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The spectral curve of the Eynard-Orantin recursion via the
Laplace transform
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ABSTRACT. The Eynard-Orantin recursion formula provides an effective tool
for certain enumeration problems in geometry. The formula requires a spectral
curve and the recursion kernel. We present a uniform construction of the
spectral curve and the recursion kernel from the unstable geometries of the
original counting problem. We examine this construction using four concrete
examples: Grothendieck’s dessins d’enfants (or higher-genus analogue of the
Catalan numbers), the intersection numbers of tautological cotangent classes
on the moduli stack of stable pointed curves, single Hurwitz numbers, and the
stationary Gromov-Witten invariants of the complex projective line.

1. Introduction

What is the mirror dual object of the Catalan numbers? We wish to make
sense of this question in the present paper. Since homological mirror symmetry is
a categorial equivalence, it does not require the existence of underlying spaces to
which the categories are associated. By identifying the Catalan numbers with a
counting problem similar to Gromov-Witten theory, we come up with an equation

1
(1.1) r=2z+ -
as their mirror dual. It is not a coincidence that (L)) is the Landau-Ginzburg model
in one variable [2l[4T1]. Once the mirror dual object is identified, we can calculate the
higher-genus analogue of the Catalan numbers using the Fynard-Orantin topological
recursion formula. This recursion therefore provides a mechanism for calculating
the higher-order quantum corrections term by term.

The purpose of this paper is to present a systematic construction of genus
0 spectral curves of the Eynard-Orantin recursion formula [26]28]. Suppose we
have a symplectic space X on the A-model side. If the Gromov-Witten theory of
X is controlled by an integrable system, then the homological mirror dual of X
is expected to be a family of spectral curves ¥. Let us consider the descendant
Gromov-Witten invariants of X as a function in integer variables. The Laplace
transform of these functions can be viewed as symmetric meromorphic functions
defined on the products of 3. We expect that they satisfy the Eynard-Orantin
topological recursion on the B-model side defined on the curve X.
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More specifically, we construct the spectral curve using the Laplace transform of
the descendant Gromov-Witten type invariants for the unstable geometries (g,n) =
(0,1) and (0,2). We give four concrete examples in this paper:

e The number of dessins d’enfants of Grothendieck, which can be thought
of as higher-genus analogue of the Catalan numbers.

e The y-class intersection numbers (74, - - - 74, ) 5.» 00 the moduli space M, ,,
of pointed stable curves [41[111[16l26]47.[79].

e Single Hurwitz numbers [8125]57].

e The stationary Gromov-Witten invariants of P [631[67].

The spectral curves we construct are listed in Table 1. The Eynard-Orantin recur-
sion formula for the single Hurwitz numbers [51[825[58] and the -class intersec-
tion numbers [26] are known. Norbury and Scott conjecture that the stationary
Gromov-Witten invariants of P! also satisfy the Eynard-Orantin recursion [63]. A
similar statement for the number of dessins d’enfants does not seem to be known.
We give a full proof of this fact in the paper.

- 1
Grothendieck’s Dessins {x =Ft:
y=—z
2
T=2z
(Tdy -+ Td, )g.m {
y=—2
— 11—z
Single Hurwitz Numbers {3: -
Y= ezfl
— 1
Stationary GW Invariants of P! TEEY: 5
—log(1 + 29)

TABLE 1. Examples of spectral curves.

Let Dy (1, ..., tn) denote the weighted count of clean Belyi morphisms of
smooth connected algebraic curves of genus g with n poles of order (p1, ..., tn)-
We first prove

THEOREM 1.1. For 2g —2+mn > 0 and n > 1, the number of clean Belyi
morphisms satisfies the following equation:

n
(12) /J/ng,n(;U/la---aMn Z M1 +/’(’j - Dg,n—l(/”’l +MJ _Qau[n]\{l,j})
j=2

+Z af|Dg—1ny1(a, B, pmpg13) + Z Dy, 1141, i1) Dy, 5141 (B5 1) |

a+PB=p1—2 g1+92=g
IuJj={2,....,n}

where pr = (fi)ier for a subset I C [n] ={1,2,...,n}.
The simplest case

1
D0y1(2m) = % Cm
is given by the Catalan number C,, = #H(QHT) The next case Do (g1, p2) is
calculated in [45l[46]. Note that the (g, n)-term appears also on the right-hand side

of (LZ). Therefore, this is merely an equation, not an effective recursion formula.
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Define the Eynard-Orantin differential form by
Wh (t1, . ty) =di--dy Y Dl ... pn)e” et Fumwn),

15 itn >0
where the wj-coordinates and ¢;-coordinates are related by
ewj:tj+1 tj_l.
ti—1 tj+1
Then

THEOREM 1.2. The Eynard-Orantin differential forms for 2g—2+n > 0 satisfy
the following topological recursion formula

(13) WP (tr,... tn)

1 1 1 1 t?—1
1 < N )( P dtllwgm(t o it)
:

64 2mi t+t, t—1 t2

+Z<W02tt gme1(—tita, )

+ W (=t t) ) Wono1(t ta, ... 15, .. .,tn)>

stable

D D
+ Z W i+ (G EDWes g (=, tJ)] :
g1+g2=g
IuJ={2,3,...,n}
This is now a recursion formula, since the topological type (¢’,n’) of the Belyi
morphisms appearing on the right-hand side satisfy

29 —2+n'=(29—-2+n) -1,

counting the contributions from the disjoint union of the domain curves additively.
A corollary to the recursion formula is a combinatorial identity between the number
of clean Belyi morphisms and the number of lattice points on the moduli space M, ,,

that has been studied in [11],56./60H62].

COROLLARY 1.3.
(1.4)

7 20 — i (1
D (/.tl,...,/.l/n - Z H,LL—<£)NQ7”(2€1_M“72£n—’un)7
1 ~ o =1 i i

1>3 > 5=
where Ny (pa, - - - ,un) is defined by (BA).

The recursion formula (L3)) is a typical example of the Eynard-Orantin recur-
ston we discuss in this paper. We establish this theorem by taking the Laplace
transform of (L2). This is indeed a general theme. For every known case of the
Eynard-Orantin recursion appearing in an enumerative or geometric problem, the
proof has been established by taking the Laplace transform of a counting formula
like (T2). For example, for the cases of single Hurwitz numbers [25/[68] and open
Gromov-Witten invariants of C3 [821/83], the counting formulas similar to (L2) are
called the cut-and-join equations [30,50178|80L&T].
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The Laplace transform plays a mysterious role in Gromov-Witten theory. We
notice its appearance in Kontsevich’s work [47] that relates the Euclidean volume
of M, , and the intersection numbers on M, ,,, and also in the work of Okounkov-
Pandharipande [66] that relates the single Hurwitz numbers and the enumeration of
topological graphs. It has been proved that in these two cases the Laplace transform
of the quantities in question satisfies the Eynard-Orantin recursion [11125127.56]
58| for a particular choice of the spectral curve.

Then what is the role of the Laplace transform here? The answer we propose
in this paper is that the Laplace transform defines the spectral curve. Since the
spectral curve is a B-model object, the Laplace transform plays the role of
mirror symmetry.

The Eynard-Orantin recursion formula is an effective tool in certain geometric
enumeration. The formula originated in random matrix theory as a mechanism to
compute the expectation value of a product of the resolvent of random matrices ([1,
[22]). In [261[28] Eynard and Orantin propose a novel point of view, considering the
recursion as a means of defining meromorphic symmetric differential forms Wy ,
on the product X" of a Riemann surface ¥ for every ¢ > 0 and n > 0. They
derive in [26l28] many beautiful properties that these quantities satisfy, including
modularity and relations to integrable systems.

The effectiveness of the topological recursion in string theory is immediately
noticed [15124.[52][71]. A remarkable discovery, connecting the recursion formula
and geometry, is made by Marino [52] and Bouchard, Klemm, Marino and Pasquetti
[7]. Tt is formulated as the Remodeling Conjecture. This conjecture covers many
aspects of both closed and open Gromov-Witten invariants of arbitrary toric Calabi-
Yau threefolds. One of their statements says the following. Let X be an arbitrary
toric Calabi-Yau threefold, and ¥ its mirror curve. Apply the Eynard-Orantin
recursion formula to ¥. Then W, ,, calculates the open Gromov-Witten invariants
of X. The validity of the topological recursion of [261[28] is not limited to Gromov-
Witten invariants. It has been applied to the HOMFLY polynomials of torus knots
[10], and understanding the role of quantum Riemann surfaces and certain Seiberg-
Witten invariants [36]. A speculation also suggests its relation to colored Jones
polynomials and the hyperbolic volume conjecture of knot complements [14].

From the very beginning, the effectiveness of the Eynard-Orantin recursion in
enumerative geometry was suggested by physicists. Bouchard and Marino conjec-
ture in [8] that particular generating functions of single Hurwitz numbers satisfy
the Eynard-Orantin topological recursion. They have come up to this conjecture as
the limiting case of the remodeling conjecture for C* when the framing parameter
tends to oo. The spectral curve for this scenario is the Lambert curve x = ye™Y.
The Bouchard-Marino conjecture is solved in [51[2558]. The work [25] also influ-
enced the solutions to the remodeling conjecture for C? itself. The statement on
the open Gromov-Witten invariants was proved in [12][82l[83], and the closed case
was proved in [6184].

The Eynard-Orantin topological recursion starts with a spectral curve 3. Thus
it is reasonable to propose the recursion formalism whenever there is a natural curve
in the problem we study. Such curves may include the mirror curve of a toric Calabi-
Yau threefold [71[52], the zero locus of an A-polynomial [141[36], the Seiberg-Witten
curves [36], the torus on which a knot is drawn [10], and the character variety of
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SPECTRAL CURVE OF EYNARD-ORANTIN RECURSION 267

the fundamental group of a knot complement relative to SL(2,C) [14]. Now we
ask the opposite question.

QUESTION 1.4. If an enumerative geometry problem is given, then how do we
find the spectral curve, with which the Eynard-Orantin formalism may provide a
solution?

In every work of [6l11]12] 2528|5658 61]63]82183], the spectral curve is
considered to be given. How do we know that the particular choice of the spectral
curve is correct? Our proposal provides an answer to this question: the Laplace
transform of the unstable geometries (g,n) = (0,1) and (0,2) determines the spec-
tral curve, and the topological recursion formula itself. The key ingredients of the
topological recursion are the spectral curve and the recursion kernel that is deter-
mined by the differential forms Wy 1 and Wy 2. In the literature starting from [26],
the word “Bergman kernel” is used for the differential form Wy 2. But Wy o has
indeed nothing to do with the classical Bergman kernel in complex analysis. It is a
universally given 2-form depending only on the geometry of the spectral curve. We
would rather emphasize in this paper that this “kernel” is the Laplace transform of
the annulus amplitude, which should be determined by the counting problem we
start with.

Although it is still vague, our proposal is the following

CoNJECTURE 1.5 (The Laplace transform conjecture). If the unstable geome-
tries (g,n) = (0,1) and (0,2) make sense in a counting problem on the A-model
side, then the Laplace transform of the solution to these cases determines the spec-
tral curve and the recursion kernel of the FEynard-Orantin formalism, which is a
B-model theory. Thus the Laplace transform plays a role of mirror symmetry. The
recursion then determines the solution to the original counting problem for all (g,n).

The Eynard-Orantin recursion is a process of quantization [10L86]. Thus the
implication of the conjecture is that quantum invariants are uniquely determined
by the disk and annulus amplitudes. For example, single Hurwitz numbers hg , are
all determined by the first two cases hg,(,,) and hg (4, .,)- The present paper and
our previous work [25/[58] establish this fact. The Lambert curve is the mirror dual
of the number of trees.

The organization of this paper is the following. In Section 2] we present the
Eynard-Orantin recursion formalism for the case of a genus 0 spectral curve. Higher
genus situations will be discussed elsewhere. Sections Bl and d deal with the count-
ing problem of Grothendieck’s dessins d’enfants. We present our new results on
this problem, which are Theorem [[1] and Theorem We are inspired by Ko-
dama’s beautiful talk [45] (that is based on [46]) to come up with the generating
function of the Catalan numbers as the spectral curve for this problem. We are
grateful to G. Gliner for drawing our attention to [45]. The counting problem of
the lattice points on M, ,, of [111[56}60,[61] is closely related to the counting of
dessins, which is also treated in Section 4l The Eynard-Orantin recursion becomes
identical to the Virasoro constraint condition for the 1-class intersection numbers
on M, ,,. We discuss this relation in Section [B] using Kontsevich’s idea that the
intersection numbers on M, ,, are essentially the same as the Euclidean volume of
Mg . Section [7lis devoted to single Hurwitz numbers. In our earlier work [25/58]
we used the Lambert curve as given. Here we reexamine the Hurwitz counting prob-
lem and derive the Lambert curve from the unstable geometries. We then consider
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the Norbury-Scott conjecture [63] in Section B which states that the generating
functions of stationary Gromov-Witten invariants of P! satisfy the Eynard-Orantin
recursion. We are unable to prove this conjecture. What we establish in this section
is why the spectral curve of [63] is the right choice for this problem.

The subject of this paper is closely related to random matrix theory. Since
the matrix model side of the story has been extensively discussed by the original
authors [28], we do not deal with that aspect in the current paper.

2. The Eynard-Orantin differential forms and the topological recursion

We use the following mathematical definition for the topological recursion of
Eynard-Orantin for a genus 0 spectral curve. The differences between our definition
and the original formulation found in [26l[28] are philosophical in nature. Indeed,
the original formula and ours produce the exact same answer in all examples we
examine in this paper.

DEFINITION 2.1. We start with P! with a choice of coordinate ¢. Let S C P!
be a finite collection of points and compact real curves such that the complement
¥ =P\ S is connected. The spectral curve of genus 0 is the data (3, 7) consisting
of a Riemann surface 3 and a simply ramified holomorphic map

(2.1) 83t 7(t) =2 P!

so that its differential da has only simple zeros. Let us denote by R = {p1,...,p.} C
3 the ramification points, and by

U = |_|§:1Uj

the disjoint union of small neighborhood U; around each p; such that = : U; —
7(U;) C P! is a double-sheeted covering ramified only at p;. We denote by ¢ = s(t)
the local Galois conjugate of ¢ € U;. The canonical sheaf of ¥ is denoted by K.
Because of our choice of the coordinate ¢, we have a preferred basis dt for K and 9/0t
for K~'. The meromorphic differential forms Wy ,,(t1,...,t,), g = 0,1,2,...,n =
1,2,3,..., are said to satisfy the Eynard-Orantin topological recursion if the
following conditions are satisfied:
(1) Woa(t) € H(Z,K).
(2) Woplti,te) = ffey — n* 42098, € HO(X x X,K92(24)), where A is
the diagonal of ¥ x X.
(3) The recursion kernel K;(t,t1) € HO(U; x C, (IC,}J,1 ®K)(A)) for t € U; and
t1 € C is defined by

1 f: Wo, (- t1)

2 Woa(t) = Woal(t)
The kernel is an algebraic operator that multiplies dt; while contracts dt.

(4) The general differential forms W, (t1,...,t,) € H(X", K(xR)®") are
meromorphic symmetric differential forms with poles only at the ramifi-
cation points R for 2g —2+n > 0, and are given by the recursion formula

(2.2) Kt t) =

1< _
(2.3) Wq7n(t1,t2,...,tn):%27{ Kj(t,tl)qu_LnH(t,t,tg,...,tn)
j=1"U;
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No (0,1) terms

+ Z Wy i1141 (&)W, 1141 (£, tJ)] :

g1+92=9
IuJj={23,...,n}

Here the integration is taken with respect to ¢ € U; along a positively
oriented simple closed loop around p;, and t; = (¢;);er for a subset I C
{1,2,...,n}.

(5) The differential form Wi (¢1) requires a separate treatment because
Wo a(t1,t2) is regular at the ramification points but has poles elsewhere.

2.4)  Wii(t) = %z_:f}] Kj(t,t) {W0,2(u,v)+ﬁ*%} )
“5m 1, ottt [25]

Let y : ¥—C be a holomorphic function defined by the equation
(2.5) Wo1(t) = y(t)dx(t).
Equivalently, we can define the function by contraction y = ix Wy 1, where
X is the vector field on ¥ dual to dz(t) with respect to the coordinate ¢.
Then we have an embedding
Yot (z(t),y(t) € C2

(6) If the spectral curve has at most two branch points then we choose a
preferred coordinate t with the branch points located at ¢ = co and ¢ = 0.
This results in differentials W, ,, that are Laurent polynomials in ¢ and
serves to simplify many of the residue calculations.

REMARK 2.2. The recursion ([23)) also applies to (g,n) = (0,3), which gives
Wo,3 in terms of Wy 2. In [26] Theorem 4.1] an equivalent but often more useful
formula for Wy 3 is given:

1 < Wo.o(t, t1)Wo o(t, ta)Wo.o(t, t
(2.6) Wos(tr, b, ts) = 2_27{ 0.2(t, t1)Woo(t, t2) Wo 2 (2, 3)_
T ) U;

da(t) - dy(t)

The philosophy being presented is that given an A-model type counting prob-
lem, the spectral curve describing the mirror B-model invariants is obtained by
taking the Laplace transform of the unstable geometries — the so called disk and
annulus amplitudes of the A-model. The mechanism by which this occurs is illus-
trated by several examples in the subsequent sections.

