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Correspondences
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Abstract

The deformation theory of automorphic representations is used to study local properties of Galois representations
associated to automorphic representations of general linear groups and symplectic groups. In some cases this allows
to identify the local Galois representations with representations predicted by a local Langlands correspondence.
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1 Preface

Parts of this memoir are based on my Ph.D. thesis written at Princeton University under the direction of professor
Christopher Skinner. I am deeply indebted to professor Skinner for sharing numerous mathematical ideas with me,
many of which are used in this work. I also thank him for many discussions of the mathematics treated in this
memoir. It is also my great pleasure to thank B. Conrad, S. Dasgupta, A. Jorza, C. Sorensen for conversations and
correspondences that have been very helpful. Moreover, I thank the referee for remarks concerning the improvement
of the exposition.

2 Introduction

Let 7 be in the complex upper half-plane and let ¢ = exp(2mit). Fix a prime number ¢. In the year 1954 Martin
Eichler associated to the modular form

F=Y and"=a-2¢" =’ +2¢" +¢" +---
n>1

of weight 2 and level T'x(11) a very different type of object: A group representation

pse: Gal(Q/Q) — GL2(Qy)
such that for all primes p ¢ {11, ¢} the representation py, is unramified at p and
Trace py(Frp) = a,

and
det ps o(Frp) =p

where Fr, denotes a lift of Frobenius at p. A priori, this association makes no connection between the local properties
at p = 11 of the modular form and the group representation. It is then natural to attempt to strengthen Eichler’s
correspondence between the analytic object f and the algebraic object py,, and many results for generalizations of
Eichler’s correspondence to more general settings have been obtained in the last half a century in this direction. Such
questions are now often called the problem of local-global compatibility of Langlands correspondences. The current
memoir is meant to contribute to these ongoing efforts.

Traditionally, the main tool in this area is the detailed study of the geometry of Shimura varieties. This should
not be too surprising: The very construction by Eichler of p¢ . uses modular curves. For modular forms a reference for



the traditional approach to local-global compatibility is [LAN], for Hilbert modular forms there is for example [CAR],
and a more recent work in this tradition is the work [HT] by Harris-Taylor.

The methods of our work are different, we use the deformation theory of automorphic forms and Galois represen-
tations instead: The description of f above as an element of Z[[¢]] lends itself to an obvious notion of congruences to
other such formal power series in ¢. In many situations one knows the existence of an abundance of such congruences
to other modular forms. We will exploit this to develop an approach to local-global compatibility questions that largely
avoids the study of bad reduction of Shimura varieties. Phrased in terms of Eichler’s modular form f we would like to
advertise the following maxim: The local behavior at 11 of the associated Galois representation is governed in a direct
way by unramified local behavior of modular forms, not necessarily of the individual modular form f itself but of
families of modular forms deforming f. This approach is very different than the standard approach to such problems
via studying singularities of Shimura varieties and therefore in particular is useful in the following situations:

(i) there is no variety to work with in the first place

(i) the singularities of the relevant Shimura varieties are not sufficiently well understood
Examples for these two situations that we treat in this memoir are:

(i) Hilbert modular forms of partial weight one
(ii) Automorphic forms on symplectic groups

Let us come back to Eichler’s modular form f. To study the behavior of ps, at p = 11 we look at the corresponding
Weil-Deligne representation (r, N). See for example [TAT] for a definition. We refer to r as the semi-simple part and
to IV as the monodromy operator. We use the following methods to study r and N as well as their analogues for more
general automorphic Galois representations:

To study r we use the vertical deformation theory of automorphic forms, namely eigenvarieties and associated
families of Galois representations. Our approach to calculating the local monodromy operator N is given by the
following principle:

automorphic congruences
+ automorphic monodromy operators
modularity lifting theorems

We now illustrate these approaches to local-global compatibility in some examples. The examples hopefully demon-
strate the usefulness of the deformation theoretic approach to local-global compatibility questions concerning Galois
representations whose local properties are not easily detectable by standard approaches via singularities of Shimura
varieties. On a more philosophical level they might illustrate that ramified local-global compatibility can sometimes
be deduced from unramified local-global compatibility in pleasing accordance with the way unramified properties often
abstractly determine the Galois representation via the Chebotarev density theorem.

Calculating N for Eichler’s modular form:

Let us explain our approach to monodromy operators in the case of Eichler’s modular form f. The space S3(SLa(Z))
sitting inside S2(I'o(11)) is actually trivial. A reflection of this fact for the Galois representation py, is that one
expects the inertia action at 11 to be non-trivial and unipotent and this has been known for many decades. However,
analogous questions in higher dimensions can be much more difficult, hence we now sketch in this simple situation of
Eichler’s modular form a deformation theoretic approach to studying the ramification:

The key are the revolutionary techniques developed by Wiles [WIL] in his proof of Fermat’s last theorem, namely
modularity lifting results. The idea of modularity lifting theorems can be described schematically as:

S

Py
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Pg,e



By this we mean that p is a representation whose reduction is isomorphic to the reduction p;, of py¢ and we want to
study if p is equal to py, for a suitable modular form g. With this in mind our idea to prove the above described form
of the inertia action of p¢, at 11 is an approach that can schematically be described by the following diagram:

R————T(11)

| ]

R(11-unr) —=— T(1)

Here R parametrizes suitable deformations of the residual representation p; , and R(11-unr) parametrizes the subclass
of deformations unramified at 11, T(11) denotes a Hecke algebra corresponding to certain modular forms whose level
divides 11 and T(1) corresponds to the subclass of modular forms of level 1. However, since S3(SL2(Z)) is trivial, the
above diagram can not be used directly. This is similar to a problem Wiles faced in the proof of Fermat’s last theorem:
When working with so called minimal deformation problems it can be non-trivial to show that the relevant Hecke
algebras are non-empty. In the work of Wiles this is solved by using level-lowering theorems. In our case, we can use
the potential level-lowering results of Skinner and Wiles to bypass the above described problem: In many situations
one can find congruences to less ramified modular forms after a suitable base change. An added advantage of the
Skinner-Wiles results for our aims is that it avoids the study of singularities of Shimura varieties that is employed to
prove more classical level-lowering results.

Since modularity lifting theorems are known in many situations, variants of the above described arguments can
also be used to study monodromy operators in situations not easily accessible via more standard geometric methods.
Hilbert modular forms of partial weight one are one such example which we treat in the current memoir. Since the
Galois representations for such modular forms are constructed by using families of modular forms one loses control
of the monodromy operators at places of Steinberg ramification. We demonstrate how the deformation theory can be
used to calculate the monodromy operators nonetheless in certain situations.

Calculating r (and consequences for N) in a symplectic example:

We now discuss an example of our approach to the semi-simple parts of Weil-Deligne representations associated to
automorphic Galois representations. In the case of modular forms we have indicated earlier for the example of Eichler’s
modular form how the horizontal deformation theory, by which we mean the theory of modularity lifting, can be used to
study N. To study r we use the theory of eigenvarieties: Under suitable assumptions many automorphic representations
can be put into p-adic families and there are corresponding families of Galois representations. It follows from the
important work of Kisin in [KIS|] that for such families one often has a variation of crystalline periods. We use this to
obtain the matching of » with what is predicted by the local Langlands correspondence in some cases. For this method
we study p-adic families of Galois representations and we study the local properties of the Galois representations at p.
If independence of ¢ results are known then one can safely restrict to this case of critical characteristic. The control of
the variation of only one crystalline period translates the study of r into a combinatorial problem involving exterior
powers of Galois representations and different ways of injecting a suitable local component of 7 into a principal series
representation. We discuss some of the resulting combinatorics, in particular in low dimensions, in this memoir. Note
that very recent results on strengthening of Kisin’s work towards existence of global triangulations allow to discard
the combinatorics in many situations and we briefly discuss this later on.

The motivation for choosing the specific example we are about to discuss stems from the work of Skinner-Urban
[SU] on the main conjecture of modular forms. There, it would be useful to know certain local-global compatibility
results for automorphic representations of GSp,. Since the existence of a Langlands transfer to GL4 is not always
known one cannot simply appeal to the well established results for automorphic representations of general linear and
unitary groups. Moreover, contrary to the detailed study of the bad reduction of certain unitary group Shimura
varieties carried out by Harris-Taylor in [HT], the corresponding understanding of the bad reduction of symplectic
Shimura varieties is much less developed. Hence this is a situation where the methods developed in this memoir come
into play.



Let F be a totally real number field and let 7 be a suitable automorphic representation of GSp,(Ar) which is in
particular cuspidal, algebraic and globally generic. Let recgsp, denote the local Langlands correspondence for GSpy
constructed by Gan and Takeda. In the following statement we in fact use it only for unramified representations where
it is a classical result.

For ¢ a prime and ¢ an isomorphism from Q, to C there exists a unique continuous semi-simple representation

Pl - Gal(F/F) — GL4(@Z>
such that for v { ¢ with 7, an unramified principal series representation one has
WDL(PW,&L|WF1, )F_Ss = recgsp, (M0 ® |C|_3/2)

where ¢ denotes the symplectic similitude character. An analogue of the behavior of Eichler’'s modular form f at
p = 11 is to assume that v { £ is a finite place of F' such that

my = Ind(xa |- "%, xa] - 7% x2)
where |- | is normalized absolute value of F, and x; and 3 are unramified characters of F.* such that x? & {|-|*%,|-|*%}
and the right hand side is the normalized induction of the character of the diagonal torus of GSp,(F,) given by

(g’ = xa ()02 xa (t2) 2] 2 xa(e()

c(t)ty!

Let (r, N) denote the Weil-Deligne representation associated to pr ¢, at the place v. Let w be a uniformizer of F,, let
q be the size of residue field of F, let Fr, be a lift of geometric Frobenius and let S be the multiset of eigenvalues of
r(Fr,) multiplied by q~3/2. Local-global compatibility predicts that

S ={afq'/?,apq~'?, a8, B} where a := x1(w) and § := xa(w)

By using the vertical deformation theory, by which we mean the theory of eigenvarieties, we show under some assump-
tions, including an independence of ¢ assumption, the following: Let 1 < j < 4 and let

M1
U2
M3
Ha

be an unramified character of the diagonal torus of GL4(F,) such that

GL4(Fv) (
Bary(ry)

Sta2(x1x2) B xix2 B x2 < Ind 1)

Then there exists a multiset {z1,--- ,2;} contained in S such that

11z =] (=)
k=1 k=1

Remark 1. Assuming an independence of ¢ hypothesis deserves some discussion since it might sound rather strong.
However, this type of result has already proven to be useful, for example in the work of Jorza in [JOR]. There, via a
multiplicity one result, symplectic local-global compatibility is related to GL4 local-global compatibility but only up to
a quadratic twist. Via the methods developed in the current memoir this twist can be removed, since the independence



of ¢ for GL4 is indeed known.

We now use the above described result for various pairs (p,j) and the combination of the information obtained
from these applications will yield that S is as predicted by the local Langlands correspondence.

e Pair 1:
Here we take
X1xz| - |1/2
: xixe| - |72
1,j) = i1
(k) = xixe )
X2
It follows that o3¢~ Y/2? € S
e Pair 2:
Here we take
X2
xixe
) ] = 73
(1, 5) = ( XIXZ"|1/2 )
xixe| - |72
It follows that there is {z1,z2, 23} C S such that
213913 = o’ P!/
e Pair 3:
Here we take
X2
2
. X1X2
b = 74
(1,5) = ( X1X2\'|1/2 )
xixe|-[71?
It follows that there is {y1, y2, y3,y4} = S such that
Y1Y2yYsys = a4ﬁ4
Hence, without loss of generality,
ya=aBq? €S
e Pair 4:
Here we take
X2
: xixe 3
(1,3) = ( X1X2"|1/2 )
X1Xa| - |71/2

It follows that § € S and since o ¢ {g*', ¢*3} one has 3 # af¢™'/? and therefore

S = {afq* aBq"? B, 2}

for some number z. Now using the pair (u,4) implies a?3%z = o*$* and hence

z=a?B



and S is as desired.

Note that this local-global compatibility result concerning r has consequences for what N can be. The analogue
of the conjecture of Skinner-Urban in our current situation predicts that the rank of N equals one. In fact, for their
applications it is only necessary to show that the rank is at most one and this can be deduced from results of the
above type concerning 7.

Remark 2. The approach to local-global compatibility that we outlined above actually allows to go beyond the
results based on singularities of Shimura varieties. By working directly with symplectic group eigenvarieties one can
attack the non-globally generic case as well. Note that the conjecture of Skinner-Urban is now essentially a theorem
of Jorza. He proves this by showing a certain strong multiplicity one result for automorphic representations of GSp,
and using the already known local-global compatibility results for automorphic representations of GL4. To prove the
full compatibility, there was originally a problem with quadratic-twists. After learning of these results we suggested
to solve this problem via the methods outlined above and this is now included in [JOR2]. The general deformation
theoretic approach that we wish to develop gives another, more self-contained, approach to showing such local-global
compatibility results. Since it does not appeal to GL,4 results it should be easier to apply it in more general situations
where the understanding of bad reduction of Shimura varieties is less developed.

A more detailed outline of this memoir:

We focus throughout this work on automorphic representations of GL,, and GSp,,, and while we usually focus on
Iwahori-spherical ramification one can obtain more general results by using base change methods. One should also
note that several of the results we prove in this work are not new. Namely, some results are special cases of the
local-global compatibility results of [HT] and [TY] and subsequent variations of the methods of these two references.
The results in these references are proved by a detailed study of singularities of Shimura varieties and related algebraic
varieties, which our approach avoids. Some new results that we prove via the deformation theoretic methods include:
Suppose the automorphic Galois representation is not known to be realized in the cohomology of an algebraic variety.
To show how deformation theory can deal with this situation, in this case we prove non-triviality results for monodromy
operators for Hilbert modular forms of partial weight one.

We also obtain lower bounds on the rank of monodromy operators associated to symplectic automorphic represen-
tations. In this symplectic example we show how to bypass the possible lack of strong multiplicity one results by the
use of the y-factors coming from the doubling method. These methods should work more generally. Another difficult
case for the standard approach to local-global compatibility is if the automorphic Galois representation is known to
be realized in the cohomology of an algebraic variety but a detailed understanding of the singularities of the variety is
not known: To show how deformation theory can deal with this situation we prove local-global compatibility results
for symplectic automorphic representations. These results not withstanding, the aim of this memoir is not only to
present new results: In particular for results concerning automorphic representations of GL,,, the modest aim of much
of what we do in the present work is to illustrate the usefulness of the deformation theoretic approach which then can
be applied to more difficult situations in the future. We now give a brief outline of the structure of this memoir.

In Chapter 2 we recall some results about Iwahori-spherical representations and p-adic Hodge theory. These results
will be used extensively in the applications of families of automorphic forms. In Chapter 3 we give examples for
Hilbert modular forms of the way eigenvarieties and modularity lifting theorems can be used to obtain local-global
compatibility results for automorphic Galois representations. In Chapter 4 the deformation theoretic approach to
local-global compatibility questions is developed in the setting of unitary groups and general linear groups. In Chapter
5 the results of the previous chapter are used to obtain local global compatibility results for automorphic Galois
representations of general linear groups. In Chapter 6 the results of the Chapter 4 are used to obtain local global
compatibility results fro automorphic Galois representations of symplectic groups. In Chapter 7 we prove potential
level-lowering results for general linear groups, unitary groups, and symplectic groups. In Chapter 8 we prove non-
triviality results for monodromy operators associated to automorphic Galois representations of general linear groups.
In Chapter 9 we develop, via the example of symplectic groups, a variant of the modularity lifting approach to
monodromy operators that is developed in Chapter 8 that is based on ~y-factors from the doubling method rather than
strong multiplicity one results.



3 Preliminaries

Since such results will be used on many occasions throughout this memoir, in this chapter we collect some preliminary
results about Iwahori-spherical representations as well as crystalline periods of Galois representations.

3.1 Notation

Fix throughout an algebraic closure Q of Q and @p of Q, for each prime p. We will denote by v,(—) the valuation on
Q, such that v,(p) = 1 and let |- |, denote the corresponding absolute value such that |p|, = 1/p. Throughout this
work, by a p-adic field we will mean a finite extension of Q, for some rational prime p. For a p-adic field K let |- |k
denote the absolute value normalized such that for a uniformizer w one has |w|x = 1/¢ where ¢ denotes the size of
the residue field of K. If the context is clear then |- |x will sometimes simply be denoted by | - |.

For a p-adic field K normalize local class field theory so that uniformizers correspond to lifts of geometric Frobenius.
Let G := Gal(K/K) and let Wy C G denote the Weil group and for g € Wi let v(g) € Z be such that g is a
lift of the v(g)’th power of geometric Frobenius. For a character x of K* we will denote by x the character of Wx
corresponding to it by local class field theory. Let the maximal absolutely unramified subfield of K be denoted by K
and let K§" denote its maximal unramified extension.

Suppose F is a number field and p : Gal(F/F) — GL,(Q,) is a continuous representation. Consider the isomor-
phism class of the semi-simplification of the residual representation of the representation on a Galois stable lattice
coming from p. Let p denote the scalar extension of this representation to the algebraic closure.

For an extension B/A of number fields let Splp, 4 denote the set of finite places of A which split completely in B.

3.2 Weil-Deligne representations

We briefly recall some standard results on Weil-Deligne representations and refer to [BH, Chapter 7] for more details.

Let K be a p-adic field and fix an algebraic closure K. Let Wi be the Weil group which is a topological group
such that the inertia group Ik is open and the topology of Iy agrees with the topology on Iy viewed as a subset
of Gal(K/K) equipped with the Krull topology. With this topology the Weil group is a locally profinite topological
group. As for any locally profinite topological group, one defines a smooth representation of Wy as follows: Let E be
a field of characteristic zero and V an E-vector space. Then a smooth representation is defined to be a homomorphism
from Wy to the group of E-linear automorphisms of V' such that every v € V' has an open stabilizer.

Let v : K — Z be defined by taking geometric Frobenius elements to 1, let ¢ denote the size of the residue field
of K and let ||o|| := ¢~"%(?) for 0 € Wx. A Weil-Deligne representation (p, N) of Wy over a field E of characteristic
zero consists of a smooth representation p of Wi on a finite-dimensional E-vector space V' and a nilpotent E-linear
endomorphism N of V' such that

p(a)Np(o)™" = ||o||N

for all 0 € Wg. A morphism between Weil-Deligne representations over E is defined to be an E-linear map between
underlying E-vector spaces which commutes with the relevant smooth representations and nilpotent endomorphisms.
Let WD-Repy (Wi ) denote the category of Weil-Deligne representations of Wy on E-vector spaces. Suppose ¢ : F —
E' is a field isomorphism of fields of characteristic zero. Consider the corresponding functor from WD-Rep,(Wk) to
WD-Rep g (Wg) which on objects takes a Weil-Deligne representation (p, N) with underlying E-vector space V to the
Weil-Deligne representation (p’, N') over E’ whose underlying E’-vector space is V ® g B’ with

po)v@l)=p(o)(v)®1and N'(v®1) = N()®1

for v € V. This yields an equivalence of categories. In particular, for any choice ¢ of isomorphism between Q, and C
there is an equivalence of categories between WD-Repg (Wi ) and WD-Repg(Wk).

Let p denote the residue characteristic of K and let £ # p be a rational prime. View Q, as a topological space via



the f-adic topology and hence consider GL,, (Q,) as a topological space. Let

Repf@ (Wk)

category of f.d. continuous representations of Wi on @g-V@CtOI‘ spaces

Fix a lift Fr € Wg of Frobenius and fix a surjection t : I, — Zy. It is well known, see for example [BH] p.204], that
if p is a continuous finite-dimensional representation of Wx on a Q,-vector space V then there is a unique nilpotent
Qy-linear endomorphism N, of V such that for all o in some open subgroup of Ik one has

p(o) = exp(t(0)N,)

For p an object in Repf@(WK) define the homomorphism

pre : Wi — GL,(Qy)

pin(Fr'o) i= p(Fr'c)exp(—t(c)N,)

for all i € Z and all o € Ik. This is a smooth representation of W. It is well known, see for example [BH] p.206], that
there is an equivalence of categories between Repf@Z (Wk) and WD-Repg, (Wx) which takes an object p of Repf@[ (Wk)
to (prr, N,) and that the isomorphism class of (pg., N,) is in fact independent of the choice of surjection t : Ix — Z;
and choice of lift of Frobenius Fr.

The typical situation encountered in this work is that F' is a number field, ¢ is an isomorphism from Q, to C and
p: Gal(F/F) — GL,(Q))

a continuous homomorphism and v a finite place of F'. Hence, via the above described equivalence of categories, one
obtains a Weil-Deligne representation of Wr, over Q, and via ¢ a Weil-Deligne representation of Wg, over C. If W =
(r, N) is a Weil-Deligne representation over Q, we will denote by W, the corresponding Weil-Deligne representation
over C via ¢. We let WF¥s denote the Frobenius semi-simplification of W and let W denote the Frobenius semi-
simplification of r.

Let p1 = (r1,N1) and pa = (r2, N2) be two Weil-Deligne representations of Wy, with underlying vector spaces
V1 and V. The direct sum p; @ p2 = (7', N') of p; and py is defined to have underlying vector-space Vi & V5 and
' =1 ®ry and N’ is defined via

N'((v1,v2)) = (N1 (v1), Na(v2)

for v1 € V4 and v € V5. The tensor product (r,N) := p; ® ps of p; and ps is defined to be the Weil-Deligne
representation with underlying vector space V3 ® V5 and for every o € Wi one has

r(o)(v1 ® v2) = r1(0)v; ® r2(0)v2 and N(v1 ® v2) = N1v; ® vg + v @ Navg

The i’'th exterior product A?p; of p; is defined by viewing A?V; as a sub-space of the i-fold tensor product V1®i.

3.3 Iwahori-spherical representations

The local components of the automorphic representations to which we will later apply arguments involving families of
automorphic representations are of a specific type: They are Iwahori-spherical representations. Hence we now describe
now for later use some known results about Iwahori-spherical and closely related types of representations. Let us first
fix some notation:

Let K be a p-adic field, let O be its valuation ring and let k be its residue field. Let G = GL,,(K) for some n > 2.



Let B be the upper triangular Borel subgroup of GL,,(K). Let I denote the Iwahori subgroup of GL,,(O) associated
to B and let I; denote the subgroup of I corresponding to unipotent matrices in the reduction modulo the maximal
ideal of O@. Let T be the diagonal torus of GL,. Let dg : B — C* be the modulus character, which takes b € B to
| dety, |k where det, denotes the determinant of the conjugation action of b on the set n of strictly upper triangular
matrices in M, (K).

Definition 1. Let m be an irreducible admissible representation of GL,, (K).
o Let 7l :={ven|i-v=vforallicI}
e For any character p : I — C* that is trivial on I; define

™ :={ver|i-v=p(i) forallicl}

The representation 7 is called Iwahori-spherical if 7! # (0).

Note that automorphic representations whose local components at some finite place satisfy 7?7 # (0) for some
non-trivial character p as above will be used in the potential level-lowering results that we prove in Section 8.1

3.3.1 Hecke action
For a character p : I — C* as in the above definition, define
H(G,p) = {f:G — C|f(xgy) = p~"(x)f(9)p™ " (y) for all 2,y € [ and g € G}

where all functions are required to be locally constant and with compact support. Fix a Haar measure on G such that
I has measure 1. The product of f1, fo € H(G, p) is defined by

(% fo) (@) = /G fi(ay™) faly)dy

The algebras H(G, p) are in general not abelian and we will sometimes work with certain subalgebras which we now
describe. Fix a uniformizer w of K and let

w™
T :={ ) a1, a0, € Zand a1 > ag- - > ay}

wn

Definition 2. For t € Tt let
op € H(G, p)

be the element which has support ItI and which satisfies ¢} (t) = 1. Let H denote the subalgebra of (G, p) generated
by ¢f for t € TT. Note that the elements ¢ as above are invertible as recalled in [HAT, Cor. 5.2.2].

For any irreducible admissible representation 7 of GL,,(K) there is an action of H(G, p) on 7 given by

f-v= /Gf(y)(y'v)dy

for f € H(G,p) and v € w”. The vector space 7” with its 'H;f—action has an alternative description in terms of the
Jacquet module of m which we describe in Theorem [I} First let

£:T(O) —C*
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be the character given by the composition of the natural map T(O) — T'(k) with the character of T'(k) determined by
p via the isomorphism I/I; = T(k). Let J(m) denote the Jacquet module of 7 with respect to B and for £ as above
let J(7)¢ denote the subspace of J(7) on which T(O) acts through ¢. The following theorem in the case & = 1 is due
to Borel and Casselman and a proof in the case where £ is non-trivial can be found in [HAT, Prop. 6.0.1]:

Theorem 1. Let m be an irreducible admissible representation of GL,,(K). There is a T(O)-equivariant isomorphism
of C-vector spaces
= J(r)¢ @65t

Furthermore, this isomorphism is T -equivariant where t € T acts on ©° via ¢} and on J(1)¢ ® 65" via the T(K)-
action.

Note that the T+ -equivariance follows from [HAT, Lem. 6.0.3, Lem. 6.0.4] and [CAS| Lem. 1.5.1]. This equivariance,
both for the case where p is trivial and where it is non-trivial, will be used in Section to obtain certain residual
local-global compatibility results for automorphic Galois representations.

