can be characterized by various versions of
what is called the string equation, and Equation @ turns out to be closely related.

For U as before, following standard notation in the setting of integrable systems, we call elements of the form
exp(—U) gauge transformations. Consider the Drinfeld-Sokolov hierarchy associated to g. This considers the choice of
a cyclic element L, and we choose L = —A. Cafasso and Wu show in [0 (Theorem 3.11) the existence and uniqueness
of a Witten-Kontsevich point in the phase space. Write it as

W = pl0)

for a gauge transformation p. Let h denote the Coxeter number of g and let p” be half the sum of positive co-roots,
viewed as an element of . By [ (Lemma 3.9)

p’ 1
u1<az+-+A>u:82+A (5)
h =z
By Equation @ it follows that
p’ 1
O: + 7= —+ A ) (17]0)) S 1710) (6)

Equation @ is nothing but the string equation for the dressing operator, [ (Equation 3.29), when all flow variables
are set to 0. Let ¢; be the flow variables, indexed by the positive exponents of g, and let the A;’s be principal degree ¢
basis elements of the principal Heisenberg algebra as in. Since

Vo1 Vol it;
exp <— Ei:tiAi> (0. + % : ;) exp (Z: tiAi> =0, + % == #Aifh

)

IS

it follows that [ (Equation 3.29) also holds for non-zero time variables t;,. Put differently, pvy|0) is the Witten-
Kontsevich point. By the uniqueness of the Witten-Kontsevich point it follows that

1v|0) = p|0)
Therefore v = 1 and V' = |0), as desired. This completes the proof of Theorem

Remark. Some of the arguments by Cafasso and Wu in [ depend on the construction and properties of tau functions
associated to each point in Drinfeld-Sokolov phase space. Such arguments can be subtle since the very definition of
the tau function has a certain non-uniqueness and furthermore, arguments that involve a shifting of time variables
have to be treated very carefully since in general the tau functions are only formal power series in the time variables.

We therefore outline an algorithm that sidesteps the tau function arguments. The starting point is to calculate
exp(ad U)(9, + A) recursively with respect to principal degree. Equation @ then puts constraints on the U;’s. The
crucial point is that one can show that these equations force Ag = 0 and hence

7_1(82 + A)fy = az +A (7)

This in fact implies the theorem: By [ (Lemma 3.9, Theorem 3.11) there is a unique gauge transformation p such
that

\Y

1
u*1<az+%.;+A>u=az+A (8)

This result does not depend on tau function arguments. It now follows from Equation []] that v = 1, as desired.
We illustrate the algorithm for sl,. Consider a standard basis E, F, H. The elements U, are given by

U= B, U,=2.0,0,-2 p+%.r v,=%.51,..
V4 z z

ay
z z



where the a;’s are arbitrary constants. Note that U_; has no contribution from F' since by assumption all U;’s are not
only of principal degree ¢ but also of negative z-degree. One calculates

AO:a1~H72a2«F
The equations up to principal degree —5 yield

= a% — 2a9
= aiaz —az+ay

ajayg + 2a§ — 2as

o o o O

= aja4+ 2a§ — 2a1a3 — a1 + 2as

These equations force a; = as = 0 and hence Ay = 0, as desired.
The algorithm can be seen to work for all simple Lie algebras. Even for, say, ¢g the resulting system of equations
becomes quite involved, so we do not list them here.

3 Katz extension and additional symmetries

In his work on the calculation of differential Galois groups, Katz introduced in [[d] the notion of the canonical extension
of a connection on a formal disc to a connection on the sphere. One useful property in this context is that the local
Galois group of a connection agrees with the global Galois group of the canonical Katz extension. These notions are
far removed from the Drinfeld-Sokolov hierarchies but we show, somewhat surprisingly, that the Katz extension of the
vacuum operator is an important object for the associated integrable hierarchy.

3.1 Additional symmetries

It is known, see for example [ and [, that for suitable graded elements A in a Heisenberg subalgebra of an affine
Lie algebra there exists an associated generalized Drinfeld-Sokolov hierarchy. The Heisenberg algebras are classified
by Kac and Peterson in [[8. Up to conjugacy they are parameterized by conjugacy classes in the Weyl group of g.
Equivalently, this yields a classification of maximal abelian subalgebras of loop algebras g = g[z, 27 !] and it is for this
variant that we now recall relevant aspects of the constructions.