3. Counting Grothendieck’s dessins d’enfants

The A-model side of the problem we consider in this section is the count-
ing problem of Grothendieck’s dessins d’enfants (see for example, [72L[73]) for a
fixed topological type of Belyi morphisms [3]. We define functions Dy (g1, .., ftn)
which, in brief, are weighted counts of dessins d’enfants having n vertices of valence
[1, -y fn. We find the spectral curve [BI3) by taking the Laplace transform of
the unstable functions Dy and Dg 2. The section closes with the derivation of
recursion equation ([B.I6) satisfied by D, which comes from studying the edge
contraction operation on graphs.
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One motivation for studying dessins d’enfant using the framework of Eynard-
Orantin recursion is the following. Gromov-Witten theory of an algebraic variety X
is an intersection theory of naturally defined cycles on the moduli stack ﬂg,n(x ) of
stable morphisms from n-pointed algebraic curves of genus g to the target variety
X. Since we are considering tautological cycles, their 0-dimensional intersection
points are also natural. These points determine a finite set on ngn via the stabi-
lization morphism. If we expect that the Gromov-Witten theory of X satisfies the
Eynard-Orantin recursion, then we should also expect that the counting problem
of naturally defined finite sets of points on M, , may satisfy the Eynard-Orantin
recursion.

Pointed curves defined over Q form a dense subset of M,. Using the natu-
ral correspondence between curves defined over Q and Belyi morphisms, we have
marked points on each such curve coming from the branch points above oo of the
morphism. By fixing the profiles over the branch points we arrive at a canonically
defined finite set of points on Mq,n.

More specifically, consider a Belyi morphism

(3.1) b: C—P!

of a smooth algebraic curve C of genus g. This means b is branched only over
0,1,00 € PL. By Belyi’s Theorem [3], C is defined over Q. Let ¢y, ..., g, be the
poles of b with orders (ju1, ..., u,) € Z'} respectively. This vector of positive integers
is the profile of b at co. In our enumeration we label all poles of b. Therefore, an
automorphism of a Belyi morphism preserves the set of poles point-wise.

A clean Belyi morphism is a special class of Belyi morphism of even degree
that has profile (2,2,...,2) over the branch point 1 € P'. We note that a complex
algebraic curve is defined over Q if and only if it admits a clean Belyi morphism.
Let us denote by Dg (1, ..., tn) the weighted count of the number of genus g
clean Belyi morphisms of profile (u1, ..., u,) at oo € PL. This is the number we
study in this section.

Grothendieck visualized the clean Belyi morphism by considering the inverse
image

(3.2) I =b"1([0,1])

of the closed interval [0, 1] C P! by b (see his “Esquisse d’un programme” reprinted
in [73]). It is a topological graph drawn on the algebraic curve C being considered
as a Riemann surface. We call each pre-image of 0 € P* by b a vertez of I'. Since b
has profile (2,...,2) over 1 € P!, a pre-image of 1 is the midpoint of an edge of T
The complement C'\ T of T in C' is the disjoint union of n disks centered at each
q;- By abuse of terminology we call each disk a face of I'. Then by Euler’s formula
we have

2—-2g=1[b"10) - b=+ (1)| + n.

The added structure obtained by its inclusion in an oriented surface make the graph
into a ribbon graph. A ribbon graph of topological type (g,n) is the 1-skeleton of
a cell-decomposition of a closed oriented topological surface C' of genus g that
decomposes the surface into a disjoint union of 0-cells, 1-cells, and 2-cells. The
number of 2-cells is n. Alternatively, a ribbon graph can be defined as a graph with
a cyclic order assigned to the incident half-edges at each vertex.
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The concrete construction of [55] gives a Belyi morphism to any given ribbon
graph. Thus the enumeration of clean Belyi morphism is equivalent to the enu-
meration of ribbon graphs. Grothendieck’s original motivation for studying ribbon
graphs lies in the fact that the absolute Galois group Gal(Q/Q) acts faithfully on
the set of ribbon graphs.

An alternative description of a Belyi morphism is to use the dual graph

(3.3) [ =b71([1,i00]),

where
[1,i00] = {1 +iy |0 <y < o0} C P

is the vertical half-line on P with real part 1. This time the graph I" has n labeled
vertices of degrees (u1,..., ). Since we consider ribbon graphs in the context
of canonical cell-decomposition of the moduli space M, ,,, we use the terminology
dessin d’enfant (or just dessin) for a graph I" dual to a ribbon graph I. This dis-
tinction is important, because when we count the number of ribbon graphs, we
consider the automorphism of a graph that preserves each face, while the automor-
phism group of the dual graph, i.e., a dessin, preserves each vertex point-wise, but
can permute faces. We note that this terminology is different from that presented
in “Esquisse d’un programme,” where ribbon graphs were referred to as dessins
d’enfant (and dual graphs were not considered). In this dual picture, we define the
number of dessins with the automorphism factor by

(3.4) ng(:ula ey b)) = Z -

I' dessin of | AUtD (F)|
type (g,n)

where I' is a dessin of genus g with n labeled vertices with prescribed degrees
(i1, - -+, ftn), and Autp(T) is the automorphism of ' preserving each vertex point-
wise.

Our theme is to find the spectral curve of the theory by looking at the problem
for unstable curves (g,n) = (0,1) and (0,2). The dessins counted in Dg1(p) for
an integer p € Zy are spherical graphs that contain only one vertex of degree p.
Since any edge of this graph has to start and end with the same vertex, it is a loop,
and thus p is even. So let us put © = 2m. Each graph contributes with the weight
1/] Autp(T)| in the enumeration of the number Dg ;(u). This automorphism factor
makes counting more difficult. Note that the automorphism group of a spherical
dessin with a single vertex is a subgroup of Z/(2m)Z that preserves the graph. If we
place an outgoing arrow to one of the 2m half-edges incident to the unique vertex
(see Figure [B1]), then we can kill the automorphism altogether. Since there are 2m
choices of placing such an arrow, the number of arrowed graphs is 2mDg 1(2m).
This is now an integer. With one cyclically ordered vertex, placing an arrow on
a half-edge is equivalent to choosing a total ordering for the half-edges which is
consistent with the cyclic ordering. Pairing the half-edges to form a graph with non-
intersecting edges is then equivalent to an arrangement of m pairs of parentheses.

The number of such arrangements is given by
1 2
(3.5) 9mDo1(2m) = Cpy = ( m),

T m+1\m

where C), is the m-th Catalan number. We note that the Catalan numbers appear
in the same context of counting graphs in [38].
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FIGURE 3.1. An arrowed dessin d’enfant of genus 0 with one vertex.

Define the Laplace transform of Dy 1 (p) by

(3.6) FP =" Doa(2m)e ™.

m=1

Then the Eynard-Orantin differential

> oo
WOL,)I = dﬁO?l = — Z 2mD071(2m)e*2m’wdw — Z Cm€72mwd’w

m=1 m=1

is a generating function of the Catalan numbers. Actually a better choice is (see

[451/46] )
> 1 1 1 2 5 14 42
(3.7) Z(m):n;CmW:;—FF-FE-F?—FE—FF-F

The radius of convergence of this infinite Laurent series is 2, hence the series con-
verges absolutely for |z| > 2. The inverse function of z = z(z) near (z, z) = (00, 0)
is given by
1
3.8 =z+ -
(3.8) r=s+ s

This can be easily seen by solving the quadratic equation 22 — xz + 1 = 0 with
respect to z, which is equivalent to the quadratic recursion

Cri1= Y Ci-Cj

i+j=m

of Catalan numbers. To take advantage of these simple formulas, let us define
(3.9) x=e"

and allow the m = 0 term in the Eynard-Orantin differential:

D
(3.10) W =— ZO pomg

Accordingly the Laplace transform of Dy 1(2m) needs to be modified:

o0 o o0 1
(3.11) F(fl = Z Do 1(2m) e 2™ —qp = Z Do 1(2m) e log .
m=1 m=1
From 37 and BI0), we obtain
(3.12) W = —z(z) da.
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In light of ([2.5]), we have identified the spectral curve for the counting problem of
dessins Dy ,(1). It is given by

(3.13) {x_z+%

y=-—z

We note that the spectral curve has branch points at z = £1, hence we introduce
our preferred coordinate ¢ through the equation

i+
-1
which will simplify the residue calculations in Section @] and Appendix [Al

To compute the recursion kernel of ([Z:2), we need to identify Dy o (g1, p2) for
the other unstable geometry (g,n) = (0,2). In the dual graph picture, Do o(p1, t2)
counts the number of spherical dessins I' with two vertices of degree u; and us,
counted with the weight of 1/| Autp(I')|. The computation was done by Kodama
and Pierce in [46, Theorem 3.1]. We also refer to a beautiful lecture by Kodama
[45].

(3.14)

PROPOSITION 3.1 ([46]). The number of connected spherical dessins T’ with two
vertices of degrees j and k, counted with the weight of 1/| Autp(T')|, is given by the
following formula.

25\ (2k : _
%ﬁ(;)(k) 1 =24 #0,u0 =2k #0
(3.15) Do (p1, pi2) =

1 25\ (2k P _
JHk+T (jj)(k:) pr=2j+1pue=2k+1
In all other cases with p; > 0, Do a(p1,p2) = 0. Here the automorphism group

Autp (f) 1s the topological graph automorphisms that fix each vertex, but may per-
mute faces.

The number of dessins satisfies the following;:

THEOREM 3.2. For g > 0 and n > 1 subject to 2g — 2+ n > 0, the number of
dessins (B4)) satisfies the equation

(3.16) g1 Dgm(pay. s i) = D (11 + 5 — 2)Dgin1 (i + 115 = 2, ppap (1.5)
=2

+Z af | Dg_1ni1(, B, tpmpg1y)+ Z Dy, 11141(c, 1) Dy 1141 (B85 ) |

atf=p1—2 g1t+g92=g
IuJj={2,...,n}

where pr = (p;i)ier for a subset I C [n] = {1,2,...,n}. The last sum is over all

partitions of the genus g and the index set {2,3,...,n} into two pieces.

REMARK 3.3. Note that when g; = 0 and I = 0, D, appears in the right-
hand side of ([BI6]). Therefore, this is an equation of the number of dessins, not a
recursion formula.

ProoF. Counsider the collection of genus ¢ dessins with n vertices labeled by
the index set [n] = {1,2,...,n} and of degrees (u1,..., ). The left-hand side of
(BI9) is the number of dessins with an outward arrow placed on one of the incident
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edges at the vertex 1. The equation is based on contracting this edge to a point.
There are two cases.

CASE 1. The arrowed edge connects the vertex 1 and vertex j > 1. We then
contract the edge and put the two vertices 1 and j together as shown in Figure
The resulting dessin has one less vertex, but the genus is the same as before.
The degree of the newly created vertex is p1q + p; — 2, while the degrees of all
other vertices are unaffected. It is natural to mark the edge that was immediately
counterclockwise of the contracted edge, as indicated in Figure

N -
/TN

FIGURE 3.2. The operation that shrinks the arrowed edge to a
point and joins two vertices labeled by 1 and j together.

To make the bijection argument, we need to be able to reconstruct the original
dessin from the new one. Since both p; and p; are given as the input value, we
have to specify which edges go to vertex 1 and which go to j when we separate
the vertex of degree p; + p; — 2. For this purpose, what we need is a marker on
one of the incident edges. We group the marked edge and p; — 2 edges following it
according to the cyclic order. The rest of the p; —1 incident edges are also grouped.
Then we insert an edge and separate the vertex into two vertices, 1 and j, so that
the first group of edges are incident to vertex 1 and the second group is incident
to j, honoring their cyclic orders. In other words, the arrow in Figure can be
reversed. The contribution from this case is therefore

n

Z(#l + 15— 2)Dg 1 (1 + 15 — 2, B\ {1,5}) -
j=2

CASE 2. The arrowed edge forms a loop that is attached to vertex 1. We
remove this loop from the dessin, and separate the vertex into two vertices. The
loop classifies all incident half-edges, except for the loop itself, into two groups: the
ones that follow the arrowed half-edge in the cyclic order but before the incoming
end of the loop, and all others (see Figure [33). Let « be the number of half-edges
in the first group, and 3 the rest. Then o + 8 = pu; — 2, and we have created two
vertices of degrees o and (.

To recover the original dessin from the new one, we need to mark a half-edge
from each vertex so that we can put the loop back to the original place. The number
of choices of these markings is af.

The operation of the removal of the loop and the separation of the vertex
into two vertices certainly increases the number of vertices from n to n + 1. This
operation also affects the genus of the dessin. If the resulting dessin is connected,
then g goes down to g — 1. If the result is the disjoint union of two dessins of genera
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FiGURE 3.3. The operation that removes a loop, and separates
the incident vertex into two vertices.

g1 and go, then we have g = g1 + go. Altogether the contribution from this case is

Z o [D9—17ﬂ+1(avﬁvu[n]\{1})+ Z D91,|I\+1(a’/JI)Dgz,\J\Jrl(ﬁa/JJ) .
a+B=p1—2 g1+92=g

uJ={2,...,n}
Note that the outward arrow we place defines the two groups of incident half-edges
uniquely, since one is after and the other before the arrowed half-edge according to
the cyclic order. Thus we do not need to symmetrize o and 8. Indeed, if the arrow
is placed in the other end of the loop, then « and S are interchanged.

The right-hand side of the equation ([B.I6]) is the sum of the above two contri-
butions. g

REMARK 3.4. The equation [BI6]) is considerably simpler, compared to the
recursion formula for the number of ribbon graphs with integral edge lengths that
is proved in [11], Theorem 3.3]. The edge removal operation of [I11I] is the dual
operation of the edge shrinking operations of Case 1 and Case 2 above, and the
placement of an arrow corresponds to the ciliation of [I1]. In the dual picture, the
graphs enumerated in [1I] are more restrictive than arbitrary clean dessins, which
makes the equation more complicated. We also note that [I1, Theorem 3.3] is a
recursion formula, not just a mere relation like what we have in (BI6]). In this
regard, (3I0]) is indeed similar to the cut-and-join equation (T.28)) of [30L[78]. We
will come back to this point in Section [7l

The relation ([BI6) becomes an effective recursion formula after taking the
Laplace transform.
4. The Laplace transform of the number of dessins

In this section we derive the Eynard-Orantin recursion formula for the generat-
ing functions of the number of dessins. The key technique is the Laplace transform.
Note that recursion equation (BI6) does not provide an effective recursion

formula, because Dy ,,(f1, - - ., ftn) appears in the equation in a complicated manner.
Our strategy is to compute the Laplace transform
F}fn(wlv'-'awn) = Z Dg,n(:ula-“aun) 67(u1w1+--4+ynwn)’
M1y i >0

and rewrite the recursion equation in terms of the Laplace transformed functions.
We then show that the symmetric differential forms

D _ D
Wy =di--dnFy,
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satisfy the Eynard-Orantin recursion formula. This time it is an effective recursion
formula for the generating functions Wg’?n of the number Dy ,(pt1, ..., pn) of clean
Belyi morphisms.

Since the projection & = z+1/z of the spectral curve to the z-coordinate plane
has two ramification points z = +1, it is natural to introduce a coordinate that has
these ramification points at 0 and co. So we define

t+1
2= —.
t—1
PROPOSITION 4.1. The Laplace transform of Do a(u1, pi2) is given by

(4.1)

(4.2) F(ty,t2) o Z Do a(fu1, po) e~ Prwnthawe) — oo (1= z(x1)2(w2))

p1,p2>0
=log(t; — 1) + log(te — 1) — log(—2(t1 + t2)),
where z(x) is the generating function of the Catalan numbers (B1), and the vari-
ables t,w,x, z are related by (B9), (BI3)), and (EI]). We then have
dtl . dtQ dl‘l . dl‘g dtl . dtQ
4.3)  Wih(ti,to) = didaF(ty, t2) = — = :
( ) 0,2( 1, 2) 162 0,2( 1, 2) (tl —t2)2 (xl _x2)2 (tl +t2)2

PROOF. In terms of 2z = €%, the Laplace transform (£.2)) is given by

(44) > Doalp, pp) e Wrertrw)

1,p2>0
RS L(zj)(%)i LJri;(zj)(%) 1 1
4 4= J+k\G)\k) o aft - A=tk 1\ )\ k) 2P 2T
Since
1
(45) de=1[1-— Z_2 dZ,
we have
d z+L d 2:%2+41) d

4.6 Azt od _2(P41) d
(4.6) T R N
To make the computation simpler, let us introduce

= /2m 1
(@.7) bo() =S ( " ) .

m=0

This will also be used in Section 8 In terms of z and ¢ we have

(48) &olx) = (1 _xdi> 3 L (27:)%

m=0

_;(1_2(224—1) d)z_— z t2—1'

2—1 dz 21 4t

Note that

Y O B li L (2j\(2k\ 1 1
Yz, " P day 4 = i+ k\G )\ k) a3 o
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> 1 2j> <2k> 1 1
+ 7 1 . 9511 9k+1
pIyETss )

_ % (2160(21) — 1)(wako(w2) — 1) + 260(21)Eo(22)
_ Ltz

(21 —1)(23 — 1)

__(Zl(Z%WLl) d  2(3+1) d

= 22122

22-1 dzn 221 dz

) (—log(1l — z122)) .