3.3.2 Refinements

We now describe some known results about realizing Iwahori-spherical representations as sub-representations of princi-
pal series representations. This leads to the notion of accessible refinement of an Iwahori-spherical representation and
the notion of accessible refinement is crucial for our intended application to local-global compatibility questions: Dif-
ferent accessible refinements of relevant local components of an automorphic representation, if they exist, correspond
in general to different families deforming the automorphic representations. In the applications to Hilbert modular
forms in Chapter [4] the phenomenon of multiple accessible refinements does not yet play a role but it becomes crucial
in the higher dimensional cases treated later on.
Let x be a smooth character of T(K). For 1 <4 < n define x; : K* — C* by

x — x(diag(l,---,1,2,1,--- ,1))

where z is at the ¢’th entry. For the characters x; as above we will write

n
X = H Xi
i=1
Throughout this work we identify the principal series representation associated to x as

Indf () =

{f:G— (C’f(bg) =6p(b)/2x(b)f(g) for all b e B and g € G and f smooth }

This representation will also be denoted by Ind(x) as well as Ind(x1, -, Xn). As in [CHE] we make the following
definition:

Definition 3. Let 7 be an irreducible admissible representation of GL,,(K) which is Iwahori-spherical. A smooth
unramified character y : T(K) — C* such that
7 < Ind(x)

is called an accessible refinement of .

One can deduce from Theorem [1I| that if 7 is as in the above definition, then it has an accessible refinement. In
Theorem [2| we will describe in more detail such accessible refinements in the case where 7 is generic.

Definition 4. Let x : K* — C* be a smooth character. By [ZELL Thm. 6.1 (a)] the representation

n—1 n—3 1—n

Ind(X‘| 2 7X|‘ 2 7)X|‘ 2

)
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of GL,(K) has a unique irreducible subrepresentation which we will denote by St (x).

For a partition n = Y., n; let P,,, ... ,, be the corresponding standard parabolic subgroup of GL,(K) given by
matrices of the form

Al ok e %
A= 0 A2 *
: 0 . %
0 - 0 A,
for some A; € GLy,,; (K). Suppose now that 7 is an irreducible admissible representation of GL,(K) which is Iwahori-
spherical and generic. It then follows from [ZEL, Thm. 9.7(b)] that there exist numbers ny,--- ,n,. in Z=! and smooth
characters x1,--- ,x, of the form K* — C* such that n =>"|_, n; and

T Indg::’ n (Stnl (X1)7 e 7St’nr (XT‘))

r

and such that the corresponding segments are unlinked in the sense of [ZELL Sect. 4.1]. Here the induction is normalized
induction.We will denote the above representation by

Stn, (x1) B -+ - 8 Sty,, (xr)

For such representations one has:
Theorem 2 (Bernstein-Zelevinsky). Assume 7 is an irreducible admissible Iwahori-spherical generic representation

of GL,,(K) which is isomorphic to a representation of the form Sty (x1) B - B Sty (x) where >.._, n; =n. Then

™= Indglljé (/“Ll"" a,u'n)

1

if there is a permutation w in the symmetric group S, such that there is an equality of ordered n-tuples

(1, s n) =
(1) =1 1-ny(1) () 1 1=n4 ()
(Xw(l)" 2 7"'7Xw(1)|'| 2 ?"'7Xw(T)|'| 2 7"'7Xw(r)|'| 2 )

The theorem is a special case of [ZELL Thm. 1.2] as we will now explain. Let us fix the following notation:

Definition 5. For a sub-partition n = m; + - - - + m, of a partition
n=mny+---+n,

and for a collection of irreducible admissible representations m; of GL,,(K) let ®]_;m; denote the corresponding
representation of [[;_; GLy,(K) and let
3 m (gr )

(n1,+,ny)

denote the Jacquet module of the representation with respect to P, ... mm,. Denote by

T ) (g

the corresponding Jacquet module with the action normalized as in [BZ, Sect. 1.8]. For ease of notation let J(—) :=

J%)... ’1)(—) and note that
(=) =5 © J(-)sz

Fix 7 as in the statement of Theorem [2] and for such a representation we say that two numbers 1 < i, j < n belong
to the same block if there is k € Z such that

nyt g <45 <ng A4 g
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Let W = S,, be the symmetric group and consider it as a subgroup of GL,(K) by taking w € W to the matrix, also
denoted by w, whose (7, j)'th entry is J; ,(;). For a character A of T'(K) let w o A be the character of T'(K’) defined by

T — Mw ™ zw)
for all x € T(K). Let
W' ={we W‘w(z) < w(j) whenever i < j and i, j belong to the same block}

By applying [ZEL, Thm. 1.2, Prop. 1.5, Sect. 9.1] one obtains

Ty = @ we Y (®:Stn,(xi))pz]

weWw’
- Loyl
~ P wo (@I (Stn, (x:))pzl
weWw’
. ni—l_
> (@ [wo (@05l |7 )
weW’

And it follows from [ZEL| Cor. 1.3] that J(7)pz has ®;(®}, xi| - |ni2_1_k)) as a quotient. Furthermore, since 7 is
generic it follows that for any permutation w € S, one has

™ = Sty (Xw() B -+ B St ) (Xw(r)

By [CAS], Thm. 3.2.4] one has
Homgr,, (1) (. nd(x)) = Homrse) (J(m). x © 33*)

Hence Theorem [ follows.

3.4 Crystalline periods

Proving the existence of certain crystalline periods of automorphic Galois representations and their exterior powers
plays a key role in our deformation theoretic approach to local-global compatibility. In this section we recall relevant
notions from p-adic Hodge theory and collect useful results concerning crystalline periods for later use.

3.4.1 Preliminaries

Let Begis, B;”ris, Bgt, Bar and B;fR be the period rings of p-adic Hodge theory as defined in [FONI]. Let t € B(‘fR be
a generator of the maximal ideal of B:{R that is a period for the cyclotomic character. Let ¢ denote the crystalline
Frobenius as defined in [FONTl Sect. 2] and let N : By — Bgt be as defined in [FONIL Sect. 3]. Fix a finite extension
K/Qy, let ¢ = p’ denote the size of the residue field of K and let ¢ := /. The Galois group Gal(K/K) acts on the
period rings mentioned above and this action commutes with ¢ and N. For a finite dimensional @p—vector space V'

with continuous G g-action define
[ ]

Dcris(v) = (V ®Qp Bcris)Gal(?/K)

Dy (V)= (V ®q, Bst)Gal(F/K)

DPSt(V) = UL/K s.t. LCK and [L:K]<00(V ®Qp BSt)GaI(K/L)

13



Dar(V) = (V ®q, BdR)Gal(?/K)

The representation V is called crystalline if Ds(V) is a free @p ®q, Ko-module of rank dim@p (V). One similarly
defines what it means for V' to be semi-stable, potentially semi-stable or de Rham.

The action of Wx on Dy (V) is Q,-linear and K§*-semi linear, where K{* is as defined in the beginning of the
current chapter. A Q,®q, Ky-linear action of Wi on Dpg (V) is defined in [FON3] with g € Wi acting on v € Dpgt (V)
by

v g '@y

For any embedding Kj* — @p the previous construction together with the action of IV defines a Weil-Deligne repre-
sentation over Q,. The isomorphism class of this is independent of the embedding and we will denote it by WD(p).

If p is a Hodge-Tate representation of Gal(K/K) then for any embedding 7 : K < Q, let HT,(p) denote the
corresponding multiset of Hodge-Tate weights. If p is de Rham these are the opposites of the jumps in the filtration
on Dggr(p) coming from the filtration of Bgr. For use in later chapters let us also fix the following notation. Suppose
all elements of HT(p) are in Z. Order the elements of HT,(p) in increasing order and for i € Z=' let HT{")(p) denote
the i’th element of this ordered set in the sense that for example HT" (p) denotes a smallest element of HT(p).

Let us recall some definitions from [FON2|. Let o be the absolute Frobenius of Ky. A (¢, N)-module is a Ky-vector
space D with a o semi-linear injective map ¢ : D — D and a Kj-linear endomorphism N of D such that

Np =ppN

The dimension of a (p, N)-module is the Ky-dimension of D. Let Mod(y, N) denote the category whose objects are
finite dimensional (¢, N)-modules. Let D; and D2 be two objects of Mod(y, N) whose underlying Kj-vector spaces
we denote by V7 and V. Then the tensor product D; ® Dy is defined to be the object in Mod(y, N) whose underlying
Ky-vector space is V] @k, V2 and p(d; ® d2) := pd; ® @ds and

N(d1®d2) SZNd1®d2+d1®Nd2

for di € V; and dy € V5.

A filtered (¢, N)-module is (, N)-module D with a decreasing, exhaustive and separated Z-indexed filtration on
Dk := D®k, K. Let MF (¢, N) denote the category whose objects are filtered (p, N)-modules whose underlying Ko-
vector space is finite dimensional and a morphism between two such objects D; and Ds is a morphism 7 of underlying
(¢, N)-modules whose extension of scalars ng to a map Dy g — D3 i satisfies nK(Fili(DLK)) C Fili(DzK) for all
1 € Z. Let Dy and Dy be two objects in MF (o, N). Their tensor product D; ® Dy is defined to be the object in
MF i (¢, N) whose underlying (p, N)-module is the tensor product of the underlying (y, N)-modules of D; and Dy
and whose filtration is given by

Fil'(Dy @ D)k := Y FiVDy x @ Fil* Dy i
J+k=i

Hence one can define exterior products: Let D be an object in MF g (p, N) of Kp-dimension equal to r and with
underlying Ko-vector space V. For 1 < i < r the exterior product A’V is a sub-object of the i-fold tensor product of
V ®K, - ®K, V. One hence can view it as an object in MF i (¢, N) which will be denoted by A'D.

Let D be an object of MF g (p, N) and let r be dimg, D and consider the object A"D € Mod(p, N) whose K-
dimension is 1. Let d € A"D be such that ¢d = Ad and define ¢ (D) := v, (A) which is well defined. Define tz (D) to
be the largest integer i such that Fil'((A"D)x) # (0). An object D in MF g (¢, N) is called weakly admissible if

tN(D) = tH(D) and tN(D/) Z tH(D/)

for all sub-objects, see [FON2] (Section 4.3.3), D’ of D.
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3.4.2 Rigid geometry

We recall some important notions from rigid geometry which will be used in describing families of automorphic
representations as well as associated families of Galois representations. For more details we refer to [BGR].

Let K be a field with a non-trivial complete non-archimedean valuation. Then a K-algebra with a complete K-
algebra norm is said to be a K-Banach algebra. For n = 0 let Ty = K and for n € Z2! and X1, --- , X,, indeterminates
consider the K-algebra

T = K(X1,+ Xp) ={> i i, Xi" - X} iy i, € K and lime;, .., = 0}

An affinoid K-algebra R is a K-Banach algebra such that there exists a continuous epimorphism 7;,, — R for some
n > 0. For an affinoid K-algebra let Sp(R) denote the set of maximal ideals of R. A locally G-ringed space over K
consists of a G-topological space X and an associated sheaf Ox of rings which are K-algebras and such that the stalk
of Ox at every x € X is a local ring. A rigid space X over K is a locally G-ringed space over K that locally looks like
Sp(R) for an affinoid K-algebra R in a sense made precise in [BGR] (Section 9.3). Define Ox.

Suppose R is a Tate algebra and U C Sp(R). Then U is called Zariski dense if U equals W?" for a Zariski open
and scheme-theoretically dense W C Spec(R). Here W?2" denotes the analytification of W as defined in [BGRJ, Section
9.3.4].

3.4.3 Variation of crystalline periods

In later chapters, to study an automorphic Galois representation we will work with all its exterior powers and the
following lemma will turn out to be useful:

Lemma 3.5. Let K be a p-adic field and let V be an n-dimensional @p-vector space which is a potentially semi-stable
representation of Gal(K /K). Suppose o € @p is such that

Dcris (/\iv)goxza 7é (0)

for some 1 <i<mn. Foro € Wk let S, denote the set of eigenvalues of o acting on WD(p). Then if v(o) = [Ko : Q]
there exists a subset {ay,--- ,a;} C S, such that

i
H Q; =«
j=1
Proof. If Depis(ATV)$E=% 2£ (0) then also
Dyt (V)R TLN =080 2 (0)

Hence, for any o € Wk with v(o) = [K : Q) the action on WD(A'V) has « as an eigenvalue. Since V' is potentially
semi-stable so is A’V and
WD(A'V) = A'WD(V)

Hence there is a subset {ay, - ,a;} € S, such that H;Zl o =a. O

When we apply this lemma in later chapters, the existence of the relevant crystalline periods will be obtained via
families of automorphic Galois representations and Kisin’s results on variation of crystalline periods in such families.
We now describe the work of Kisin in more detail.

Let E be a finite extension of Q,, contained in K and containing the Galois closure of K in K. Let R be an affinoid
E-algebra and M a finite free R-module with a continuous R-linear Gi-action. As discussed for example in [NAK]
Sect. 3.2] let

P(T) € (K g, R)[T]
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denote the Sen polynomial and note that via the isomorphism K ®@q, E = @ _. ;. g F it factors as
(Pr(T)o)o € BoRIT]

In case that Pps(7T)s(0) vanishes for all ¢ we will write that Py (T) = T - Q(T) for some Q(T') € (K ®q, R)[T]. For
the statement of the next theorem note that if X and X' are rigid analytic spaces over E and Y € O(X)* then in
KIS, Sect. 5.2] it is defined what it means for a map of analytic spaces f : X’ — X to be Y-small: Namely, there
exists a finite extension E'/E and A € Ox/g,p (X' @g E')* such that E’()) is a product of finite field extensions of
E and YA™! — 1 is topologically nilpotent on X’ @ E’. For the following theorem see [KIS, Cor. 5.15] and [NAK|
Prop. 3.14]:

Theorem 3 (Kisin-Nakamura). Let K and E be as above. Let R be an affinoid E-algebra and M a finite-free R-
module with a continuous Gg-action. Let Y € R* and assume that the identity map Sp(R) — Sp(R) is Y -small.
Assume that

Py(T) =T-Q(T) € (K @g, R)[T]

for some

Q(T) € (K &g, R)[T]

Let {R;}icr be a collection of affinoid E-algebras which are R-algebras and let Y; denote the image of Y in R;. Assume
for all k € Z=" there exists Ij, C I such that

o For every i € I the natural map gives rise to an isomorphism

(BLis®q, (M &g R;))Cxex=Yi @ K —— (Bl /t*B{Rq, (M ®r R;))%x

e For every i € Iy, the image of H;:S Q(—j) in R; is a unit
e The map
R— [[Ri
i€l
18 injective
Let E C C,, be a closed subfield and f : R — E a continuous map. Then
(B Ba, (M ©r 5 E)Gex=I0) 2 (0)

To verify the first assumption of Theorem [3] we will later use the following standard lemma:

Lemma 3.6. Let k € ZZ' be an integer. Suppose M is an n-dimensional @p-vector space with a continuous G  -action
such that

Dcris(M)@K:a # (0)

for some o € @: and suppose that M is Hodge-Tate such that for all 7 : K — @p one has HT - (M) = {0, k-2, ,krn}
with

L4 O>k7’,2 Z ZkT,n
o |kro| > max(k, [K : Qplvy(a))

Then the natural map gives rise to an isomorphism

(B,

cris

B, M)FPK= @) K —— (B /t"B iz ®o, M)“"
of K ®q, @p—modules.
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Proof. Since for all 7: K — @p one has
#{j € HT-(M)|]j] < k} =1

it follows from [KIS, Cor. 2.6] that (Bl /t"Bz®q, M)C* is a finite flat K ®g, Q, module of rank 1. Since HT (M) C
Z=Y for all 7 it follows from [NAK| Lem. 3.8] that
(Bcris ®Q, M)GK = (B+

cris

®q, M)
and hence it follows from the assumptions of the lemma that

(B¢,

cris

®g, M)FPE= £ (0)
and this is a free Ko ®q, @p—module of rank at least 1. Consider the natural map

f: (B

cris

Bg, M) PE= @, K — (Bip®q, M)x

Suppose now for contradiction that the image of f has non-trivial intersection with
k o~ G

(t"Bir®q, M)“*

where k € Z2! is as in the statement of the lemma. Since Deis(M) is weakly admissible and since for all 7: K < @p

one has
je{ie HT (M)|[i| > k} = |j| > |kr2|

and since by assumption one has |k, 2| > [K : Qp|v, (), it follows [careful, see [Kisin] (Lem. 6.7) where somehow the
inequalities are in opposite if expected direction!] that

Vp(a)/[KO : Qp] > Vp<a)
This is a contradiction. Let

g: (B}

cris

&g, M) PR = @r K — (Bl /t"Bir®q, M)C*

be the natural map. Then the image of g is a free K ®q, @p-submodule of rank at least 1 and the lemma follows. [

4 Local-global compatibility for Hilbert Modular Forms

In this chapter we illustrate the main ideas of this memoir at the example of Hilbert modular forms. First we will deal
with Hilbert modular forms of cohomological weight where we simply reprove some classical results via our deformation
theoretic methods. Afterwards we prove new results about the non-triviality of monodromy operators associated to
Hilbert modular forms of partial weight one. The relevant Galois representations were constructed via congruences
by Jarvis in [JAR]. A drawback to this method is that one looses control over local monodromy operators at places
of Steinberg ramification. To generalize our methods from cohomological to non-cohomological weight we develop
a slightly different version of the approach to monodromy operators via monodromy lifting theorems that we use
in the case of cohomological weight. While the methods should work more generally, we focus here on the case of
Hilbert modular forms for simplicity. Roughly speaking the idea is to replace identification of small deformation rings
and small Hecke algebras with the corresponding identification of big deformation rings and big Hecke algebras. For
simplicity of exposition we restrict to the case of ordinary forms but the methods can be adapted to deal with the
general case as well and we hope to address this matter in the future.
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4.1 Cohomological weight

Note that we will not prove the most general results possible in this chapter in order to present the main ideas in a
simplified setting. In particular, this allows us to appeal directly to the families of Hilbert modular forms used in [SKI]
and the potential level-lowering results of [SW], and this shortens the arguments.

Let F be totally real field and let 7 be a cuspidal automorphic representation of GLa(Ap). It is said to be of weight

K= ((kr)reHom(F,R);w) c (Z)Hom(F,lR) Y/

if for the infinite place v, corresponding to 7 the representation 7,  is an essentially discrete series representation of
GLy(F,_) of Blattner parameter k, and with central character

-

x> sign(z) |z 7Y

The weight is called cohomological if k, > 2 and w =k, mod 2 for all 7.

Let recgr, (—) be a local Langlands correspondence for GLy normalized such that in particular the following holds.
Suppose K is a p-adic field and x; and x2 are characters of K* such that the normalized induction Ind(x1, x2) is
irreducible. Then

recgr, (Ind(x1, x2)) = X1 @ X2
Here y; and X2 are as defined at the beginning of Chapter

The following local-global compatibility hypothesis will be combined with the deformation theory of automorphic
forms to deduce more general local-global compatibility results. The compatibility at all places where the automorphic
representation is unramified is crucial, as is the independence of ¢ hypothesis at places of Iwahori-spherical ramification.

Hypothesis 4.1.1. Let F be a totally real field and let 7 be a cuspidal automorphic representation of GLy(Ag) of
cohomological weight

k= ((kT)TEHom(F,]R); U})
For any rational prime ¢ and choice of ¢ : Q, — C there exists a continuous semi-simple representation
prt.: Gal(F/F) — GLa(Q)
such that

(i) for all finite places v 1 ¢ of F such that m, is a principal series representation one has

Fuss 1
WDL(pmg,L = recgL, (m, ® | det|™2)

we,)
(ii) if v|¢ then
e if 7, is unramified then pr.|q,, is crystalline and

F- _1
WD, (prr,LL = IeCGL, (’/TU & | det | 2)

or,)

® pr¢. is Hodge-Tate at v and if 7 € Hom(F,R) corresponds to v via ¢ then the Hodge-Tate weights with

respect to 7 are given by
( w—k; w+k;— 2)
2 7 2

o if 1, is Iwahori-spherical then p, ¢, is potentially semi-stable at v

(iii) let v be a finite place of F' such that , is Iwahori-spherical. Then for all rational primes ¢, ¢3 and isomorphisms
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L, 1 Qp = C and u, : Qy = C one has

WDLel (pm@hbel ‘WFU )SS = WDbeg (pﬂ,f%b@ |WFU )SS

and these representations are unramified
This hypothesis will be assumed throughout the current chapter.

Remark 3. Concerning part of the hypothesis, see [SAI2] for independence of ¢ results for ¢-adic Galois represen-
tations associated to Hilbert modular forms. We do not assume the results of [SAI2] since one aim of this work is to
obtain local-global compatibility results without studying the singularities of Shimura varieties. In [SAI3] and [OCH]
independence of ¢ results for Galois representations on the f-adic cohomology of quite general algebraic varieties are
obtained which however do not imply the full independence of ¢ assumption that we make in Hypothesis The
case where, in the notation of Hypothesis (i), the characteristic of the residue field of F, equals ¢; does not
follow directly from the above mentioned references.

4.1.2 Semi-simplification

The next proposition is an example of how Hypothesis[£.1.1] can be used to deduce local-global compatibility results for
the local semi-simplifications of automorphic Galois representations at places where the local Langlands correspondence
predicts ramification.

Note that while we focus throughout this work on the case of Iwahori-spherical ramification, the particularly
restrictive assumption used in the next proposition is included only to be able to appeal directly to the families of
Hilbert modular forms used in [SKI|. The assumption on the weight is also included only to make the argument
shorter. See corollaries [6.3] and [0.9] where more general results for Hilbert modular forms are deduced as special cases
of results for automorphic forms of GL,, over CM-fields.

Proposition 4.2. Let F be a totally real field and let m be a cuspidal automorphic representation of GLy(Ap) of
weight (2,--+,2;2). Assume v is a finite place of F' of residue characteristic p such that m, is Iwahori-spherical for
all places w|p of F. Then

WD, (pml,L

We, )SS = (recqr, (m, ® | det _%))SS

Proof. Let v, p and £ be as in the statement of the proposition. By Hypothesis one can assume that p = £.
After making a base change to a suitable solvable totally real base extension in which v splits completely one can
assume that [F': Q] is even. In the notation of Section write m, = Sta()x) for some unramified character x of F*.
For each place w|p of F' choose a uniformizer w,, and let Iw,, denote the Iwahori subgroup corresponding to the upper
triangular Borel subgroup of GLa(F,). Let

U,, = char(Iw,, [ww J Iw,) € H(GLy(F,), 1)

where char(—) denotes the characteristic function and #H(GL2(Fy),1) is the Iwahori-Hecke algebra as defined in
Chapter 3] Let A, be the subalgebra of H(GLa(Fy),1) generated by U,. Let S be the union of the set of infinite
places of F', the set of places w|p of F' and the set of finite places of F' where 7 is ramified. For a place w ¢ S let
H., denote the spherical Hecke algebra at w. This is the algebra consisting of functions on GLy(F,,) which are locally
constant, have compact support and are GL2(Op, ) bi-invariant. Let

H = ®21;§us ®w|p Aw
and let

K@ = ] GL2(Or,)
wgS
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) : . .
Let f e ™ * Mgy v # (0) be an eigenvector for H. For each w|p there exists an unramified character y,, such that
mw < Ind (x4 ) and one has

Uw : f = Xw(diag(wum 1)) : q1/2 : f

We now recall the existence of certain families of Hilbert modular forms as described in [SKI|. The only difference is
that there the local components of 7 at places dividing p are all unramified principal series representations.

Let K/Q), be a p-adic field contained in @p and containing the image of all embeddings F' — @p. Let r € |[K*|, and
let Sp(A,) be the closed rigid ball over K of radius r. Then A, is a A; = K (T')-module where T' is an indeterminate
and

K(T) := {ZanT" an € K and |a,|x — 0 as n — 0}

n>0

is a Tate algebra. Let p := p if p is odd and p := 4 otherwise. As explained in [SKI|, there exists r € |[K*|, and a
reduced finite torsion-free A,-algebra R such that

(i) there is a morphism
o:H—R

such that for each © € Homg (R, Q,) such that (1 +T) = (1 + p)" for some n, € p(p — 1)Z=' there is an

K® Twy,
automorphic representation 7, of GLy(Ap) of weight (2,---,2;2) +n,(1,---,1;1) and f, € mx uip

that

such
S fe= (KJO¢)(S)'J£&
for all S € H. Here Homg (R, Q,) denotes the set of continuous homomorphisms

(ii) there is a constant C' such that if n, > C and 7, are as above, then 7, is an unramified principal series
representation

(iii) there exists kg with k(1 +7T') = 1 such that kg o ¢ gives the Hecke eigenvalues of fj

(iv) for v as in the statement of the proposition the slope v, ((k0¢)(U,)) for x as in ({) is constant and will be denoted

by v (¢(Uy))

(v) there exists a free R-module Vz of rank 2 and a continuous Galois representation
PR : GF — GL(VR)

such that for kg as above the semi-simplification PR ko of the representation on Vg ®r @p

P, and for all K € Hompg (R7@p) as in () the semi-simplification p% ,; of the representation on Vr @r,x @p "
isomorphic to pr,_ ¢,

is isomorphic to

Fix k € Z2! and let
Ik =

{r € Homg (R,Q,)| « is as in {) with n, > max(C,k — 1,[F, : Qplv,(¢(Uy,)) — 1)}

Moreover, for k € Iy let R,; denote the residue field of the maximal ideal of R corresponding to x. Note that for k € I,
one has
HT; »(px,.) = {0, + 1}

Moreover, there is an injection R < [],.c;, Rx since R is reduced and {m, }xe1, is a Zariski dense subset of Sp(R).
Now let M be the dual of Vg, let Y := ¢(U,) ! and let {R, }, denote the collection of residue fields of R corresponding
to Kk € HomK(R,@p) such that x € I, for some k > 1.
For k € Ij the representation =, , is an unramified principal series representation and hence it follows from
Hypothesis that
DcriS(pRn‘Gpv)(’pF”:mqﬁ(Uv) #* (0)
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It follows now from Lemma that there is an isomorphism

(B,

cris

®q,(M @ R,))Creer=reeW) @p  F,
(Bin/t"Bir®q, (M ®r R,))%r

Hence all the assumptions of Theorem [3] are satisfied and it follows that

= (wy)qt’?
DCI‘iS(pﬂ‘_’Z’L|GFU)SaFU7X( v)4q 7é(o)

Let « := x,(diag(wy, 1)) and B := x,(diag(l,w,)). Let 0 € Wg, be such that v(o) = [F, o : Q] and let S, denote
the multiset of eigenvalues of o acting on the Weil-Deligne representation Dpst(pr e,y ). By using Lemma it
follows from the above that S, = {aqg'/?
local-global compatibility for the determinant of pr ¢ ,.
Let x. denote the central character of 7 and let

,y} for some y. To conclude the proof of the proposition we will now use the

rea(xel - |3) s Gal(F/F) — @

denote the ¢-adic character associated to x| - |;X1 as defined for example in [CHT, Lem. 4.1.3]. It follows from the
Chebotarev density theorem and Hypothesis that

det Pl = TZ,L(Xﬂ'| . ;i)
F
Since pr ¢, is potentially semi-stable at v one has

/\QDpst(PmL’,L |Gpv ) = Dpst (/\2P7r,€7b|GFU )

Moreover, X, is unramified and Dcris(/\zpw,e,L\GFu )Pry =aBq L (0) and hence by Lemmaone has o3¢ = ag'/?y. Tt
follows that y = 3¢*/? and
Trace WD(pr ¢,,)(0) = Trace recgr, (7, @ | det ‘_%)(U)

for all 0 € Wg, with v(o) > 0. The result follows now from [SAI, Lem. 1]. O

Remark 4. The methods of this proof can also be used to obtain local-global compatibility results for Galois repre-
sentations associated to Hilbert modular forms of partial weight one. Moreover, one can use base change methods to
use the previous proposition to obtain local-global compatibility results even if the local component of the automorphic
representation is not Iwahori-spherical.