Let w denote a Weyl group element and let o = exp(ad h) be a finite-order inner automorphism of g that restricts
to w on a Cartan algebra fj. Let ag, - - , a, be the Kac labels of g (see [[2 Table Aff 1 in Chapter 4). Note that ap =1
and the highest root of g is written in terms of the simple roots a; as Y _._, a;;. Kac has shown that, possibly after
conjugation, one can assume that h is in a Cartan algebra E and there is a choice of generators {e;, fi, hi}1<i<r of @
satisfying the Serre relations, the h;’s span 5, and

27Ti8i

o(e;) = eXP(Zri) =

j=0@jS;

where the s;’s are non-negative integers and the non-zero s;’s are co-prime. In the following, we let

N = XT: a;S; (9)
=0

The s;’s are called the Kac coordinates of o and we define s = (s, -+ , $;). Fix a primitive N’th root of unity (x and
for any integer i denote by g[; the subspace of g on which o acts by multiplication by ¢4 . Consider the Lie algebra

g(o) = @9[¢] -2

For each root o = ), k;a; define its degree as deg a = ) . k;s;. As discussed in [[ZJ (Chapter 8), there is an



isomorphism of Lie algebras
1§ 5(0) (10)
that on a root space g, is given by multiplication by z9°¢ @, More generally, on g,z* the map ® is given by
x2® s gzdes athN (11)

Consider the subalgebra of g(o) given by
h(o) =Py -+

where h;; = b N gp;- The Heisenberg algebra H |, associated by Kac and Peterson to the conjugacy class of w is then
given as

Hiy =071 (H(U))

Since for all integers k clearly b;rn) = by it follows that one can choose indices i; with 0 <43 < --- <4, < N and
elements 1, in h;,) - 2% such that

i, - 2N with 1<t <r |, k€Z (12)

is a basis of H(a). Let E denote the multi-set {i, + kN | 1 < t < r , k € Z} and let EZ° denote the multi-set
corresponding to k£ > 0. The above basis of h(c) can then be labeled as {);} ek such that A; is in by - 27 and

Zl_NaZ)\j = j)\j—N (13)
Define the corresponding basis of H [, as
Ay =271 (A) (14)

Let 6 denote the highest root, let Fy and E_y be certain non-zero elements in the highest and lowest root space of g,
see [[Z (§7.4) for the precise definition. Let eg = zE_g and let fo = Ep/z. For a collection dy, - - - ,d, of non-negative
integers (not all zero), define a Z-gradation on g by

dege; =d; , deg f; = —d;

for 0 <4 < r. If one chooses d; = s; for all ¢ then A; is of degree j, see [[2. We call this the s-gradation. For example
so := (1,0, - ,0) yields the standard homogeneous gradation.

As in [ we now assume A in H|, is of s-degree 1, where the gradation s satisfies s > sg (hence the first entry
of s is non-zero). Let x be an indeterminate. The Lax operator of the corresponding generalized Drinfeld-Sokolov
hierarchy is of the form

L=0,4+A+q¢q

where ¢ is in §>0(So) and in g<1(s), meaning ¢ in g is of non-negative so-degree and of s-degree less than 1.

For a Lie algebra element M let M ™ denote the non-negative part of M in the s-gradation and M~ = M — M ™
the negatively graded part. The simple observation for defining flows on operators of the form L is that if M satisfies
[M, L] =0 then

[MJF,L] =-[M", L]

is both in g>o(so) and g<1(s). Therefore one can define a flow, with flow variable ¢5; say, by
Oy L =[M", L]

Since L can be gauge transformed to an operator of the form 0, + H with H in the Heisenberg algebra (cf. [I0
Proposition 3.2), it follows that gauge transforms of elements in H[,] can play the role of M. This yields the usual
flows of the hierarchy. The fact that the elements in H|,) commute amongst themselves implies that the flows commute.