In other words, we have a partial differential equation

(:El% + :L‘z%) (F()?Q(tl,tg) + log(1 — leg)) =0
for a holomorphic function in x; and xo defined for |xz1| >> 2 and |z3| >> 2. Since
the first few terms of the Laurent expansions of —log (1 — z(z1)z(x2)) using (3.7
agree with the first few terms of the sums of ([@4]), we have the initial condition
for the above differential equation. By the uniqueness of the solution to the Euler
differential equation with the initial condition, we obtain (@2]). Equation (Z3)
follows from differentiation of ([.2]). d

In terms of the t-coordinate of (1], the Galois conjugate of ¢ € ¥ under the
projection x : ¥——C is —t. Therefore, the recursion kernel for counting of dessins
is given by

(4.9)

KD(tatl) =

1 ft_t W (-, t1) 1 1 N 1 1 1
2 WR(—t)—Wh(t) 2 \t+t; t—t;) B L1 g
1

s 1 t
1 1 10\ (2—1)
-1 C— o dty.
64 <t+t1+t—t1) 2 dt

One of the first two stable cases (24 gives us

1 dx - dx,
4.10) WP (t1) = — [ KP(t,t1) |[WE(t, —t) + ———=
(4.10)  Wii(t) 2wiL (, 1){ 02(t: =) + (@ — 1)
1 dt - dt 1 #-1)?
=—— | KP(t,t))—5 = ——c Lt
2mi J 1) e 128 ¢ O

where the integration contour 7 consists of two concentric circles of a small radius
and a large radius centered around t = 0, with the inner circle positively and the
outer circle negatively oriented (Figure ET]). The (g,n) = (0,3) case is given by

WE, (t, t YWE, (¢, ta) WP, (¢, t
(4.11) W(fg(tl,tg,tg): 1/ 02 () Wos(t, t2)Wos(t, ts)
Y

omi dx(t) - dy(t)

2 N2/p 12 "
= —i |:L/ (t 5 DG 3 ) 3 d—] dtdtodts
16 | 2w ,Y(t-f—tl) (t+t2) (t+t3) t

1

1 - —
16( 2 12 t3

) dtldtgdtg.
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REMARK 4.2. The general formula [23) for (g,n) = (0,3) also gives the same
answer. This is because WOI’)Q acts as the Cauchy differentiation kernel.

1
Wila(tnta,12) = 5 [ B2 (0,00 (W02 Wt t) + W0, )W, )|
Y

11 1 1 (t* —1)3 1 1
= a1 |9 + 2 2 7 T 2 5 | dt
64 [2mi J,\t+t1 t—t t (t+t2)2(t —t3)2 ' (t+1t3)2(t — to)
- dtidtadts

32 2 <(t1 —|—t2)21(t1 —13)2 + (t1 +t3)21(t1 - t2)2>
1 0 ( to (t3—1) 1 )

160t \ 12— 12 2 (ta+t3)?

. 2 3
1o ( ts (ta—1) 1 >:|dt1dt2dt3 _ L (1 ! )dtldtzdtg.

_[_ 1 (5 -1)°

160ts \ 12 —12 12 (to +t3)2 16\ 2242

t-plane

FIGURE 4.1. The integration contour . This contour encloses an
annulus bounded by two concentric circles centered at the origin.
The outer one has a large radius r > max;cy |t;| and the negative
orientation, and the inner one has an infinitesimally small radius
with the positive orientation.

THEOREM 4.3. Let us define the Laplace transform of the number of Grothen-
dieck’s dessins by

(412) Fg[,)n(tla et atn) = Z ng(ﬂ)e*(ﬂ1w1+~-+unwn)7
ueZi
where the coordinate t; is related to the Laplace conjugate coordinate w; by
ewj:ﬁj-l—l_’_tj—l’
-1 tj+1
Then the differential forms
(4.13) Wh.(tr,. . tn) =dy---dnFp (1, ... 1)

satisfy the FEynard-Orantin topological recursion

(4.14) WP, (t1,... tn)

1 1/ 1 1 t*-1)% 1
== = + S dt
64 2mi [, \t+t1  t—t t2 dt
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X |: <WOE7)2(t7tj)W97”*1(7tv t27 e ,{;, cee 7tn)+W0?2(7tv tj)ng‘fl(t,tg, e ,{;, cee 7tn)>
j=2

stable

A Wlimalt,—tte, ot + > W st tz)Wg’i,m(t,tJ)} :

g1+g2=g
IuJ={2,3,...,n}

The last sum is restricted to the stable geometries. In other words, the partition
should satisfy 2g1 — 1+ |I| > 0 and 2g5 — 1+ |J| > 0. The spectral curve & of the
Eynard-Orantin recursion is given by

x:z—l—%
y=—=

with the preferred coordinate t given by

z+1
z—1"

We give the proof of this theorem in the appendix.

5. Counting lattice points in moduli spaces of curves

The problem of counting dessins is closely related to the counting problem of
the lattice points of the moduli space M, ,, of smooth n-pointed algebraic curves
of genus g studied in [60L[61]. Let us briefly recall the combinatorial model for the
moduli space M, ,, due to Thurston (see for example, [74]), Harer [37], Mumford
[59], and Strebel [76], following [55L/56]. For a given ribbon graph I" with e = ¢(T")
edges, the space of metric ribbon graphs is Ri(r) / Aut(T"), where the automorphism
group acts by permutations of edges (see [55, Section 1]). When we consider ribbon
graph automorphisms, we restrict ourselves to automorphisms that fix each 2-cell
of the cell-decomposition. We also require that every vertex of a ribbon graph has
degree 3 or more. Using the canonical holomorphic coordinate system on a topo-
logical surface of [55] Section 4] corresponding to a metric ribbon graph, realized
through Strebel differentials [76], we have an isomorphism of topological orbifolds
[37.59]

(5.1) Mgn X RY = Ry
for (g,n) in the stable range. Here
Re(l")
Ry, = +
o H Aut(T)

I" boundary labeled
ribbon graph
of type (g,n)
is an orbifold parametrizing metric ribbon graphs of a given topological type (g, n).
The gluing of orbi-cells is done by making the length of a non-loop edge tend to
0. The space Ry, is a smooth orbifold (see [55] Section 3] and [74]). We denote
by 7 : Ry, — R’} the natural projection via (5.I), which is the assignment of the
perimeter length of each boundary to a given metric ribbon graph.
Take a boundary labeled ribbon graph I', with labels chosen from [n] =
{1,2...,n}. For the moment let us give a label to each edge of ' by an index
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set [e] = {1,2,...,e}. The edge-face incidence matrix is defined by

Ar = [ai"l}ie[n], nele)’

5.2
(5:2) aip = the number of times edge 1 appears in face 1.

Thus a;;, = 0,1, or 2, and the sum of the entries in each column is always 2. The I
contribution of the space m~!(u1, ..., ftn) = Rgn(u) of metric ribbon graphs with
a prescribed perimeter p = (u1,. .., i) € RY is the orbifold polytope
{xe R, | Arx = pu}
Aut(T) ’
where x = ({1, ...,£.) is the collection of edge lengths of the metric ribbon graph
I'. We have

(5.3) Zui:ZZamn—QZK
i€[n]

i€[n] nele neEle]

Now let u € Z% be a vector consmtmg of positive integers. The lattice point
counting function we consider is defined by

3 {x € Zy | Arx = p}|

(5.4) Ngn(p) = | Aut(D)]

I" ribbon graph
of type (g,n)

for (g,n) in the stable range ([11,56./60161]).

To find the spectral curve for lattice point counting, we need to identify the
unstable moduli My ; and the ribbon graph space Ry ;. We recall that the orbifold
isomorphism (B5.1)) holds for (g,n) in the stable range by defining R, ., as the space
of metric ribbon graphs of type (g,n) without vertices of degrees 1 and 2. For
(g9,m) = (0,1), there are no ribbon graphs satisfying these conditions. Let v; denote
the number of degree j vertices in a ribbon graph I' of type (g,n). Then we have

Zjvj:2e, Zvj:v,

Jj=1 j=21

where v is the total number of vertices of I'. Hence
(5.5) 220 —24n)=2e—-20=> (j—2u;=-vi+ Y (j—2u;

j>1 >3

It follows that the number of degree 1 vertices vy is positive when (g,n) = (0,1).
In other words, Ny 1(p) = 0. Thus we conclude that there is no spectral curve for
this counting problem.

Still we can consider the Laplace transform of the number (5.4) of lattice points
of the moduli space M, ,, with a prescribed perimeter length. We define for every
stable (g,n)

n
1
(56) FqI:n(tlv ey tn) = Z N ,n(/'[/) Mo
HELY i=1"1
where
_t+1
Ct—1
and the Eynard-Orantin differential forms by
(5.7) Wrh (.. tn) =dy- - dnF) (t, ).
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The following result is proven in [11], with inspiration from [61].

THEOREM 5.1 ([T1]). The differential forms Wk, (1, ..., t,) satisfy the Eynard-
Orantin topological recursion with respect to the same spectral curve (BI3)) and the
recursion kernel (H9)) as the dessins counting problem, starting with exactly the
same first two stable cases

2 3
(5.8) W (t1) = —1—;8%&1,
and
(5.9) Wi's(ty, o, t3) = —1—16 (1 - @) dtydtodts.
1%2%3

REMARK 5.2. Tt is somewhat surprising, because the spectral curve (B13) has
nothing to do with the lattice point counting problem. As we have mentioned, the
(g,m) = (0,1) and (0, 2) considerations for this problem do not produce the spectral
curve. This example illustrates that our philosophy is only a partial understand-
ing of Eynard-Orantin recursion, and a different approach is needed for A-model
invariants which do not have unstable geometric information.

In the next section, we will be studying Eynard-Orantin recursion for w-class
intersections on moduli spaces of stable curves. The spectral curve can be obtained
by a scaling limit from the lattice-point counting curve, with the link being provided
by the following theorem, which was established in [56].

THEOREM 5.3 ([56]). The functions F, (t1,...,tn) of (58) for the stable range
2g—24n > 0 are uniquely determined by the following differential recursion formula
from the initial values F'3(t1,t2,t3) and Fi ().

(5.10)  Fr.(t1,....tn)

t1 n

1 t;, [((*=-1%0 t-1% 0 .
= > L LR (bt ) — g e FE 1t
6/, L_2 tz_t§< 7 g Lom—1(Gtmns) Z og AUBINENY

~ (=10
+D g Fon-1 (bt g)
=2

1 (#-1)°% &° L
Ty T E Buia, \ Forrar ()
stable
+ > Fng,1|+1(U1,t1)ng,|J+1(uz,t1)> ] dt.
g1+g92=g wu)=ug=t
10I={n\{1}
Here [n] ={1,2,...,n} is an index set, and the last sum is taken over all partitions

g1 + g2 = g and set partitions I U J = [n] \ {1} subject to the stability conditions
2g1 — 14 |I| > 0 and 292 — 1 +|J| > 0. The initial values are given by

1 (t+1)* 1
L _ _ _
and
1 1
(5.12) Fis(ty ta,ts) = ——(ti+ 1) (ta + D)(ts+1) ( 1+ .
16 ty to t3
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In the stable range Fng(tl, ...y ty) is a Laurent polynomial of degree 3(2n — 2+ n)
and satisfies the reciprocity relation

(5.13) Fr (Ut 1/tn) = Fl(t, . t).
The leading terms of F;jn(tl,...,tn) form a homogeneous polynomial of degree
3(29 — 24 n), and is given by
(5.14)
n 2d;+1
def (=1)" AN
FE (t1,... tn) = P T > (ra o Ta)gm [J(2d; = D! 5] ,
dittdy j=1
=39g—3+n
where

(Tdy *** Tdy ) gn = /_ P

an
is the 1-class intersection number (see Section [0 for more detail about intersection
numbers). The special value at t; =1 gives

(5.15) Fr,(1,1,...,1) = (=1)"X(Mgn).

COROLLARY 5.4. For every (g,n) with 2g — 2 +n > 0, we have the identity
(5.16) Wh (. tn) =W (b, ).
The differential form Wg’?n (t1,...,tn) is a Laurent polynomial int3,...,t2 of degree
2(3g — 3+ n), with a reciprocity property
(5.17) WD, (Ut ) = (=)™ 62 WD (b, ).

The numbers of dessins can be expressed in terms of the number of lattice points:
(5.18)

Dgn(fia,-- o) = > = Y H% i (MZ) Ny (201 = priy -+ 1200 — ).

RN RN |

REMARK 5.5. The relation (B.I8) appears in [63], Section 2.1] in an abstract
setting.

PrROOF. The Eynard-Orantin topological recursion uniquely determines the
differential forms for all (g,n). Since WP (t) = Wi (¢) and W%(t1,t2,13) =
Wis(t1, ta, t3), we conclude that WP (t1,...,tn) = W[, (t1,...,t,) for 2g—2+4n >
0.

By induction on 2g — 2 + n we can show that WD o (t1,...,tn) is a Laurent
polynomial in #%,...,#2. The statement is true for the initial cases ([I0) and
(@11). The integral transformation formula [@I4]) is a residue calculation at ¢ = 0
and t = co. By the induction hypothesis, the right-hand side of ([@I4]) becomes

11 (1 n 1>(t2*1) L

64 2me t+t1 t—1t 2 dt

|:Z (WO2 t t] g,m— 1( t7t2»~~~75;7--'7tn)+W(f2(_t7t]')Wgﬂl—l(tthy~~~7£;7---atn))

stable

+W9Lil,n+l(t7 _t7t25"'7tn)+ Z WgD1,|I+1(t7tI)Wng),J+1(_t7tj):|

g1+g92=9
T1uJ={2,3,...,n}
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1 1 2—-1)%1 1 " 2(t% 4 t2 .
( ) > ( J)Wg,n,l(t,tQ,...,tj,...,tn)dt.dtj

T3202m ), 28t dt j:zm
stable
FWlana(btte, ot + Y W (b )W g (tt) |
g91+92=g
TuJ={2,3,...,n}
Clearly the residues at t = 0 and t = oo are Laurent polynomials in ¢, ..., 2.
Because of (510, we have
(5.19)
e 1 1 T,
5= D[ (5 ) = X Nont [0 (e ) =0 X Moo [
pezn i=1 i vezr i=1 i vezn i=1

where z; = z; + 1/z;. The Galois conjugation t— — t corresponds to z—1/z. Since

Wt tn) = (1)WY (—t1, ..., —t),
the second equality of (5.19) follows. Multiply (BI9) by i ---zF» and take
residues at x; = oo for ¢ = 1,...,n (which corresponds with residues at z; = 0

on the right-hand side). Then for every (u1,...,u,) € Z" we have

(56.20)  Dgpn(f1s- -y fon)pi -

.Mn
1\" -
_ <%> /| | / e S Ny ) [ 22
z1|=€ Zn|=¢€ i=1

vELY

Z‘—I—l M:i Hi o2l
b oo \G 7

the residue of (5.20) comes from the term p; — 2¢; + v; = 0, and we have

Since

Dg,n(,ufla .. 'a,uln)ﬂl R V7%

-y . ¥ H(zei_ui)@?)sz(%—M,...,zen—un).

L1>p1/2 L >pn /21=1

The reciprocity relation, and the degree of the Laurent polynomial, is a conse-
quence of Theorem 5.3l This completes the proof of Corollary (.41 O

6. The 1-class intersection numbers on M, ,

The crucial discovery of Konstevich [47] is the equality between the intersec-
tion numbers on the compact moduli space Mg,n and the Euclidean volume of
the moduli space M, ,, of smooth curves using isomorphism (G.I)). The Feynman
diagram expansion of the Kontsevich matrix integral relates the Euclidean volume
with a 7-function of the KdV equations. The Eynard-Orantin recursion for the -
class intersection numbers is precisely the Dijkgraaf-Verlinde-Verlinde formula [16]
of the intersection numbers.

In this section we take a scaling limit of the spectral curve obtained in Section[f]
for the lattice point count and argue that it is the spectral curve which determines
intersection numbers on Mg,w We then show that this same spectral curve can
be obtained by taking the Laplace transform of the unstable intersection numbers.
Due to its simple form, we are able to explicitly evaluate the residues involved in
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the Eynard-Orantin recursion formula. We prove that it is equivalent to the DVV
formula [16] for the intersection numbers of 1-classes on M, ,.

As we have noted, the derivative of the recursion formula (BI0) is not the
Eynard-Orantin recursion because the spectral curve is not defined by the unstable
geometries. Indeed, we have dF(fl = 0. However, when we associate the number
of lattice points with the 1-class intersection numbers on Mg,n through a scaling
limit, we arrive in a setting where the unstable geometries do make sense. In
particular, there are coherent definitions for [ M, wd and [+ . ¢ 92 which, using
the Laplace transform philosophy of the present work, generate the spectral curve
independent of the lattice point count argument.

Let us recall a computation in [56], Section 4].