4.2.1 Monodromy operators

We now illustrate how modularity lifting theorems can be used to calculate local monodromy operators. To avoid a
detailed analysis of what type of local-global compatibility results are used in the proofs of particular modularity lifting
theorems, and hence the possibility of circular arguments, we will treat such modularity lifting results as hypotheses
in this work. See Section for some discussion of this. Note also that more general modularity lifting results than
the ones used in this work are known. We simply give an example of how modularity lifting theorems can be used to
deduce results for local monodromy operators of automorphic Galois representations.

Hypothesis 4.2.2. Let F be a totally real field and p : Gal(F/F) — GL3(Q,) a continuous Galois representation
unramified outside of a finite set of places. Suppose that

e /> 7 and / is unramified in F
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e p is crystalline at all v|¢

e p is absolutely irreducible and p = ., ,, for some cuspidal cohomological automorphic representation 7’ of

GLa(AF) of weight k = ((k,),;w) and some ¢ : Q, — C
e the Hodge-Tate weights of p at v|¢ with respect to any 7 € Hom(F,R) giving rise to v via ¢ are

w—kr wH+ks—2
2 2

( )

e Jlg Py 18 absolutely irreducible where (;, denotes a primitive £’th root of unity

Then there is a cuspidal cohomological automorphic representation 7 of GLa(Ag) of weight x such that
® D= Py
e 7, is unramified for any finite place v { £ of F such that p|g, and 7, are unramified

This hypothesis will be assumed for the rest of this chapter. It will be used to obtain information about local
properties of f-adic automorphic Galois representations. This works if ¢ is such that the /-adic Galois representation
is amenable to Galois deformation theory. Hence we make the following definition:

Definition 6. Let F' be a totally real field and let m be a cuspidal cohomological automorphic representation of

GL2(AFr). Let B, denote the set of pairs (¢,¢) consisting of a rational prime ¢ and an isomorphism ¢ : Q, — C such
that

e T, is spherical for all places v|¢ of F
. ﬁm@,b\gF( o 18 absolutely irreducible where (; denotes a primitive £’th root of unity
e /> 7 and ¢ is unramified in F'

Remark 5. Note that for the calculation of local semi-simplifications of automorphic Galois representations we have
assumed a certain independence of ¢ hypothesis. However, we will not assume an independence of ¢ hypothesis for
local monodromy operators in this work. If such a hypothesis were assumed then the non-triviality results for local
monodromy operators could be extended beyond those f-adic Galois representations to which one can apply the
modularity lifting theorem methods. Note however that in some cases one can rather easily obtain independence
of £ results for monodromy operators. For example in the next proposition the assumption on the weight allows to
realize the Galois representation in the Galois representation of an abelian variety and one can use the good reduction
criterion of Serre and Tate.

As in Proposition [.2] the restriction on the weight in the next proposition is not necessary and is included only to
be able to appeal directly to the potential level-lowering results of [SW]. Results for Hilbert modular forms of more
general weight will be obtained in Chapter [6]

Proposition 4.3. Let F be a totally real field and let m be a cuspidal automorphic representation of GLa(Ap) of
weight (2,---,2;2). Assume (¢,1) € By and let v1{ of F be a finite place such that 7, is Iwahori-spherical and write

WD, (pm,e,. W V88 = (r, N'). Then N is non-trivial if and only if it is predicted to be non-trivial by the local Langlands
correspondence.

Proof. If the local Langlands correspondence predicts, in the above notation, that N is trivial then 7, is a principal
series representation and by it follows that IV is indeed trivial. Hence suppose now that the local Langlands
correspondence predicts that N is non-trivial. Then m, = Sto(x) for some unramified character x. Suppose for
contradiction that NV is trivial. Then there exists a totally real solvable extension F’/F such that e 18 unramified
at all places of F' above v and BCp(7) is cuspidal and ¢ € Bpc,, (r), Where BCp/(—) denotes the base change to an
automorphic representation of GLa(Ap/) as constructed in [AC]. By [SW] there exists a solvable totally real extension
L/F’" such that BCp(n) is cuspidal and there is a cuspidal cohomological automorphic representation 7 of GL2(ArL)
of the same weight as BCp,(7) such that
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o~

1 EBCL(TF),E,L ﬁfr,é,l,

there is a place w of L above v such that 7, is an unramified principal series representation
e 7 is an unramified principal series at all places above /¢
o ({,1) € Bx

It then follows from Hypothesiswith p = pre.lc, and 7' := 7 that there is a cuspidal cohomological automorphic
representation 7y of GLa(AL) of the same weight as BCp () such that ppc, ()6, = Pr,e, and such that m is an
unramified principal series at all places of L above v. From the local-global compatibility assumption at unramified
principal series places it follows that for all but finitely many finite places u of L one has BCy(7), & 72 . By strong
multiplicity one for cuspidal automorphic representations of GLa(A}), see for example [PS], it follows that in particular
for all places u of L above v one has BCp (), = ma,,. Since for such places ms , is an unramified principal series this is
a contradiction since recgr,, (BC (), ) has a non-trivial monodromy operator but recgr,, (72,,,) has trivial monodromy
operator. L]

4.4 Non-cohomological weight

Suppose F is a totally real field and f is a Hilbert modular form of partial weight one. Jarvis has shown in [JAR] the
existence of associated Galois representations but he was not able to show the non-triviality of monodromy operators
at Steinberg places. Generalizing our earlier methods from cohomological to non-cohomoligcal weights we are able to
prove the desired non-triviality under some assumptions. Note that, since we are proving new result, in this chapter
we allow ourselves to use the known fact of compatibility of local Langlands correspondence with base change.

4.4.1 Classical and p-adic Hilbert modular forms

We will recall some background on Hilbert modular forms, following the discussion in [HID3| Section 4.3.1].

Throughout this chapter fix a totally real number field F' with ring of integers Op and let F[* denote the set of
totally positive elements. Let 9 denote the different of F' over Q and let I denote the set of embeddings F' — R. We
denote by Z[I] the set of collections of integers indexed by I and let t = (1,---,1) € Z[I]. For k € Z[I] and x € F we
let aF = [l,er o(x)*e and for ki, ko € Z[I] we say ky > ko if k1, > ko, for all 0 € I. Let G = Resp/gGLy, let Z
denote the center of G and let G(R)" denote the connected component of the identity of G(R).

Let T be the diagonal torus of Resg/gGLz and let T' = Resg ,, ;zGL1. Identify Z[I)? with Hom(Tg, GL1) by taking
(k1,K2) € Z[I]? to the morphism

[a d} — a”td"?

for a,d € F. Fix a square root /—1 of —1 in C and let H denote the corresponding complex upper half-plane and and
let i:= (v/=1,---,v/—1) € HI. Let C; denote the stabilizer of i in G(R)T. Let k = (k1,k2) € Hom(Tg, GLy) for x4
and ks in Z[I]. For g € G(R) and z € H! let

(g, Z) = (Cozo +do)oer € €' and J(g, Z) = det(g)m_lj(gv Z)M_M—H

Throughout this chapter fix an embedding Q < C and for each rational prime p fix an embedding ip : Q— @p. Let
W be a subring of Q which is a discrete valuation ring and contains the pre-image under i, of the valuation ring of
the maximal unramified extension of Q,, in Q,. Let W = lim W/p™W and let W, := W/p™W. Throughout this
section fix a prime p and assume that it is unramified in F.

For an integral ideal 9t of O p let

To(MN) = {[Z Z] € GLy(Op)|c € M}
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Since it simplifies the form of Fourier expansions, in [HID3] one works with a slightly modified level structure: Let
d € A} be such that dOr =0 and d® = 1. For an integral ideal 2 of O let

-1

d = d
s =" | B [*
Let € = (€1, €2, €4 ) be a nebencharacter in the sense that there is a continuous character e : T (Z) — W* given by

(" =ateat)

and €, : Z(Z) — W* given by €, (2) = €1(2)ea(2) and €~ : T(Z) — W* by € (2) = €5 ' (2)e1(2) and assume that
e+ can be extended to a Hecke character e, : Z(A)/Z(Q) — C* such that

€4 (To) = wlmrtr)
Define the character eX : So(91) — C* by

€A (s) = ea(det(s))e” (am)

=l

Definition 7. For an integral ideal 91 of O let S, (91, ¢,C) denote the space of functions

where

f:GLy(Ap) — C

such that the following holds:

e Forall « € G(Q), z € Z(A), u € Sp(M)C; and = € GLy(Ar) one has
flazuz) = ey (2)eX (u) f () i (oo, 1)
e For each z € H! choose u € G(R) such that u(i) = z and for each g € G(A(*)) the function
fo:H —C
given by fy(2) = f(gtoo)Ji(tico, 1) is holomorphic on H! and exponentially decreasing as Im(z) — oo.

Remark 6. Note that S, (9, ¢,C) = {0} unless there is an integer [k1 + k2] such that k1 + k2 = [k1 + k2]t and hence
we will assume from now on that this holds.

Remark 7. The space M, (9, ¢, C) of not necessarily cuspidal Hilbert modular forms is defined analogously but with
the exponential decrease assumption replaced by an assumption on so-called moderate growth.

Remark 8. For simplicity of notation we will also denote by S, (0, 1, C) the space of modular forms as defined above
with nebencharacter € such that €; and e are trivial. Similar conventions will be used later on in definitions of spaces
of p-adic modular forms.

We now recall from [HID3] how the above defined spaces of Hilbert modular forms can be described geometrically

via sheaves on Shimura varieties: Let
So(9) = So(M) Z(AL))
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and let Sh§o(m) be the Hilbert modular Shimura variety of level So(0M). Fix x and a nebencharacter e. In [HID3|
Section 4.2.6] a sheaf w, . on the above Shimura variety is defined which by loc. cit. (p.194) satisfies

HO(Sh§O (m)v @n,e/(c) = Sk (m’ & C)

To define spaces of Hilbert modular forms defined over, for example, number fields one can use Fourier expansions:
As described in loc. cit. (p.196), every f € S, (M, €, C) has a Fourier expansion

15 5D =lole 3 anler (em)rer(vTepcler(ca)

1
EeF
where for 7 = (z;) € C? (d > 1) one defines

ep(z) = exp(277\/—712 x;)

Definition 8. For any Q-algebra R contained in C and containing the image of €, €3 and &, define S, (M, €, R) to be
the space of f € S.(M, ¢, C) such that ax(y, f) € R for all y € Aj. It is then known that

Sk (‘ﬁ, & R) = HO(Shgo(m)’Qm,e/R)
Definition 9. For a @p—algebra R the p-adic g-expansion coefficients are defined as

ap(y, f) = yp " aco(y; f)

and the formal g-expansion of f is the element in R[[¢]] ¢erx given by
+

Flw) =Y apléy, g

X
€EF)

We now define various Hecke operators acting on spaces of Hilbert modular forms. To do so, fix an integral ideal
N of Op and let

D= {{“ d] € My(Opm)|a € OF oy, d € Opm)
Let Ag(M) = Ag(M); x Ag(D)™ where
Ao(M = My(D ) N GLy(A)) and Ag(M) () = (So(M)DSo (M) N GLs(Fr)
For an invertible matrix y write y* = det(y)y—t. Write

So(m)yLSQ(m) = UutSo(m)

with v € U (Z), where U denotes the upper triangular unipotent subgroup of G, and t € Tg(A(‘X’)) such that dett =
dety. Then define the operator [So(91)y"So(91)] by

(f1So(M)y* So(M])(@) := D X ((ut)") f(zut)

and define the modified Hecke operator

[So(M)y*So(M)]p == det(yp) ™ [So(M)y* So(MN)]
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As described in [HID3, p.196] , the action of y € Ag(M) on S.(N, €, R) via [So(N)y*Sp(9)] coincides withe the action
of the geometrically defined Hecke operator associated to y as in loc. cit. (Section 4.2.6).

Definition 10. For every finite place q of F' fix a uniformizer w, and let T'(wq) = [So(MN)y*So(IN)] for

o=

If q|91 then denote T'(wwq) also by U(w,). Similarly, let S(w,) be defined by choosing instead

[

The operators Tp,(wq), Up(wy) and Sp(w,) are obtained by the above described modification, namely by multiplying
by det(y,)"*.

Note that it is shown in [HID2] that these operators are in fact elements in Endyy (S, (0, €, W)).

Definition 11. For a prime p|p the ordinary projector e, in Endw (Sx(0,&;W)) is defined to be lim;, o U(cop)™ if
p|M and lim,, o T(wp)”! if ptIN. Also, let e, := lep ep-

Definition 12. For z € Z(A(P>)) define the associated normalized diamond operator (z) = |z|, [So(9M)z5(N)]. Note
that with this normalization, f € S, (9, €, W) satisfies

fiz) = e (2) f
We now describe p-adic Hilbert modular forms as well as A-adic modular forms. For each m > 1 let

S = Sh® (PGL,, X )/So(‘ﬁ)[%]/wm

where E is a lift of the Hasse invariant, see [HID3, p.186] for precise definitions of the Shimura variety and level
structure. Following [HID3, Section 4.1.6, 4.1.7] let T}, ,, be the piece of the Igusa tower over S,, as defined in loc.
cit.. Let V7"'P denote the space of the global section of the structure sheaf of T}, ,, that vanish at the cusps and let
Vs = U, VP and define

Vousp (9 W) = lim V2

Veusp (0 W) = lim V552
m

Define the spaces Veusp (M, € W) and Veusp (N, €, W) by imposing the central character and nebencharacter given by e.
For later use in describing modularity lifting results we define the Hecke algebras h™°4(0M, e, W[[T(Z,)]]) to be the
W([T(Zy)]]-subalgebra of End(VS (M, e, W)) generated over W[[T(Z,)]] by T,(y) and (y), as y ranges over integral

ideles, where vgg;‘p(m, ¢, W)) denotes the image of the ordinary projector acting on Veusp (N, €, W)). Here the operator
(y)p is obtained by associating to y the corresponding element in Z(Ag) and then the associated diamond operator as

defined in [HID3| p.173] and the Hecke operator T,(y) is defined analogously to Definition [10| by associating to y the

mal I“iX
|: :|
y

Let A = W[[T']] where T(Z,) = T' x A(®) where T" is the maximal p-profinite subgroup. We now describe A-adic modular
forms as p-adic modular forms defined over A. By taking the base change of the Igusa tower T;,, ,, one defines the space
Veusp (M, €; A) of p-adic modular forms over A in an analogous manner to Veusp (N, €; W). The space of A-adic modular
forms can then be defined as the subspace of V(M,e; A) where the A-module structure agrees with the A-module
structure coming from the diamond operators. See for example [HID2, Section 3.4.1] for a comparison in the case
of F = Q with other definitions of A-adic modular forms. For f € V(M,€;A) and £ € Hom (T, GL1) the weight

26



specialization F,; of F is the p-adic modular form over W obtained from f by specializing the T'(Z,)-action via k1.
Note that € is fixed and through this the second weight ko intervenes.
4.4.2 Monodromy Operators

We first discuss a type of rigidity result for p-adic modular forms that will replace our appeal to strong multiplicity
one results that we used in Section to deal with Hilbert modular forms of cohomological weight. In order to
conform with conventions used in other parts of this memoir, for the rest of this chapter we will denote the prime p of
the previous sections by ¢. We will assume throughout the remainder of this chapter that ¢ > 3. Fix a nebencharacter
e. Let B be a discrete valuation ring which is a subring of Q and an extension of Zg) such that B* contains the values
of e. Let W be the f-adic completion of B.

Definition 13. A form f € Vup(N, 1; W) will be called an eigenform with respect to D if it is an eigenform for
T'(w,) for all vt 9 and an eigenform for U(w,) for all v|.

Let k = (K1, Kk2) With ko — k1 + ¢ > t in the sense that (ko — k1 +1), > 1 for all 0 € I. Let N be a square-free ideal
of Op and let f € Vord (M, e; W) be an eigenform with respect to M with weight x € Hom(7Tg, GLy). For a Hecke

cusp
operator T let 0¢(T) denote the corresponding eigenvalue. Then, see [JAR] for references, there exists a continuous
Galois representation
pre: Gal(F/F) — GL2(Qp)

such that in particular:
® py is unramified outside Y

e If v 19U is a prime of F, then
Trace pyo(Fry,) = 0,(T(w,))

det pfl = €+XLH1+N2]
where €; denotes the Galois character associated to to ey
e If 7 denotes the automorphic representations associated to f and if v 1 £ is a finite place of F such that
my < Ind(x| - |2, x| - [71/?)

for some unramified character y then

(prelas, )™ ~xl- T2 @ x| -|'?
where the right hand side is interpreted as a Galois character via local class field theory

Let 91 be an ideal of F' and let v t N be a finite prime. Recall that in Definition we fixed a uniformizer w, of F,.
Let 7, € GLy(AFr) be the the element whose local component away from v is the identity and whose component at v

is given by
1
(1) = ( o )

Consider the map S, (M, e, W)? — S, (vN, e, W) given by

(f,9) = f + gln, where (g|n,)(x) := g(xn,)

Definition 14. Let S °'4(9w, e, W) to be the image of the above defined map and SY™2¢¥ (v, ¢, W) be the orthogonal
complement of SY°14(Nv, e, W) in S, (Nv, e, W) under the Petersson inner product.
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Definition 15. A A-adic form F € V/(91,¢, A) will be called v-new for a prime ideal v if F,; is v-new for all but finitely
many classical weights & with k1, — k2, > 1 for all 0 € I. If it is not v-new it will be called v-old.

Let f € S, (M, e, W) and assume v 1 N is a prime ideal of F. Assume that f is an eigenform for T'(w,,) for wtN
and U(w,,) for w|N. Suppose « and § are the roots of the Hecke polynomial

2® = 0;(T(w,)z + (xS ) o, (@)
of f at v. Then
foz = f - af|77v S Sﬁ(m(v)aea W)

is an eigenform for T'(w,,) for w { Mv and U(w,) for w|M with same eigenvalue as f and an eigenform for U(w,)
with eigenvalue 3. The form f,, will be called a v-stabilization of f. Similarly, one can create an eigenform for T'(ww,,)
for w t N and U(w,,) for w|N with same eigenvalue as f and an eigenform for U(w, ) with eigenvalue 0. This form
will also be called a v-stabilization of f. More generally, suppose now that J = vy - - - v, is a product of distinct prime
ideals in F' and that it is coprime to M. A modular form in S, (9J, €, W) will be called an J-stabilization of f if it
is obtained by taking a wvi-stabilization of f, then taking a vs-stabilization of the resulting form and so on. Such a
J-stabilization of f will be denoted by f3-*t2P. Similar constructions can be made for A-adic forms: For example, let
F eV (M, e A) and let v 191 be a finite place of F. Then, after possibly replacing A by a finite extension, there exists
Fln, € V(Nu, €, A) such that
(Fmw)e = Ficlm

for all K € Hom(T¢g, GL1). We can now prove:

Lemma 4.5. Let F be a totally real field and £ a rational prime and M, N square-free integral ideals in F. Let
f € Veusp(O, 1; W) be an eigenform for M of some weight k € Hom(T, GL1) such that & = (K1, k2) with kg —K1+t > t.
Let g € S.(MM,1; W) be a newform. Let v|9M be a prime and suppose that pse = pge. Then there exists ideals ¢y, ca
with ¢; prime to v such that

gcl-stab _ ftz—stab

c1-stab

If f and g are assumed ordinary, then there exists a A-adic form deforming g which is v-old.

Proof. Let v be as in the statement of the lemma. By local-global compatibility for f, the U(w,)-eigenvalue v of f
is one of the eigenvalues of the unramified representation py ¢|c,, and hence of py¢|a, . It hence is, by local-global
compatibility for g, a root of the the Hecke polynomial of g at v. Let § denote the second root of the Hecke polynomial
Hence and consider gs and note that

U(wy)gs =7 9s

For all other primes w|9M9 we take stabilizations of f and gs such that the eigenvalues are zero and hence agree. By
the assumptions of the proposition and the earlier arguments the resulting stabilizations ¢¢*-*2P and f¢2-5*b have the
same Hecke eigenvalues at all finite places. It follows that they have the same g-expansions and hence it follows from
the g-expansion principle, see for example [HID2, Section 2.3.3] that g¢1-staP = fe2-stab a9 desired. Now assume f and
g are f-ordinary and let F be a A-adic form deforming f and let F¢2t2P be the form obtained as a stabilization from
F in the same way as f>**P is obtained from f. Then F¢-5%2P deforms fc2-stab = gei-stab anq for sufficiently large
weights in Hom(7¢, GL;) its specializations will be v-old since the specializations of F at such weights are classical
and v-old. O

Consider:

Hypothesis 4.5.1. Let F be a totally real field and let £ be a rational prime. Let f € S°"4(, 1, W) where N is a
square-free ideal of O and assume that f is 9-new and assume v|9 and v t (¢) is a prime ideal. Assume that there
exists a finite extension K/F such that for all totally real solvable extensions L/F which are linearly disjoint over F'
with K the following holds: The base change f;, of f to L is cuspidal and for each ordinary (¢)-stabilization of every
c-stabilization of f1, for ¢ coprime to v, every Hida family passing through it is w-new for all places w|v of L.
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Remark. See [HID2, Corollary 3.57] for some relevant rigidity results.

Even though we will not pursue this matter further in this memoir one can modify the previous hypothesis to
obtain version of Theorem [ also for non-ordinary forms. We hope to treat such questions in more detail elsewhere
but we state one such possible modified hypothesis in the following:

Hypothesis 4.5.2. Let F be a totally real field and let f € S, (91,1, W) where 91 is an integral ideal of Or. Assume
that there exists a finite extension K /F such that for all totally real solvable extensions L/F which are linearly disjoint
over F' with K the following holds: The base change fr of f to L is cuspidal and for every c-stabilization of fr, for ¢
coprime to v whenever it equals the stabilization of an ¢-adic modular form then the /-adic modular form is classical.

We now follow closely the discussion in [HID2] Section 3.2] adapted to our current situation.