The notion of additional symmetry of the hierarchy is obtained by relaxing in the equation [M, L] = 0 the require-



ment that M is in the Lie algebra. Rather, it can now involve also the derivations acting on g. Suppose there is a
derivation d such that for all k in E=°

[d, Ay] = % Ap_n (15)

Let ¢, denote the flow variable associated to the Heisenberg algebra element Aj. Then for all k£ as above

1 .
d+ > jtihjon, O — M| =0 (16)

jEE20

In analogy with the construction of the flows, this allows to define an evolution equation for the Lax operator L: One

defines

where d.¢ is obtained from d + % > jeR=o jt;A;_n via a dressing procedure. We refer to the work of Hollowood-
Miramontes-Guillen [ and Wu B3 (Equation 4.26, note that we use slightly different sign conventions) for details.
This evolution commutes with the flows, here Equation is the crucial ingredient. See [[I] (Equation 3.11) and 23]
(Proposition 4.5). One obtains an additional symmetry of the hierarchy. It is not called a flow itself since it is part of
an infinite family of analogous symmetries that all commute with the flows but amongst themselves obey commutation
relations of Virasoro type.

The operator d can be viewed as the generator of the symmetry and we now describe how to find such a derivation.
Let A = ®(A). Consider on g(o) the derivation

D:=2'"N.g, + NX

where A stands for the derivation [\, —]. We now calculate what this derivation looks like on g.
Let as before {e;, fi, hi}i=1,... » be a set of generators of g satisfying the Serre relations. For all 1 <+ < r one has

D(e;) = 2%e;
Since 0 = Y"7_, a;«; it follows from Equation (L1)) that
(I)(e()) = ZSOE,Q

It now follows for 1 <7 < r that

Si€;

((I)il oDo q))(ez) = Si(pil(zsiiNei) + [NA,SZ} = + [NA, 61‘]
z
Since ®(E_y) = "N E_, one also has
S0€o

(@t oDod)(eg) = 500 (2 VNE_g) 4+ [NA, e0) = - + [NA, e

We now describe ®~ o D o ® in a slightly different manner. For each 1 <4 < r let w; be the i’th fundamental weight,
viewed via a choice (—, —) of non-degenerate invariant bilinear form as an element of . So

(O‘j’aj)

isej] = 055
[W e]] ) 2

.ej

Recall that for the Weyl group element w that we started with we have chosen a lift ¢ = exp(ad h) for some h in H

Rescale the element h as h = 27iR, so that
[R,ei] = %ei



Concretely, R is given by

R= i 27": 2 "y (17)
N N X (aivai)SZ(’dZ

=1
Then for i > 1
R .
{N(az + < + A),ez} = %ei + [NA, e]

For 7 = 0 one has

R T
N(az + ; + A), 60:| =NE_y— ZaisiE—O + [NA, 60] =sob_¢g + [NA, 60]
=1

It follows that the derivation ®~1 o D o ® agrees with the derivation N (9, + % + A) on a set of generators and hence
the two derivations are equal. Hence

R .
N(Bz + ; + A)(AJ) = ]Aij

Therefore, for the desired derivation d in Equation one can take

d:@z+§+A

See for example 2] for a more in-depth discussion of these kind of derivations.

3.2 Katz extension

In Section ] we have shown in what manner the vacuum operator 9, + A characterizes the Drinfeld-Sokolov vacuum
|0). In the Grassmannian formulation, the hierarchy corresponds to certain subspaces of a C((1/z))-vector space and
in this sense the hierarchy lives on a punctured disc around z = co. It is then natural to view the vacuum operator as
a connection on this disc. After embedding the disc into a sphere, one can ask what the canonical Katz extension of
the vacuum operator is. We answer this question in the current section.

Let us recall the notion of the Katz extension. Let ¢ be an indeterminate. A connection V on a formal punctured
disc Spec C((t)) is by definition a C-linear endomorphism V of a finite-dimensional C((¢))-vector space V that satisfies
the Leibniz identity

V(f(t)-v) = 0uf@) - v+ f-V(v)

for all f in C((¢)) and v in V. After choosing a basis, the connection corresponds to a linear differential operator
V=0+A

with A in GL,C((t)) where n = dimg¢ ) V.