(6.1)
—(p,w r w)
S N o= Y e ae e
HELT T’ ribbon graph MEZ”
of type (g,n)
1
- e (Arx,w)
D TRum) 2=
I" ribbon graph EZE(F)

of type (g,n)

— e —(an,w)ty
pp—

I" ribbon graph 77 edge ly=1
of type (g,n) of
> e
o | Aut(T)] 1 — e {anw)’
I" ribbon graph n edge
of type (g,n) of T

where Ar is the incidence matrix of (5.2), a,, is the n-th column of Ar, and (u, w) =
piwy + -+ + ppwy. By comparing (B.6]) and (6.1I), we see that we are substituting
e"i = z; in this computation. Therefore, we obtain

(6.2) FE(t1,.. . t) = > X H T

I" ribbon graph n edge
of type (g,n) of I'
. . . b1
Thus the series (5.6]) in z; converges for |z;| > 1. Since z; = 1 the t;—o0

limit picks up the limit of (6] as z;—1, and hence the information of Ny, (1) as
p;—00. Since the orbifold isomorphism (B1]) is scale invariant under the action of
R, making the perimeter length p large is the same as making the mesh small in
the lattice point counting. Hence at the limit we obtain the Euclidean volume of
M, considered by Kontsevich in [47]. This is why we expect that (5.14) holds.
Let us now consider the limit of the spectral curve (B13]) as t—oo. First we have

4
2 -1

2
Yy=—-2=—-1—-—-.

1
x—z—i———?—i—

Ignoring the constant shifts of z and y, we obtain for a large ¢

_ 4
(6.3) {‘T T

y=—-%

[\~]
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Hence the spectral curve is given by the equation = y2. We use t as the preferred
coordinate.

We now compare the Eynard-Orantin recursion with respect to this spectral
curve and the Witten-Kontsevich theory. We use (5.14) and define
(6.4)

WE (.o tn) =dy - dn B (B )
n d;
(1" N
= smmarn DL (Ta H2d+ 5) dly
. i=1
=39—34n
(="
:162(]—2"1"” (tl,,tn)dtldtn
where w n(t1,...,ty) is the coefficient of the Eynard-Orantin differential form nor-
malized by the constant factor 16(25,71)2”. Note that w n(t1, ..., tn) is a polynomial

in t2’s with positive rational coefficients for (g,n) in the stable range.
Recall that in genus 0, the intersection numbers are determined by the formula

n—3
6.5 L= 7
(63 o= ("2 )
provided > d; =n — 3. For (g,n) = (0,1) and (0,2), we have
(6.6) (Tr)o,1 = Oka2,0
(67) <7—k17—k2>0,2 = (—1)k1, ki1 + ko = —
Therefore,
6.8 W (1) = — It = 0 gy — yd
(6.8) 0,1()—F<D2>(— il Ty = yaw,

in agreement with the spectral curve x = y? ([6.3). Similarly, we have

- 2d+1 —2d-1
(6.9) Fl(t, ) = 3 (~1)4(2d — 1)1(~2d — )1 <t21> + (t_Q)

2
d=0

00 2d+1 2

t t 1 t
(i) () e (-3).

2 2

and hence

dtl . dtg 1 diL‘l 'diL’Q
6.10 WE, (t1,t9) = — = .
( ) 0,2( 1 2) (tl — t2)2 2 (1'1 _ 1‘2)2
As a consequence, the recursion kernel is given by

1 1 1 1

6.11 KXt t))=—= — ) = —dt
(6.11) (t:01) 2(t+t1+t—t1)32 dt "

since (‘ifi‘iwf does not contribute to the kernel (being even in ¢ and the kernel

involves an integral from ¢ to —t). The Eynard-Orantin recursion for the Euclidean
volume then becomes

(6.12) Wi (tr,. .. tn)

1 1 1 tr 1
__ ) =g WK t,—t,ta, ... tn
i /’;OC <t+t1+t—t1>64 di 1[ g—l,n+1(7 5 U2, ) )
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j=2
dt-dt; ~
(t+tj;2 Won-1(ttz,- i1y, ,tn)>
stable
+ Z W ‘I|+1(t tI)WgI;J|+1(_t,tJ)‘|,
g1t92=g
IuJ={2,...,n}

where the integral is taken with respect to a large negatively oriented circle 7o

that encloses any of +tq, ..., . This is the larger circle of Figure IZI[ Here again
(‘fl“iifz does not contrlbute in the formula. Since the coefficients w w1y ytn)

in the stable range are polynomials, the poles of the integrand of (IBIZI) in the
integration coutour are at ¢t = =£t;’s. Therefore, we can perform the integral in
terms of the residue calculus at poles t = =£t;. First let us get rid of the factor
1/16%972%" from (6.12). Since the recursion is an induction on 2g — 2 + n, we have
an overall factor 16 adjustment on the right-hand side. The integration contour is
negatively oriented, so the residue calculation at ¢ = +t; receives universally the
negative sign. This sign is exactly cancelled by the choice of the sign of wfn in
(©4). Thus the result of residue evaluation of (G12) is

1

(6.13) wi, (t1,... tn) = Qtlwq g (Bt ta, )
1 stable
+3 D wl il ()
g1+g2=g
Iuj={2,...,n}

" t2+t2

t4z S wk (bt t)

I~ 0 ) I ~
+§Z<5 tal > <t2—t2 tPwlk, 1(t,t2,...,tj,...,tn)>
=2 t=t; t=—t;

1 stable

K K K
=3 (Wi 1 ppa (frs b, b, ) + Z W 1141t t)wg 1 (t1, )
g1+g92=g
TuJ={2,...,n}

n
o[
+2 at, [t% - (t%wfn—l( I\ GY) ~ £ WG 1(t[n1\{1}))]
=2 J

This is the same as [11, Theorem 5.2], and with a different choice of preferred
coordinate, [6, Lemma 6.1].
Let us adopt the normalized notation

(6.14) (0a,++0a,)gn = (Tay = Ta, g | [ (2di + D!
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to make the formula shorter. Then

n

2d,

(6.15) wéfn(tl, ceytn) = Z (Ody = 0d, ) gm H 7
iy j=1

The DVV formula [16] for the Virasoro constraint condition on the 1-class inter-
section numbers on M, ,, reads

n 1 n
(6.16) <UkH‘7di>g,n D) Z <UanHUdi>g—1,n+1
i=2 a+b=k—2 i=2
1 stable
+3 > PR | EZAPIERR S || AP
a+b=k—2 g1t+g2=g iel jeJ
1uJ={2,...,n}

n

+ (2d; + 1)(0kra,1 [ oa)gin-1-
Jj=2 i#1,j
We thus recover the discovery of [26]:

THEOREM 6.1. The Eynard-Orantin recursion formula for the spectral curve
x = y? is the Dijkgraaf-Verlinde- Verlinde formula [16] for the intersection numbers
(Tdy *+*Td,)g.n o0 the moduli space My, of pointed stable curves.

PRrROOF. We extract the coefficient of
n
(6.17) 2 ] &5
j=2

in (6I3) and compare the result with (6I6). It is obvious that the fifth line of
[613) produces the first and second lines of (616]).

To compare the last lines of (613) and (6.16]), we consider the case |t;| < |¢1]
for all 7 > 2 in ([@I3]). We then have the expansion

111 _1§: 2\"
th—t7 4 Hia\H)

3
tl

The ([@IT)-term of the last line of ([GI3]) has two contributions. The first one comes

from
0 (12, 5 (8)" >
o 7ty t—; wh (e, )
J m=0 1

~

Since w;fnfl(tl, ta,...,tj,...,t,) does not contain t;, we set m = d; to produce the

right power 2d; of t;. The power of ¢; has to be 2k. Thus from w;fn71 we take the

term of tfk“dr{ whose coefficient is (0j4d;-1[[;4, ; @a;). The total contribution

from the first kind comes from the differentiation, which gives 2m + 1 = 2d; + 1.
The second possible contribution for the (GI7)-term may come from

m
0 (5 (5)"
e LWl (te ) ]
ot; (t% mZ:O t2 g
However, this term does not produce t3¥, and hence does not contribute to the
(EI0)-term. This completes the proof of Theorem [G.11 O
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7. Single Hurwitz numbers

What is the mirror dual of the number of trees? The answer we wish to present
in this section is that it is the Lambert curve. This analytic curve serves as the
spectral curve for the Hurwitz counting problem, and comes from the the unstable
geometries (g,n) = (0,1) and (0,2) via the Laplace transform.

A Hurwitz cover is a holomorphic mapping f : C — P! from a connected
nonsingular projective algebraic curve C of genus g to the projective line P! with
only simple ramifications except for oo € P!. Such a cover is further refined by
specifying its profile, which is a partition p = (1 > p2 > -+ > py > 0) of the
degree of the covering d = || = p1+- - -+ pp,. The length £(p) = n of this partition
is the number of points in the inverse image f~!(c0) = {p1,...,pn} of co. Each
part u; gives a local description of the map f, which is given by v — u™# in
terms of a local coordinate u of C' around p;. The number hy , of the topological
types of Hurwitz covers of a given genus g and a profile u, counted with the weight
factor 1/] Aut f|, is the single Hurwitz number we shall deal with in this section.

Another natural way of encoding single Hurwitz numbers is through the func-
tions

| Aut ()|
7.1 H = .
Here,
(7.2) r=r(g.p) € 29— 2+n+ |l

is the number of simple ramification points of f by the Riemann-Hurwitz formula,
and Aut(u) is the group of permutations of equal parts of the partition u. Note
that multiplication by Aut(u) is equivalent to counting Hurwitz covers where the
preimages of co on C' are marked.

One reason that explains why single Hurwitz numbers are interesting is a re-
markable formula due to Ekedahl, Lando, Shapiro and Vainshtein [21][34][49][66]
that relates Hurwitz numbers and Gromov-Witten invariants. For genus g > 0 and
a partition g of length £(u) = n subject to the stability condition 2g — 2 +n > 0,
the ELSV formula states that

i o (1)
(73) Hy H / Hzll—wl)
9 no itk

N S R |G

where Mg,n is the Deligne-Mumford moduli stack of stable algebraic curves of genus
g with n distinct smooth marked points, AY(1) =1 — c1(E) + -+ + (=1)9¢4(E) is
the alternating sum of the Chern classes of the Hodge bundle E on Mg’n, 1), is the
i-th tautological cotangent class, and

(7.4) iy - T () = /M b by ()

g.n

is the linear Hodge integral, which is 0 unless k1 + -+ + &k, + j =39 — 3+ n.
The Deligne-Mumford stack M, ,, is defined as the moduli space of stable curves
satisfying the stability condition 2 — 2g — n < 0. However, single Hurwitz numbers
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are well defined for unstable geometries (g,n) = (0,1) and (0, 2), and their values
are

dd—3 dd—2 1 w1 7>
= and HO((Nl,MQ)) = . 'LLL . ’ui

(7.5) Hold)) = =51 = a1 pit e ! ps!

The ELSV formula remains valid for unstable cases by defining
Ay(1 1
(7.6) / oM _ 1
Mo 1—dy d

AY (1) B 1
(7.7) /M(,,z (1= patn)(1 — potha)  pa + o

Let us examine the (g,n) = (0, 1) case. We wish to count the number of Hurwitz
covers f : PL—P! of degree d with profile p = (d). If d = 2, then f(u) = u? is the
only map, since r = 1 and the two ramification points can be placed at u = 0 and
u = 0o0. The automorphism of this map is Z/2Z. We now consider the case when
d > 3. First we label all branch points. One is oo, so let us place all others, the
images of simple ramification points, at the r-th roots of unity. Here r =d —1. We
label these points with indices [r] = {1,2,...,r}. Connect each r-th root of unity
with the origin by a straight line (see Figure[TI]). Let * denote this star-like shape,
which has one vertex at the center and r half-edges. Then the inverse image f~!(x)
is a tree-like shape with d vertices and rd half-edges. Here we call each inverse
image of 0 a vertex of f~1(x). If f is simply ramified at p, then two half-edges
are connected at p and form a real edge that is incident to two vertices. Since
f(p) is one of the r-th root of unity, we give the same label to p. Thus all simple
ramification points are labeled with the index set [r]. Now we remove all half-edges
from f~!(x) that are not made into an edge, and denote it by 7. It is a tree on P!
that has d vertices and r = d — 1 edges. Note that except for the case d = 2, the
edge labeling gives a labeling of vertices. For example, if a vertex x is incident to
edges i1 < i3 < -+ < i, then z is labeled by i1i9 - - - 9.

FicUure 7.1. Counting the genus 0 single Hurwitz numbers with
the total ramification at oco.
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Conversely, suppose we are given a tree with d labeled vertices by the index set
[d] = {1,2,...,d} and r = d — 1 edges. At each vertex we can give a cyclic order
to incident edges by aligning them in the increasing order of the labels of the other
ends of the edges. Thus the tree becomes a ribbon graph (see SectionB), and hence
it can be placed on P!. Then by choosing the midpoint of each edge as a simple
ramification point and each vertex as a zero of f, we can construct a Hurwitz cover.
Recall that the number of trees with d labeled vertices is d%~2. Therefore,

dd—2

Ho((d)) = ——
is the number of trees with d unlabeled vertices.

Fix an n > 1, and consider a partition u of length n as an n-dimensional vector

/,L:(/Ll,,,un)EZi

consisting of positive integers. The Laplace transform of H,(p) as a function in g,

(7.8) Hy(wy,...;w) = Y Hy(u)e™ (1 (ortDefimuati),

HELT

is the function we wish to compute. Note that the automorphism group Aut(u) acts
trivially on the function e~ (#1(wi+D)++un(wnt1)) which explains its appearance in
([TI). The reason for shifting the variables w; — w; + 1 is due to the asymptotic
behavior

putk
A 1

i Vo !
as p approaches to co. These asymptotics also suggests that the holomorphic
function Hy (w1, ..., wy,) is actually defined on a double-sheeted overing on the
w;-plane, since /w; behaves better as a holomorphic coordinate.

In order to recover the spectral curve for single Hurwitz numbers, we must take
the Laplace transform of the unstable geometries. As was done with the count of
dessins, we introduce new parameters z and z, related through the (0, 1) geometry:

z = Z pHo(p)e Hat.
p=1

We note that there are other, equally valid choices for the expansion of z in terms
of x,but the one presented here results in a function whose inverse has a closed form
expression. Following [25][58], the Laplace transform calculations are simplified by
introducing a series of polynomials &, (t) of degree 2n + 1 in ¢ for n > 0 by the
recursion formula

(79) £0(t) = 2(t = 1) 56 0)

with the initial condition &y(t) = ¢ — 1. This differential operator appears in [32].
The functions £_1(t) and &y(t) were also used by Zvonkine [85] as the two funda-
mental functions that generate his algebra A.

ProposITION 7.1 ([13L25]). Let

w — pt g
(7.10) r=e Y, 2:276“53“, t—lzzme’*m”.
p=1 p=1
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Then the inverse function of z = z(x) is given by

(7.11) x = ze' 77,
and the variables z and t are related by
t—1
(7.12) =0
Moreover, we have
(7.13) Z pt e~ Mw+1) — Z M_' e H ph
pn=1 p=1 K

forn > 0.

PROOF. The infinite series (CI3]) has the radius of convergence 1, and for
|z| < 1, we can apply the Lagrange inversion formula to obtain (ZI1]). Since the
application of

d d d
L )
dw - " Vg
n-times to >3, % e+ produces Yo7 | “‘:,rn e M@t " we obtain (Z0). If

we extend (ZI3) formally to n = —1, then we have z = £_1(t). To obtain the
expression of z as a function of ¢, we need to solve the differential equation

t2(t—1)%~z:t—l.

Its solution is z =c— 7. Since ¢ = 0 <= 2z =0 and x = 0 = ¢ = 1, we conclude
that the constant of mtegratlon isc=1. Thus z=1-1/t. ]

REMARK 7.2. The relation between our z as a function in  and the classical
Lambert W-function (see for example, [13]) is
z(z) = =W (—z/e).
Because of the ELSV formula (1)), the Laplace transform of H,(u) becomes
a polynomial in ¢;, ..., t, for (g,n) in the stable range. The result is
(7.14) FF(t1, ... tn) = Hygn(w(ty), ..., w(tn))
Z H 6 —(p1(wit+1)++pn(wn+1))

MEZ”
n erk

=Y 3 (Thy -+ T, A (1 H“z = (pa (wr D) oepin (wn 1))

MEZi ki+-+k,<39g—3+n
n
- S aeensm e
kr+++kn <3g—34n i=1
The Laplace transform ([(.I4)) is no longer a polynomial for the unstable geometries
(9,m) = (0,1) and (0,2). We use (Z5) to calculate Fy!, and F%.

THEOREM 7.3. The Laplace transform of the unstable cases (g,n) = (0,1) and
(0,2) are given by

(7.15) Foh(t) = % <1 - l)

t2
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and

(7.16) Eﬂ@hm)—bg(%_¢2>—(q+zg+l,
Tr1 — T2

where t;,x;, z; are related by (ILI1]) and (IL12).

PRrROOF. The (0,1) case is a straightforward computation.