Hypothesis 4.5.3. Let I be a totally real field, ¢ a rational prime and let fo € S*4(M, 1, B) be a newform and let
7w denote the automorphic representation corresponding to fo. Assume:

e for v|¢ the local component 7, is a principal series representation
e for all v|¢ the Galois representation satisfies

e T e,

PortlGr,
7]1,1}

where 71, is a character F,* — B> such that if 7}, is the corresponding complex character, via our fixed
embeddings of Q into C and Q,, then
Ty Ind(nll,vv 77&,@)

for some character 77/2,u- Let §, := M,, mod mp and assume
——1 . —
d, det(py, o) # 0u

® Dy ¢ is absolutely irreducible

e if v { £ is a finite place such that py, (|7, after restricting to I, for some finite extension F/F, is non-trivial
unipotent then the same holds for p; |1y,

We now describe modularity lifting results for the residual representation py . Let k be a finite field such that py, ,
is defined over k and assume from now on that the residue field of B is the finite field k£ and all Hecke eigenvalues of
fo for Hecke operators T'(w,) and U(w,) are contained in B. Assume furthermore that if a prime v { £ divides 91 then

1 =%
Ip, ™ 1

with % non-trivial. We call this last property the condition (min). For every v|0 write

G ~ p—
5

Let C denote the category of complete noetherian W-algebras with residue field k. For A € C a representation
p: Gal(F/F) — GLz(A) is called a deformation if the reduction modulo the maximal ideal of A is isomorphic to
Po0- Two such deformations are called strictly equivalent if they are conjugate by an element in GL2(A) whose
reduction to GLg(k) is the identity. Consider the functor C — Set which takes an object A of C to the set of strict
equivalence classes of deformations p such that

pfo’f

pfol

e p is unramified away from ¢
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e For v|¢ one has

€y ¥
p|GF,,J ~ S

where €, and ¢, are characters Gp, — A* such that
5, mod my 24,

and &, |r,, factors through Gal(F)"™ (pue=)/Fy™)

| |:€1) * :|
a ~
PlGr, 5y

where €, and J, are characters Gp, — A* such that

e For all v|9 that do not divide £ one has

5, mod mu =6, and Oulrm, =1

This functor is representable by an object R = R(N; o e)%‘;d , in C and there exists a Galois representation
/D,

pr: Gal(F/F) — GLQ(R(N%E)%;‘O{Z)

such that in particular for v|¢ one has

€y *
pR|GVF,U ~ 6
v

where d,|r,, factors through Gal(Fy™ (jue)/Fy"") and
8, modmp=24,

where mp denotes the maximal ideal of R. Hence, by taking the product over v|¢, one obtains a map W[[T]] —
ord
R(Nﬁfove)ﬁfo,f'
Definition 16. Let F' be a totally real field and let f € S, (91, ¢, B) be a Hecke eigenform. Define By to be the set of
rational primes such that
e f is as in Hypothesis with respect to £
e/ >7

e /is unramified in F'

® Dry

Let N be an ideal of F. Then there is a maximal ideal m of the Hecke algebra h™°*4(0N, e, W[[T(Z,)]]) such that
there exists a Galois representation

Grecy is absolutely irreducible where ¢, denotes a primitive £’th root of unity in F

py : Gal(F/F) — GLo(h™™ (N, e, W[[T(Z¢)]])m)
which satisfies the conditions of the above described deformation functor and hence there is a map

T R(Ng, )9 — 0O € W(T(Ze) )
such that py is obtained from ppr via composition with this map. By work of Fujiwara, see also [HID2, Theorem 3.50]
for a similar result in parallel weight, one knows the following: Suppose f € SN, ¢, B) is a newform, £ € B t, and if
a prime v { £ divides N then condition (min) holds. Then the map 7 is a W[[I']]-algebra isomorphism. We can now
prove the main result.
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Theorem 4. Let F be a totally real field and let ¢ be a rational prime and let fo € S (N, e, B) be a newform for
k = (K1,K2) with ko — k1 +t > t. Assume { € By, and v|N is a prime not above £. Assuming Hypothesis
the monodromy operator N of the Weil-Deligne representation associated to pf07g|WFv is mon-trivial if and only if it is
predicted to be non-trivial by the local Langlands correspondence.

Proof. After a solvable base change one can assume that 9t is a square-free ideal and € is such that ¢; and €5 are trivial.
Hence we will now assume this. Let m be the automorphic representation associated to fy. If the local Langlands
correspondence predicts, in the above notation, that N is trivial then m, is a principal series representation and by
Hypothesis it follows that IV is indeed trivial. Hence suppose now that the local Langlands correspondence
predicts that N is non-trivial. Then 7, 2 Sto(x) for some unramified character y. Suppose for contradiction that N
is trivial. For example by [JAR] Theorem 4.4] there exists E € M/ (c, 1,Z) of sufficiently large classical weight x’ and
with ¢ coprime to 910(¢) and such that
EF=1 mod/

in the sense that there is an integer ring O in a finite extension of Q such that the Fourier coefficients of F and 1 differ
by elements in valuation ring of 9. The product fE" for r sufficiently large is then an ordinary form of cohomological
weight & = (R1,Re) with Re — k1 > t and 0 # e,(fE") € Sz(De, 1,W). One can deduce from classical results of
Deligne-Serre that there exists an ordinary eigenform d € S2"4 (e, 1, W) such that

Pd.e = Py

Let T be the set of finite places of F' such that if v € T then v|9 and the Weil-Deligne representation associated
to pyy.¢lGr, has trivial monodromy operator. Let my denote the automorphic representation associated to d. By the
potential level-lowering results of Skinner-Wiles in [SW] there exists a solvable totally real extension L/F such that
BCpr(mg) is cuspidal and there is a cuspidal automorphic representation 7 of GLa(Ar) of the same weight as BCr,(m2)
such that if § denotes the newform associated to 7 and if f denotes the newform associated to BCp (), then

® Dyi =Py
e g is of a level which is not divisible by finite places w of L above T'
e g is ordinary at all places above /¢

For suitably chosen L one has ¢ € B; and we assume this from now on. Furthermore, condition (min) holds for g.
Hence there is an isomorphism of W-algebras
R(Nﬁg,rz)%g(,iz = hn‘ord(imv L, W[[T(Zém)m

where m is a maximal ideal corresponding to the residual representation p; , and 9 is an ideal of O, which is prime
to places above T. Note that f is w-new for all places w|v of L. Since M can be chosen such that p;, is unramified
at all finite places not dividing 9t(¢) and since py ¢ is ordinary at ¢ one obtains

5 S HomW_alg(R(Nf

Pg.e

)5, W) = Homyyatg (™" (O, 1, W[T(Zo)]])m, W)

Pg.e’

such that pmf|Ga1(F/L) is the composition of pr with £. Since

Homyy (W™, 1, W[[T(Z,)]]), W) = Vord (om, 1, W)

cusp

there exists g € V24 (9, 1; W) which is an eigenform and has a weight and such that p,, 2 py . By Proposition

cusp
there exists ideals ¢1, ¢ with ¢; prime to places w above v such that

gcl—stab _ fcz—stab

and there exists a A-adic form deforming g“"5**P which is w-old for some places w|v and this contradicts Hypothesis

451 O
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5 Local-global compatibility results via crystalline periods

As a first step towards proving local-global compatibility results for automorphic representations of GL,, and GSp,,,
we generalize in this chapter the results of Section This means that we are using unitary group eigenvari-
eties, as constructed by Chenevier, and Kisin’s result on variation of crystalline periods to obtain certain local-global
compatibility results for local semi-simplifications. The key result is Lemma [5.5 which concerns local properties of
Galois representations associated to automorphic representations of totally definite unitary groups. This is a case that
lends itself very well to the construction of eigenvarieties. Via functoriality this has then implications for local-global
compatibility for automorphic Galois representations of general linear groups and symplectic groups. In the following
chapters we make these implications more explicit.

5.1 Galois representations

We will now state precisely which properties of automorphic Galois representations will be assumed throughout this
chapter. Let F be a CM-field and let F'* denote its maximal totally real subfield and let ¢ denote the non-trivial
element in Gal(F/F*). An automorphic representation II of GL,,(Ar) is called

e conjugate self-dual if ITV = II¢

e regular algebraic if it has the same infinitesimal character as a finite-dimensional irreducible algebraic represen-
tation of Resp/q(GLy)

Let Z™* be the set of decreasing n-tuples of integers. For any
k= (ki, - kn)€ez™"
let W% denote the algebraic representation of GL,, of highest weight k, corresponding to the character

tq

n

ki

= [T
i=1

n

of the diagonal torus of GL,,. A finite-dimensional irreducible algebraic representation of Resp/q(GLy,) then corre-
sponds to @ = (@r)rcHom(F,C) € (zn-+)Hom(FC) and we will say I is of weight @ if it has the same infinitesimal character
as the finite-dimensional irreducible algebraic representation of Resy/q(GLy,) corresponding to @.

Let recgr, (—) denote a local Langlands correspondence for GL,, such that in particular the following holds.
Suppose K is a p-adic field and x = [[;_, x; is a character of the diagonal torus of GL,,(K) such that the principal
series representation Ind(y) is irreducible. Then

recgr, (Ind(x)) = @ Xi
i=1

where x; for 1 < ¢ < n is as defined in the beginning of Chapter
The following hypothesis will be assumed for the rest of this chapter. It will be combined with the deformation
theory of automorphic forms to deduce more general local-global compatibility results.

Hypothesis 5.1.1. Let II be a cuspidal regular algebraic conjugate self-dual automorphic representation of GL,,(Ar)

of weight @ € (Z™*)Hom(F.C) For a rational prime ¢ and ¢ : Q, = C there is a continuous semi-simple ¢-adic Galois
representation

pri e, Gal(F/F) —— GL,(Q))

such that
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(i) for all finite places v t £ of F such that II, is a principal series representation there is an isomorphism

WD, (bl )7 = reca, (I, @ | det | =)

(ii) for v|¢

o if II, is unramified then pr ¢, is crystalline at v and
« 1—n
WD, (pr,ele, )7 = recar, (I, @ |det | 77)

o pr e, is Hodge-Tate at each v|¢ and if 7 € Hom(F,C) lies above v via ¢ then the corresponding set of
Hodge-Tate weights equals

HT- (pre.lar,) = {=(ari + n =9l <i<n}

e if II, is Iwahori-spherical then pH,Z,L‘GFU is potentially semi-stable

(iii) for v a finite place such that II, is Iwahori-spherical and for any rational primes ¢1, ¢ and isomorphisms

L, 1 Qg = C and ¢, : Q, —C

SS ~ SS
WDL/zl (pl'thLZI ‘WFU ) = WDLZQ (pmemb@ |WF,U )
and these representations are unramified.

(iv)
pﬁ,Z,L = pCH,Z,L & X?_l

where x, denotes the f-adic cyclotomic character

Remark. In part (iii) we have assumed for simplicity that the semi-simple parts of the Weil-Deligne representations
are unramified. This assumption can be avoided but then the statements of main local-global compatibility results
have to be somewhat changed. If the Galois representations are realized for example in the cohomology of a Shimura
variety then this part of the assumption can be obtained by constructing good integral models for the Shimura-variety
with suitable Iwahori level-structure. See for example [T'Y].

In order to deduce from Hypothesis local-global compatibility results at places where the local Langlands
correspondence predicts ramification we work in this section with Galois representations associated to automorphic
forms on totally definite unitary groups. By using functoriality results of [LAB] the results of this section will then
later be used to to obtain results for automorphic representations of general linear groups. The advantage of working
with totally definite unitary groups is that for such groups families of automorphic forms have been constructed in
[CHE]. This allows us to apply the crystalline periods methods described in Chapter [3|in a similar way as in the proof
of Proposition

Note that contrary to the case of Hilbert modular forms, in the more general setting that we treat in this section
there can be multiple accessible refinements of the relevant local component of the automorphic representation and
each of these refinements can lead to different information about the local properties of the automorphic Galois
representation. In this section we simply determine what information a given accessible refinement yields and only in
later sections will we then combine the information coming from all the different accessible refinements to obtain more
precise local-global compatibility results.

Let us first describe the Galois representations associated to automorphic representations on totally definite unitary
groups.

Let F* be a totally real field, let E an imaginary quadratic extension of Q and let F := FTE be a CM-field. Let
¢ denote the non-trivial element of Gal(F/F*). Let n > 2 be an integer and assume that F//F* is unramified at all
finite places and that n[FT : Q]/2 is even. Let U} be the quasi-split unitary group over F'* as defined in [LAB| Sect.
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2.1]. As discussed in [CH, Lem. 2.1] there is an inner form G of U} that is quasi-split at all places of F'* which are
inert in F' and such that [], ., G(F,") is compact.

Let m be an automorphic representation of G(Ap+). The weight of 7 is defined to be the representation £ of
H'u|oo G(F) on ®,jemy. As explained for example in [CHLL Sect. 2], the representation ¢ corresponds to

6(5) c (Zn,+){T:F‘—>C}

such that
a(g)T,i = *a(g)‘roc,n-&-l—i

for each 1 < ¢ < n. For 7 as above, a base change to an automorphic representation of GL,,(Ar) is constructed in
[LAB] and this allows to associate to 7w a Galois representation. To describe this Galois representation note that if
v e SplF/F+ factors as v = ww® in F then one obtains isomorphisms 4,, and i, between G ® p+ F,} and GL,, , and
GL,, r,.. The following hypothesis is a consequence of Hypothesis by results of [GUE].

Hypothesis 5.1.2. Let © be an automorphic representation of G(Ap+) of weight £. For a rational prime ¢ and
t:Q, = C there is a continuous semi-simple Galois representation

Pl - Gal(F/F) — GLn(@Z)

such that

(i) for all finite places v { £ of F'™ which split as v = ww® in F and for which m, is a principal series representation
one has
" _ 1-n
WDL(pW’e’L|WFm )F_SS = reCGLn((ﬂ—U o Zwl) ® |det | 2 )

(ii) if v|¢ splits as ww® in F' then

e if m, is spherical then p; ¢, is crystalline at w and
. 1—-n
WD, (pr,t,la,, )T 2 recar, ((my 0dy,') @ | det [ =)

® pr, is Hodge-Tate at w and if 7 € Hom(F, C) lies above w via ¢ then the corresponding set of Hodge-Tate
weights equals

HTT(pﬂ',Z,L|GFw) = {_(a(g)T,i +n— Z)Il <1< Tl}
e if 7, is Iwahori-spherical then PW,E,L|GFU, is potentially semi-stable at w
(iii) for v a finite place of F'* which splits as v = ww® in F and such that 7, oi,' is Iwahori-spherical and for any

rational primes (1, £5 and isomorphisms ¢z, : Q,, — C and ¢, : Q, — C

SS ~ SS
WDbzl (:077,51,%1 |pr ) = WDLe2 (p‘fT7527L132 |pr )
and these representations are unramified

(iv) y

\% c
pﬂ',[,b = pTr,Z,L ® X

where y, denotes the f-adic cyclotomic character

(v) if the base change II of m to GL,,(Ar) is cuspidal then

Pr e = P10,

Moreover, if pr ¢, is irreducible then the base change of 7 to GL,,(Ap) is cuspidal
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5.2 Eigenvariety preliminaries

In this section fix G, F' and F'T as in Section As a preparation for the proof of Lemma,|5.5( we will in this section
briefly recall some facts about unitary group eigenvarieties as constructed in [CHE].

Let p be a rational prime and fix an isomorphism ¢ : @p - C . Fix a decomposition

{places ulp of F*} = 5,15

with #S5, = 1 and assume S, = {v} with v € Splp,p+. In the discussion until Lemma [5.5| fix a place w of F' above
v and let i, be the corresponding isomorphism G(F;) & GL,(F,). In the following we will identify these groups.
Via this identification we let T, C G(F,}) be the diagonal torus and we let TC be the maximal compact subgroup of
T, consisting of elements with entries in O, . Furthermore, we let B, denote the upper triangular Borel subgroup of
G(F)). Let G!# denote the analytification, as defined in [BGR] Sect. 9.3.4], of the algebraic variety G,,. View T,
via restriction of scalars as the QQ,-valued points of a torus defined over QQ, and define the rigid spaces over @, given
by Ts, := Hom(T,,Gg) and Wg, := Hom(T_,G!€) where in both cases the the homomorphisms are required to be
p-adically continuous.

For u € 5, S), let X(u) be the subset of Hom(F*,Q,) consisting of homomorphisms lying above u and let ¥ (u)
be the subset of Hom(F T, C) corresponding to X (u) via ¢.

Let 37, denote the union of the sets X (u) for u € S;, and fix an irreducible representation W, of [] G(F).

TEX T

Let S be a finite set of finite places of F* disjoint from S,. Fix a compact open subgroup
K =[] K. < GALY)

where u ranges over the finite places of F™ and K, is a subgroup of G(F,") which
e is a hyperspecial maximal compact subgroup at all places u ¢ (S, L .S)
e equals G(Op+) for almost all places u
e is the Iwahori subgroup corresponding to B, at v € S,

Let
H(Sp) — ®{LL¢(SP|_|S)’HU

where H,, for u & (S, U S) denotes the spherical Hecke algebra consisting of functions on G(F,) which are locally
constant, have compact support and are K, bi-invariant. Let 7 be an automorphic representation of G(Ap+) such
that 7% # (0) and such that the representation of [] G(F7) on ®rexy_m, is isomorphic to We. To such an
automorphic representation one can associate pairs

TEE/OC

(Y, vr) € Hom(H5),Q,) x Ts, (Q,)

in the following way:
Firstly, 7 gives rise to an algebra homomorphism

wﬂ' : H(SP) %@p

coming from the Hecke action. Secondly, since 7% # (0) it follows that 7, is Iwahori-spherical for v € S,. Hence
1—n
7y, ® |det |2 has an accessible refinement as defined in [CHE] and recalled in Section Define

—1/2 n—1 oy
Ve 1= Yoo X - 0p - |det |7 € Ts, (@,)
where

. . 1—-n
e ' is an accessible refinement of 7, ® |det| =2
Xﬂ' v ¢
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X000 = | I X7w,u

UED o6 (V)

where X, u Ty — @; is defined as follows. The representation of G(Fu+ ) on T, gives rise, via the embedding
F — Q, which lies above u via ¢ and which gives rise to the fixed place w of F' above v, to an algebraic repre-
sentation of GL,,. Via 4,, this gives rise to an algebraic representation of G(F,") and xr,  is the corresponding
highest weight character

Remark 9. Note that a given automorphic representation 7 as above yields multiple pairs (¢, V) if 7, has multiple
accessible refinements.

Let Z’ denote the collection of all elements (¢, vr) € Hom(H%»),Q,) x Ts,(Q,) obtained from automorphic repre-
sentations m of G(Ap+) as above. In [CHElL Thm. 1.6] an associated eigenvariety is constructed. This is a quadruple
(X, 4, v, Z") which has the following properties:

e X is a reduced rigid space defined over a finite extension of QQ, which contains the image of all embeddings
Ft—=Q,

e 1 : HSP) — O(X) is a ring homomorphism

o v: X — Tg, is a finite analytic map

e 7' C X(Q,) is a Zariski dense subset such that for all z € Z’ there is an automorphic representation . such
that (¢,,v(2)) = (¥r,,vx,) for some choice of v, and (¢, v) induces a bijection between Z’ and Z’. Here 1),
denotes the composition of ¢ with the map to the residue field of z

It is important for the application to local-global compatibility questions that the automorphic Galois representations
associated to the automorphic representations 7, for z € Z’ are interpolated on the eigenvariety in the following way.
By [CHE], Cor. 3.9] there is a continuous n-dimensional pseudo-character

T:Gal(F/F) — O(X)
such that for each z € Z’ with associated automorphic representation 7, one has
T, = Trace (pr, p,.)

where T, is the composition of 7" with the map O(X) — Ox ./mo, . to the residue field of z.
Let us make some definitions for later use:

Definition 17. Fix a uniformizer w € F,5 and let q denote the size of the residue field of F,S. For each 1 <4 < n let

u; € GL,(Q,) be the diagonal matrix

1
with w in the i’th column and all other entries being 1’s. Define for each 1 <1i < n
Fi :=v(u;) € O(X)*

For each z € Z' let xx, := X}, , ® | det 1"z and note that

_ ntl )
Fi(2) = vr. (W) = 0 X i (@) g 2 II (@)
TEX(v)
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where (ky,r;)r; is the element in (Z+)7€2() corresponding to Xrr. 00,0

Definition 18. As before, for z € Z’ let 7, be the corresponding automorphic representation of G(Ag+). Define Z to
be the subset of Z’ consisting of those z € Z’ such that 7, , is an unramified principal series representation for v € S,.

We want to use Z and X to obtain local-global compatibility results for Galois representations associated to
automorphic representations w, with z € Z’/ but z € Z. In order to do so we recall in Lemma [5.3|a quantitative version
of the fact that automorphic representations 7, for z € Z’ can be approximated in a certain sense by automorphic
representations 7, for z € Z. Let us first recall from [BC] some notation for rigid spaces:

Definition 19. A subset U of a rigid space Y is said to accumulate at a point « € Y if there is a basis of affinoid
neighborhoods of x such that U is Zariski dense in each. More generally, U is defined to accumulate at a subset U’ of
Y if U accumulates at every v’ € U’.

The following lemma will eventually allow us to deduce from Hypothesis local-global compatibility results
for automorphic Galois representations at places where ramification is expected. The proof of the lemma essentially
follows from the arguments in [CHE2, Prop. 6.4.7] but since only the case of F* = Q is written there we will now
recall the proof:

Lemma 5.3. Z accumulates at Z'.

Proof. Let v € S, be as defined earlier. For C' € Z=9 let X*(T,)*®C be the subset of X*(T,) corresponding to
(kpri)ri € (ZF)7€2() guch that

kyri—kyyr;>CflorallT e X(v)andalll<i<j<n

Let X*(T,)™® := X*(T,)™®°. For any Galois extension L/Q, such that L contains F," view X*(T},) C Ws,(L). By
the same proof as in [CHE, Lem. 2.7], but with X*(T,)*®% replacing X*(T,)™® in the argument, it follows that
X*(T,)*®“ accumulates at X*(T,). The relation between Ws, and the eigenvariety X is now used to also show
that Z accumulates at Z’: Let z € Z’ and let U’ be an admissible open neighborhood of z in X. Let U C U’ be
an affinoid neighborhood of z. To show that Z accumulates at Z’ it suffices to show that Z N U is Zariski dense
in U for U sufficiently small. Let x denote the composition of v with the natural map 7s, — Ws, and let V' be a
sufficiently small affinoid neighborhood of x(z). By [CHE, Lem. 2.7], and the accumulation of X*(T,)™& at X*(T,,),
for any C' € ZZ° one has that X*(T,,)*®C NV is Zariski dense in V. Let q denote the size of the residue field of F-
and in the following use additive notation for the product on X*(7,). By using [CHE2, Lem. 6.2.8], to prove that
Z accumulates at Z’ it suffices to show that for C sufficiently large any point € U with s(x) € X*(T,)™®¢ and
k(z) — k(2) € (¢ — 1)pN X*(T,,) for some sufficiently large N € Z satisfies the following: The point x corresponds to
an automorphic representation 7, and the local component 7, , is an unramified principal series representation for
v € Sp. The former follows for U sufficiently small from the classicality criterion of [CHEL Thm. 1.6]. For the latter
note that 7, , is Iwahori-spherical and hence 7, ,, < Ind(x) for some unramified character x = H?Zl Xi- Suppose that
Tg,» 18 not an unramified principal series representation. Then there is 7 < j such that

Xi(@)/x; (@) = ¢

Then
— qil—‘ri—j H T(w)ku,mi—kv,r,j
TEX(v)

where (ky ri)r; is the element in (Z"+)T€2() corresponding to Xry,00w- As explained in [CHE2] Prop. 6.4.7], since
F, and F; are in O(X)* there is a constant D such that |F;(z)/F;(z)|, > D > 0 for all x € U. Hence for C
sufficiently large one obtains a contradiction if 7, , is not an unramified principal series representation. It follows that
Z accumulates at Z’. O
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5.4 The key lemma

We will now study crystalline periods of exterior powers of automorphic Galois representations in a somewhat similar
way to [BC2L Prop. 6.1]. This will be used to obtain information about local properties of automorphic Galois rep-
resentations at places of Iwahori-spherical ramification of the automorphic representation. In the following statement
the morphism i,, is as defined in the discussion preceding Hypothesis [5.1.2}

Lemma 5.5. Let G, F and FT be as above and let ™ be an automorphic representation of G(Ap+). Let v be a finite
place of F* and let q denote the size of the residue field of F}. Suppose v splits as v = ww® in F and suppose T, 0iy*
is Twahori-spherical. Let w be a uniformizer of F\,. For any lift 0 € Wg, of the geometric Frobenius let S, denote
the multiset of eigenvalues of o acting on WD (px¢.|wp, ). Then for any accessible refinement

n
Xv = H Xwv,j
j=1

of my o i;l and each 1 <1 <n there is a multiset
{oyy, a5 C© 86

such that _ _
2 7
i(n—1)
[MTew=a7= [[xws=
k=1 k=1

Moreover, one always has q%xv’l(w) €S, and q%xv’n(w) €S,.

Proof. Let v be a finite place of ' as in the statement of the lemma and let p denote its residue characteristic. Fix
throughout this proof a finite place w of F' lying above v and let % (v) denote the subset of embeddings in Hom(F, Q,)
which lie above ¥(v) and which correspond to w. Fix a uniformizer w of F,,. By Hypothesis in order to
prove the lemma one can assume that p = £. This allows the use of the eigenvarieties described in the beginning of
Section In the notation of the beginning of that section let us make the following definitions:

o Let S, := {v}

e Let S be a finite set of finite places of F'* which is disjoint from S, and contains all places at which 7 is ramified
except the place v

o Let K < G(Ag,oi)) be a compact open subgroup of the form described in the beginning of Section and such
that 7 # (0)

e Let W, denote the representation of [] .y, G(F;) on ®,cxs_ 7, where ¥ is as defined in the beginning of
Section

Let (X,%,v,Z") be the associated eigenvariety and let Z be the subset of Z’ as in Definition The automorphic
representation 7 and the accessible refinement Y, of the statement of the lemma yield a point

o = (7/}7” Vﬂ') € X(Qp)

We will now apply the crystalline periods results described in Chapter [3] To be able to do so one must first describe
twists of the Galois representations corresponding to points on the eigenvariety X by a suitable character and we will
do this now.