Starting with work of Levelt [ and Turrittin ] in the 1950’s, it is known that connections on a formal disc
possess a normal form resembling the Jordan canonical form. In general, this normal form is only achieved after
extending scalars to a finite extension of C(()): Let 7 > 1 be an integer and let s = t'/". The pull-back of a connection
(V, V) over C((t) to a connection over C((s)) has underlying C((s))-vector space simply V ®¢ () C((s)). The analogue
of V is [r]*V which satisfies in particular

[F*Vvel)=v@rs !

The results of Levelt and Turrittin imply that for a suitable r, the connection [r]*V is isomorphic to a successive
extension of one-dimensional connections in an essentially unique manner.

For connections on the sphere the analogous statement fails in general. The idea of the canonical Katz extension
is to find nonetheless a special connection on the sphere that restricts to V while simultaneously exhibiting behavior
of Levelt-Turrittin type. Let us give a precise definition in the case where after a suitable pull-back V is the direct
sum of one-dimensional connections. This will be the case of interest in our application to vacuum operators of
Drinfeld-Sokolov hierarchies.



Given a connection V = 9; + A on the disc Spec C((t)), an extension to the sphere is simply V' = 0; + B with B
in GL,,C[t,t!] such that V and V' are isomorphic on Spec C((t)): There is g in GL, C((¢)) such that

90 +gAg ' =B

Given such an extension V’ one can consider its local behavior around the disc ¢ = oco: Under the coordinate change

z = 1/t the connection d; + B changes as

1

z

If there is a gauge transformation in GL,,C((z)) that puts this operator into the form

1
82+C,1;+Co+01z+~-~

with each C; constant, then we call the connection regular singular around z = 0. A canonical Katz extension V" of
V is by definition an extension of V to the sphere that is regular singular around z = 0 and that after a finite pull-back
is a direct sum of one-dimensional connections.

As before, we now choose a faithful complex representation £ : g — gl(V) and we usually simply write  for &(z).
If now A is in gz, 27!] then via £ one can view 9, + A as a connection on the formal disc around z = co. In the case
where A is a suitable element in a Heisenberg algebra we calculate in Theorem [2] the Katz extension.

Proof. (of Theorem

Let [w] be a regular primitive conjugacy class in the Weyl group. Let N denote the order of w and fix a primitive
N’th root of unity {. Fix a Cartan algebra b in g and view the Weyl group via its reflection representation on the
corresponding space of roots. Let us recall why the Kac coordinates associated to primitive Weyl group elements are
uniquely determined. A conjugacy class [w] is called primitive if in the reflection representation

det(1 — w) = det(A)

where A is the Cartan matrix of g. In particular, this determinant is non-zero and hence 1 is not an eigenvalue of
w. Tt follows that w is an elliptic element. The desired uniqueness is then implied for example by [ (Lemma 1.1.3):
Suppose for i = 1,2 there is a lift 0; = exp(ad g¢;) of w to an inner automorphism of g. Then

o9 = exp(ad h)oy

for some h in bh. Since w is elliptic, the kernel of the endomorphism of § given by ¢ +— ¢ — w(t) is 0. Hence the map is
surjective and there exists ¢ in b such that
t—w(t)=nh

Then

exp(ad t)alexp(—ad t) = exp(ad t)AdeXp(g1)exp(ft)exp(fgl)exp(gl)
exp(ad t) Adexp(w(—t))exp(ad g1)
exp(ad (t —w(t)))exp(ad g1)

Hence the conjugacy class of lifts of w is well defined and the Kac coordinates are unique.