) = 3 Ho((d)) et = 3 T et &),
2

d!
d=1

This is a solution to the differential equation

Bt — 1)L o) = (1) =2 = 1.

dt

Therefore, é_g(t) =c— % t% for a constant of integration c¢. Here again we note
—l=2=0=a2=0={_,(t)=0.
This determines that ¢ = 5. Thus we have established (Z.I5).

Since
1 NM /1*”2
Fl(t,t) = Z R R
> ’ | | 1 2
H1,p22>1 gz H2:
and since z = £_1(t), (ZI0) is equivalent to
(7.17)
o0 —
1 u_llﬂ —p1 'u_ém —p2 R Hz_ A —k x’f—xlg
Z Ty al & et IOgeZk|e o |
Lo >0 M1 2 - M- 1 : 1 2

(p1,112)#(0,0)

where |z1] < 1,|z2] < 1, and 0 < |21 — 22| < 1 so that the formula is an equation
of holomorphic functions in xy and z5. Define

(w1, 2)
k k

dgfz 1 _N_llnefm.ﬁeuz 212k — log Z 1k.371*$2 '

1 a0 w1+ pe pr! po! k! 1 — X2
(11,12)#(0,0)

Then
’uul—l > kk-1
o(x,0) = Z 1_' e Might —log o ek k1) _q
PSS =1

because

1
r=e W =ze"F = <1——> et.
t

Here t is restricted on the domain Re(t) > 1. Since
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© 1 k—1 k_ .k
xli log | e i e k. s B
&vl 1 k! r1 — T2
0 A S 0
= t%(tl — 1)6_t1 log (ﬁ,l(tl) — f,l(tg)) — a:la—xl log(z1 — x2)
8 1 1 X1
=t2(t; — 1)=—1 —
(1 )afl Og( +t2) X1 — T2

_ tltz(tl — 1) _ X1
tl — t2 T, — ZL’Q,

we have

0 = xk — a2k
1 -k 21 2
( 8 +.’E2 > o8 ( Z k! Ty — l‘g)
_ tﬂfg(fl — 1) — tltg(tg — 1) . X1 — T2

tl — t2 X1 — Tg
=tity — 1 = Eo(t1)€o(t2) + Eo(tr) + Eolta).

On the other hand, we also have

0 0 1 m he
ond)
Oxq 0y Lo M1t pe2 pr! pa!
H1,p220

(p1,12)#(0,0)
- Z HiApe H_lfl e . Bo2™ —ps e
p1+ g2 ! pa! 2

H1,p422>0
(p1,112)#(0,0)

Therefore,

0 0
(718) (wla—l‘l + an—Ig) ¢($1,$2) =0.

Note that ¢(z1,22) is a holomorphic function in z; and z. Therefore, it has a
series expansion in homogeneous polynomials around (0,0). Since a homogeneous
polynomial in x1 and x5 of degree n is an eigenvector of the differential operator
T1p— az + X255~ belonglng to the eigenvalue n, the only holomorphic solution to the

Euler dlfferentlal equation (7I8) is a constant. But since ¢(z1,0) = 0, we conclude
that ¢(x1,z2) = 0. This completes the proof of (ZI7)), and hence Theorem[73 O

DEFINITION 7.4. We define the symmetric differential forms for all g > 0 and
n > 0 by

(7.19) W (b, ty) =dy- - dn F (. ),
and call them the Hurwitz differential forms.

The unstable cases are given by
(7.20) W () = diFE () = % dt; = % dz,
and

(721) Wolilz(thtg) = dldQF({IQ(tl,tQ) = d1d2 [log (21 - 22) - log(xl - SCQ)]
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1 1
= dyds {log (g — E) —log(zy — $2):| = dyds [log (t1 — t2) — log(z1 — x2)]

dtl . dtz dl‘l . d.Tz
(th—t2)* (21 —22)%
We note that all quantities are expressible in terms of z, or equivalently, in . Now
Definition 1] tells us that the spectral curve X of the single Hurwitz number is

x = zel™?
(7.22) { L1

— 2
y=,=2¢€

The Lambert curve ¥ defined by x = ze!™?, which is obtained by the Laplace

transform of the number of trees, is an analytic curve and its x-projection has a
simple ramification point at z = 1, since

de = (1—2)e' % dz.

The t-coordinate brings this ramification point to ¢ = co. Let z (resp. ¢) denote the
unique local Galois conjugate of z (reps. t). We also use

(7.23) f=s(t),

which is defined by the functional equation

(7.24) (1 _ %) et = (1 _ %) o

Although the Galois conjugate is only locally defined near the branched point ¢ =
oo, we consider s(t) as a global holomorphic function via analytic continuation. For

Re(t) > 1, (C24]) implies

1 11 =1
t :—1 = — — — _ — = —.
w(t) 08T (t Znt”) tn

n=1 n=2

When considered as a functional equation, ([[.24]) has exactly two solutions: ¢ and

2 4 8 8
7.25 =t ot 22—t
(7.25) W=—tr3t @t Tast Taer T
This is the deck-transformation of the projection 7 : ¥ — C near ¢ = oo and
satisfies the involution equation s(s(t)) = ¢. It is analytic on C\ [0,1] and has
logarithmic singularities at 0 and 1.
Let us calculate the recursion kernel. Since

dx 1_zdz— dt §'(t)dt
r oz 2t —1)  s(h)2(s(t) - 1)’
we have
(7.26)
t
KR (1) =+ S Wgh(o 1) _l< 1 )tQ(t_l).l-dtl
’ 2 Wou(s(t) —Wou(t) 2\t—t1 s(t)—t1) }— ﬁ dt
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THEOREM 7.5 ([251/58]). The Hurwitz differential forms (IL19) for 2g—2+n >
0 satisfy the Eynard-Orantin recursion:

1

(727) an(tla R tn) = 2_7” % KH(ta tl) [Wfl,n+1(ta S(t), o, .. ;tn)

oo

No (0,1)-terms
+ > Wil a1 G EDWT g (s(2), ) |

g1+g2=g
Iuj={2,...,n}

where Yoo 15 a negatively oriented circle around oo whose radius is larger than any
of |t;|’s and |s(t;)|’s.

REMARK 7.6. The recursion formula (727 was first conjectured by Bouchard
and Marinio in [8]. Its proofs appear in [5[25[[58]. The method of [5] is to use a
matrix integral expression of the single Hurwitz numbers. The idea of [2558] is
that the Laplace transform of the cut-and-join equation of [30L[78] is the Eynard-
Orantin recursion. The cut-and-join equation takes the following form:

(7.28)  r(g, ) Hy(1) = Y (i + 1) Hy (1, 3), i + 115)

i<j

+%Z Z O[ﬂ Hgfl(/i(%)?a’ﬂ)—’_ Z Hgl(ylaa)Hg'z(VQvﬂ)

i=1 a+pB=p; 91t92=g
viUvo=pu(%)

Here 4 is a partition of length n, and (z) and u(, j) indicate the partition obtained
by deleting parts of pu.

REMARK 7.7. As we have seen above, Hurwitz numbers for the unstable ge-
ometries determine the spectral curve and hence the shape of the recursion formula
[CZ0). Since the recursion gives the Hurwitz numbers for all (g,n), we have thus
established that unstable (g,n) = (0,1) and (0,2) Hurwitz numbers determine all
other single Hurwitz numbers.

Tt is important to check if the formulas ([24]) and (2:6) agree with the geometry.
From definition (ZI4)) we calculate
F(ty,ta,t3) = (Tomomo)o,380(t1)€o(t2)éo(ts) = (t1 — 1)(t2 — 1)(t5 — 1),
which yields
(7.29) Wik (ty, ta, ts) = dtydtadts.

Since
dt - dt

t5

dx(z) - dy(z) = (1 — 2)dz - dz =
from (22)) and (7.I1)), the general formula ([2.0) yields

W (o gnty) = — L Voa(b )Wt ) Wih(t ts)
0,3 ) ) o . dx(t) : dy(t)
- . ]( e dt| dt1dtodts = dt,dtadt
2w S (=)t — t)2(t — t3)? 1002 TR,
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in agreement with geometry. Here we calculate the residue at t = co. Although
dt - dfi dx - d:L‘z

t—t) (w—z)

the second term does not contribute to the integral. This is because as t—o0, we

have z—1, and dx - dx;/(x — ;)% has no pole at z = 1.
Similarly,

R A 1
FlH,l(tl) = (r1)11& (k) — (ToA1)1160(t1) = ﬂ(tf —1)(t1 = 1),
and thus we have

(7.30) Wi (t) =

W({I2 (ﬁu t’L) =

1
S7(t = 1)(3H + .

On the other hand, the general formula (Z4) gives

dz(u) - dz(v) }
(z(u) = 2(v))?

(o dt dt - s'(t)dt
27”}{ Ko G502

- %5@1)2(5(2&1) —1)dty

1 1/ 1 1 ts(t) o s'(t)dt
B [% %Y[O,l] 5 (t —h - s(t) - tl) S(t) - tt (t - 1) (t - S(t))2] .

where v(,1] is a contour circling around the slit [0, 1] in the ¢-plane in the positive
direction.

u=t
v=s(t)

211

Wi (t) = ij{ K (t,t)) [ng(u v) +

FIGURE 7.2. The contours of integration. The outer loop 7o is
the circle of a large radius oriented clock wise, and 7o 1) is the thin
loop surrounding the closed interval [0, 1] in the positive direction.

Note that the integrand of the last integral is a holomorphic function in ¢ on
V0,1, hence it has a finite value. It is also clear that as t;—o0, this integral tends
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to 0, because v|g 1) is a compact space. Therefore, we conclude that

tls(tl)

H _
Wia(h) = (t1 — s(t1))?

s(t1)?(s(t1) — 1) dt; + O(1/ty)
= (é 2 — % ty — 214) dt; + O(1/ty),

since s(t) = —t +2/3 + O(1/t2). It agrees with ([Z.30) because of the following

LEMMA 7.8. A solution to the topological recursion (IL21) is a polynomial in
ty.

PrOOF. The t;-dependence of W;In(tl, ..., tn) only comes from the factor

(t —1t1 - S(t)l— fl)

1++11+ TR T T
312 17317 9) 3 173135 ) ¢4

in the recursion kernel (7.26). Since each coefficient of the t-expansion of K*(t,t)
is a polynomial in ¢1, the lemma follows. O

8. The stationary Gromov-Witten invariants of P!

In this section we study the generating functions of stationary Gromov-Witten
invariants of P!. The conjectural relation between these invariants and the Eynard-
Orantin topological recursion was first formulated in [63]. We identify the spectral
curve and the recursion kernel using the unstable geometries.

So our main object of this section is the Laplace transform of the stationary
Gromov-Witten invariants

o0

(8.1) F]P7 ($1,.-.,$n) = Z <Tu1(w)"'7—un ‘J"HMZ quﬂrl’

H1yeeesibn =0
where w € Ag(P!) is the point class generator, and
82) () @hon = [ {rent ) vt ens )
(Mg, (P1,d)]Vire

is a stationary Gromov-Witten invariant of P!. More precisely, ﬂg’n (Pt d) is the
moduli stack of stable morphisms from a connected n-pointed curve (C, p1, ..., pn)
into P! of degree d such that f(p;), i =1,...,n, are distinct, and ev; is the natural
evaluation morphism

evi : Mg n(P',d) 3 [f,(C,p1,...,pn)] — f(pi) € P
The Gromov-Witten invariant (82)) vanishes unless
(8.3) 29 —2+2d=p1+ -+ pn.
The sum in (&) is the Laplace transform if we identity
(8.4) x=e".
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The extra numerical factor []!", p;! is included in (&) because of the polynomial
growth order of

(85) <TM1 (w) T (w)>g,n H Mz’!

for large p that is established in [67]. Indeed (B3] is essentially a special type of
Hurwitz number that counts the number of certain coverings of P!.

To determine the spectral curve and the annulus amplitude, we need to consider
unstable geometries (g,n) = (0,1) and (0,2). From [67] we learn

2
1
(5.5 (i @ = {raa-allor = ()
To compute a closed formula for
] = 1 = (2d—-2)! 1
FR@) = 3 (i @hos il = S22
pn1=0 d=1

we notice that the generating function of Catalan numbers (3.35)

oo
o Z ™ p2m41
m=0
provides again an effective tool. Thus we have

oo

d P (2d—2)! 1
(8.7) <x%— )FM 22 iy e
d:l

= -2 Z ( (2m)! ! = —2z(x).

m+ 1)lm! x2m+1
=0

The advantage of using the Catalan series z(x) is that we know its inverse function
B3). Using ([@.6]), we see that [87) is equivalent to

B4z d 1
(8.8) (m E_1> Fya(2) = =2z
The solution of (B8] is given by

2 1 1
Fépll(z) == (z—i—;) log(l—l—zQ)—i—c(z—l—;),

with a constant of integration c. Since
1
z—0 = =00 = Iy 10,

we conclude that ¢ = 2. We thus obtain
1
(8.9) Fyi(z) =22 — (z + ;> log(1 + 22),

and therefore,

1 1 1
(8.10) Wi (2) = dFj,(2) = —log(1+2%) d <z + ;) .
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THEOREM 8.1. The spectral curve for the stationary Gromov-Witten invariants
of P! is given by

r=z+1
8.11 #
(8.11) {y = —log(1 + 2?).

REMARK 8.2. Since dr = 0 has two zeros at z = +1, we also use as our
preferred coordinate
z+1 _t+1
z—1 AT t—1
We obtain a well defined branch of the log function appearing in the spectral curve
by removing {z = is|1 < s < oo}, which corresponds in the ¢-plane with the right

(8.12) t=

semicircle of radius 1 connecting i to —i (see Figure BII). The expression of W |
in terms of the preferred coordinate is

1 2
(8.13) Wi (t) = @ éit g log (2((;_312)) dt.

0.5

L 1 1 ! J
-1.5 -1.0 0.5 0.5 .0 15

0.5

-1.5L

Fi1GURE 8.1. The spectral curve for the stationary Gromov-Witten
invariants of P! is the complex t-plane minus the semicircle.

REMARK 8.3. The function z = z + % is expected here, since it is the Landau-
Ginzburg model that is homologically mirror dual to P! [2].

REMARK 8.4. The Galois conjugate of x = z + % is globally defined, and is
given by

(8.14) b = —t,
REMARK 8.5. Since

1 o0

8.15 —_— =1

( ) 1—2(x) I;J +Z< )xn+1’

we can express t in the branch near t = —1 as a function in . The result is
z(x)+1 2 ad n 1

(8.16) + z(z) =1 + 1—2(x) nz:% (L%J) pntl’

which is also absolutely convergent for |z| > 2.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



300 O. DUMITRESCU, M. MULASE, B. SAFNUK, AND A. SORKIN

REMARK 8.6. We are using the normalized Gromov-Witten invariants (83]) to
compute the Laplace transform (&I). If we did not include the p! factor in our
computation of the spectral curve, then we would have encountered the modified
Bessel function

— 1
— _ - ..2m
Ip(22) = Z (m!)2x ,
m=1
instead of z(z), in computing (B3). We note that Ip(2z) appears in [19] in the
exact same context of computing the Gromov-Witten invariants of P!. We prefer
the Catalan number series z(z) over the modified Bessel function mainly because
the inverse function of z(x) takes a simple form z = z + 1.

Motivated by the technique developed in [81[25158] for single Hurwitz numbers,
let us define

= [2k 1
k=0
and
= [2k+1 1
(8.18) => ( > e 20
k=0

We then have
4 _
819 Gl =—; (e +1) a0 = (S5 -3 ) 60

T 8t dt 2
and
1/ d th—14d
820 a0 =5 (o +2) 0 = (S 5 - 1) w0,

The initial values are computed as follows:

1 d\ <= 1 2 1
(8.21) fo(t) = 5 (1 _-’E%> Z m+1 (;,7) p2m+1
m=0

N O VN A D R s
2 2—1 dz)” 22-1 4t
and similarly
t+1)2
(8.22) mo(t) =~

We note that &,(t) and 7,(t) are Laurent polynomials of degree 2n + 1 for every
n > 0. Since they are defined as functions in z, we have the reciprocity property

En(1/t) = —En(t)

(8.23) mn(1/1) = ma().

This follows from
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The annulus amplitude requires (g,n) = (0,2) Gromov-Witten invariants.
They can be calculated from the (g,n) = (0,1) invariants using the Topological
Recursion Relation [29]. The results are
(8.24)

{(mll)Ql(mQ!)z (m1+:112+1)
Ty (W) T, (W =
< Hl( ) /1«2( )>0,2 (mll)Zl(Tnzl)2 (m1+:n2+2) w1 =2mq + 1, uo = 2meo + 1.

p1 = 2ma, 2 = 2ms

THEOREM 8.7. The annulus amplitude is given by
(8.25) FYy(21,20) = —log(1 — 2120).