Let z € Z' and as before let (ky ;)r; be the element in (Z"’*‘)E(”) corresponding to Xr,.o0,». The representation
p» is Hodge-Tate at w and for each 7 € i(v) and 1 <7 <n one has

; i(i+1—2n) o
mT,i(Z) = HTS})(/\ pz|Gpw) = % - Zkv,T,j
j=1
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where HT() (<) is as defined in Section Since v : X — Tg, is an analytic map and since by [CHE, Thm. 1.6] Z’
accumulates at X, there is a neighborhood X’ of zy and m,; € O(X’) such that the specializations of m.; at points
z € 7' which are also in X’ are given by the above formula. For ease of notation, in the the rest of this proof we will
denote the intersection of Z’ and X’ again by Z’ and we will denote X’ by X. For each 7 € %(v) fix a continuous
character x, : F*\Aj} — C* such that

® X is unramified
. XT|(F£)O((mJ)06H0m(F7C)) = HaeHom(F,(C) x3e with a, given by a,(-) = 1 and a,(r)o. = —1 and zero otherwise

See for example [CHT), Sect. 4] for the existence of a character with the weight as defined above. Define

(@) = [[0 o) @)= ([ 27" xr (2)

o

By global class field theory the character X(TL]) corresponds to a continuous character

0. (xr) : Gal(F/F) — Q,
Since m,; € O(X) and since Z’ accumulates at X one can define a continuous map
pi: Gal(F/F) — O(X)

such that for all z € Z’ one has

pi@)z) = I ree)g

Tei(v)

for all g € Gal(F/F). For z € X let y; ., denote the composition of y with the map to the residue field of z. Note
that for example by [CHT, Lem. 4.1.3] the representation r/,(x-)|c,, has Hodge-Tate weight 1 with respect to 7.
Furthermore, since w|v € Splp, p+ it follows that Xoc(w) N c o Yoo (w) = @ where ¢ denotes the non-trivial element of

Gal(F/F*). Tt follows that for each z € Z’ and 7 € %(v) one has

HTT (ﬂi,z |GFw ) = {_mTai(Z)}

Now let G; € O(X)* be such that for all z € Z’ one has

Gi(2) = [ xro(@) i@ r()mns()

TeD(v)

Let U be an admissible open affinoid neighborhood of zg in X such that for each 1 < ¢ < n the inclusion U — X is
G; [[;=, Fj-small as defined in [KIS| Sect. 5.2]. For each such i let

i _i(i+1-2n) ‘
H = (¢ [ @) 7 )G [[F)lv € O0)*

TeD(v) Jj=1

Using [BC|, Lem. 7.8.11] as in [CHE!| Sect. 3.15] gives the following: There exists a reduced rigid space U’ and a finite
map h : U" — U such that the following holds:

e There is a free O(U’)-module M of rank n with a continuous Galois representation
om : Gal(F/F) — GL(M)

For a point = in U’ we will denote by E, its residue field and by pn .. the Galois representation on M ®¢ ) E,
obtained from pyg
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e There is a Zariski dense subset Z C U’ such that h(Z) C Z and for all 2’ € 7 one has

PM,z’ ®Ez/ E. = Pr(h(z),le

e There is z(, € U’ such that h(z() = x¢ and pif[% X P (wo) bt
Let uf : Gal(F/F) — O(U’) be the pullback to U’ of the restriction of p; to U and let O(U’) (i) denote the free rank
one O(U’)-module with the Gal(F/F)-action given by u. Define
(N'pn) (i) == (A'pat) ®owr) OU) (17)
Then for all z € Z’ and 7 € ¥(v) one has
o HTW (A pan) (i):lar, ) = 0

o HT® (N pm)(1i):lcr, ) > 0

Hence the crystalline periods results of Chapter [3| might be applied to the Galois representation (Apyr)(u;). To do so,
fix k € ZZ' and let
Ik =

{2 € ZNU| min, g,y BT (A pao) ()2, ) > max(k, [Fy < Qv (Hi(z0)))}

By the arguments used to show that Z accumulates at Z’ it also follows that I, is Zariski dense in U. For each z € Z’
and each 1 <7 < n one has

S [ (@) = 2[Ry ) TT vy Siesbors
Jj=1 Jj=1 TED(v)
By Hypothesis for each z € Z the representation p.|q,, is crystalline and hence
A'Deris(pzGr, ) = Dexis(A'pzlGp, )
Therefore, for any A € {¢'(*"V/2[T'_, Xn(2),j. (@)1 < j1 < -+ < ji; <n} one has

Dcris(/\ipz |Gpw )wF“’ =A 7é (O)

For all z € Z the character y; , is crystalline at w and

Pr,=Gi(z) Hw—eE(v) T(w)_mT,i(Z)

Dcris(ﬂi,z|Gpw ) # (0)

It follows that for all z € Z one has

Derse (A pan) (1):l i, )27 =14C) £ (0)

It now follows from Lemma that for R := O(U’), the R-module dual of (A"M)(x;), R; the collection of residue
fields of R corresponding to points which map under A to points in I, for some k € ZZ!, and Y := HZ-_1 all assumptions
of Theorem [3] are satisfied. It follows that

Derts(AM) (15)z0 s, ) #7100 £ (0)

Hence
Dcris((/\zpwf))(/j’i@oHGFw)wpw:Hi(wO) # (0)

and therefore _—
. _i(n—1)/2 k3
Dcris((Apro |GFw )@Fw -4 [Tjma xv.5 (=) 5& (O)
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where Y, is the refinement of 7, oy

Lemma [3.5]

To prove the second part of the lemma let ¢ and S, be as in the statement of the lemma. By applying the first
part of the lemma with i = 1 one obtains ¢z Xv,1(w) € Sy. The first part of the lemma with ¢ = n — 1 implies that
there is a subset {x1,--+ ,z,—1} C S, such that

as in the statement of the lemma. The first part of the lemma now follows from

n—1

(n—1)?
1+ Tp-1=¢q * H Xv,j (@)
j=1
The first part of the lemma with ¢ = n implies that if z,, is such that {z1, -+ ,2,} = S5, then

n(n—1) n
TiTp=q 2 Hxv,j(W)
j=1

and hence an_lxv,n(w) =z, €5,. O

Remark 10. Note that one might obtain stronger results than in the previous corollary by using variants of the
crystalline period results of [KIS| Prop. 5.14] where more than one weight is fixed.

The above results were obtained for automorphic representations of rather specific unitary groups. Nonetheless, by
using base change for GL,, as constructed in [AC] as well as base change and descent between unitary groups and GL,,
as constructed in [LAB], one can deduce rather general results for automorphic representations of GL,, over CM-fields:

Lemma 5.6. Let F' be a CM-field and let 11 be a reqular algebraic cuspidal conjugate self-dual automorphic represen-
tation of GLy,(AF). Let v be a finite place of F, let w be a uniformizer of F,, and let q denote the size of the residue
field of F,,. Assume that 11, is Iwahori-spherical. For any lift o € Wg, of the geometric Frobenius let S, denote the
multiset of eigenvalues of the action on WD, (pr1e,.|wy, ). Then for any accessible refinement

n
Xv = H Xv,j
j=1

of IT, and each 1 < i < n there is a multiset
{aj, 05} €S,
such that . .
I = ¢ I xwr(=)
k=1 k=1
Moreover, one always has an_lxml(w) €S, and an_lxun(w) €8,.
Proof. Choose a CM-field L containing F, with maximal totally real subfield denoted by LT, such that
¢
(i

L/F is a solvable extension and L = EL™ for some imaginary quadratic field F
n[Lt : Q]/2 is even

(iii) v splits completely in L and any place w|v of L lies above SplL/L+
(v

(vi

)
)
)
(iv) any place of L above £ lies above Sply /+
) L/L* is unramified at all finite places
)

BCL(II) is cuspidal
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Here BCp(—) denotes the base change as constructed in [AC|]. The existence of such a base change is already used in
[CHT]. Note that condition (i) can be achieved by taking the composite of F' with an imaginary quadratic field. To
arrange certain places to lie above Spl; ;1 is achieved by taking if necessary the composite of L with a suitable totally
real field, see for example [HT] (p.228). Now let L be a CM-field satisfying the above conditions. Then there exists a
totally definite unitary group G over L™ as in the beginning of Section and by [LAB]| there exists an automorphic
representation 7 of G(Ar+) whose base change to GL,,(Ay) is isomorphic to BCy(II). In particular, at all places u of
F* which split as ujus in F one has
Ty oiy = BCL(IT)y,

Since BCL(II) is cuspidal one has
Pr.e = PBCL(ID), L,

and since v splits in L the lemma follows from Lemma [5.5 O

Due to results announced very recently by Liu in [LIU] and Kedlaya-Pottharst-Xiao in [KPX] on the existence
of global triangulations, one can now often prove stronger results than the ones discussed above. The point is that
Kisin’s original results on variation of crystalline periods have very recently been strengthened to show very general
results on the existence of triangulations for analytic families of Galois representations. We will now state such a recent
result proved by Liu in [LIU] where for simplicity we assume that we study representations of Gal(Q,/Q,) instead
of representations of the absolute Galois group of a finite extension of K. First, we recall some definitions, see for
example [BEN] and [BC] for more details.

Consider the cyclotomic character x : Gal(Q,/Q,) — Z and let

I':= Gal(Q,/Q,)/Ker(x)

Let Rq, be the Robba ring over Q, as defined for example in [BC, Section 2.2.2]. Let A be a finite extension of Q,
and let R4 = Rg, ® A. One has an action of ¢ and I' on R4 by

@f(z) = f(zF) and (vf)(z) = f(zX1)

A (¢,T')-module is a finitely generated R 4-module M which is free as an Rg,-module and which has R 4-semi linear
actions of ¢ and I which commute and are continuous in a sense defined for example in [BC| Section 2.2.2] and such
that Rq, (M) = M.

It is known that there is an equivalence of categories between p-adic representation V' and so called (g, I')-modules

of slope 0. The (p,T')-module associated to V' will be denoted by Djig(V). For a (¢,T')-module M one can associate
certain finite-dimensional Ky-vector spaces Deyis(M) and D (M). A (o, T')-module is called semi-stable if

dim, Dse (M) = rankp x) (M)

and it is called crystalline if
dimg, Deris (M) = rankyg ) (M)

These definitions are equivalent to define M semi-stable or crystalline if M = D;[ig(V) and V is semi-stable or
crystalline.

Definition 20. A (¢,T") module M of rank n over R4 is called trianguline if there is a filtration
OcEMCPHMC---CFM=M
where each F; M is a saturated (¢,T") sub-module of M over R4 and
gr,M := F,M/F;,_ 1M

is free of rank one for all 1 < ¢ < n. A p-adic representation V is called trianguline if and only if Djig(V) is trianguline.
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Specialize now to the case K = Q, for simplicity. Assume that M is a semi-stable (¢, I')-module and suppose A is
chosen such that all eigenvalues of ¢ : Dgt(M) — Ds (M) are contained in A. A refinement of Dy (M) is defined in
[BEN] to be a filtration

0= FyDs(M) C FiDst(M) C -+ F,Ds (M) = Dy (M)

where each F; Dy (M) is an A-subspace of Dy (M) which is ¢-stable and N-stable and such that
g1, Dye (M) := FyDy(M)/F;_1 Dy, (M)

is of dimension one for all 1 < ¢ < n. Similarly one defines the refinement of a crystalline representation.
Let 6 : Q —> A be a continuous character. In [BC] Sect. 2.3] the (¢, I')-module R4(d) is defined to be the free
rank one R 4-module with R 4-semilinear action of ¢ and I' defined as follows:

»(1) = 6(p) and (1) = 6(v) for all y € T

By [BEN, Proposition 1.3.2] there is a bijection between triangulations of M and refinements of Dy (M). Order the
p-eigenvalues as aq, - -+ , a, corresponding to the filtration and similarly order the multiset of Hodge-Tate weights as
k1,--- , k. It is shown in [BEN] that

gr; M = Ra(6:)

where §; : Q) — A is the character given by
5i(p) = a;p™" and §;(z) = " for x € %
The parameter of a triangulation is defined to be the map
Q — (AN)"

whose components are the characters §;.

We now describe Liu’s result. Let X be an analytic space and suppose we are given a p-adic family of refined
representations, as defined in a more general way in [BC| Section 4.2] . For the following slightly less general case see
[LIUL Definition 5.2.3]. There is given a continuous Galois representation

G — GL(V)

where V is a free O(X)-module of finite rank n. Suppose for each 1 < i < n there is F; € O(X)* and &; € O(X) and
suppose there is a Zariski dense subset Z of X such that:

o for every x € X the multiset of Hodge-Tate weights of V,, is given by {x1(z), -, kn(z)}

e for all z € Z the representation V, is crystalline

o for all z € Z one has k1(z) < -+ < Kp(2)

e forall z € Z the eigenvalues of crystalline Frobenius ¢ acting on D5 (V) are distinct and given by {p"t(*) Fy(2), - -+, p(3) F, (

e let C' be any non-negative integer and define the subset Z¢ of Z to be
{z € Z||k1(2) = ky(2)| > Cfor all I,J C {1,-+- ,n}, #I =#J > 0,1 # J}

where k7 =Y. _; k;. Then Zo accumulates at all z € Z

iel
e for each 1 < ¢ < n there is a continuous character y; : Z; O(X)* whose derivative at 1 is k; and whose evaluation
at any z € Z is the map which raises to the x;(z)-th power.
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Fix now a p-adic family of refined representations as defined above. For each 1 < i < n let
A Qy — O(X)*
be given by

Az<p) = HFJ and Azh" = HX]
j=1 j=1

It is then shown in [LIU] that on every affinoid subdomain of a Zariski dense subset X of X there is a triangulation
with parameter whose components are given by

(Aiv1/Ai)1, a1

Note that more is shown about the set X, in [LIU]. We recall this now briefly. Let V be a crystalline representation of
G,. If the Hodge-Tate weights of V' are distinct and given by k; < --- < k,, then a refinement of V is called non-critical
if for all 1 <7 < n one has

Deris (V) 2 FiDeyis (V) @ Fil¥* (Deis (V)

Let ¢; be the eigenvalue of ¢ on F;/F;_;. Then the refinement is called regular if for all 1 < i < n ¢1---@; is an
eigenvalue of ¢ acting on Deyis(A*V) of multiplicity one. For z € Z associate the refinement

(P F(2), - 9™ D Fy(2))

The point z € Z is called regular if the associated refinement is regular and it is called non-critical if the associated
refinement is non-critical. One now defines what it means for a point z € X to be a saturated point. It is shown that
regular non-critical points are saturated and since regular non-critical points are Zariski dense it follows that X is
Zariski dense.

Suppose now that M is a specialization at a point x of X which is semi-stable. By the earlier discussion it follows
that the eigenvalues ay,- -, ay, of ¢ acting on Dy (M) are given by

Fy(p)(x)p*®)

for 1 <7 < n. In our application this matches the prediction from the local Langlands correspondence. For most of
this memoir we focus however on the simpler study of the variation of one crystalline period due to Kisin and this is
sufficient for many purposes relating to, for example, Hilbert modular forms and modular forms on GSp,.

6 Local semi-simplifications: The case of general linear groups

In this chapter we give some examples of how the results of the previous chapter can be used to obtain local-global
compatibility results for local semi-simplifications of Galois representations associated to automorphic representations
of general linear groups over CM-fields and totally real fields. The calculations of this chapter can be thought of
as making explicit, in terms of the classification of Iwahori-spherical representations of GL,, over p-adic fields, the
consequences of the variation of one crystalline period in families of automorphic Galois representations of general
linear groups.

6.1 Results in dimension at most 4

In this section we focus on the case of low-dimensional representations since it is in this situation that we obtain
the most complete local-global compatibility results. In Section we then describe how knowledge of monodromy
operators can be used in conjunction with the results of the previous chapter to obtain local-global comptiblity for the
local semi-simplification of automorphic Galois representations of arbitrary dimension.
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Theorem 5. Let F' be a CM-field and let II be a regular algebraic cuspidal conjugate self-dual automorphic represen-
tation of GL,(AFr) for n < 4. Let v be a finite place of F such that 11, is Twahori-spherical. Then

WDL (PH,Z,L

W )* 2 recar, (IT, ® | det |%)SS

unless n =4 and there is an unramified character x : F,X — C* such that one of the following holds:
(i) TL, = Sta(x) B x| - [F/2B x| - [*1/2 (same sign)
(i) T0, = Sta(x) B Sta(x)
(iii) TL, = Sts(x) B x| - [*!
(iv) TI, = St4(x) and WDL(PH,IZ,L|WFU VF-$$ has trivial monodromy operator
Proof. 1f 11, is unramified there is nothing to show and hence one can assume that one of the following holds:
e n =2 and II, 2 Sta(x) for some unramified character x of F*

e n = 3 and one of the following holds:

— II, 2 Sta(x1) B x2 for some unramified characters x; and xa of F¢

— II, = St3(x) for some unramified character y of F.¢
e n = 4 and one of the following holds:

— II, = St4(x) for some unramified character y of F.¢

— II, = St3(x1) B x2 for some unramified characters x; and xa of F)¢

— II, = Sto(x1) B Sta(x2) for some unramified characters x; and y2 of F*

— II, = Sta(x1) B x2 B x3 for some unramified characters x1, x2 and x3 of F*

Let Fr, € Wk, be any lift of the geometric Frobenius, let @ be a uniformizer of F,, and let ¢ denote the size of the
residue field of F,. Let

S/ = {5517"' ,.’L'n}
denote the multiset of eigenvalues of Fr, acting on WDL(pn,z,JWF )F-55 and let
1-n 1-n
S:{xlq 2 g 7an 2 }

Let o = [];—, i be an accessible refinement of II,. By [SAL Lem. 1] in order to prove the corollary it is enough to
show that

We will now prove the corollary by working case by case.
e Suppose II,, = Sto(x). Applying Lemma to the accessible refinement
I, = Ind(x| - "%, x| - |71/%)
yields S = {x(@)q~ /2, x(w)q'/?}. This is as predicted by the local Langlands correspondence.
e Suppose 1T, 2 Sty (x1) B x2. Applying Lemma[5.6] with i = 1 to the accessible refinement

I, = Ind(x1| - ["/2 x xa| - |72 x x2)
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shows that xl(w)q_l/ 2 € S and applying the lemma to the accessible refinement

I, < Ind(x2 x x1| - |2 x xa| - |7+/?)

shows that x;(w)q'/? € S. It follows that S = {x1(w)g /2, x1(w)q'/?, z} for some 2. Applying Lemma
with ¢ = 3 to the previous refinement shows that © = y2(w) and hence S is as predicted by the local Langlands
correspondence.

e Suppose I, = St3(x). Applying Lemma to the accessible refinement
I, = Ind(x| - [, x, X/ - |71)

shows that S = {x(@)q~!, x(w@)q, z} for some z. Applying Lemmawith 1 = 3 to the same refinement shows
that = = x(w) and hence S is as predicted by the local Langlands correspondence.

e Suppose I, 2 St4(x). Let o := x(w). Applying Lemma to the accessible refinement
HU — Ind(X| ' |3/2aX| : |1/27X‘ ' |71/27X| ! ‘73/2)

yields S = {aq’3/2, ag’?, x, y} for some x,y and applying the lemma with ¢ = 2 to the same refinement shows
that there is a subset {a,b} C S such that ab = a?q~2.
- If
{a,b} = {z,y}
then applying Lemma [5.6] with ¢ = 4 to the same refinement yields a contradiction.
— If
{a,b} = {z,aq™?/?}
then z - ag3/2 = a?¢~2 and hence z = ag~ /2. Applying Lemma with ¢ = 4 to the previous refinement
yields y = aq'/? and hence S is as predicted by the local Langlands correspondence.
— If

3/2 2

{a,b} = {z,aq"?}

and hence z = aq~"/2. Applying Lemma with ¢ = 4 to the previous refinement
. Hence

then z - ag®/? = a?q~2

yields y = aq”/?
S={aqg " aq*? ag*?, aq"/?}

and there are no c¢,d € S such that ¢/d = ¢*'. Write
WD, (PH,Z,L|WFU )F—SS = (’I“, N)

Since
r(Fr,) - N -r(Fr,) ' =¢ !N

it follows that the monodromy operator N has to be trivial.

e Suppose I, 2 St3(x1) B x2. Let a:= x1(w) and 5 := x2(w). Applying Lemma with i = 1 to the accessible
refinement
IL, <= Ind(xa | - [, x1, x| - |71 x2)

and applying the lemma to the accessible refinement

Hv — Ind(Xanll : |5X15X1| : |_1)

yields S = {aq™', aq,z,y} for some z,y. Suppose first that x2 # x1| - |**. Applying Lemma [5.6] with i = 1 to
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the previous refinement yields S = {ag~ !, aq, 3,2} for some z. Applying Lemma with ¢ = 4 to the same

refinement shows that 2 = o and hence S is as predicted by the local Langlands correspondence. If yo = x1|- |~}

then

2 1

{ag™?, aq7 !, ag, aq®}

is not as predicted by the local Langlands correspondence but satisfies all the relations coming from Lemma [5.6
If xo = x1| - |7* then

3

{ag™?,aq7 ", ag, g’}

is not as predicted by the local Langlands correspondence but satisfies all the relations coming from the Lemma
0.0l
e Suppose IT, = Sto(x1) B Sta(x2). Let o := x1(w) and B := x2(w).

— Assume first x1 # x2. Applying Lemma to the accessible refinement
M, <= Ind(xal - [Y2 xal - |72 xal - Y2, xal - |71/%)
and applying the lemma to the accessible refinement
I, < Ind(xe| - [V, xel - 7Y%l - [V2xal - 712)

yields S = {aq_l/z, aq1/2,x,y} for some x,y. Applying Lemma With i = 1 to the previous refinement
shows that B¢~1/2 € S. If Bg~/? # aq™'/? then applying Lemma [5.6| with i = 4 to the previous refinement
shows that S is as predicted by the local Langlands correspondence. Otherwise, since o # 3, one has
Bq~ 1% = ag'/?. However, this is impossible since the representation II, is generic.

— Assume now y; = x2. Then
{ag™3/? aq7 "%, aq"?, ag®/?}

is not as predicted by the local Langlands correspondence but satisfies all the relations coming from Lemma
0.0l

e Suppose IT, 2 Sta(x1) B x2 B x3. Let o := x1(w) and 3 := x2(@) and v := x3(w). Applying Lemma [5.6] to the
accessible refinement
I, = Ind(xal - % xal - 172 X2, x3)

and applying the lemma to the accessible refinement

H’U — Ind(X25X37Xl| . |1/27X1| : |_1/2)
yields S = {aq~/2, aq"/?, x,y} for some z,y.

— Assume first that xs # x1| - |*'/2. Applying Lemma with ¢ = 1 to the previous refinement shows that
S ={aq'/?,aq"/?,B,y} for some y and applying the lemma with i = 4 to the same refinement shows that
y = and hence S is as predicted by the local Langlands correspondence.

— Assume now that y2 = x1| - |i1/2-

— Assume first o # x3. Then v ¢ {ag™'/?, aq'/?} since this would imply, since B # =, that v/8 € {q,¢"'}
which is impossible since the representation II, is generic. Hence, applying Lemma with ¢ = 1 to the
accessible refinement

I, < Ind(xs, x2, xa| - "%, xal - [71/?)

yields S = {aq_1/2, aq'/?,~, z} for some z and applying the lemma with ¢ = 4 to the same refinement shows
that z = 8 and hence S is as predicted by the local Langlands correspondence.
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— Assume now Yz = x3 = x1| - |**/2. In this case

{ag™ V2, a,aq"? ag¥'}

is not as predicted by the local Langlands correspondence but satisfies all the relations coming from Lemma
0.0l

O

We will now deduce analogues of the previous results for automorphic representations of general linear groups over
totally real fields.

Let F be a totally real field and let IT be a regular algebraic cuspidal essentially self-dual automorphic representation
of GL,(Ar) as defined in [CHT], p. 134]. In particular, there exists a character

X FX\AR — C*
such that
o VTl y
e x»(—1) is independent of v|oco

The existence of the relevant automorphic Galois representations follows then from the CM-case as shown in [CHT],
Prop. 3.3.1] by letting CM-fields with maximal totally real subfield F'* vary. It follows from this construction, by using
CM-extensions of the totally real field in which suitable finite places split completely, that the previous local-global
compatibility results directly imply the corresponding results for totally real fields:

Corollary 6.2. Let F' be a totally real field and let w be a regular algebraic cuspidal essentially self-dual automorphic
representation of GL, (Ar) for n < 4. Let v be a finite place of F' such that m, is Iwahori-spherical. Then

1—n
5 )SS

WD, (pr.t.ulw,, )™ = recar, (o

unless n = 4 and there is an unramified character x : F* — C* such that one of the following holds:
o T, = Sta(x) B x| [FV2Bx|-[¥1/2 (same sign)
o m, = Sta(x)
o ™y 2 Sty (x) B x| - \il

o m, = Sta(x) and WD, (pre LlWF V=58 has trivial monodromy operator

In particular, one obtains the following for Galois representations associated to Hilbert modular forms:

Corollary 6.3. Let F be a totally real field and let m be a cuspidal automorphic representation of GLo(Ap) of
cohomological weight. Let v be a finite place of F such that m, is Iwahori-spherical. Then

WD, ( Wr, )% = recgr, (my ® \detl’%)ss

Proof. The result follows from Corollary since if y. denotes the central character of 7 then 7V = 7 ® y-! and
X w(—1) is independent of v[oc. O
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6.4 Results in arbitrary dimension

We now discuss some implications of the crystalline periods approach to local-global compatibility for Galois repre-
sentations of arbitrary dimension. After dealing with some specific types of ramification in Section [6.4.1} we prove in
Section that if the local component of the automorphic representation in question is “in general position” then
knowledge of the monodromy operators can be combined with the crystalline periods result to obtain semi-simple
local-global compatibility results. Note that in Chapter [10| we prove a result - in a symplectic context, but similar
results should hold by very similar proofs for GL,, - of how certain generalized potential level-lowering results might
be used to obtain strong lower bounds on the rank of monodromy. Hence, via the results of the current section, this
gives an approach to showing the full semi-simple local-global compatibility.