Using this uniqueness together with [[d (Proposition 2.2) it follows that the order N of w is also equal to Y _._ a;s;,
where the s;’s are the Kac coordinates of o and as before the a;’s are the Kac labels of g. Hence our notation is consistent
with Equation @D By definition, [w] being regular means that there is an eigenvector A in the Cartan algebra b such
that (A, ) # 0 for all roots . Put differently:

Centg(A) = b (18)

By B (Theorem 4.2) the eigenvalue corresponding to A is a root of unity of the same order as w. Furthermore, by loc.
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cit. (Proposition 4.7), if i is co-prime to the order of w then w? is conjugate to w. Hence, possibly after moving within
the conjugacy class [w], we can assume that the eigenvalue is our chosen primitive root of unity ¢. Let s = (sg,-- , $»)
be the Kac coordinates of [w]. As in Equation define

I - 2
Tszﬁ';msiuﬁ

Suppose now that the following holds:
Condition 1. N — 1 is the largest eigenvalue of ad Nrs on g

Previously, we denoted by g[; the subspace of g on which o acts by ¢*. Now define a Z-gradation on g by putting
forall1<i<r
dege;=s; , deg fi =—s; , degh; =0

and denote by g; the degree i space. Since for all 7 one has dim g; = dim g_; it follows from Condition [I] that 1 — N is
the smallest eigenvalue of ad Nrs on g. The only two integers in [1 — N, N — 1] congruent to 1 modulo N are 1 and
1 — N and therefore

A=a+a_nN

for a; in g;. Similar to a previous calculation one sees that for
A=a1+z-a1_n
in g one has ®(A) = \- 2. We want to show that there is v in g solving the equation
v, A] = 74 (19)

The existence of v follows from a case by case analysis (with respect to the Weyl group conjugacy class [w]) from
results due to various authors and collected by Delduc and Feher in . In the following we summarize the relevant
arguments. The idea is that no matter what ay is, for every element ag in go (and hence in particular for ay = rg),
there is a_y in g_; such that [a_1,a1] = ao.

Since A is regular semi-simple it follows that the kernel of ad (a3 + a1_n) has 0 intersection with g since the
elements of the latter space are nilpotent. Since 1 — N is the smallest eigenvalue this implies that the above kernel is
in fact equal to the kernel of ad a;. Hence [a1,g-1] and g_; have the same dimension. Suppose one knows:

Condition 2. dimg_; = dimgg
If Condition 2 holds, since [a1,g-1] C go, it follows that [a1,g_1] is all of go. In particular, there exists v in g_;
such that [v,a1] = rs. Since [a1-n, g<o] = 0 it follows that that

[V,a1 + 2z a1-N] = 75

and Equation does indeed have a solution.

The fact that for all primitive regular conjugacy classes Condition [[] and Condition [J] do hold is part of what is
shown in ] (Appendix A), using the results of various authors. Since not all details are given in loc. cit. we give
some illustrative sample calculations below.

Example 1. Consider the conjugacy class of a Coxeter element, hence N = h is th Coxeter number. Kostant
showed in [[3 that the Kac coordinates are s = (1,---,1). Write the highest 100t @max 8 Qmax = Y ;_; @;¢;. Then
>oi_ja; =h—1 and therefore

%

Omax (h1s) = Zai =h-1
i=1

and hence Condition holds. In terms of a basis {e;, fi, hi }1<i<r of g satisfying the Serre relations one sees that go is
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the span of the h;’s and g_; is the span of the f;’s. Hence
dimg_; =r =dimgg

and Condition B holds.

Example 2. Consider the conjugacy class Eg(a1). The order of the Weyl group element is 9, see for example H]
(Table I) for orders of all primitive Weyl group elements. We follow the ordering of simple roots as in [B:

[e] [e] o [e] [e]

1 3 4 5 6

The Kac coordinates are s; =1, 80 =1, 83 =1, 54, =0, s5 = 1, s = 1, see the work of Bouwknegt H]. The highest
root has coordinates (1,2,2,3,2,1) and therefore the largest eigenvalue of ad rs is

1-1+2-14+2-14+3-0+2-14+41-1=8=9-1

and hence Condition 1 holds. As can be seen for example in [, the coordinates with respect to the simple roots of
the list of positive roots is

|

)}
1(0,1,0,1,0,0) ]|

[(1,0,0,0,0,0)],[ 0,1,0,0,0,0)

[(0,0,1,0,0,0).(0,0,0,1,0,0),| (0,0,0,0,1,0)

[(0,0,0,0,0,1),(1,0,1,0,0,0)