Hence we have

dtl . dtg diCl . dxg dtl . dt2
8.26 WE (t1, 1) = - = .
( ) 072( ! 2) (fl — t2)2 ({E1 — ,’E2)2 (t1 + t2)2

Proor. From (824]) we calculate

oo

1 1 1
Fyo(z,22) = D (T (@)T (@))o2 pulpa! —n T Tt
1

a
p1,p2=0 2
(o]

- Z 1 2m1 2m2 1 1
B (mi+me+1)\ my ma x?ml"’l x%mﬁ'l

ma, mg*O

2m1\ [2mo 1 1
— (2 1)(2 1 —_ .
+ Z m1+m2+2)( my + 1)(2my + )( )( )ﬁ’”l“ P

mq ma
m1,mo=0

Thus we have

- i 2m1\ [ 2mo 1 1
B my mo x%mﬁl x%mz"'l

ml,m2:0

> 2m1 2m2 1 1
-2 Z (2mq +1)(2m2 + 1)( > < ) Itz 2mat?
2

ml,m2=0 ml m2 1
= —28o(@1)&0(22) — 22'(21)7' (22)
_ g A 2, 22 22 . z122(1 + 21 22)
22—-122-1 22-122-1 (22 —1)(22 - 1)’
where £(z) is calculated in (821]), and from (€3] we know
d 2
2'(z) = A

dr 22-1"
On the other hand,

o
1ng1 2

d
d_x2> (—log(1 — 2z122))
aGE+1) d | mGE+l) d

——— 5+ —5—> 5 | (—log(1 -
( 22 -1 dzx + 21 dz (—log( 2122))
(D) (B oz ) s20(1+ 2122)
S\l -1

1— 2120 (22 -1)(22-1)
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Therefore,

d d 1
(mld—1 e dm) (Fg”z(’zl’Z?) +log(l — le?))

B d d - Loy 1
= 951d—x1 + 9C2d—x2 M%ZOWMKW)TM (@))o,2 pi1lps! W x52+1

<1 [& 1 & 1 \"
- ; I (7;_0 Cm_x?erl mz—ocm_fgmﬂ> ) =0.

Since the kernel of the Euler differential operator consists of constant functions, and
since actual computation shows that the first few expansion terms of the Laurent
series

oo

1 1
Y (T @) @)z mlie! <y T
w1, p2=0 1 )
n
1 o 1
- Z Z mam+1 Z Cn 1
m=0 "1 m=o T2
are 0, we complete the proof of ([825]). O

Using &, (t) and 1, (¢) of (BI1) and (BI8]) and the classical topological recursion
relation [29], we can systematically calculate the Laplace transform of stationary
Gromov-Witten invariants. First let us consider (g,n) = (0,3). Since the sum of
the descendant indices of

(Tps (W) Tpg (W) T (@))o,3
is even, we have

1
(T2m, (W) T2m, (W) T2my (W))o,3 = mimim3’
(m2 + 1)(m3 + 1)

<T2m1(w)72m2+1(w)T2m3+1(w)>0,3 = m%(mz T 1)2(m3 ¥ 1)2'

(8.27)

The Laplace transform is therefore

(8.28)

1 1 1 1
F£3(t1,t2,t3) = Z (T (@) Ty (W) T (w)>0’3N1!M2!M3!x”1+1 R E e e
pip2p3 20 1 2 3

S [ s

my,ma,m3>0

LT e

my,ma,mz>0

|
N [e

my,mz,m3>0

2mq 4+ 1\ [(2mo + 1\ [2mg 1 1 1
DY < m > ( ma ) <m3 ) iR gt mat]

my,m2,m3>0

2m 1 1
ms 2m1+1 x§m2+1 x§m3+1

2msg + 1 1 1
ms 2m1+1 'x3m2+2 ’ x§m3+2

oms +1Y 1 1 1
2m1+2 I§m2+l $§m3+2

m3
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= &o(t1)&o(t2)€0(t3) + Eo(t1)no(t2)no(ts) + no(t1)€o(t2)no(ts) + no(ty)no(t2)€o(ts)

L )t D+ 1) (1 - ) :

16 t1tats

which is indeed a Laurent polynomial. Since it is an odd degree polynomial in
&n(t)’s, we have the reciprocity

Fys(1/t1,1/t2,1/t3) = —Fy 5(t1, ta, t3).

The n = 1 stationary invariants are concretely calculated in [67]. We have

(T2d)11 = i <%>2 (2d-1)

1\? 1 /2d—1
say (e (3) (5pea-0+ 565 Y)
2 g L
2d —1
(T2g—2+2d)g < ) > > > H (2k; +1 I 4ki”
=1 k;>0 Z:1
ki+-+koi=g

‘We thus obtain

1 =~ (2d 1 1
30 Fi =573 (%) ed- >?H:ﬂ@mm—@m»

(g T L
T 384 Ty 8

To calculate the g = 2 case we need to do the following.

) = (2d + 2)! 1 1 /2d—1 1
P
(831) Fyi(t) =) o (5,42(261 1)+ 242< 9 ))W
b 1
2
(dxl) dZ( )(5'42 (2d — )+@(2d —3d+1)> g

8t d

1 (-1
219,32,5 9 (

:< 2 —1)? i) [5' 61~ &o(t) + 24112 (26a(t1) — 351(t1)+§0(t1))}

525t1°—1470t1°+1107t$ 4527t +1107¢] — 1470t +525).

PROPOSITION 8.8. Fpl(tl) is a Laurent polynomial of degree 6g — 3 with the
reciprocity

FEL(1/t) = —FEy (1)

PRrROOF. First we calculate the binomial coefficient
2d —1 1
( dﬁ ) 7(2d= 1)(2d—2)---(2d—0) = a (2’%# W;r )dé ! ~-+(—1)’v’£!)

as a polynomial in d, and then replace each d* with &;(¢1). The result is a linear com-
bination of &y(t1),...,&(t1). Let Zp(t1) denote the resulting Laurent polynomial
of degree 2¢ + 1. Then we have an expression
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(8.32)
2g—2 oo g 4
Bl [ d 2d — 1 1
=) X)) ¥ gy me
d=0 =1 ki>0 1:1
kittke=g
29-2 | g L
(5L e Y gme
=\~ T 95 7 = ) | 4ki |’
( 8 dt yot o o k1)
Ei+-+ke=g

which is a Laurent polynomial of degree 2(2g —2)+2¢g+1 = 6g— 3. The reciprocity
property follows from (823) and the x; expression of (832), where z; changes
to —z1. In particular, the even order differentiation in x7 is not affected by this
change. (|

The Eynard-Orantin recursion is for the differential forms W (tl, ooy tn). In
order to find the recursion kernel we use (813) and (R26) to compute

J, Waa(t)
(= )—Wé’ﬁ(t)

Pt _ 1
(8.33) K" (t,t1) = 2 Wi

1 1 1 (t? —1)?
“o\ixn Tize 2(£241) w0y s
The i tog () —los (f) T

1 1 1 1 (t? —1)?
= — + . dtl.
16 \t+t1 t—t; ((H)?) tdt
We note the reciprocity property of the kernel

(8.34) KP(1/t,1/t)) = —KF (t,t1).
The topological recursion (2.3) becomes

(8.35) WP Wt ta, . ty) =

1 .
— ¢ K® (t,t WP t,—t,to, ..., tn
i mn[ Ll =ty )

No (0, 1) terns

1
+ Z WP ‘I|+1(t tI)Wg ‘J|+1( tatJ) 3

g1+g2=g
IuJ={2,3,...,n}

where the residue calculation is taken along the integration contour ~ (see Fig-
ure[4.]) consisting of two concentric circles of radius € and 1/¢ for a small € centered
around ¢t = 0, with the inner circle positively oriented and the outer circle negatively
oriented. Since there is a log singularity in the complex ¢-plane, we cannot use the
residue calculus method to evaluate the integral at t = ¢; and t = —t;. Thus the
residue calculation of (833]) is performed around the neighborhood of ¢ = 0 and
t =00

So let us provide two expansion formulas for the kernel K P! (t,t1), assuming
that t; € C* is away from the log singularity of Figure Bl The transcendental
factor of K*' (t,t1) has an expansion

4 1 1 4 44 428 10196
8.36 S e T Rl 6 3
(8:36) tlog (%) 23745 045 14175 ' 467775
T+
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around ¢ = 0. The denominator of the coefficient of t2*=2 is given by
2k+41

11 glaZn) = glel 58] 7L%]
q=3, prime
which is the same as u(Ly) of [39] Lemma 1.5.2]. The expansion of —— t+t + = t1
t = 0 is given by
1 1 11 o 2
+ =2 55— =-2) ——>s.
t+t t—t #1-4 nz:%t?”“

From the expression ([8:33)) and the above consideration, we know that around ¢ = 0,
K®' (t,t1) starts from ¢!, and that the coefficient of t2"~1 is a Laurent polynomial

(2n+2)

in 7 starting from 3%151_ up to t; 2 with rational coefficients. More concretely,

we have

(8.37)

Kpl(tt)— 1 il +t il_li 4¢3 il_ll+ 1 l
T\ 3242 3214 9612 3215 9614 T 14402

(il o711 9l
325 965 ' 1440 ¢F 30240 12

(i1 1911 23 1

32110 9645 ' 14404 302401 2835043
el o717l 1901 23 1 233 1 L
32112 96110 144045 302404 28350 ¢ 935550 2 at

Similarly, around ¢t = co we have

1 1 7 71
8.38) K' (i) = t3— t I Iy P
(8:38) (t:4) * 96) T\ 32" T 96" T a0
+ 1 1 + 7 71 2y 191
32 96 1440 f 30240
L1 —it8+ ltG M ojay 191, 23
5\ 3271 196" 1440 ' T 30240 ' T 28350
4 1 1 10 7 71 6 191 4 23 2 | 233 4 1 gt
7\ T32h 96 " 1440 T 30240 T 28350 * 935550 at

THEOREM 8.9. The Eynard Orantin differential form W, (tl, ...y tn) is a Lau-
rent polynomial in t3,t3, ... t2 of degree 2(3g—3+n) in the stable range 2g—2+n >
0. It satisfies the reciprocity property
(8.39) WEL (Ut 1t) = (=1)"WE (b1, 1)

as a meromorphic symmetric n-form. The highest degree terms form a homogeneous

polynomial of degree 2(3g — 3 + n), which is given by
(8.40)
(2k1 + )N (2> dti] .

- (—1)" -
Wg’n(th...,tn) = W Z <Tk:1 : g,nH
kiyeeskn >0 =1
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Indeed it is the same as the generating function of the 1-class intersection numbers
(6.4).

PROOF. The statement is proved by induction on 2g —2+n using the recursion
[B35). The initial cases (g,n) = (1,1) and (g,n) = (0,3) are easily verified from

the concrete calculations below. Since we are expanding # + ﬁ around t = 0
and ¢ = oo, it is obvious that the recursion produces a Laurent polynomial in
t2,42,...,t2 as the result.

Equation (B38) tells us that the residue calculation at infinity increases the
degree by 4. This is because the leading term of the coefficient of ¢+~ (27+1) ig t§"+4,
and the residue calculation picks up the term ¢2". By the induction hypothesis, the
right-hand side of (83H) without the kernel term has homogenous degree 2(3g —
3+ n) — 4. The reciprocity property also follows by induction using (834]).

The leading terms of W (tl7 ..., ty) satisfy a topological recursion themselves.
We can extract the terms in the kernel that produce the leading terms of the
differential forms from (m or ([838). The result is

oo

21 1/ 1 1 1
(8.41) KWVX(t,1,) Z dty = —= ( + ) -dty,

2n dt 2\t—1t1 t+4+t1 ) 32 dt

which is identical to [11], Theorem 7.4], and also to (6I1]). Since the topological
recursion uniquely determines all the differential forms from the initial condition,
and again since the (g,n) = (0,3) and (1, 1) cases satisfy (840), by induction we
obtain ([840) for all stable values of (g, n). O

The (g,n) = (1,1) Eynard-Orantin differential form is computed using ([2.4)).

(8.42)
1 . . dz - d 1 . dt - dt
Wll(tl)——,/Kﬂ” (t,t1) {W&,(t, —t)+(‘754$1} =—— | K (t,tl)F
Y

211 21
1 1 1 1 1 2 —1)2
T 64 %/<t+t +t—t> (t-1)? : 3 Eat ) ai
¥ 1 1 log((t+1)z)

x—x1)? -

(L, T T 111N
T\ 12870 U384 T 3842 128t3) 7!
This is in agreement with Wi}ﬂl (t1) = dF{lel(tl) and (B30). From (8358 we have
1
(8.43) Wi s(t1,ta,t3)
1

=5 KP (t,t1) [ngz(t,tz)W(]f;(—t,ts) + ng;(t,tg)w(ﬁ;(—t,m)}
.

1

1
=—— |14+ 55— | dt1dt2dt
i (1+ g anaat
which is also in agreement with (828]).
Norbury and Scott conjecture the following

CONJECTURE 8.10 (Norbury-Scott Conjecture [63]). For (g,n) in the stable
range we have

(8.44) WE (s tn) = di - dy FE (b ).
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The conjecture is verified for ¢ = 0 and g = 1 cases in [63], with numeri-
cal evidence provided for higher degree cases. We recall that the Eyanrd-Orantin
recursion for simple Hurwitz numbers is essentially the Laplace transform of the
cut-and-join equation [25]. For the case of the counting problem of clean Belyi mor-

phisms the recursion is the Laplace transform of the edge-contraction operation of
Theorem

QUESTION 8.11. What is the equation among the stationary Gromov-Witten
invariants of P* whose Laplace transform is the Eynard-Orantin recursion (B35])?
Appendix A. Calculation of the Laplace transform

In this appendix we give the proof of Theorem [£.3]
PROPOSITION A.1. Let us use the xj-variables defined by x; = e, and write
an(tl, costn) =Wy (T, ..., Tp) doy - - - dy,.

Then the Laplace transform of the recursion formula (I316) is the following differ-
ential recursion:

—~ 0 1
:Z—( : (wg’n_l(xz,...,xn)—wgm_l(xl,xg,...,fj,...,xn)))

+ Wy 141 (T1, 21, T2, ., Tp) Z Wy, 11411, T1)Wg, 17141 (21, 27).

gi1+92=g
IUJ={2,...n}

PROOF. The operation we wish to do is to apply
n

GV u2~-~unnﬁ

M1yt >0 i=1

to each side of (B16]). Then by [@I3), the left-hand side becomes wy (1, - .., Trn)-
The second line of (310 is straightforward. Let us just consider the first term,
since the computation of the second term is the same.

n
1
(=" Z NZ"'NonM+1 Z aBDg-1nt1(e, By p2; - - -, fin)

M1y Hin >0 i=1 "1 at+B=p1—2

Z—_ n“ Z Z aBpz - pinDg—1n+1(c, Bypz -, pin) a+1' B+1H m+1

2,50 in >00, >0
1

= —x—’w971,n+1(it1,££’1,372, . ,xn).
1

Thus the second line of ([BI6) produces
1

——(wg—l,n+1(951,33179€2,---,l’n)+ Z w91,|1+1(xlvxl)wg27J|+l($17xJ)>'

€
g1+92=g
Iuj={2,....,n}

To calculate the operation on the first line of ([BI4]), let us fix j > 1 and set
v =1+ p; —22>0. Then
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(A2) (1" Y pzepalin - 2)
1yt >0

n

XDgyn—l(/’('l +/'[/J_25/J’2aaﬁ;a7/j/n)l_[

i=1

:_Z Z (=)™ Ywpy -1 m

v=0 H21“'7ﬁ;1“-7ﬂn>0

1
i+1

“w
Ly

v+1

1 1 9 1
—~ n
><Dg,nfl(l/a/i%-~',/~Lja"'a,u'n)w H i1 Zﬂjxlj 1"
Uiz Y =t Tj
Assuming |z1| < |x;|, we calculate
(A.3)
v+2
+1 +1 j I
UZ#-I’”_2 1 1 9 5 <x1>“ﬂ 1 0 1 (mj)
It T T 22 g T TR0 |1 T T
x1 Ox x zi Ox
=1 €L 1 7 ;=0 J 1 J z; z;

19 1), 0 11
= —— o — X .
z% Ox; 1—% 18xj T — a1 x;?“

We then substitute (A3]) in (A2) and obtain

~ 1 0 1
(Ad) =wgn-1(x1,22,...,Tj,...,Tn)—5 <—>

2 . _ 1
3 0z, \ 1 iy

1 0 1
- — ———— Wy n—1(T2, ..., X, ..., Tn)

T1 aZB]‘ Tj —T1

1 0 1 ~
:733_1856- Ti— X1 (wg,n—l(x%”-»xj»-”axn)*wg,nfl(xhx%""xj"""’E”)) :
J J

This completes the proof. O

Proor oF THEOREM [£.3] When the curve is split into two pieces, the second
term of the third line of (A contains contributions from unstable geometries
(g,n) = (0,1) and (0,2). We first separate them out. For gz = 0 and I = 0, or
g2 = 0 and J = (), we have a contribution of

2wo 1 (z1)wg n (1,22, .., Tn).