6.4.1 Various higher dimensional examples

For some representations of arbitrary large dimension one can still obtain local-global compatibility by the methods
of the previous sections:

Suppose 7 is a local component of an automorphic representation of GL,, over a CM-field or totally real field F' as
discussed in the previous section. Say it is the local component of II at a finite place v of F. As before, let Fr, € Wpg,
be any lift of the geometric Frobenius, let @ be a uniformizer of F, and let ¢ denote the size of the residue field of F,.
Let

S ={x1, 10}

denote the multiset of eigenvalues of Fr, acting on WDL(pH141L|WF )E-ss and let

S={x1g T, ,xng T}
Now suppose for example that
7 = St (x) B Sto (1) B - - - B Sto(ua) B Sty (A) B --- B Sti(\p)
Then

S = {aqil,aqvxmula"' 7[1’7’}

and hence z = o and one is done. However, the more general case where
w2 Sta(x1) B B Sta(x,) BSta(p1) B - - - B Sta(pa) B St (A1) B -+ B St1(Ap)
is already more complicated: The crystalline period method can not distinguish the correct set from the set

S= {alq_17a%/a0(1),QQ7'” y MLyt 7,u’r}

where o is any permutation in the symmetric group S,.

Note that, depending on the type of ramification the representation II, has, the amount of possible sets S can
increase quickly as n gets larger. For example, suppose that I, 2 St5(x) for some character y and let a = x(w).
Then

S ={aq % a¢* z,y, 2}

for some numbers x, v, z such that 2yz = o. Via the crystalline periods method it follows that there are two distinct
elements a,b € S such that ab = a?¢~3 and two distinct elements c¢,d € S such that cd = o?¢®. By analyzing the
different possibilities one can see that exactly the following 9 multisets cannot be ruled out to be S via the crystalline
period method:

8

{ag™®, aq?, ag?, aqg®, aq’}
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5 3 2

{ag™®, aq? aq™?, a¢®, ag®}

{ag™® aq™?, a,aq?, ag’}

5

{ag™% aq?, aq, ag?, ag*}

4 2 1

{ag™* aq7 % aq7t, ag?, aq®}

{ag™* aq %, aq,aq?, ag®}

3 2 1

{ag 3, aq7% aq™ ", ag®, aq*}

{ag™?, aq7?, a,aq?, ag®}

{ag %, aq” ", a, aq, aq®}

Here the last multiset is the one predicted by the local Langlands correspondence.

6.4.2 Using the monodromy operator

We now combine the crystalline period method with assumptions on the rank of the local monodromy operator. We
restrict to local components of the automorphic representation in question which satisfy a certain assumption which
we now define:

Definition 21. Let K be a finite extension of @, for some prime p and let ¢ denote the size of the residue field. Let
7 be an Iwahori-spherical irreducible admissible representation of GL,, (K) for some n > 1. Write it as

™= Eﬂ::l Stni (XZ)

We say that the representation 7 is in general position if

Xi(@)/x;(w) & ¢°

for i # j.

Note that the segments of 7 as above are unlinked as defined in [ZEL| Section 4.1] and hence a representation
which is in general position is generic by [ZEL, Section 9.7].

Definition 22. Let K be a finite extension of Q, for some prime p. For n € Z=! let Sp(n) denote the Weil-Deligne
representation (r, N') with underlying vector space C™, with a basis say {e1,- - , e, } and r the unramified representation
such that for any 0 € Wi one has

|n7i

r(o)e; = |o|" e, for all 4

and
N(eiy1)=e;forall1<i<n—1and N(e;) =0
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Let p be an irreducible finite dimensional continuous complex representation of the Weil group Wi. Define Sp,,(p) to
be the Weil-Deligne representation

Sp,(p) :== p ® Sp(n)

A Weil-Deligne representation (r, N) is called admissible if r is a semi-simple representation. Note (r, N) is admissible
if and only if the image under r of some lift of Frobenius is semi-simple. It is known that any admissible Weil-Deligne
representation (r, N) is isomorphic to one of the form

@ Sp,, (pi)
i—1

and this description is unique up to permutations.

At places where the local component of the automorphic representation is in general position, the variation of one
crystalline period together with matching of the rank of monodromy with the prediction from the local Langlands cor-
respondence implies the local-global compatibility for the semi-simple part of the relevant Weil-Deligne representation:

Proposition 6.5. Let F' be a CM-field and let 11 be a regular algebraic cuspidal conjugate self-dual automorphic
representation of GL,(Afp). Let v be a finite place of F' such that I, is Iwahori-spherical and in_general position.
Write WD, (pr1,e.cl v, )™ = (r, N) and recar, (I, ® | det | T") 2 (Frec, Nieo). Under Hypothesis and assuming

that rank N = rank Ny it follows that

(Ta N) = (Trem Nrec)
Proof. Since I1,, is Iwahori-spherical it is of the form
I, = Bi_;Stn, (x:)

for integers n; and for characters x; of F*. Write
S
(r,N) = B Sp,, (p5)
j=1

for integers m; and irreducible representations p; of Wg, . Note that by Hypothesis the representation r is
unramified and hence the representations p; are unramified characters. One has

n—s=Y (m;—1)=rank N =rank Nyc = 3 (n; —1) =n—r

J i

and hence r = s. Let Fr, be any lift of Frobenius and let w be a uniformizer of F,,. By Hypothesis and Lemma
it follows that for each 1 < i < r the numbers

Xi(@)a /22 and g (m)g 1 202

are eigenvalues of r(Fr, ). Suppose that for some i these two numbers occur as eigenvalues of Sp;, (p;, ) with k € {1,2}
and 1 < jp < s and j; # jo. Since II, is in general position it follows that

r>s+1

which is a contradiction. Hence, after possibly reordering the labeling of the j’s, one can assume that for all 1 <i <r
the numbers x;(ww)q(1="1)/2¢("=1/2 and y;(w)q1+71)/2¢("=1)/2 are eigenvalues of Fr, corresponding to SPpm, (pi) and
hence m; > n;. Since r = s it follows that in fact

m; = n;
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.|(1—n

for all 1 <i <r. It also follows that p; = x; - | )/2 for all such 7 and since

recr, (B_; Stn, () = @D Sp,,, (i)
=1

it follows that
(Ta N) = (Trem Nrec)

as desired. O

Note that it makes sense in the above result to restrict to the case where local component , is in general position
since otherwise one can not obtain very complete results: Assume the set-up of Proposition [6.5|and assume for example
that

Ty = Sta(x) B St2(x)

Let w be a uniformizer of F,, and o = x(w,). It can then be seen that the crystalline periods method cannot rule out
that, in the notation of the proof of Proposition [6.5] one has

S = {aq_3/2,aq_1/27aq1/2,aq3/2}

In other words, one can not rule out the the semi-simple Galois action looks as if the local component were St4(x). In
this case, even if one knows that N ~ N,.. one can not conclude the desired semi-simplified local-global compatibility
result.

7 Local semi-simplifications: The case of symplectic groups

In this chapter we use the results of Chapter [5] to prove local-global compatibility results for Galois representations
associated to automorphic representations of symplectic groups over totally real fields. Note that the existence of
Galois representations attached to certain automorphic representations of GSp, over totally real fields as well as the
corresponding local-global compatibility were deduced in [SOR] from the corresponding results for GL4 in [HT] and
[TY] by using transfer from GSp, to GL4. Instead of appealing to the results of the latter two references we will in this
section use the results of the previous chapter to deduce local-global compatibility results. The main result is Theorem
|§| which, in the special case of type (Ila) representations, is of relevance for Conjecture 3.1.7 of [SUJ. As described in
the introduction, this conjecture would in particular allow in the work of Skinner-Urban in [SU|] to avoid the appeal
to the difficult work of Kato on Euler systems. In fact, one only needs the upper bound on the rank of monodromy
operators for type (ITa) representations and the next theorem proves this desired upper bound in the case of globally
generic representations. Essentially the same proof, but using symplectic group eigenvarieties instead of unitary group
eigenvarieties, should give the desired upper bound as predicted by the conjecture. See for example [JOR2|] where our
methods have been used for such purposes in combination with y-factor arguments.

Let
1

and let GSp, denote the algebraic group over Q corresponding to those X € GL4(Q) such that
TX . J-X=c¢X)-J

for some scalar ¢(X). Now let F' be a totally real field and 7 a cuspidal automorphic representation of GSp,(Ap) of
weight
((br1,br2)r3w) € (Z2)HmER) x 7
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with b;1 > by2 > 0 and by 1 + b2 = w mod 2 for all 7 € Hom(F,R). This means that if v|co is the place of F
corresponding to 7 € Hom(F,R) then 7, is an essentially discrete series representation of GSp,(F,) with the same
infinitesimal character and central character as the finite-dimensional irreducible algebraic representation of GSp, of
highest weight given by
t = diag(ty, ta, ts, tg) — £ 152 c(t) (Wb —br2)/2

An automorphic representation m of GSp,(Ar) as above will be called cuspidal regular algebraic. Suppose 7 is in
addition also globally generic as defined for example in [SOR] Sect. 2.3]:

Let ¥ be a non-trivial character of F\Ag and define a character on the unipotent radical N of the upper-triangular

Borel of GSp, by
1 uw % x%
1 z «x o lut )
1 —u
1

Then 7 is called globally generic if there exists f € 7 such that

/ F(n)y=t (m)dn £ 0
N(F)\N(Ar)

For such a globally generic automorphic representation it follows from the discussion in [SOR] that Hypothesis
implies that for a rational prime ¢ and isomorphism ¢ between Q, and C there is a continuous semi-simple /-adic Galois
representation

pﬂ',@,L : Ga‘l(F/F) — GL4(@£)

such that for all finite places v t £ of F' such that 7, is unramified one has
_3
WD (ot )™ 2 recasy, (m, @ Jel 3

where recggp, (—) denotes the local Langlands correspondence for GSp, as constructed in [GT]. We will use deformation
theory to extend this to places where 7 is not spherical. To state the local-global compatibility results that we will
prove, we first recall some notation about Iwahori-spherical representations of GSp,(K) where K is a p-adic field.

Let B denote the Borel subgroup of GSp,(K) consisting of upper-triangular matrices and let 7' denote the diagonal
maximal torus. For smooth characters xi, x2,x of K* let Indg(xl, X2;x) denote the normalized induction of the
extension to B of the character

t = diag(t1, ta, t3, t4) — x1(t1)x2(t2)x(c(t))

This induced representation will also be denoted by x1 X x2 % x. Let 7, be a generic Iwahori-spherical representation
of GSp,(K). In particular there is an injection

Ty > X1 X X2 XX

for some characters 1, x2 and y of K*. The generic Iwahori-spherical representations of GSp,(K) are divided into
six classes in [SCHJ, namely type (Ia) to type (VIa), and these types can be described in the following manner:

e type (Ia)

Here 7, is isomorphic to an irreducible principal series representation y; X x2 % x for some unramified characters x1,
x2 and x

e type (Ila)
Here 7, is the generic constituent of x1| - [*/2 x x1|- |72 x x2 with x% ¢ {| - |**,| - |*3}

e type (I1Ia)
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Here 7, is the generic constituent of x; x | - | x xa| - |~%/2 with x; ¢ {1,] - |*?}.
e type (IVa)

Here 7, is the generic constituent of |- |2 x |- | x| -|~3/2x.
e type (Va)

Here T, is the generic constituent of &|-| x & x x| - |~1/2 where & is the unramified character of K* such that £ = 1
and & # 1

e type (VIa)

Here 7, is the generic constituent of |- | x 1 x| -|~1/2y.

Let 7, be a generic Iwahori-spherical representations of GSp,(K). We now describe explicitly some aspects of the
local Langlands correspondence for such a representation. Since 7, is generic it follows, in the notation of [GT), Thm.
5.2], that m, is of type (B). Hence it follows from the construction of recgsp, (—) in [GT} Sect. 7] as well as from [GT),
Prop. 3.4] that

recgsp, ()™ = X & XX1 D XX2 & XX1X2

The local global compatibility results that we will prove in Theorem |§| for the representation p, ., are obtained by
using functoriality transfer of 7 to an automorphic representation of GL4(Ar). We will only deal with the case of
Iwahori-spherical ramification and in this case it will follow from the above description of recgsp, (—) that the only
local components of automorphic representations of GL4(Ag) that will intervene in the calculations are subquotients
of representations of the form

Ind(x, xX1, XX2> XX1X2)

for some characters x1, x2 and x as above.

Theorem 6. Let F' be a totally real field and let m be a cuspidal globally generic regular algebraic automorphic
representation of GSp,(Ar). Let v be a finite place of F' such that m, is Iwahori-spherical but not of type (VIa). Then

_3
WD, (P, )™ = recasp, (o @[] =3

unless m, is of type (IVa) and WD, (px.e,, W V55 has trivial monodromy operator.

Proof. By [GT] the transfer of 7 to an automorphic representation of GL4(AF) is either cuspidal or an isobaric sum
m1 B e with 71 and 72 cuspidal automorphic representations of GLa(Ap). In the latter case the Galois representation
P, is constructed from pr, ¢, and pr, ¢, and the theorem follows from Corollary Hence assume now that the
transfer of 7 to an automorphic representation of GSp,(Ar) is cuspidal. Let v be as in the statement of the theorem.
Since m, is Iwahori-spherical there is an injection

Ty > X1 X X2 XX
for some unramified characters x1, x2 and x of F*. In order to prove that
_3
WD, (pr.t.0lw,, )™ = recasp, (m @ |c|72)™

it is enough, by [SOR] and the discussion preceding the theorem, to show the following: Suppose II is a cuspidal
regular algebraic essentially self-dual automorphic representation GL4(Ar) such that I, is the generic constituent of

Ind(xx1 X2, XX1, XX2: X)
where Y1, x2 and x are as above. Then

WDL(pH,é,Jva )* 2 recar, (11, ® | det |_%)SS
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To show this we will use Theorem [5| and a case by case study of the possible types of m,.

e type (Ia)

Here 7, is isomorphic to an irreducible principal series representation y; X x2 X x for some unramified characters
X1, X2 and x. By [ST) Lem. 3.2] it follows that x1 # |- |¥', x2 # |- |**, and x1 # |- |F'x3F" where in the last expression
all sign combinations are allowed. It follows that Ind(x, xx1,XX2, XX1X2) is also irreducible and therefore

IT, = Ind (X, XX1, XX2, XX1X2)
Hence one is done.
e type (ITa)
Here 7, is the generic constituent of x| - |/ x x1|- |72 x x2 with x? & {| - |=1,| - |*3}. It follows that
IT, 2 Sta(x1x2) B xTx2 B X2
Hence one is done unless x7x2 = x2 = x1X2| - |**/2. But this implies x? = | - |*' which is a contradiction.
e type (IIla)
Here 7, is the generic constituent of x1 x |- | X xa| - |[7%/? with x;1 & {1,] - |*?}. It follows that
IT, = Sto(x1x2) B Sta(x2)
Hence one is done unless x; = 1 but this is a contradiction.
e type (IVa)
Here 7, is the generic constituent of | - |2 x |- | x| -|73/2x. Tt follows that
IT, = Sta(x)
Hence one is done if WDL(pﬂ',47L|WF’” )¥%5 has non-trivial monodromy operator.
e type (Va)

Here 7, is the generic constituent of &| - | x & x x| - |~'/2 where & is the unramified character of K* such that
€ =1 and & # 1. It follows that
IT, = Sta(&ox) B Sta(x)

Hence one is done since &y # 1.
e type (VIa)
Here 7, is the generic constituent of | - | x 1 x |- |~1/2x. Tt follows that
IT, = Sta(x) B Sta(x)

Here the desired result does not follow. O

Remark. The local-global compatibility results for local semi-simplifications of automorphic Galois representations
obtained in the corollaries and [6] can be strengthened if non-triviality results for local monodromy operators are
known. In Chapter [ we will obtain such results.
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In the previous chapters we described an approach to obtain local-global compatibility results for semi-simple
information via the variation of crystalline periods of Galois representations. Similar ideas have been used before
in [SU| with the following difference. In that work one studies extension of automorphic Galois representations by
putting them into a family whose generic member is irreducible. The variation results on crystalline periods then show
something about the so obtained extension classes. Strictly speaking, this lies outside the framework of local-global
compatibility since in the case of reducible Galois representations local-global compatibility does not predict something
about the extension classes. However, via the deformation theoretic approach these two questions are seen to be very
closely related. The unifying philosophy is the following: In many cases, local-global compatibility is simply part of
the information that can be obtained at p by deforming p-adic Galois representations. In the work of Skinner-Urban
the same is done, and crystallinity properties of pieces of reducible automorphic Galois representations are obtained.

Let f € Sk(To(NN)) be a newform of even weight k which is at least 2, with associated automorphic representation
m. Let V; be the p-adic representation associated to f. The Selmer group is defined as

HY(Qu, Vi (k/2))

(@, V;(h/2))

H}(Q, Vi (k/2)) == Ker(H'(Q, V5 (k/2)) — [ ]

where for v # p one has
H}(Qy, Vi (k/2)) = Ker(H'(Qy, Vi (k/2)) — H' (1, Vi (k/2)))
where I,, denotes the inertia subgroup of Gal(Q,/Q,), and for v = p one defines
H} (Qu, Vi (k/2)) = Ker(H (Qu, Vi (k/2)) — HY(Qu, Vy(k/2) ® Beris))

If €(1/2,7) = —1, then one knows that there exists a certain special cuspidal automorphic representation SK(7) of
PGSp,(Ag). The existence of this special symplectic automorphic representation is then exploited, via deformation
theory, to prove in [SU, Theorem 4.1.4] for suitable primes p that

dimH}(Q, V(k/2)) > 1

We will now discuss some aspects of local-global compatibility and deformation theory used in the proof. The general
principle is to put the Saito-Kurokawa form SK(7) into a p-adic family of automorphic representations with generic
member having irreducible Galois representation. A crucial input in the whole strategy is Theorem 4.2.7 of [SU]
which says that a certain irreducible component of an eigenvariety is not so called globally endoscopic. To prove this
theorem one shows that global endoscopy would imply the existence of a non-trivial extension * of e~ by the trivial
representation, where € is the p-adic cyclotomic character of Gal(Q/Q). If * can be shown to be everywhere unramified
this yields be a contradiction. To control the ramification at p one uses Kisin’s result on analytic variation of crystalline
periods! With this result on failure of global endoscopy, by a deformation theoretic argument one produces a non-zero
class
c € Hy(Qp, Vy(2k — 3 1))

where r =1 — k or » = 2 — k which is a candidate to be in the desired Selmer group. The key is now to show that in
fact ¢ yields a non-trivial class in the Selmer group. This uses in particular that the Galois representation is ordinary
at p if f is ordinary at p. This has been proven by Kisin via crystalline periods. Now one want to show that r =2 —k
as opposed to 1 — k. It is a deep result of Kato’s that

dim H}(Q. Vy(s) = 0

for s # k/2. A fortiori, it follows that r = 2 — k. However, to deduce the last result, really much less is needed.
As follows from the discussion in [SU| Section 4.3.4], an upper bound on the monodromy at places of para-spherical
ramification suffices and this in turn can be proven - at p - via crystalline periods. More precisely, if » = 1 — k one
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obtains a non-split extension
0—=+L—-K—=LehH—=0

where L is some finite extension of QQ,. If one can show that this extension is everywhere unramified one obtains a
contradiction. The ramification control at p is obtained via a crystalline periods argument and the desired control
of the ramification at a place g|N follows from [SU, Conjecture 3.1.7]. As mentioned in the remark preceding the
theorem, the required upper bound on the rank of monodromy can be proven via crystalline period method developed
in this memoir. Note that in this case the independence of ¢ hypothesis can be assumed to be known due to the
corresponding independence of ¢ theorem for compatible systems of Galois representations associated to suitable
automorphic representations of GLy.

8 Congruences

As described in the introduction, our approach to local monodromy operators of automorphic Galois representations is
to combine automorphic congruences with modularity lifting theorems. In the current chapter we discuss an instance
of such congruences, namely potential level-lowering results. We prove strengthened versions of the potential level-
lowering result of [CHT), Lem. 4.4.1] and [SOR] where we control the residual Hecke action at the place where the level
is lowered. One motivation for this is that it allows us to prove in this chapter residual local-global compatibility results
in the context of general linear groups, unitary groups, and symplectic groups. This should be useful when proving
modularity lifting results since to do so one usually has to use a certain amount of local-global compatibility results.
Hence the study of congruences might turn out to be useful for carrying out the previously described principle for the
calculation of monodromy operators of automorphic forms on more general reductive algebraic groups than currently
approachable cases. The level-lowering proof of the residual local-global compatibility seems significantly simpler than
attempting to show this via a study of singularities of Shimura varieties, for example on symplectic groups.

8.1 Potential level-lowering and residual local-global compatibility

We first describe some notation for automorphic forms on unitary groups. Let G, F and F' be as in Section Ft
is a totally real field, E an imaginary quadratic extension of Q and F := FTE is such that F//F* is unramified at
all finite places and that n[FT : Q]/2 is even, n > 2 is an integer and G is an inner form of the quasi-split unitary
group U discussed earlier, that is quasi-split at all places of F© which are inert in F' and such that [] ,  G(F,") is
compact. If v € SplF/F+ splits as ww® in F then 4,, is the isomorphism discussed in Section

Let ¢ be the non-trivial element of Gal(F/FT). Let £ > n be a rational prime and fix throughout this section an
isomorphism ¢ between Q, and C. Fix a subfield K of Q, such that K/Qy is a finite extension and K contains the
image of all embeddings F < Q,. Let O denote the valuation ring of K and let k denote its residue field. Let S,
denote the set of places of F' above ¢ and assume that S, C Splg/p+. Choose a subset Sy of the set of places of F
above ¢ such that

v|oo

{places of F above ¢} = S, LI S¢

where S§ is the collection of elements z o ¢ for = € S;. Let
« G(F) = 1Iles,
* G(Op;) = Ilies, G(Or;)

G(F;) and identify G(F;t) with GL, (F,) where w € Sy divides v

e U =1]],U, be a compact open subgroup of G(A%Of:)) where v ranges over the finite places of F* and U, is a
subgroup of G(F,") and assume that the projection of U to G(F,") is contained in G((’)F;r)

Fix @ € (Zm+)Hom(FQ) such that

Qr i = —Qroc,nt+1—i
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for all 7 € Hom(F,Q,) and all 1 <i < n. Let I, denote the set of embeddings F' — Q, which correspond to places in
Sy. There exists a finite free O-module Mz and a representation

K G(OF;) — GL(Mjg)
such that
Mg ®p K & ®Tei[(WET Rq K)
where W5_ is as defined in Section For any O-module A define

Sk(U,A) =
{f: G(Fﬂ\G(A;ﬁf)) — Mg ®0 Alf(zu) = u, ' - f(z) for all x € G(Ag,oi))w eU}

where u is the projection of u € U to G(F,"). Define an action of G(A%OO)) on S, (U, A) by

(g-f)(x)=ge- f(zg)

for g € G(A%OO)) and f € S, (U, A). For f € S.(U,O) we will denote by f the corresponding element of S, (U, k). For
fi, fo € Sx(U,0) we will write f; = fa if their reductions in S, (U, k) agree. This will also sometimes be denoted as
fi = fa

Let A denote the complex vector space of automorphic forms on G(Ag+). Let £ denote the representation of

G(FY) =[] G(FH

v|oo

corresponding to @ € (Z”’+)H°m(F’@’f) as described in Section As described for example in [CHT) p. 101], to each
f € 8,:(U,O) corresponds, via ¢, an element in

Homg p+) (€Y, A)

Hence to each such f one can associate in an G (A%Oi’é))—equivariant way a vector ¥(f) of an automorphic representation
of G(AF+ )

8.1.1 Lowering the level

In the proof of Proposition certain subspaces of S, (U, O) will be used which we now define:

Fix a finite place v € Splg,p+ such that v { £. Via the choice of wlv of F identify G(F,") with GL,(F,). Via this
identification let T}, be the diagonal torus of G(F,"), let I denote the Iwahori subgroup of G(F}") corresponding to the
upper triangular Borel subgroup and let I; be the subgroup of I as defined in the beginning of Section Assume
that the compact open subgroup U of G(A%Oi)) as above satisfies U, = I. For any character 6 : [/I; — O let

SYU,0) = {f € Su(U,0)| g- f =0(g)f for all g € I}

Let mep denote the maximal ideal of O and let  := § mod my. Define

SAUk) == {f € Sx(U,k)| g- f =0(g)f for all g € I}
For the statement of the next result fix also the following notation. A character x : T,, - C* will be called f-integral
if
[ Tix(@)le <1
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for all x € T,,. Moreover, for ¢-integral characters x; and 2 as above we write
X1 = X2 mod ¢

if 17 x1(z) — 7t xa(z)|e < 1 for all z € T,.