(
(0,0,1,1,0,0) \ (0,0,0,1,1,0) \ (0,0,0,0,1,1),(1,0,1,1,0,0), (0,1,1,1,0,0), (0,1,0,1,1,0)
(0,0,1,1,1,0),(0,0,0,1,1,1),(1,1,1,1,0,0), (1,0,1,1,1,0), (0,1,1,1,1,0), (0,1,0,1,1,1), (0,0,1,1, 1, 1)
(1,1,1,1,1,0),(1,0,1,1,1,1),(0,1,1,2,1,0), (0,1,1,1,1,1),(1,1,1,2,1,0), (1,1,1,1,1,1),(0,1,1,2,1, 1)
(1,1,2,2,1,0),(1,1,1,2,1,1),(0,1,1,2,2,1),(1,1,2,2,1,1),(1,1,1,2,2,1), (1,1,2,2,2,1), (1,1,2,3,2, 1)
(1,2,2,3,2,1)

We have boxed the roots of s-degree 1. It follows that
dim g-1—= dim g1 = 8

and similarly
dim go =rank g+2-1=28
and hence Condition 2 holds.

Example 3. Counsider the conjugacy class Do, (a,—1). For n < 4 the Kac coordinates are calculated by Bouwknegt in
Hl. We now calculate the Kac coordinates for all n. The order of the Weyl group element is 2n. By [[@ (Proposition
2.2) all Kac coordinates are either 0 or 1 and N = >"'_ a;s; = 2n. Since the highest root is a1 +2(ag + -+ -+ a2n—1) +
Q2,1 + ao, this implies

S0+ 81+ 2(s2+ - Sap—2) + S2n—1 + S2n = 21 (20)
We will show that
s=(1,1,0,1,0,1,0,1,0,1---,0,1,1) (21)
In [[@ a general formula for the dimension of gg is given. In the current situation it gives

h 4dn —2) - (2
dim gy = 7 - Un=2-Cn) _
2n 2n

Our strategy is to show that unless s is as in Equation , dim gg is bigger than 4n — 2.
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Let t1,t2, -+ be the lengths of intervals consisting of 0’s in the sequence of Kac coordinates. So for example if
s =(1,1,0,0,1,1,0,1,1) then ¢; = 2 and ¢t = 1. The set of positive roots includes Zi§k<j ap with 1 <i < j < 2n.
Let us count how many of these are of s-degree 0: All ay’s need to be part of the same interval of 0’s. Therefore the
number of degree 0 positive roots of this type is

tj(tj +1)
> bl

Since the Cartan algebra is contained in g¢ and there is an equal number of positive and negative roots of s-degree
0 it follows that

. ti(t; +1
4n — 2 = dim gg Z2n+2.z%
J
Let Ko = Zj t; denote the number of Kac coordinates equal to 0. Then
22> Ko+ ) 1] (22)

J

One sees from Equation that there are three possibilities for Ky, namely n — 1, n, and n + 1. One also has
Zj t? > Zj t; = Ko with equality if and only if ¢; = 1 for all j. Hence it follows from Equation that Ko =n—1
and t; = 1 for all j. From Ky = n — 1 it follows from Equation that sg = s1 = S9,,—1 = S92, = 1. But then the

only way to avoid ¢; > 1 for some j is to have
s=(1,1,0,1,0,1,0,1,---,0,1,1)

as desired.

Since so = 1 it follows that Condition 1 holds. We have already seen that dim go = 4n — 2, let us now calculate
dim g_; = dim g;. Consider first the positive roots of the form Zi<k<j a with 1 <14 < j < 2n. Out of these, for
s-degree 1 one obtains n roots of height 1, 2n — 2 roots of height 2, n — 2 roots of height 3. There are two more types

of positive roots:
(1) con + D jcpeon_or with 1 <i < 2n — 1 (where for i = 2n — 1 the summation simply is ignored)
(ii) Zi§k<j ay + 2ngk§2n72 ag + Qop_1 +ag, with 1 <i<j<2n

The first case yields the two roots as, and as,_2 + asg, of s-degree 1 and the second case yields nothing. In total one
obtains
dimgi=n+2n—-2)+(n—2)+2=4n—2

and Condition 2 holds.