Similarly, for g1 = 0 and I = {j}, or go = 0 and J = {j}, we have

n

22’[!)02(:61,{1}]‘)10%”,1(371, ey Dgy ey X)),
j=2

Since W, and Wy’ are defined on the spectral curve, it is time for us to switch to

the preferred coordinate ¢ of ([@I]) now. We thus introduce
(A.5)

an(tl, A ng?n(tl, coyty) dty - dty = wg (T, @) doy - da,.
Since w1 (z) = —z(x), we have

t+1

wo,1(2) = ——
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1 (=12 (-1

wo 2 (21, 2) = h+1)? 8L 8ty

n t2 2
wgm(l‘l’-'-vxn):(_l) tl,...7 H
=1

Thus ([AJ)) is equivalent to

B4+1 t+1\ p
2<t;—1 _t1_1>wg,n(t17"'7tn)
1

" -1D2(t2-1)2 8 ~
_ ( 1 j 11)2 Wi (bt )
j=2

16(t7 —t3)2 (15 —

o (- -1) 8 (t-1)* p
oty < 4B -6) B-12 8 Wain=1(2,- -1 En)

wg 1,n+1 t17t17t27"'

+
t% _ 1 stable b b
Jtn) + Z w41 (1, t)wey g1+1 (t1, L)
Fgo=
[y AT

+22 ! (t¥_1)2wf’ (t t; tn)
S+t 8k g1 e o B e e s tm

n 42 1\2 2 1\2 R
(tj(il 2)2 + 1 . (t1 —1) > w£n71(t1,~~~,tj,~--,tn)
5 Q(tl — tj) (t1 =+ tj) 4t

0 < (-1 b >
+ L Pt )
-1 0t; \4;(6 —¢2) "7

stable

Jj=

12 —1)2
+ (18% wfﬂ,nﬂ(tl,thtzw~~,tn)+ Z wﬁ,\l\-ﬂ(h»tI)wg’é,\JHl(thtJ)
1 g1+92=g
ITuJ={2,....,n}
Since
5 H+1 i +1\ 4
-1 tb—-1) -1

we obtain

~(0 ( (-1
A. D (t1,... tn) = — —_— | =L _1(ta, ..., tn
(A6) wynlts, - tn) =~ (atj<16tj(t%—t§) Won-1{z,- - tn)

2 -1)° B+t 5 .
1615% (ti_tz)Q’U_)g’nfl(tl,...,tj,...,tn)
J

stable

12 —1)3
(ti—1) wngl,n+1(t17t17t27~~~7tn) + Z wﬁ,\1\+1(t1»tI)wg,\J|+1(t17tJ)

32t2
g1+92=9
TuJ={2,...,n}

Now let us compute the integral

11 1 1 (-1 1
AT) Wit tn) = —— =— @
(A7) gt ) 64 27i v<t+t1+t_tl> 12 dt 1
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x {Z (W&(t,tnwg,nﬂ(—t,m,...,t?,...,tn)

=2
+ Woa (=t t)Wono1(t, b2, T, ﬂfn))
stable
+W£1,n+l(ta _tat27---7tn)+ Z WgD1,|I+1(t7tI)Wgzz),J+1(_tatJ):|'
g1+9g2=g
IUJ={2,3,...,n}
Recall that for 29 —2+4n > 0, w}, (t1,...,t,) is a Laurent polynomial in ¢7, ... 2.

Thus the third line of (A7) is immediately calculated because the integration con-
tour v of Figure 1] encloses £¢; and contributes residues with the negative sign.
The result is exactly the last line of (AZf]). Similarly, since

Wi () Wom—1(—t ta, .. o tn) + W (=t ) Wy no1(t ta, ., )

1 1 5 ~ _
= — <(t+tj)2 + (t_tj)2>’wg,n_l(t,tg,...7tj7...,tn) dt dt dtgdt]dtn,

the residues at +t; contribute

G-0ED) o e
— 16t%(t% —t2)2 wg,n—l 1y--sljyeeeyln).
J

This is the same as the second line of the right-hand side of (AZ8]).
Within the contour vy, there are second order poles at +t; for each j > 2 that

come from W% (£t,t;). Note that Wi(t,t;) acts as the Cauchy differentiation
kernel. We calculate

1 1 1 1 t*=1)°</( b D ~
— ot WP (=t Tt
64 27ri[/(t+t1+t—t1) 7 2 (et t)ugn s (St )

Jj=2

+ wh o (—t, t))wgn—1(t,ta, ... ... ,tn)>

19 1 1 t:-1)7° , -
= - a(tjtay .ty t
32 0t; (<tj+t1+tj—t1) 2 en 13ty sty tn)

1 0 1 (t?—l)?’ D ~
=—— | Wl (it tn) )
16 Ot <t§—t§ D 1l 12 ! ")

This gives the first line of the right-hand side of (Af]). We have thus completed
the proof of Theorem (.31 O

ACKNOWLEDGEMENT. The authors thank G. Borot, V. Bouchard, A. Brini,
K. Chapman, B. Eynard, D. Herndandez Serrano, G. Gliner, M. Marino, P. Nor-
bury, R. Ohkawa, M. Penkava, G. Shabat, S. Shadrin, R. Vakil, and D. Zagier
for stimulating and useful discussions. The authors would also like to thank the
anonymous referee, who provided many helpful suggestions to improve the paper.
During the preparation of this paper, the authors received support from NSF grants
DMS-0905981, DMS-1104734 and DMS-1104751, and from the Banff International
Research Station. The research of M.M. was also partially supported by the Uni-
versity of Geneva, the University of Grenoble, the University of Salamanca, the
University of Amsterdam, and the Max-Planck Institute for Mathematics in Bonn.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SPECTRAL CURVE OF EYNARD-ORANTIN RECURSION 311

References

[1] A. Alexandrov, A. Mironov, and A. Morozov, Unified description of correlators in non-
Gaussian phases of Hermitian matriz model, Internat. J. Modern Phys. A 21 (2006), no. 12,
2481-2517, DOI 10.1142/S0217751X06029375. MR2234724//(2007¢:81138)

[2] Matthew Robert Ballard, Meet homological mirror symmetry, Modular forms and string
duality, Fields Inst. Commun., vol. 54, Amer. Math. Soc., Providence, RI, 2008, pp. 191-224.
MR2454326(/(2009m:53225)

[3] G. V. Belyl, Galois extensions of a mazimal cyclotomic field, Izv. Akad. Nauk SSSR Ser.
Mat. 43 (1979), no. 2, 267276, 479 (Russian). MR534593 (80f:12008)

[4] Julia Bennett, David Cochran, Brad Safnuk, and Kaitlin Woskoff, Topological recursion for
symplectic volumes of moduli spaces of curves, Michigan Math. J. 61 (2012), no. 2, 331-358,
DOI 10.1307/mmj/1339011530. MR2944483

[5] G. Borot, B. Eynard, M. Mulase and B. Safnuk, Hurwitz numbers, matriz models and topo-
logical recursion, arXiv:0906.1206 [math.Ph] (2009).

[6] Vincent Bouchard, Andrei Catuneanu, Olivier Marchal, and Piotr Sutkowski, The Remodeling
Conjecture and the Faber—Pandharipande Formula, Lett. Math. Phys. 103 (2013), no. 1, 59—
77, DOI 10.1007/s11005-012-0588-z. MR3004817.

[7] Vincent Bouchard, Albrecht Klemm, Marcos Marifio, and Sara Pasquetti, Remodeling the
B-model, Comm. Math. Phys. 287 (2009), no. 1, 117-178, DOI 10.1007/s00220-008-0620-4.
MR2480744/(2010i:81352)

[8] Vincent Bouchard and Marcos Marifio, Hurwitz numbers, matriz models and enumerative
geometry, From Hodge theory to integrability and TQFT tt*-geometry, Proc. Sympos.
Pure Math., vol. 78, Amer. Math. Soc., Providence, RI, 2008, pp. 263-283. MR2483754
(2009m:14080)

[9] Andrea Brini, The local Gromov-Witten theory of CP' and integrable hierarchies, Comm.
Math. Phys. 313 (2012), no. 3, 571-605, DOI 10.1007/s00220-012-1517-9. MR2945617

[10] A. Brini, B. Eynard, and M. Marino, Torus knots and mirror symmetry arXiv:1105.2012.

[11] K. Chapman, M. Mulase, and B. Safnuk, Topological recursion and the Kontsevich constants
for the volume of the moduli of curves, Preprint (2010).

[12] L. Chen, Bouchard-Klemm-Marino-Pasquetti Conjecture for C3, arXiv:0910.3739 (2009).

[13] R. M. Corless, G. H. Gonnet, D. E. G. Hare, D. J. Jeffrey, and D. E. Knuth, On the Lam-
bert W function, Adv. Comput. Math. 5 (1996), no. 4, 329-359, DOI 10.1007/BF02124750.
MR1414285//(98j:33015)

[14] Robbert Dijkgraaf, Hiroyuki Fuji, and Masahide Manabe, The volume conjecture, perturbative
knot invariants, and recursion relations for topological strings, Nuclear Phys. B 849 (2011),
no. 1, 166-211, DOI 10.1016/j.nuclphysb.2011.03.014. MR2795276//(2012g:81196)

[15] R. Dijkgraaf and C. Vafa, Two Dimensional Kodaira-Spencer Theory and Three Dimensional
Chern-Simons Gravity, arXiv:0711.1932 [hep-th].

[16] R. Dijkgraaf, E. Verlinde, and H. Verlinde, Loop equations and Virasoro constraints in non-
perturbative two-dimensional quantum gravity, Nucl. Phys. B348, 435-456 (1991).

[17] Boris Dubrovin, Geometry of 2D topological field theories, Integrable systems and quantum
groups (Montecatini Terme, 1993), Lecture Notes in Math., vol. 1620, Springer, Berlin, 1996,
pp. 120-348, DOI 10.1007/BFb0094793. MR1397274]/(97d:58038)

[18] Boris Dubrovin and Youjin Zhang, Frobenius manifolds and Virasoro constraints, Se-
lecta Math. (N.S.) 5 (1999), no. 4, 423-466, DOI 10.1007/s000290050053. MR1740678
(2001k:53171)

[19] Boris Dubrovin and Youjin Zhang, Virasoro symmetries of the extended Toda hierar-
chy, Comm. Math. Phys. 250 (2004), no. 1, 161-193, DOI 10.1007/s00220-004-1084-9.
MR2092034 (2005k:37169)

[20] P. Dunin-Barkowski, A. Mironov, A. Morozov, A. Sleptsov, and A. Smirnov. Superpolynomsals
for toric knots from evolution induced by cut-and-join operators , arXiv:1106.4305 [hep-th].

[21] Torsten Ekedahl, Sergei Lando, Michael Shapiro, and Alek Vainshtein, Hurwitz numbers and
intersections on moduli spaces of curves, Invent. Math. 146 (2001), no. 2, 297-327, DOI
10.1007/s002220100164. MR1864018|/(2002j:14034)

[22] Bertrand Eynard, Topological ezpansion for the 1-Hermitian matriz model correlation func-
tions, J. High Energy Phys. 11 (2004), 031, 35 pp. (electronic) (2005), DOI 10.1088/1126-
6708/2004/11/031. MR2118807|(2006¢:81157)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=2234724
http://www.ams.org/mathscinet-getitem?mr=2234724
http://www.ams.org/mathscinet-getitem?mr=2454326
http://www.ams.org/mathscinet-getitem?mr=2454326
http://www.ams.org/mathscinet-getitem?mr=534593
http://www.ams.org/mathscinet-getitem?mr=534593
http://www.ams.org/mathscinet-getitem?mr=2944483
http://www.ams.org/mathscinet-getitem?mr=3004817
http://www.ams.org/mathscinet-getitem?mr=2480744
http://www.ams.org/mathscinet-getitem?mr=2480744
http://www.ams.org/mathscinet-getitem?mr=2483754
http://www.ams.org/mathscinet-getitem?mr=2483754
http://www.ams.org/mathscinet-getitem?mr=2945617
http://www.ams.org/mathscinet-getitem?mr=1414285
http://www.ams.org/mathscinet-getitem?mr=1414285
http://www.ams.org/mathscinet-getitem?mr=2795276
http://www.ams.org/mathscinet-getitem?mr=2795276
http://www.ams.org/mathscinet-getitem?mr=1397274
http://www.ams.org/mathscinet-getitem?mr=1397274
http://www.ams.org/mathscinet-getitem?mr=1740678
http://www.ams.org/mathscinet-getitem?mr=1740678
http://www.ams.org/mathscinet-getitem?mr=2092034
http://www.ams.org/mathscinet-getitem?mr=2092034
http://www.ams.org/mathscinet-getitem?mr=1864018
http://www.ams.org/mathscinet-getitem?mr=1864018
http://www.ams.org/mathscinet-getitem?mr=2118807
http://www.ams.org/mathscinet-getitem?mr=2118807

312 O. DUMITRESCU, M. MULASE, B. SAFNUK, AND A. SORKIN

[23] B. Eynard, Recursion between volumes of moduli spaces, arXiv:0706.4403 [math-ph].

[24] Bertrand Eynard, Nicolas Orantin, and Marcos Marino, Holomorphic anomaly and ma-
triz models, J. High Energy Phys. 6 (2007), 058, 20 pp. (electronic), DOI 10.1088/1126-
6708,/2007/06/058. MR2326593|(2009e:81219)

[25] B. Eynard, M. Mulase and B. Safnuk, The Laplace transform of the cut-and-join equation
and the Bouchard-Maririo conjecture on Hurwitz numbers, arXiv:0907.5224 math.AG (2009).

[26] B. Eynard and N. Orantin, Invariants of algebraic curves and topological expansion, Commun.
Number Theory Phys. 1 (2007), no. 2, 347-452. MR2346575 (2008m:14049)

[27] B. Eynard and N. Orantin, Weil-Petersson volume of moduli spaces, Mirzakhani’s recursion
and matriz models, arXiv:0705.3600 [math-ph] (2007).

[28] B. Eynard and N. Orantin, Topological expansion of mized correlations in the Hermitian 2-
matriz model and x-y symmetry of the Fy algebraic invariants, J. Phys. A 41 (2008), no. 1,
015203, 28, DOI 10.1088/1751-8113/41/1/015203. MR2450700,(2011b:14063)

[29] E. Getzler, Topological recursion relations in genus 2, Integrable systems and algebraic geom-
etry (Kobe/Kyoto, 1997), World Sci. Publ., River Edge, NJ, 1998, pp. 73-106. MR1672112
(2000b:14028)

[30] I. P. Goulden and D. M. Jackson, Transitive factorisations into transpositions and holo-
morphic mappings on the sphere, Proc. Amer. Math. Soc. 125 (1997), no. 1, 51-60, DOI
10.1090/50002-9939-97-03880-X. MR1396978|/(97j:05007)

[31] I. P. Goulden, D. M. Jackson, and A. Vainshtein, The number of ramified coverings of the
sphere by the torus and surfaces of higher genera, Ann. Comb. 4 (2000), no. 1, 27-46, DOI
10.1007/PL00001274. MR1763948|/(2002b:14067)

[32] I. P. Goulden, D. M. Jackson, and R. Vakil, The Gromov- Witten potential of a point, Hurwitz
numbers, and Hodge integrals, Proc. London Math. Soc. (3) 83 (2001), no. 3, 563-581, DOI
10.1112/plms/83.3.563. MR1851082(2002h:14043)

[33] I. P. Goulden, D. M. Jackson, and R. Vakil, A short proof of the \g-conjecture without
Gromov- Witten theory: Hurwitz theory and the moduli of curves, J. Reine Angew. Math.
637 (2009), 175-191, DOI 10.1515/CRELLE.2009.094. MR2599085| (2011£:14087)

[34] Tom Graber and Ravi Vakil, Hodge integrals and Hurwitz numbers via virtual localization,
Compositio Math. 135 (2003), no. 1, 25-36, DOI 10.1023/A:1021791611677. MR1955162
(2004c:14108)

[35] Tom Graber and Ravi Vakil, Relative virtual localization and vanishing of tautological classes
on moduli spaces of curves, Duke Math. J. 130 (2005), no. 1, 1-37, DOI 10.1215/S0012-7094-
05-13011-3. MR2176546(2006j:14035)

[36] S. Gukov and P. Sutkowski, A-polynomial, B-model, and quantization, arXiv:1108.0002v1
[hep-th].

[37] John L. Harer, The cohomology of the moduli space of curves, Theory of moduli (Montecatini
Terme, 1985), Lecture Notes in Math., vol. 1337, Springer, Berlin, 1988, pp. 138-221, DOI
10.1007/BFb0082808. MR963064]/(90a:32026)

[38] J. Harer and D. Zagier, The Euler characteristic of the moduli space of curves, Invent. Math.
85 (1986), no. 3, 457-485, DOI 10.1007/BF01390325. MR848681|(87i:32031)

[39] F. Hirzebruch, Topological methods in algebraic geometry, Third enlarged edition. New ap-
pendix and translation from the second German edition by R. L. E. Schwarzenberger, with an
additional section by A. Borel. Die Grundlehren der Mathematischen Wissenschaften, Band
131, Springer-Verlag New York, Inc., New York, 1966. MR0202713|/(34 #2573)

[40] Nigel Hitchin, Lectures on special Lagrangian submanifolds, Submanifolds (Cambridge, MA,
1999), AMS/IP Stud. Adv. Math., vol. 23, Amer. Math. Soc., Providence, RI, 2001, pp. 151
182. MR1876068 (2003f:53086)

[41] Kentaro Hori, Sheldon Katz, Albrecht Klemm, Rahul Pandharipande, Richard Thomas,
Cumrun Vafa, Ravi Vakil, and Eric Zaslow, Mirror symmetry, Clay Mathematics Mono-
graphs, vol. 1, American Mathematical Society, Providence, RI, 2003. With a preface by
Vafa. MR2003030|/(2004g:14042)

[42] A. Hurwitz, Uber Riemann’sche Flichen mit gegebene Verzweigungspunkten, Mathematische
Annalen 39, 1-66 (1891).