Proposition 8.2. Let G, F, F* and 1 be as above. Let w be an automorphic representation of G(Ap+) of weight v,
¢ > n a rational prime such all places of F* above £ split in F' and such that that m, is spherical at all places above .
Assume vy is a finite place of FT which splits as ww® in F and is such that

e N(vg) =1 mod ¢.

o Ty, 0yt is Iwahori-spherical, say
(T 00 ") < Ind(x1)

for some unramified character x1
For any finite place v # vo take a compact open subgroup U] < G(F;;) such that
o 7r,l(,]’/’ # (0)
o U, =G(O+) for almost all places
Then there is a place wo and an automorphic representation T of G(Ap+) of weight v such that

e There is an isomorphism

)

pﬁ',é,L pﬂ',[,L

e There is an at most tamely ramified character x such that
(g 0 ") = Ind(x)
and
X =x1 mod/
e For all finite places v & {vo,wo} of F' one has 7 # (0)

Proof. Let us first make some definitions. Fix a place wg € Splp Pt such that m,, is spherical and such that wqy # vy
and wq 1 £. Let S be the subset of the set of places of F'T which is given by the union of the following sets:

e the set finite places of '+ which do not split in F

the set of finite places of F* in Splp/p+\{vo} at which 7 is not spherical

{wo}

the set of all places of F™ above /£

the set of finite places v of F'* such that U], is not G(Op+), where Uy is as in the statement of the lemma
e the set of infinite places

For each v ¢ S fix an isomorphism G(F,") = GL,(F,") and note that in the rest of this proof we will identify these
groups. We will assume that for v = vy the isomorphism is given by ¢,,. Let I be the Iwahori-subgroup of G(F%)
corresponding to the upper triangular Borel B and let I; and T be as before. Let

U=]]v. <G@aRy)
be a compact open subgroup such that

59



L4 U’U(] = Il
e Uy, < G(Op+ ) has no non-trivial element of finite order
o

e for all finite places v ¢ {vg, wo} one has U, = U,

v

Note that
w #(0)
Now let
Hi = ®»/U€S,H1,U
be the Hecke algebra which, in the notation of Section at vy equals ’HT and for v # vy equals the spherical
Hecke algebra consisting of functions on G(F,") which are locally constant, have compact support and are G(O F;r)

bi-invariant. Let vV denote the dual representation of v. As discussed in Section the representation vV corresponds

to some
ae (Zn,Jr)Hom(F,(C)

In the notation of the discussion preceding the lemma, choose any set Sy and let & : G(OF;) — GL(Mgz) be the
corresponding representation.

Let f{ € 7V be an eigenform for the Hj-action, this exists due to the commutativity of the action, such that
there exists a finite extension K/Q, with valuation ring O, maximal ideal mo and residue field k; such that

fi:=U"Y(f) € S.(U,0)

and such that f; € S, (U, k) is non-zero. After possibly taking a finite extension we will now assume that K contains
a primitive /-th root of unity ¢;. Let O+ denote the valuation ring of F,} and let k,, denote the residue field. Let x
vo

be a generator of k5 and define a character
f:T(OF%) —14+mp
by the composition of the reduction map with the character of T'(k,,) defined by
diag(1,---,1,z,1---,1) = ¢}

where z is at the i’th entry. Note that since £ > n the character & is regular. Via the isomorphism of I/I; with T'(k,,)
one also obtains from the above definitions a character p of I/I;. Since Uy, has no non-trivial element of finite order
it follows from [CHT) Lem. 2.3.1] that S, (U, O) is a free O[I/I1]-module and hence there exists fe € S2(U,O) such
that

?g 5?1

The representation of G(Ap+) generated by ¥(fe) decomposes as a direct sum 7 & - - - @7, for some automorphic rep-
resentations 7; of G(Ap+). We will show in the rest of this proof that at least one of these automorphic representations
can be taken as the 7 in the statement of the lemma.

First note that one can write

U(fe) = Zgi

for some g; € m;. Since fe € SL(U,O) it follows that for all v ¢ SU {vo} each g; is fixed by the action of G(Op+) and
furthermore it follows that each g; transforms under I by £. In particular one has

T vy 7 (0)

for each 1 < i < r. Here and also later in the proof we identify p with the C-valued character corresponding to it via
t. It follows from [ROC] that for each i the representation m;,, is a subquotient of Ind(x2) for some character x2,
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depending on ¢, such that
(L_1X2)\T(op+ y=¢§
vo

Since £ is regular it follows from [RODI p. 419] that Ind(x2) is in fact irreducible and hence
Tiwe = Ind(x2)

We already know that 77, # (0) and we will now show that in fact
dim¢ 7T£ v =1

Note that we will use in the following the description of principal series representations given in section [3.3] Let
g€ ﬂfvo and let h € T(Op+ ). Let W denote the Weyl group of G(F,}) and let w € W. Then one has
: v

E(h)g(w) = g(wh) = g((whw™")w) = xa(whw™)g(w) = E(whw™")g(w)
By the regularity of £ it follows that g(w) = 0 unless w = 1. By the Iwasawa decomposition
G(F})=BWI

it follows that the space 77,

by

is one-dimensional. A generator is for example the function G(F;") — C which is given

bh = x2(b)€(h)

for b € B and h € I and which is zero on Bwl for any non-trivial w € W.

Now let Ho = ®;}€ sHa, denote the Hecke algebra such that Hs ,, is the spherical Hecke algebra for all v # vy and,
in the notation of Section Hoy, = H,‘f. It follows from the above discussion that each g; is an eigenvector for the
’H:;—action. By using the one-dimensionality of spherical vectors in unramified representations it follows that in fact
each g; is an eigenform for the Hy-action. Let g := ¥~!(g;) and note that after possibly taking a finite extension of
K one can assume that g} € S, (U, O) for all i.

For each R € H, for v ¢ S let a(R) be given by R- fi = a(R) f1 and for each i let a;(R) be given by R-¢; = a;(R)g].
We will now show that there exists g such that

a;(R) = a(R) mod mp

for every R as above. Suppose for contradiction that for each j there exists a finite place v; and R € H,; such that
a;(R) # a(R). First note that since fe = f1 one has

T

Za(R) "gi=a(R)-fe=R-fe= ZO‘Z -g; mod mp

i=1

For example for j = 1 one deduces that

-g; mod mp

By applying to the above description of ?g the corresponding calculation for j = 2 and continuing in this way yields
that f, = 0 which is a contradiction. Hence there exists g; such that a;(R) = a(R) mod mo for every R as above.
Choose one such g, and let 7 denote the corresponding automorphic representation of G(Ap+). We will now show
that 7 satisfies all the properties stated in the lemma.
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First note that by construction at every place v ¢ {vg, wg} one has

' # (0)

Moreover, note that for all v ¢ SU{vg} for any R € H, the eigenvalues of R acting on fs and f; have the same image
in k;,. We have hence shown that there exists a valuation ring O’ in a finite extension of @, such that for almost all
finite places v in SplF/F+ one has 7, = Ind(p;) and 7, = Ind(us) for some characters p; and s, depending on v, such
that ¢~ 'p; and ¢~ 'py take values in O’ and their reductions in the residue field of O’ agree. It hence follows that

IIZ

Dt = Pt
Let us now show the remaining property of 7 stated in the lemma. As explained earlier, one knows that

Tug = Ind(XQ)

for some character yo of T'(F;}) with
(X2, ) =€
vo

We will now show that there is w in the Weyl group such that x% = x1 mod /. Let t € T'(F,}) and write

Itl = |_|bI

besS

for some finite set S of elements in G(F,}). One can choose b € S to be of the form b = i - ¢ for some i € I. Write
i =114 with iy € I; and i’ € T'(ky,). Since t € T(F%) it follows that one can choose b € I; - t and since

@5 (t) =

it follows that ¢§(b) = 1. We will now assume that all the elements b € S are chosen to be of this form. Fix a Haar
measure on G(F,}) such that I has volume 1. Then

(65 o) () / 65 () fe (2 dy
G( vg)

Z f§ {Eb)

bes

Similarly, for the characteristic function char(ItI) = ¢} € H{ one has

¢tf1 Zfl l’b

besS

For any t € T(F,}) let A¢(t) and A;(t) denote the eigenvalue of qbf and ¢; acting on f¢ and f1, respectively. Then it
follows from the above that A¢(t) and A1(t) have the same image in the residue field &, since f. = f;.

Fix a uniformizer of F,, and let T'(F,,)" be the corresponding subset of T'(F,,) as defined in Chapter [3| Recall
the T'(F,,) " -equivariance, as described in Chapter [3| of the isomorphism

7l — J(m,) 7O @ 65"

as well as of the isomorphism
7l — J(Fuy)t ® 65"
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By [ZELL Thm. 1.2] there are maps of (C[T(OF;?J )]-modules

J(Trvo)ss — @ Xiu ' 5}3/2
weW

as well as

J(7o)® = @ 1y -6
weWwW

where W denotes the Weyl group of G(F,,). Since ¥(f;) and ¥(f¢) are eigenvectors for the C[T(O .+ )]-action their
. X b
images in

J(Tyy) @ 05" and J(7y,) @ 65"

respectively span lines of the form
X1t '5151/2 and x5? ~5];1/2

for some elements wy,ws, € W. Since we have already shown that A¢(t) and A;(¢) have the same image in the residue
field ky it follows that x7* = x5? mod ¢ and hence x; = x¥ mod ¢ for some w in the Weyl group. Hence 7 satisfies
all the properties of the lemma if one takes x := x¥ . O

One can deduce from Proposition [8:2] residual local-global compatibility results for automorphic Galois represen-
tations. Such results can be useful in proving modularity lifting theorems where the only assumed properties of
automorphic Galois representations are as in Hypothesis See the beginning of Section for a brief discussion
of this.

Corollary 8.3. Let G, F, F™ and v be as above and let  be an automorphic representation of G(Ap+). Let £ > n be
a rational prime and let v be a finite place of F* which splits as ww® in F such that N(v) =1 mod ¢ and 7, 0i" is
Twahori-spherical. Then (p, ,,)IG, ~1is as predicted by the local Langlands correspondence.

Proof. Let v and w be as in the statement of the corollary and identify throughout this proof G(F,") with GL,(F,)
via i,. By Lemma there exists an automorphic representation 7’ of G(Ar+) and characters y; : FX — C* and
pi: FX — C* for 1 <14 < n such that the following holds: Firstly, one has

>~

pﬂ,é,/, p‘rr/,é,L

Secondly, one has

Ty = Ind(pr, -+, pin)
as well as

™, = Ind(p1,- -, pn)

and there is a finite extension K/Qy such that the characters 1 w; and (1 p; take values in Ok and
-1, _ -1
g =0 p; mod mo,

for all 1 < i < n. Here Ok denotes the valuation ring of K and my denotes the maximal ideal of O. By Hypothesis

.12 one has

1—n 1—n

035 plar, @] T @@l 7)) ©ok Q
and since
pfrfl,JGFw = pfrs’,E,L|GFw

the lemma follows. O

Results like Proposition [8.2] also allow to deduce level-lowering results for automorphic representations of GL,, over
CM-fields. This method is due to Clozel-Harris-Taylor, see [CHT] (Lemma 4.4.1). We state it in a form convenient
for our later use:
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Corollary 8.4. Let F' be a CM-field and I1 a cuspidal regular algebraic conjugate self-dual automorphic representation
of GL,(AF) and £ > n a rational prime such that py 4, is irreducible. Let v {{ be a finite place of F' such that m, is
Twahori-spherical. Then there is a solvable CM-extension F'/F such that the base change of Il to F' remains cuspidal
and there is a cuspidal reqular algebraic conjugate self-dual automorphic representation I of GL,,(Ap/) such that

~

PBC/ (1), = Pt e,

and 11, is an unramified principal series representation for some w|v. The extension F' can be chosen to be linearly
disjoint over F' from any given finite extension of F'.

Proof. By making a base change to a suitable solvable imaginary CM-extension of F' which is linearly disjoint over F'
—ker o
with 7 “™% and such that the base change of I remains cuspidal one can assume that

e N(v) =1 mod ¢

e v lies above a place vy of Splp/p+

e all places of I above £ lie above places in Splpp+
e F/FT is unramified at all finite places

e n[FT:Q]/2is even

In particular, there exists a unitary group G over F'* as described in Section It follows from [LAB] that there
is an automorphic representation 7 of G(Ap+) whose base change to GL,(Ar) is II. Then 7, G and v, satisfy the
conditions in Lemma Hence there is an automorphic representation ' of G(Ap+) such that p., ,, = p,,, and
such that 7, is a principal series representation. By [LAB] one can base change 7’ to an automorphic representation
I of GL,(AFr) and II' is cuspidal since pr,, = D, 4, is irreducible. Now take a solvable CM-extension such that
the base change of II" and II remain cuspidal and such that at all places w|v the base change of II' is an unramified
principal series representation. This representation satisfies all the requirements of the lemma. O

By essentially the same proofs as above, one can prove corresponding level-lowering and residual local-global
compatibility result for symplectic groups. This in particular generalizes the symplectic potential level-lowering results
of Sorensen in [SOR2]. We simply state the results:

Proposition 8.5. Let F' be a totally real field and let G be an inner form of GSpy, p (for some n > 1) such that
Goo is compact mod center (and ¢ be as above). Let w be an automorphic representation of G(Ag) with infinity type
&. Suppose € > 2n is a rational prime. Assume vg is a finite place of F' such that

e N(vg) =1 mod ¢
o Ty, s Iwahori-spherical, say m,, — Ind(x1) for some unramified character x1
For any finite place v # vo take a compact open subgroup U] < G(F;;) such that
o 7 £ (0)
o U, =G(Op=+) for almost all places
Then there is a place wy and an autormorphic representation T of G(Ap+) of weight & such that
® Vit = Pry,
o Ty, = Ind(x) for an at most tamely ramified character x such that

X =x1 mod /£
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e for all finite places v & {vo,wo} of F'™ one has 5#3 # (0).

Corollary 8.6. Let G, I, v, m, £ > 2n and vo be as above. Then (p,,,)|G, is as predicted by the local Langlands
£, w0

CO?”T‘GSPOTLdETLC(i.

By using functoriality one can deduce analogous results for symplectic groups as in Theorem C of [SOR2]. We
refer to loc. cit. for detailed definitions of some of the notions we are now using. Let F' be a totally real field. As in
loc. cit. we will assume the following:

Hypothesis 8.6.1. Let 7 be a cuspidal automorphic representation of GSp,(Ar) such that there is an integer w such
that 7 ® | det |w/ 2 is algebraic. Then for each rational prime ¢ there exists a 4-dimensional Galois representation p, s
associated to 7 and if 7w is non-CAP then 7, is tempered for almost all finite places v of F.

If 7 is as above and non-endoscopic and non-CAP and assuming the previous hypothesis and that p, , is absolutely
irreducible one can deduce the analogues of Proposition [8:5] and Corollary for automorphic representations of
GSp,(AF) by using Theorem B of [SOR2]. We omit the detailed formulation.

9 Local monodromy operators: The case of general linear groups

In this chapter we prove non-triviality results for local-monodromy operators associated to automorphic representation
of GL,, and unitary groups and hence generalize the results of Section [£:2.1] to this more general situation. We also
discuss implications of the non-triviality of monodromy to local-global compatibly questions concerning the semi-simple
part of local Weil-Deligne representations associated to automorphic Galois representations and prove an analogue of
the conjecture of Skinner-Urban that was discussed in Chapter

The main result of this chapter is Theorem [7] which is a generalization of Proposition and in which modularity
lifting theorems are used to obtain non-triviality results for local monodromy operators of automorphic Galois rep-
resentations. In the next chapter we then carry out an analogous analysis for monodromy operators of automorphic
representations of symplectic groups.

9.1 Monodromy operators

As explained before, the aim of this chapter is to use the deformation theory of automorphic forms to obtain local-global
compatibility results for automorphic Galois representations. In particular, we want to use modularity lifting theorems
to calculate local monodromy operators of automorphic Galois representations. In proving such modularity lifting
theorems it is important to construct certain maps from Galois deformation rings to Hecke algebras or related objects.
These maps are constructed by using some local-global compatibility results for automorphic Galois representations. In
order to avoid potential instances of circular reasoning, we try to develop the approach to local monodromy operators
via modularity lifting theorems in such a way that the local-global compatibility assumptions of Hypothesis [5.1.1] are
sufficient for the proofs of the modularity lifting theorems that we use. Hence we will now briefly discuss some of the

local properties of automorphic Galois representations that are used in the proofs of relevant modularity lifting results
of [CHT], [TAY] and [GUE].

e Firstly:

Consider the crystalline deformation condition as defined in [CHT) Sect. 2.4.1]. The necessary local-global compati-
bility result is that pr ¢, is crystalline at all v|¢ if 7, is spherical for all v|¢. This is assumed in Hypothesis

e Secondly:

Consider the Taylor-Wiles deformation condition as defined in [CHT) Sect. 1.4.6]. Apart from the local-global
compatibility at places for principal series representations one has to show in the proof of [CHT, Prop. 3.4.4 (8)] a
certain residual local-global compatibility at places where the local component is a representation of GL,, of the form

x1 BB xn—2 B Sta(xn-1)

65



for some unramified characters y; for 1 < i < n — 1. This residual local-global compatibility follows from Hypothesis

and Corollary
e Thirdly:

Consider the deformation condition as defined in [TAYl Sect. 2]. The necessary local-global compatibility results
concern local-global compatibility for principal series representations as well as unipotent inertia action at places of
Iwahori-spherical ramification. Both of these results follow from Hypothesis [5.1.1}

In the following, in order to avoid a complete discussion of whether or not Hypothesis does indeed imply all
the necessary local-global compatibility results that are necessary to prove the modularity lifting theorems, we will
simply treat modularity lifting theorems as hypotheses. Note also that for ease of exposition we base our hypotheses
on the results of [CHT] which are not the most general known modularity lifting theorems that are known. It should
be clear, however, how to modify our proofs in order to incorporate stronger modularity lifting results.

Hypothesis 9.1.1. Let F' be a CM-field and let
p:Gal(F/F) — GL,(Qp)

be a continuous Galois representation which is unramified outside a finite set of places. Assume there is ¢+ : Q, —» C
such that

e /> n and ¢ is unramified in F’

o p°=p'(1—n)

e for every place v|[¢ of F' the representation p|g,, is crystalline

e there exists @ € (Z™F)Hom(FC) guch that for all 7 € Hom(F,C)

— either
gfnflza'r,lZaT,Qz"'>a7—nZO

or the inequalities hold with 7 replaced by 7o c
— for all 1 <i < nonehas aroci = —Crnt1—i
— if 1717 € Hom(F,Q,) gives rise to v|¢ then

HT-(plap, ) = {—(ar; + n—i)|1 <i<n}

o FRer(ad?) does not contain F'({;) where (; is a primitive £’th root of unity

e the group p(Gal(F/F(¢))) is big as defined in [CHT], Def. 2.5.1]

e p is absolutely irreducible and p = pyy, ,, for some regular algebraic cuspidal conjugate self-dual automorphic
representation II; of GL,(Ar) of weight @

Then there is a regular algebraic cuspidal conjugate self-dual automorphic representation I’ of GL,,(Ar) of weight @
such that

® PEps.
e II}, is spherical for all finite places v { £ such that p|g,, is unramified and Il , is spherical

As in Chapter 4] we will now apply the modularity lifting hypothesis to the residual representations of the automor-
phic Galois representations for which we try to prove local-global compatibility results. Hence, guided by the previous
hypothesis, we make the following definition:
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Definition 23. Let F' be a CM-field. For a regular algebraic cuspidal conjugate self-dual automorphic representation
I of GL, (AF) of weight @ € (Z™+)Hom(FC) define By to be the set of pairs (£, 1) consisting of a rational prime ¢ and

an isomorphism ¢ : Q, = C such that
e /> n and ¢ is unramified in F

e for all 7 € Hom(F,C) either { —n—1>a,1 > ar2 > -+ > ar, > 0 or the inequalities hold with 7 replaced by
Toc

e for every place v|[¢ of F' the representation pr¢.|cy, is crystalline

—Ker(adp . . o .
o FRoCPnes) goes not contain F(¢,) where (; is a primitive £'th root of unity

e the group py; 4, (Gal(F/F(())) is big as defined in [CHT), Def. 2.5.1]

We will later also prove results for automorphic representations of GL,, over totally real fields and hence we make
the following definition:

Definition 24. Let F' be a totally real field. For a regular algebraic cuspidal essentially self-dual automorphic

representation II of GL,, (Ar) of weight
ac (Zn,-',-)Hom(F,]R)

define By to be the set of pairs (¢,:) consisting of a rational prime ¢ and an isomorphism ¢ : Q, — C such that
e /> n and ¢ is unramified in F

o for all 7 € Hom(F,R) one has ¢ —n — 1+ ar, > ar1

e for every place v|¢ of F' the representation prr .|y, is crystalline

—Ker(adpr 4, )

o F does not contain F'(¢;) where (; is a primitive £’th root of unity

e the group pyy ¢, (Gal(F/F((;))) is big as defined in [CHT) Def. 2.5.1]
We now prove the main theorem:

Theorem 7. Let F' be a CM-field and let II be a regular algebraic cuspidal conjugate self-dual automorphic repre-
sentation of GL,(Ap). Let (£,1) € B and let v 1 £ be a finite place of F such that 11, is Twahori-spherical. Then
the monodromy operator of the Weil-Deligne representation associated to pn7g7L|WFv is non-triwial if and only if it is
predicted to be non-trivial by the local Langlands correspondence.

Proof. Let N be the monodromy operator of the Weil-Deligne representation associated to pH»‘va|va‘ If the local
Langlands correspondence predicts, in the above notation, that N is trivial then II, is a principal series representation
and by it follows that N is indeed trivial. Hence suppose now that the local Langlands correspondence
predicts that N is non-trivial and assume for contradiction that N is trivial. Let F’/F be a solvable extension such
that I is a CM-field and such that BCg/(II) is cuspidal and such that prg,|q,, is unramified at all places of F’
above v. Note that F’ can be chosen linearly disjoint over F' to any given finite extension of F. Since ¢ > n it follows
from Corollary that there is a solvable CM-extension L/F’ and a regular algebraic cuspidal conjugate self-dual
automorphic representation IT; of GL, (Ar) of the same weight as BCp (IT) such that

o~

® PBC, (D)6 = Py
e II; ,, is an unramified principal series for some place w above v

e II; is spherical at all places above £

e ({,1) € B,
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By Hypothesis there exists a regular algebraic cuspidal conjugate self-dual automorphic representation Iy of
GL,(AL) of the same weight as BCp,(II) such that ppc, (s, = pr1,,¢,, and such that Il ,, is spherical for some place
w|v of L. Since Iy and BCy (IT) have the same ¢-adic Galois representation and since the local-global compatibility is
known by Hypothesis for all but finitely many places it follows that II,, = BCy(II), for all but finitely many
places u of L. Hence by the strong multiplicity one theorem for cuspidal automorphic representations of GL,, (A}, ), see
for example [PS], it follows that Il ,, = BCp(II),, which is a contradiction: The representation IIs ,, is spherical but
BCL(II),, is not since recgr,, (BCr (1)) has non-trivial monodromy operator. O

We will now deduce an analogous result for automorphic representations of general linear groups over totally real
fields. As discussed before Corollary[6.2} it follows from the construction of Galois representations associated to regular
algebraic cuspidal essentially self-dual automorphic representations of GL,,(Ar) where F is a totally real field, that
Proposition [7] implies the following:

Corollary 9.2. Let F be a totally real field and let 11 be a reqular algebraic cuspidal essentially self-dual automorphic
representation of GL,,(Ap). Let (¢,.) € By and let v 1 £ be a finite place of F' such that 11, is Iwahori-spherical. Then
the monodromy operator of the Weil-Deligne representation associated to pH’Z’L|WF1, is non-trivial if and only if it is
predicted to be non-trivial by the local Langlands correspondence.

By the same argument used in the proof of Corollary one can deduce the following result for Galois represen-
tations associated to Hilbert modular forms:

Corollary 9.3. Let F be a totally real field and let m be a cuspidal automorphic representation of GLo(Ap) of
cohomological weight. Let (£,1) € By, and let v t £ be a finite place of F such that mw, is Twahori-spherical. Then
the monodromy operator of the Weil-Deligne representation associated to pﬂ,g,L|WFU is mon-trivial if and only if it is
predicted to be non-trivial by the local Langlands correspondence.

We will now deduce an analogous result for automorphic representations of symplectic groups over totally real
fields.

Definition 25. Let 7 be a globally generic regular algebraic cuspidal automorphic representation of GSp,(Ar) for
some totally real field F'. Let II be the transfer of 7 to an automorphic representation of GL4(Af) and if IT is cuspidal
define

Bﬂ = BH

Note that whenever we use the set 5, we assume implicitly that the transfer IT of 7 is cuspidal.

Corollary 9.4. Let F be a totally real field and let m be cuspidal globally generic regular algebraic automorphic
representation of GSp,(Ar). Let (£,1) € B, and let v 1 € be a finite place of F such that m, is Twahori-spherical. Then
the monodromy operator of the Weil-Deligne representation associated to pﬁ,g7L|WFU 1s non-trivial if and only if it is
predicted to be non-trivial by the local Langlands correspondence.

9.5 Applications

In this section we will strengthen the local-global compatibility results of Chapter [6] and Section [0.1] by using the
interaction between the horizontal and vertical deformation theory of automorphic forms. As a consequence, in
Corollary we prove a version for globally generic automorphic representations of GSp, of Conjecture 3.1.7 in
[SUJ]. Using similar methods as in the proof of this corollary, but using eigenvarieties for symplectic groups instead of
unitary groups, leads to results concerning this conjecture even for non-globally generic representations.

Let us first use the results of Section to strengthen the local-global compatibility results for local semi-
simplifications of automorphic Galois representations that were obtained in Chapter [0}

Corollary 9.6. Let F' be a CM-field (totally real field) and let I1 be a regular algebraic cuspidal conjugate (essentially)
self-dual automorphic representation of GL,(Ap) for n < 4. Let (¢,¢) € By and let v 1 £ be a finite place of F such
that 11, is Iwahori-spherical. Then

WDL (PH,Z,L

wp )® = recar, (I, @ |det |27
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unless n = 4 and there is an unramified character x : F* — C* such that one of the following holds:
o I, = Sta(x) B x| - [*/2 B x| - [F1/2 (same sign)
o II, = Sto(x) B Sta(x)
o II, = Sts(x) B x| [*!