Example 4. In the case of F4(a;) the Ansatz of the previous example does not single out the Kac coordinates uniquely:
The order of the Weyl group element is 6, and the highest root is given by 2a7 + 3as + 4as + 2a4. Hence the Kac
labels are ag = 1, a1 = 2, ag = 3, ag = 4, ag = 2. Since all s;’s are 1 or 0 it follows that the quintuples (1,1,1,0,0)
or (1,0,1,0,1) or (0,1,0,1,0) or (0,0,0,1,1) are exactly the possible choices of (sg, - ,s4) satisfying Z?:o a;8; = 6.

One has B
. r
dim gy = 5 - 8

From the list of positive roots, see for example [, one directly calculates that exactly for (1,0,1,0,1) or (0,1,0,1,0)
one has
dimgo=4+2-2

So the numerics do not distinguish between those two possibilities for the Kac coordinates and we refer to [@ (Appendix
A) for details that Conditions 1 and 2 do indeed hold for Fy(a1). Assuming this, we can deduce the Kac coordinates:
Since ag = 1 in order for Condition 1 to hold one needs sy = 1. Hence the Kac coordinates of Fy(a;) are (1,0,1,0,1).

13



By Equation and since A is semi-simple, it follows via the isomorphism ® that

ker ad A = H[w] (23)

as well as
g=kerad A®Im ad A (24)
Since
1 1-N
[rsual] = N ap [TsaalfN] = T cA1—-N
it follows for A = a1 + z - a1_n that
T 1
2, —S,A] =— A
[ + z Nz

More generally, it follows from our previous arguments that for the basis elements A; of Hj,) given in Equation
one has
r J
0+ 20 = £ A (25)
The next part of the proof follows closely the arguments by Cafasso and Wu in | (Theorem 3.11). Let v = exp(Y)
where Y in g has a decomposition with respect to the s-gradation as ¥ =}, <0 Yi- We want to show that there is
such Y such that

Y, [Y,0: + = + A]]
2!

explad Y) (9, + = +A) = 0.+ = + A+ [V, 0. + =+ 4]+ 4= 0.+ A (26)

We make the Ansatz that Y; = 0 if j is not divisible by IV 4 1 and show recursively with respect to s-degree that

Equation can be solved. Note that under our Ansatz one has for any indices i1, -- - , i that
degg [Yiy, [Yig, - ’[Yik’az_'_Ls]”.} =—-N=1 modN+1
z
as well as
degs[Km[Y;ga,szk, ]]El mod N +1

Hence to prove Equation one has to check it for s-degree —i - (N + 1) + 1 with ¢ > 0. For ¢ = 0 the equation
simply is A = A. The first non-trivial equation corresponds to i = 1 and hence is in s-degree —IV:

[Von_1,A] = —% (27)

This has a solution by Equation (Jl9)): There is v in g_; such that [v, A] = 5 and hence one can take
v
Yono1=—=
z

In degree —i - (N + 1) 4+ 1 one needs to solve

Ts 1 1
Y_iv+1), Al = =[Y_(i—1y(v41), 0= + ;] - i[Y—(i—l)(N-&-l)a [Y_(ns1), Al] = §[Y—(N+1)7 Y_ -+, Al +C (28)

where C' depends only on Y_j(y1) for j <i— 2. We now show that there exists Y solving these equations.

By Equation @ every element = of g can be written uniquely as a sum z1 + x5 with x; in the Heisenberg algebra
H[w) and z2 in the image of the adjoint action of A. We call z; the Heisenberg part of . Suppose now Equation
has been solved up to a certain ¢ — 1. To prove the existence of Y_; 1) with the desired properties we will show that
after adding a suitable element of the Heisenberg algebra to Y_(;_1)(n41) the Heisenberg part of the right-hand side
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of Equation can be made to equal 0. Let H denote the Heisenberg part of