[43] Dominic Joyce, Lectures on special Lagrangian geometry, Global theory of minimal surfaces,
Clay Math. Proc., vol. 2, Amer. Math. Soc., Providence, RI, 2005, pp. 667-695. MR2167283
(2006j:53077)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=2326593
http://www.ams.org/mathscinet-getitem?mr=2326593
http://www.ams.org/mathscinet-getitem?mr=2346575
http://www.ams.org/mathscinet-getitem?mr=2346575
http://www.ams.org/mathscinet-getitem?mr=2450700
http://www.ams.org/mathscinet-getitem?mr=2450700
http://www.ams.org/mathscinet-getitem?mr=1672112
http://www.ams.org/mathscinet-getitem?mr=1672112
http://www.ams.org/mathscinet-getitem?mr=1396978
http://www.ams.org/mathscinet-getitem?mr=1396978
http://www.ams.org/mathscinet-getitem?mr=1763948
http://www.ams.org/mathscinet-getitem?mr=1763948
http://www.ams.org/mathscinet-getitem?mr=1851082
http://www.ams.org/mathscinet-getitem?mr=1851082
http://www.ams.org/mathscinet-getitem?mr=2599085
http://www.ams.org/mathscinet-getitem?mr=2599085
http://www.ams.org/mathscinet-getitem?mr=1955162
http://www.ams.org/mathscinet-getitem?mr=1955162
http://www.ams.org/mathscinet-getitem?mr=2176546
http://www.ams.org/mathscinet-getitem?mr=2176546
http://www.ams.org/mathscinet-getitem?mr=963064
http://www.ams.org/mathscinet-getitem?mr=963064
http://www.ams.org/mathscinet-getitem?mr=848681
http://www.ams.org/mathscinet-getitem?mr=848681
http://www.ams.org/mathscinet-getitem?mr=0202713
http://www.ams.org/mathscinet-getitem?mr=0202713
http://www.ams.org/mathscinet-getitem?mr=1876068
http://www.ams.org/mathscinet-getitem?mr=1876068
http://www.ams.org/mathscinet-getitem?mr=2003030
http://www.ams.org/mathscinet-getitem?mr=2003030
http://www.ams.org/mathscinet-getitem?mr=2167283
http://www.ams.org/mathscinet-getitem?mr=2167283

SPECTRAL CURVE OF EYNARD-ORANTIN RECURSION 313

[44] R. Kaufmann, Yu. Manin, and D. Zagier, Higher Weil-Petersson volumes of moduli spaces
of stable n-pointed curves, Comm. Math. Phys. 181 (1996), no. 3, 763-787. MR1414310
(981:14029)

[45] Y. Kodama, Combinatorics of the dispersionless Toda hierarchy, Lecture delivered at the
International Workshop on Nonlinear and Modern Mathematical Physics, Beijing Xiedao
Group, Beijing, China, July 15-21, 2009.

[46] Yuji Kodama and Virgil U. Pierce, Combinatorics of dispersionless integrable systems and
ungversality in random matriz theory, Comm. Math. Phys. 292 (2009), no. 2, 529-568, DOI
10.1007/s00220-009-0894-1. MR2544742|(2011a:82043)

[47] Maxim Kontsevich, Intersection theory on the moduli space of curves and the matriz Airy
Sfunction, Comm. Math. Phys. 147 (1992), no. 1, 1-23. MR1171758|(93e:32027)

[48] Maxim Kontsevich, Homological algebra of mirror symmetry, 2 (Zirich, 1994), Birkh&user,
Basel, 1995, pp. 120-139. MR 1403918 |(97£:32040)

[49] Chiu-Chu Melissa Liu, Lectures on the ELSV formula, Transformation groups and moduli
spaces of curves, Adv. Lect. Math. (ALM), vol. 16, Int. Press, Somerville, MA, 2011, pp. 195—
216. MR2883688

[50] Chiu-Chu Melissa Liu, Kefeng Liu, and Jian Zhou, A proof of a conjecture of Marinio-Vafa on
Hodge integrals, J. Differential Geom. 65 (2003), no. 2, 289-340. MR2058264 (2005m:14104)

[61] Marcos Marifio, Chern-Simons theory, matriz models and topological strings, International
Series of Monographs on Physics, vol. 131, The Clarendon Press Oxford University Press,
Oxford, 2005. MR2177747/(2006¢:81169)

[62] Marcos Marifio, Open string amplitudes and large order behavior in topological string theory,
J. High Energy Phys. 3 (2008), 060, 34, DOI 10.1088/1126-6708,/2008,/03/060. MR2391060
(2009i:81149)

[63] A. Mironov and A. Morozov, Virasoro constraints for Kontsevich- Hurwitz partition function,
J. High Energy Phys. 2 (2009), 024, 52, DOI 10.1088/1126-6708,/2009/02/024. MR 2486405
(2010c:14064)

[54] Motohico Mulase, Asymptotic analysis of a Hermitian matriz integral, Internat. J. Math. 6
(1995), no. 6, 881-892, DOI 10.1142/S0129167X95000389. MR1353999|/(96m:14035)

[55] M. Mulase and M. Penkava, Ribbon graphs, quadratic differentials on Riemann surfaces, and
algebraic curves defined over Q, Asian J. Math. 2 (1998), no. 4, 875-919. Mikio Sato: a great
Japanese mathematician of the twentieth century. MR1734132(2001g:30028)

[56] Motohico Mulase and Michael Penkava, Topological recursion for the Poincaré polynomial
of the combinatorial moduli space of curves, Adv. Math. 230 (2012), no. 3, 1322-1339, DOI
10.1016/j.aim.2012.03.027. MR2921181

[57] Motohico Mulase and Brad Safnuk, Mirzakhani’s recursion relations, Virasoro constraints
and the KdV hierarchy, Indian J. Math. 50 (2008), no. 1, 189-218. MR2379144(2009b:14053)

[58] Motohico Mulase and Naizhen Zhang, Polynomial recursion formula for linear Hodge inte-
grals, Commun. Number Theory Phys. 4 (2010), no. 2, 267-293. MR2725053 (2012a:14069)

[69] David Mumford, Towards an enumerative geometry of the moduli space of curves, Arithmetic
and geometry, Vol. I, Progr. Math., vol. 36, Birkh&user Boston, Boston, MA, 1983, pp. 271-
328. MR717614(85}:14046)

[60] Paul Norbury, Counting lattice points in the moduli space of curves, Math. Res. Lett. 17
(2010), no. 3, 467-481. MR2653682 (2011g:14068)

[61] Paul Norbury, String and dilaton equations for counting lattice points in the moduli space
of curves, Trans. Amer. Math. Soc. 365 (2013), no. 4, 1687-1709, DOI 10.1090/S0002-9947-
2012-05559-0. MR3009643

[62] P. Norbury and N. Scott, Polynomials representing Eynard-Orantin invariants,
arXiv:1001.0449 (2010).

[63] P. Norbury and N. Scott, Gromov- Witten invariants of P! and Eynard-Orantin invariants,
arXiv:1106.1337 (2011).

[64] Andrei Okounkov, Random matrices and random permutations, Internat. Math. Res. Notices
20 (2000), 1043-1095, DOI 10.1155/S1073792800000532. MR 1802530)/(2002¢:15045)

[65] Andrei Okounkov, Toda equations for Hurwitz numbers, Math. Res. Lett. 7 (2000), no. 4,
447-453. MR1783622//(20011:14047)

[66] A. Okounkov and R. Pandharipande, Gromov- Witten theory, Hurwitz numbers, and matriz
models, Algebraic geometry—Seattle 2005. Part 1, Proc. Sympos. Pure Math., vol. 80, Amer.
Math. Soc., Providence, RI, 2009, pp. 325-414. MR2483941/(2009k:14111)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=1414310
http://www.ams.org/mathscinet-getitem?mr=1414310
http://www.ams.org/mathscinet-getitem?mr=2544742
http://www.ams.org/mathscinet-getitem?mr=2544742
http://www.ams.org/mathscinet-getitem?mr=1171758
http://www.ams.org/mathscinet-getitem?mr=1171758
http://www.ams.org/mathscinet-getitem?mr=1403918
http://www.ams.org/mathscinet-getitem?mr=1403918
http://www.ams.org/mathscinet-getitem?mr=2883688
http://www.ams.org/mathscinet-getitem?mr=2058264
http://www.ams.org/mathscinet-getitem?mr=2058264
http://www.ams.org/mathscinet-getitem?mr=2177747
http://www.ams.org/mathscinet-getitem?mr=2177747
http://www.ams.org/mathscinet-getitem?mr=2391060
http://www.ams.org/mathscinet-getitem?mr=2391060
http://www.ams.org/mathscinet-getitem?mr=2486405
http://www.ams.org/mathscinet-getitem?mr=2486405
http://www.ams.org/mathscinet-getitem?mr=1353999
http://www.ams.org/mathscinet-getitem?mr=1353999
http://www.ams.org/mathscinet-getitem?mr=1734132
http://www.ams.org/mathscinet-getitem?mr=1734132
http://www.ams.org/mathscinet-getitem?mr=2921181
http://www.ams.org/mathscinet-getitem?mr=2379144
http://www.ams.org/mathscinet-getitem?mr=2379144
http://www.ams.org/mathscinet-getitem?mr=2725053
http://www.ams.org/mathscinet-getitem?mr=2725053
http://www.ams.org/mathscinet-getitem?mr=717614
http://www.ams.org/mathscinet-getitem?mr=717614
http://www.ams.org/mathscinet-getitem?mr=2653682
http://www.ams.org/mathscinet-getitem?mr=2653682
http://www.ams.org/mathscinet-getitem?mr=3009643
http://www.ams.org/mathscinet-getitem?mr=1802530
http://www.ams.org/mathscinet-getitem?mr=1802530
http://www.ams.org/mathscinet-getitem?mr=1783622
http://www.ams.org/mathscinet-getitem?mr=1783622
http://www.ams.org/mathscinet-getitem?mr=2483941
http://www.ams.org/mathscinet-getitem?mr=2483941

314 O. DUMITRESCU, M. MULASE, B. SAFNUK, AND A. SORKIN

[67] A. Okounkov and R. Pandharipande, Gromov- Witten theory, Hurwitz theory, and completed
cycles, Ann. of Math. (2) 163 (2006), no. 2, 517-560, DOI 10.4007/annals.2006.163.517.
MR2199225|/(2007b:14123)

[68] A. Okounkov and R. Pandharipande, The equivariant Gromov-Witten theory of P!, Ann.
of Math. (2) 163 (2006), no. 2, 561-605, DOI 10.4007/annals.2006.163.561. MR2199226
(2006j:14075)

[69] A. Okounkov and R. Pandharipande, Virasoro constraints for target curves, Invent. Math.
163 (2006), no. 1, 47-108, DOI 10.1007/s00222-005-0455-y. MR2208418 (2006m:14077)

[70] A. Okounkov and R. Pandharipande, Hodge integrals and invariants of the unknot, Geom.
Topol. 8 (2004), 675-699, DOI 10.2140/gt.2004.8.675. MR2057777)(2006¢:14041)

[71] Hirosi Ooguri, Piotr Sutkowski, and Masahito Yamazaki, Wall crossing as seen by matriz
models, Comm. Math. Phys. 307 (2011), no. 2, 429-462, DOI 10.1007/s00220-011-1330-x.
MR2837121

[72] The Grothendieck theory of dessins d’enfants, London Mathematical Society Lecture Note
Series, vol. 200, Cambridge University Press, Cambridge, 1994. Papers from the Conference
on Dessins d’Enfant held in Luminy, April 19-24, 1993; Edited by Leila Schneps. MR 1305390
(95£:11001)

[73] Geometric Galois actions. 1, London Mathematical Society Lecture Note Series, vol. 242,
Cambridge University Press, Cambridge, 1997. Around Grothendieck’s “Esquisse d’un pro-
gramme”; Edited by Leila Schneps and Pierre Lochak. MR1483106//(98e:14003)

[74] Daniel D. Sleator, Robert E. Tarjan, and William P. Thurston, Rotation distance, trian-
gulations, and hyperbolic geometry, J. Amer. Math. Soc. 1 (1988), no. 3, 647-681, DOI
10.2307/1990951. MR928904/ (90h:68026)

[75] Richard P. Stanley, Enumerative combinatorics. Vol. 2, Cambridge Studies in Advanced
Mathematics, vol. 62, Cambridge University Press, Cambridge, 1999. With a foreword by
Gian-Carlo Rota and appendix 1 by Sergey Fomin. MR1676282 (2000k:05026)

[76] Kurt Strebel, Quadratic differentials, Ergebnisse der Mathematik und ihrer Grenzgebiete
(3) [Results in Mathematics and Related Areas (3)], vol. 5, Springer-Verlag, Berlin, 1984.
MR743423|(86a:30072)

[77] G.’t Hooft, A planer diagram theory for strong interactions, Nuclear Physics B 72, 461-473
(1974).

(78] R. Vakil, Harvard Thesis 1997.

[79] Edward Witten, Two-dimensional gravity and intersection theory on moduli space, Surveys
in differential geometry (Cambridge, MA, 1990), Lehigh Univ., Bethlehem, PA, 1991, pp. 243—
310. MR1144529//(93e:32028)

[80] Jian Zhou, Some closed formulas and conjectures for Hodge integrals, Math. Res. Lett. 10
(2003), no. 2-3, 275—286. MR1981904(2004e:14046)

[81] J. Zhou, On computations of Hurwitz-Hodge integrals, arXiv:0710.1679 (2007).

[82] J. Zhou, Local Mirror Symmetry for One-Legged Topological Vertez, arXiv:0910.4320 (2009).

(83] J. Zhou, Local Mirror Symmetry for the Topological Vertex arXiv:0911.2343 (2009).

[84] S. Zhu, On a proof of the Bouchard-Sutkowski conjecture, arXiv:1108.2831 (2011).

[85] D. Zvonkine, An algebra of power series arising in the intersection theory of moduli spaces of
curves and in the enumeration of ramified coverings of the sphere, arXiv:math.AG /0403092
(2004).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=2199225
http://www.ams.org/mathscinet-getitem?mr=2199225
http://www.ams.org/mathscinet-getitem?mr=2199226
http://www.ams.org/mathscinet-getitem?mr=2199226
http://www.ams.org/mathscinet-getitem?mr=2208418
http://www.ams.org/mathscinet-getitem?mr=2208418
http://www.ams.org/mathscinet-getitem?mr=2057777
http://www.ams.org/mathscinet-getitem?mr=2057777
http://www.ams.org/mathscinet-getitem?mr=2837121
http://www.ams.org/mathscinet-getitem?mr=1305390
http://www.ams.org/mathscinet-getitem?mr=1305390
http://www.ams.org/mathscinet-getitem?mr=1483106
http://www.ams.org/mathscinet-getitem?mr=1483106
http://www.ams.org/mathscinet-getitem?mr=928904
http://www.ams.org/mathscinet-getitem?mr=928904
http://www.ams.org/mathscinet-getitem?mr=1676282
http://www.ams.org/mathscinet-getitem?mr=1676282
http://www.ams.org/mathscinet-getitem?mr=743423
http://www.ams.org/mathscinet-getitem?mr=743423
http://www.ams.org/mathscinet-getitem?mr=1144529
http://www.ams.org/mathscinet-getitem?mr=1144529
http://www.ams.org/mathscinet-getitem?mr=1981904
http://www.ams.org/mathscinet-getitem?mr=1981904

SPECTRAL CURVE OF EYNARD-ORANTIN RECURSION 315

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, DAvis, CALIFORNIA 95616—
8633
E-mail address: dolivia@math.ucdavis.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, DAvVIS, CALIFORNIA 95616—
8633
E-mail address: mulase@math.ucdavis.edu

DEPARTMENT OF MATHEMATICS, CENTRAL MICHIGAN UNIVERSITY, MOUNT PLEASANT, MICHI-
GAN 48859
E-mail address: brad.safnuk@cmich.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, DAvVIS, CALIFORNIA 95616—
8633
E-mail address: asorkin@math.ucdavis.edu

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



	The spectral curve of the Eynard-Orantin recursion via the Laplace transform
	1. Introduction
	2. The Eynard-Orantin differential forms and the topological recursion
	3. Counting Grothendieck’s dessins d’enfants
	4. The Laplace transform of the number of dessins
	5. Counting lattice points in moduli spaces of curves
	6. The 𝜓-class intersection numbers on \overline{ℳ}_{ℊ,𝓃}
	7. Single Hurwitz numbers
	8. The stationary Gromov-Witten invariants of ℙ¹
	Appendix A. Calculation of the Laplace transform
	References