Proof. Assume first F' is a CM-field. By Theorem [5| it suffices to show that if II, = St4(x) for some unramified
character x then WD, (pr,e,.[y,, )¥-55 has non-trivial monodromy operator. This follows from Proposition Now
assume that F' is a totally real field. Similarly to the proof in the CM-case the result follows from corollaries and
9.2 O

For automorphic representations of symplectic groups over totally real fields one obtains:

Corollary 9.7. Let F be a totally real field and let m be cuspidal globally generic regular algebraic automorphic
representation of GSpy(Ar). Let (¢,1) € By and let vt £ be a finite place of F' such that m, is Iwahori-spherical. If m,
is not of type (VIa) then

WD, (pr ]y, )™ = vecasp, (w0 @ || %)™
Proof. Write WDL(pﬂ,&JWFU )F-ss = (r N). To prove the corollary it suffices by Corollary |§| to show that if m, is of
type (IVa) then N is non-trivial. This follows from Corollary O

All of the above corollaries are examples of how the horizontal deformation theory of automorphic forms can
strengthen the results for local semi-simplifications of automorphic Galois representations obtained by using the vertical
deformation theory. In the reverse direction we will now give examples of how to use the vertical deformation theory
to strengthen results obtained by using the horizontal deformation theory.

Corollary 9.8. Let F' be a CM-field (totally real field) and let I1 be a regular algebraic cuspidal conjugate (essentially)
self-dual automorphic representation of GL,(Ap) for n < 4. Let (¢,¢) € By and let v 1 £ be a finite place of F such
that

e II, is Iwahori-spherical
e recgr, (IT, ® | det |1%) has a monodromy operator of rank at most 1

Then
1—n
WDL(pH,Z,L|WFU = recgr, (II, @ |det| 2 )

unless the following two conditions hold:
en=4

o there is an unramified character x : F — C* such that
I, 2 Sta(x) B x| - [*1/2 B x| - [/

(same sign)

Proof. Suppose that recgr,, (II, ® | det |1%) has a monodromy operator of rank at most 1. By corollary it follows
that

SS ~v 1ongs
WD, (pm,e,. Wi, )* 2 recar, (IT, @ |det |72 )™

unless n = 4 and there is an unramified character x : F,* — C* such that
IL, & Sta(x) Bx| - [F/2 B x| - [F1/2

Moreover, by Proposition [7| the representation WDL(pH,é,JWF )¥-55 has a non-trivial monodromy operator if and only
if it is predicted by the local Langlands correspondence and this proves the corollary. O
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For Hilbert modular forms one obtains the following:

Corollary 9.9. Let F be a totally real field and let m be a cuspidal automorphic representation of GLa(Ar) of
cohomological weight. Let (¢,t) € By and let v { £ be a finite place of F such that 7, is Iwahori-spherical. Then

_1
WD, (pﬂ,e,b Foss o IeCGL, (7‘(1, ® |det| 2)

)
Proof. This follows from Corollary [6.3] and Corollary O

We will now deduce a result for automorphic representations of symplectic groups over totally real fields.

The next corollary deals with type (Ia) and type (ITa) representations since those types of Iwahori-spherical repre-
sentations are the only type of the six families of generic representations (Ia) to (VIa) whose local monodromy operator
under the local Langlands correspondence has rank at most one: By [ROS| Table A.7] a type (Ia) representation has
trivial monodromy operator and a type (Ila) representation has monodromy operator

0
0 1
0
0
and a type (IITa) representation has monodromy operator
0 1
0
0 -1
0

and type (Va) and type (VIa) representations have monodromy operator

0 1

and a type (Iva) representation has monodromy operator

0 1
0 1
0 -1

0
Corollary 9.10. Let F be a totally real field and let m be cuspidal globally generic reqular algebraic automorphic
representation of GSpy(Ap). Let (¢,¢) € By and let v 1 £ be a finite place of F such that 7, is Twahori-spherical and
of type (Ia) or (Ila). Then .

WD, (1w, ) 2 recasy, (10 @ [c]72)

Proof. In case that 7, is of type (Ia) the result follows from Hypothesis . Hence assume now that m, is of type
(ITa). By arguing as in the proof of Corollary@ in order to prove the corollary it suffices to check that the corresponding
result holds for regular algebraic cuspidal essentially self-dual automorphic representations IT of GL4(Ar) whose local
component at v satisfies

IT, 2 Sta(x1x2) B xTx2 B x2
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for some unramified characters x; and xs of FX such that x? ¢ {| - |*',|-|*3}. Since

_|:|:1/2

X1xz| # XiX2

this follows from Corollary O

10 Local monodromy operators: The case of symplectic groups

In this chapter we develop a variant of the modularity lifting theorem approach to monodromy operators which is
more general than the previously described results in Chapter [9] This variant describes how to obtain general lower
bounds on the rank of monodromy and it also applies to automorphic representations of reductive groups where strong
multiplicity one results might not be known or might not hold. Note that we develop this approach in the current
chapter in the setting of GSp,, but the method allows to treat higher rank symplectic groups, amongst other cases, as
well.

The traditional approach to studying the monodromy operator is based on the study of singularities of algebraic
varieties. As mentioned before, the approach we take is very different. The idea is to combine a priori congruences
of automorphic representations, such as potential level-lowering results, and combine them with modularity lifting
theorems. An obstacle for this strategy for general groups is that strong multiplicity one results might not be available.
However, strong multiplicity one is a much stronger result than what is needed and we will in this chapter give an
alternative approach to the required rigidity via ~-factors obtained from the doubling method. The latter theory
has been developed for general classical groups but for simplicity we focus on automorphic representations of GSp,
over totally real fields. The main result is Theorem |8 where we show under some strong hypotheses that the rank of
monodromy is at least as predicted by the local Langlands correspondence. The hypotheses are strong since, for a
result of the above generality, they assume level-lowering principles beyond what has been proved in the potential level-
lowering section of the previous chapter and we do not know how to obtain such general congruence results without
assuming local-global compatibility in the first place. Similar results could presumably be shown, for example, in the
GL,,-case but as mentioned before we restrict to GSp, for simplicity. One should note that a much more intricate
use of the ~-factors from the doubling methods was used by Jorza in [JOR] to obtain multiplicity one results for
automorphic representations of GSp, and as a consequence monodromy results are deduce from the known GL4-cases.
Interestingly enough, the eigenvariety arguments that we developed in earlier sections were used there to remove a
certain quadratic twist in the results.

10.1 ~-factor arguments

The fine local information of the y-factors from the doubling method has been proved by Lapid and Rallis in [LR] and
we now recall this briefly in the special case of symplectic groups.

Let F be a totally real field. Fix a non-trivial character ¢ = ®,1, of F\Ap. For a cuspidal automorphic
representation 7 of Sp,(Ap) one obtains via the doubling-method a v-factor v(s,m,1). One defines the L-factor
L(s,my,1,) as the numerator of (s, 7, v) if 7 is tempered and other wise via the Langlands classification. The
relation between the L-factors, e-factors and ~-factors, as defined in [LR], is given as

L(1 —s,7xw 1)
L(s,m X w, )

V(s T X w, ) = e(s,m X w)

where 7 is the contragredient representation of 7. By [GT2] (Main theorem, property (i)) the v-factors obtained by the
doubling method agree with the «y-factors of the local Langlands correspondence for Sp, as constructed by Gan-Takeda
in [GT2]. Since the 7-factors as above are defined for representations for Sp,, but we are interested in representations
of GSpy, let us recall the relation between the local Langlands correspondences of these two groups. Consider

std : GSp, — PGSp, = SOs5
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where the last isomorphism is as described for example in [ROS, A.7]. Let 7, be an irreducible smooth admissible
representation of GSp4(F),). Let w be some irreducible component of the restriction of m, to Spy(F,). Then by [GT2]
(Section 1) one has

std o recgsp, (my) = recsp, ()

The key properties of the y-factors for our intended application are:
e Functional equation:
Suppose m & ®! 7, is an automorphic representation of Sp,(Ar). Let S be a finite set of finite places of F' and define
(s,m, ) : H L(8,my,1y)
v S
where the product is over finite places of F' not in S. Then

LO(s,m,9) = [[ v(s:m0, ) L (1 = 5, 0,

veS

This is [LR), Theorem 4, property 10]. Hence, if 7 and 7 are two automorphic representations of Sp,(Ar) such that
m, 2 7, for all v € S where S contains all the archimedean places and all places where 7 or 7 are ramified then

H V(8 Ty X Wy, Py) = H V(85 Ty X Wy s Py)

vES vES

where w = [[w, is a Hecke character of F*\AJ.
e Stability:

The stability of local y-factors arising from the doubling method has been proved by Rallis-Soudry in [RS]. It implies
in our current situation that given m, there exists a character x of F,* such that

(8, T @ X, %y) =1

10.1.1 Local Langlands correspondence for GSp,

For later use we describe how the construction of the local Langlands correspondence for GSp, for p-adic fields by
Gan-Takeda is compatible with the explicit constructions of [ROS] for Iwahori spherical representations. As explained
in [GT), Section 7], via the explicit description of certain theta-correspondences in [GT3] it can be seen that the two
constructions agree. Since in [GT] this matching is mentioned explicitly only for nondiscrete series representations we
recall here the matching also for essentially discrete Iwahori spherical representations. As described in [ROS| Table
A.1] these are exactly the type (IVa) and (Va) representations.

The local Langlands correspondence of [GT] is constructed via the theta-correspondence. Let GSOj3 3 denote the
algebraic group over Q given by the orthogonal simulate group of a 6-dimensional quadratic form of signature (3, 3)
and note that, say for a p-adic field K, there is an isomorphism

GS035(K) = (GL4(K) x GLy (K))/{(2,272)|z € K*}

where we view K* embedded into the diagonal torus of GL4(K). Via this description, one writes representations of
GSO3,3(K) as IIX i where II is a representation of GL4(K) and p a representation of GL;(XK). As described in [GT],
the L-group of GSOs3 3 is

{(g9,2) € GL4(C) x GL{(C)| det g = 2%}

The L-group of GSp, should be GSp,(C). Consider the map inc from the L-group of GSp, to the L-group of GSO(V)
given by
g9 = (9,¢(9))

72



where ¢(g) is the similitude factor. In [GT, Theorem 5.2] an irreducible admissible representation m of GSp,(K)
for a p-adic field K is defined to be of type (B) if m participates in the theta-correspondence with GSO3 3(K). By
[GTL Theorem 5.6] an irreducible admissible representation of GSp,(K) is of type (B) if and only if it is not a non-
generic essentially tempered representation of GSp,(K). For an irreducible admissible representation of type (B) the
Langlands parameter is constructed in the following manner. The theta lift of 7 to GSOg3 3(K) will be non-zero, say
of the form IIX pu. Let ¢r1 and ¢, be the Langlands parameters of II and p under a local Langlands correspondence
for GL4 and GL;. Then the parameter of 7 is defined to be

gf)n X QZ/)/L : WK X SLQ((C) — GL4(C) X GLl(C)

By [GT] Section 7] this map factors through the image of GSp,(C) under the inclusion map inc and hence one
obtains a symplectic Langlands parameter. Note that, as explained for example in [KUD] Section 4], Weil-Deligne
representations over C can also be described via the continuous complex semi-simple representations of Wy x SLy(C).

Let K be a p-adic field. If follows from the discussion in [GT3], Section 5.2] that the Iwahori-spherical discrete series
representations of GSp, (K) are of the following form. As mentioned in [GT3| Section 5.2.1], all of these representations
are in fact generic. Let P denote a Siegel parabolic of GSp,(K). The Levi-subgroup is isomorphic to GLy(K) x GL; (K)
via an isomorphism which takes (A4, u) € GLy(K) x GL1(K) to

A 0
(5 o) € CsmuE)

e (2

Via this isomorphism, if 7 is a representation of GLo(K) and p of GL;(K) then we can form the normalized induction
Ip(7,x). We now describe the type (IVa) and type (Va) representations:

where

e Let p be a character of K*. The representation
Ip(st] - [*2,ul - |7%7?)

has by [GT3l Lemma 5.2(b)(iii)] a unique irreducible sub-representation which will be denoted by Stpgsp, ® p-
By [ROS| A.3] this is a type (IVa) representation.

e Let u be a character of K* and & is a non-trivial quadratic character of K*. Then the normalized induction

Ip(Sta(&ol - V%), ul - [71/?)

has by [GT3|, Lemma 5.2(b)(ii)] a unique irreducible sub-representation which will be denoted by St(ste,, ). By
[ROS| A.3] this is a type (Va) representation.

Let 6 denote the theta-correspondence from GSp,(K) to GSOgz3(K) and let P», denote the standard parabolic
subgroup of GL4(K) corresponding to the partition 4 = 2 4+ 2. By [GT3, Theorem 8.3(iv)] one has

0(St(steq, 1)) = Ip, , (ste, @ i, st ® p) B p?

In [ROS| Table A.7] the Langlands parameter associated to a type (IVa) representation is given by (p, N) where for
w € W one has
p(w)wl|'/?
pu(w)|w| 2o (w)
w) =
o) ) o] 4/2 ()
p(w)w| =/
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and

Hence the degree 4 Langlands parameters of [GT] and [ROS| agree and hence, in particular, the degree 5 L-factors
agree. By |[GT3, Theorem 8.3(v)] one has

0(Strcsp, ® 1) = (Stear, ® x) KX

In [ROS, Table A.7] the Langlands parameter associated to a type (Va) representations is given by (p, N) where for
w € W one has
p(w)wl*/?
pu(w) w2
plw) = _
( )| 172

pl(w)w] =372

and

Hence the degree 4 Langlands parameters of [GT] and [ROS| agree and hence the degree 5 L-factors agree.

10.1.2 Rigidity

Let K be a p-adic field and let N(K) be the unipotent radical of the upper-triangular Borel subgroup of GSp,(K).
For a non-trivial complex character ¢ of K define the character, denoted by ¢, of N(K) given by

1

*

xXr *
1
11/ — Pz +y)

1

Recall that an irreducible admissible representation 7 of GSp,(K) is called generic if

Hom y () (m,¢") # (0)

We can now prove the crucial rigidity lemma:

Lemma 10.2. Let F be a totally real field. Suppose w1 and wo are cuspidal automorphic representations of GSpy(Ar)
such that m,, = m, for almost all finite places w of F. Let v be any finite place of F. Then it is not possible that m,
is generic Twahori-spherical and unramified and 7, is generic Iwahori-spherical and ramified.

Proof. Suppose that m; and 7y are automorphic representations of GSp,(Ar) such that m, = 7, for almost all finite
places w of F. For i = 1,2 the representation m; can be realized in space of functions on GSp,(AFr). Restricting all
of these functions to Sp,(Ar) one obtains a representation of Sp,(Ar). Let 7} be an irreducible component of this
representations. It is a cuspidal automorphic representation of Sp,(Ar). Let w be a finite place of F. Since

std o recasp, (mw) = recsp, ()
it follows that

vec(r} ) = rec(m) )
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for all finite places w of F' outside a finite set .S of finite places. Hence it follows from the functional equation that

H W(Saﬂ-waww) = H 7(577T:u7ww)

weSs weS
Fix a finite place v of F'. By stability of y-factors it follows that
7(877(-/1,1)7%[]’1)) :’7(3771—/2’,”7'(#1))

Since, as mentioned before, the y-factors from the doubling method agree with the y-factors of the local Langlands
correspondence for Sp, and since this local Langlands correspondence preserves ~v-factors, it follows that

'7(57 recsp, (Wi’v), ¢v) = ’7(87 recsp, (ﬂé,v)v 1/}1))

By the relate between the local Langlands correspondences for Sp, and GSp, it should follow that

7(53 std o recGsp, (Wl,v); 7/}1)) = 7(57 std o TrecGsp, (71—2,11)7 %)

The degree five L-factors of generic Iwahori-spherical representations of GSp, are listen in table A.10 of [ROS| and by
the discussion preceding the lemma, these L-factors agree with the one defined in [GT]J.

e type (Ia):
L(87X1)L(87X1_1)L(87 1px )L<57X2)L(57X2_1)

type (Ila):
L(s,x| - [V2)Ls, x| V) L(s, 1)

type (I1la):
' L(s, x)L(s,x ") L(s,] - )

e type (IVa):
L(s,| -1*)
e type (Va):
L(S7§| ’ |)L(57€)L(S> 1FX)
o type (VIa):

L(S7 | . |)L(S, ].F>< )L(S, ]-FX)

One sees that the only generic Iwahori-spherical representation of GSp,(F,) whose L-factor has degree 5 is the un-
ramified irreducible principal series representation. But this contradicts

’Y(Sv std o I.eCGSp‘L (7Tl,v>7 ’(/}'u) ’Y(Sa std o I‘eCGrSp4 (7r27v)a wv)

L(1—8,71,0,%0 L(1—s,72,0,Pv
€(5, 1,0, Yy) BT tn) €(5, 2,0, 1y) ST )
Hence the v-factor distinguishes between ramified and unramified generic Iwahori-spherical representations. O

In fact this argument can be strengthened: The following is a special case of Proposition 6.2 of [JOR]. It will be
used when we prove stronger lower bounds on the rank of monodromy than the mere non-triviality.

Lemma 10.3 (Jorza). Let F' be a totally real field. Suppose now that m1 and wo are cuspidal automorphic represen-
tations of GSp,(Ar) such that m, = T, for almost all finite places w of F. Let v be any finite place of F. Then
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it is not possible that m, is generic Iwahori-spherical with rec(m,) having monodromy of rank r1 and 7, is generic
Twahori-spherical with rec(7,) having monodromy of rank ro with r1 # ro.

10.4 Monodromy Operators

With the rigidity results of the previous section in hand it is now relatively straightforward to adapt the methods of
the proof of Theorem [7] to the symplectic case. It should become clear how to, in principle, generalize the arguments
to automorphic representations on other groups as well. We also illustrate how one might prove stronger lower bounds
on the rank of monodromy than the mere non-triviality. The following is a generally expected hypothesis, see for
example the discussion in [SOR], and we will assume it for the remainder of this chapter:

Hypothesis 10.4.1. Let F' be a totally real field and let 7 be a cuspidal regular algebraic automorphic representation
of GSp,4(AFr). Then for a rational prime ¢ and isomorphism ¢ between @, and C there is a continuous semi-simple
¢-adic Galois representation

Prl,. - Ga‘l(F/F) — Gsp4(@/)

such that for all finite places vt £ of F' such that 7, is a principal series representation one has
S8 ~u _3
WD, (ot )™ 2 recasy, (1, © Jel#)

where ¢ denotes the symplectic similitude character. Moreover, if 7 is non-endoscopic and non-CAP then 7, is tempered
for all finite places v.

Let F, be a finite extension of Q, where p is some prime. Let O denote the integer ring in F,, and p the maximal
ideal. We now define, following [ROS| Sect. 2.1], some subgroups of GSp,(F,): The Klingen parahoric Jg is defined
to be the subgroup of GSp,(F),) consisting of matrices A with determinant in O* and

h

Mm
T e s O
= 300
= 300
XX Xe

Fix a uniformizer w of F,. The para-modular group K is defined to be the subgroup of GSp, (Fy) given by

K = (Jg.nJon ")

where
0 0 1 0
o 0 0 -1
"l 0 0 o
0 —w 0 0

Definition 26. If V' is a Weil-Deligne representation we denote by Ny the corresponding monodromy operator.

Definition 27. Fix an integer 0 < i < 3. Let F, be a finite extension of QQ, for some prime p. We say that a pair
(K, ¢) is associated to i over F,, if K is a compact open subgroup K < GSp,(F,) and a ¢ is a finite dimensional smooth
representation K such that for any irreducible admissible generic Iwahori-spherical representation m, of GSp,(F,) one
has
Ko £ (0 k N, <i
m,? # (0) = ran recaspy (mo) =¥

Here 75¢ denotes the subspace of 7, on which K acts through ¢.

Remark. Note that there are groups satisfying the properties outlined in definition Fix an integer 0 < ¢ < 3 and
let F, be a finite extension of @, for some prime p. Then there exists a pair (K, ¢) which is associated to i over F,:
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As can be seen for example from the tables in [SOR], one has the following implications:

7T1()}SP4(O)’1 7é (O) —t rank N

TeCGSpy

(o) <0

Let K be the para-modular group. Then

<1

€CGSpy (my) =

7l £ (0) = rank N,
Let Jp be a Klingen parahoric subgroup. Then

7Pl £ (0) = rank Nrecasp, () < 2
Let I be an Iwahori subgroup. Then

myt # (0) = rank Nrecgs,, () < 3

To prove lower bounds on the rank of monodromy operators we will assume strong cyclic base change for GSp,:

Hypothesis 10.4.2. Let K/F be a cyclic extension of totally real number fields and let = be an automorphic
representation of GSp,(Ar). Then there exists an automorphic representation BCk/p(7) of GSp,(Ax) such that for
all places v of I and places w|v the representation recasp, (BCx/p(m)w) of the Weil-Deligne representation of Wi, is
obtained by restriction from the Weil-Deligne representation recgsyp, (7,) of W, .

The following hypothesis about the existence of congruences between automorphic representations is stronger than
the known potential level-lowering results. It will be assumed when proving lower bounds on the rank of monodromy
operators which go beyond the non-triviality of monodromy treated in earlier chapter.

Hypothesis 10.4.3. Let F be a totally real field and let = be an automorphic representation of GSp,(Ar). Fix a
rational prime ¢ and finite place v { £ of F" such that 7, is generic. Assume p, ,, is absolutely irreducible. Then there
exists a solvable totally real extension F’/F, a place w|v of F’ and a cuspidal cohomological automorphic representation
7" of GSp,(Aps) of the same weight as BCp/ (7) such that

_ ~—
i pTr/7K,L = p‘/r,€7L|Gal(F/F’)
e 7, is generic

(m0,) " #(0)

where (K, ¢) is associated over Fy, to the rank of Nwp(,, ,,|q, )

We phrase our requirements on a modularity lifting theorem for GSp, as a hypothesis. See for example [GET] for
some known results. Certainly one can assume weaker modularity lifting results, for example with stronger conditions
on the image of the residual Galois representation. The proof of Theorem [Sunder such a suitably modified hypothesis
will essentially be the same.

Hypothesis 10.4.4. Let
p: Gal(F/F) — GSp, (@)

be a continuous representation unramified outside a finite set of finite places and such that there exists a cuspidal
regular algebraic automorphic representation m of GSp,(Ar) such that

e there is an isomorphism

and these representations are absolutely irreducible
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e 7, is generic and 5% #£ (0) where (K, ¢) is associated to
i := rank NWD(/’IGFU)

over F), and is as in Hypothesis [10.4.3

Then there exists a cuspidal regular algebraic automorphic representation 7 of GSp,(A ) of the same weight as 7 and
such that

e there is an isomorphism p = pz ¢,
e 7, is generic and 75 £ (0)

We can now prove the main theorem on lower bounds for the rank of monodromy operators of Galois representations
associated to symplectic automorphic representations:

Theorem 8. Let F' be a totally real field and let m be an automorphic representation of GSp,(Ar) which is cuspidal
regular algebraic. Let ¢ be a rational prime and v { £ a finite place of F such that m, is generic. Let Ny be the
monodromy operator of the Weil-Deligne representation associated to pr.|wy, and let Nyo. denote the monodromy
operator of rec(m,). Assuming Hypotheses|10.4.2,110.4.53, and|10.4.4) with p = px e, it follows that

rank Ny > rank Nyec

Proof. Suppose for contradiction that rank Ny, < rank N,.. After making a suitable solvable base change one can
assume that , is Iwahori-spherical. By Hypothesis [10.4.3| there exists a solvable totally real extension F’/F and a
cuspidal cohomological automorphic representation 7' of GSpy(Ax+) such that p,, ,, = PrtilGar® /pry and

(m,) %% # (0)
where (K, ¢) is associated to the rank of Nwp(p, ,,|w, ) over Fy,. By Hypothesis|10.4.4it follows that

>~

p‘fﬂf’b|Gal(f/F’) Pr .

for some cuspidal automorphic representation 7 of GSp,(Ar) such that
T #(0)
It therefore follows that recgsp, (BCpr/p(7)w) = recasp, (Tw) for almost all finite places w of I and

rank Nyee(z,) < rank NWD(Pw,z,LIWFv) < rank Npec

Since for all finite places w of F’ which lie above v the rank of the monodromy operator of recasp, (BCr//p(my)w)
equals the rank of N,¢. one obtains from Lemma a contradiction. O

Since potential level-lowering results are known, one can deduce a less conditional result for the mere non-triviality
of monodromy operators.

Corollary 10.5. Let F be a totally real field and let w be a cuspidal regular algebraic automorphic representation of
GSpy(Ar). Let £ > 3 be a rational prime and assume that p, ,, is absolutely irreducible. Let v be a finite place of
F such that v 1 ¢ and such that m, is generic. Let Ny be the monodromy operator of the Weil-Deligne representation
associated to pr ¢.|wy, and let Niee denote the monodromy operator of recasp, (T,). Assuming Hypothesis and
it follows that Ny # 0 whenever Ny # 0.

Proof. Assume Ny # 0 and assume for contradiction that N, = 0. Hypothesis [10.4.3] in this case is then implied by
the potential level-lowering for symplectic groups which have been proven by Sorensen assuming strong cyclic base
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change, see [SOR2, Section 1], assuming that £ > 3 and that p, ,, is absolutely irreducible. Note that in contrast to
[SOR2|] we added the temperedness assumption for all finite places for non-endoscopic and non-CAP representations
in Hypothesis [10.4.1| since otherwise the arguments of [SOR2|] need more justification. The corollary now follows from
Theorem O
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