1 1
_i[y—(i—l)(N+1)a Y_ N1y, Al] — §[Y—(N+1)a Y_ (-4, Al +C

Then N
fem — N
(i—1)(N+1)

is again an element of the Heisenberg algebra and of degree —(i—1)(N+1). We now modify Y_(;_1)(n+1) by subtracting
H. Since Hj,) is commutative this does not affect the validity of the equations in degree —j(N +1) +1 for j <i — 2.
Using Equation one obtains

s = - Ei—-1)(N+1) - 1

[@+an}:—ﬁ——l—ij~H~f:fH

z N z
Hence, the new Heisenberg part of —[Y_(;_1y(n41), 0. + "] is obtained by subtracting H. Also, the Heisenberg part of
[Y_(i—1)(v+1), [Y=(n+1), A]] does not change: Since H|,, is commutative, subtracting an element H of the Heisenberg
algebra from Y—(i—l)(N-i—l) Changes [Y—(i—l)(N-‘rl)a [Y—(N+1)7 A]] by

_[ﬁv [Y—(i—l)(N—i-l)a A]] = [Av [I:Iv Y—(i—l)(N—',—l)H

This is in the image of ad A and hence has 0 Heisenberg part. It follows that the Heisenberg part of the right-hand
side of Equation can be made 0. Hence there is Y_; 1) solving Equation and hence by induction there
exists a solution Y to Equation @D

Recall that we have fixed a faithful representation £ : g — gl(V') of g. In order to prove Theorem @ it now suffices
to show that, possibly after a finite pull-back, the connection

0.+ =4 A
z

can be diagonalized by an element of GLgim ¢(C[z,271]). Consider the weight space decomposition V = @, V,.. The
eigenvalues of ad rg are integers after multiplication by N. It follows there is ¢ with N|i such that rs acts on each V,,
as multiplication by an element a, = b, /i in Z/i. For w = 21/% one obtains

: Js +iw' " Nay + a;-nw')

ok [8Z+TZ—S+A} > 0, +

Now consider the gauge transformation g that multiplies V;, by 2% = w® . Then gd,,(¢~!) acts on V, as —b, /w and
hence

_ 1 Ts
99u(g™") = —— (29)
Furthermore, an element F, in the root space of a takes V,, to V, 4, and hence on each V, one has
gEa971 _ wi~((u+a)(rs)fv(r5))Ea — wi-a(rs)Ea (30)

Using Equations @D and @ it follows that

1T 1-Tg
_|_

g ([z]* [82 + Ts +AD gl 9y — +Z~wi—1(a1wi/N +a17Nw¢+i(1—N)/N)
z

w w
= Oy +iw¥ Yy +ar_y)

Since N > i this connection is regular at 0 and since A = a; 4+ a1_n is by assumption regular semi-simple it follows
that the connection can be diagonalized by a constant gauge transformation. This completes the proof of Theorem
O
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Remark. A priori, Theorem ] does not rule out that 9, + A is also its own Katz extension since it could be isomorphic
to 0, 4+ rs/z + A on the sphere. In particular, the two connections would be isomorphic on a formal disc around 0.
However, in general this does not hold as we now show. Let us consider the example of Eg(a;). Let A=! denote the
inverse of the ¢g Cartan matrix. One obtains

(1,1,1,0,1, )T A (R, - 1)

T's

1
= §(6h1 + 8hg + 11hg + 15hy + 11hs5 + 6h6)

In one of the two faithful 27-dimensional representations of eg the element rg can be conjugated to a diagonal matrix
of the form

1
re= g -diag(6.5,4,4,3,3,2,2,2.1,1,1,0,0,0, =1, =1, -2, ~1,-2, 2, -3, -3, -4, 4, =5, ~6) (31)

As described by Babbitt and Varadarajan B (p. 24) the semi-simple part of the monodromy of the connection
9, +1s/z + A is the exponential exp(2mirg). Since in Equation not all entries of rg are integers, it follows that
the monodromy is non-trivial. However, the monodromy of 0, + A is trivial around 0 and it follows that 9, + A is not
its own Katz extension.

Acknowledgements: It is a great pleasure to thank Mattia Cafasso and Chao-Zhong Wu for very helpful ex-
changes. Thanks also to important corrections and remarks by the referee.
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