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GENERALIZED MORAN SETS GENERATED BY STEP-WISE
ADJUSTABLE ITERATED FUNCTION SYSTEMS

TYNAN LAZARUS, QINGLAN XIA

ABSTRACT. In this article we provide a systematic way of creating generalized
Moran sets using an analogous iterated function system (IFS) procedure. We
use a step-wise adjustable IFS to introduce some variance (such as non-self-
similarity) in the fractal limit sets. The process retains the computational
simplicity of a standard IF'S procedure. In our construction of the generalized
Moran sets, we relax the second Moran Structure Condition so that the limit
set is not necessarily self-similar. We also weaken the fourth Moran Structure
Condition so that there are no limitations on the ratios of the diameters of
the sets across a generation. Moreover, we provide upper and lower bounds
for the Hausdorff dimension of the fractals created from this generalized pro-
cess. Specific examples (Cantor-like sets, Sierpinski-like Triangles, etc) with
the calculations of their corresponding dimensions are studied.

1. INTRODUCTION

The Moran construction is a typical way to generate self-similar fractals, and has
been studied extensively in the literature (e.g. [15], [5], [7], [12],[11], [18], [8], and
references therein). In this paper, we extend ideas from iterated function systems
(IFS) and Moran constructions by describing a new process that allows for the
functions to be updated at every iteration while still maintaining the computational
simplicity of an IFS. This process provides more variance in the limit sets (such as
non-self-similarity) using an analogous approach to an IFS procedure. We also give
estimates of the Hausdorff dimension of the limit sets created from such a process,
and provide concrete examples.

The classic construction of Moran sets was introduced in [I5]. We reproduce the
definition here with a more current interpretation to introduce notations.

Let {n}x>1 be a sequence of positive integers for k > 1. Here k will represent
the generation, and n; will be the number of children in generation k& that each
parent set from generation k — 1 has. For any k£ € N, define
(1.1)

Dy, = {(ir,iz, -+ i) : 1 < iy <ng, 1 < j <k} and D = | | Dy with Dy = 0.

k>0
Let 0 = (01, ,0k) € Dy and 7 = (14, , ) € Dy, then denote
(1.2) c*xT=(01,"" 0k, T1," " yTm) € Ditm.
Using this notation, we may express
(1.3) Dy={o*j|o€Dy_1,1<j<ng}
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to emphasize the process of moving between generations.
Suppose J := {J, : 0 € D} is a collection of subsets of RY. Set

(1.4) Ey= |J Jo,, and F = () Ey.
o€Dy, k>0

We call F' the limit set associated with the collection 7.

Definition 1.1 ([I8]). Suppose that J C RY is a compact set with nonempty
interior. Let {ny}r>1 be a sequence of positive integers, and {®y}r>1 be a sequence
of positive real vectors with

(15) o, = (Ck71,0k72, .. .,Ckmk), Z Ck,j < ].,k e N.

1<j<ng

Suppose that F := {J, : 0 € D} is a collection of subsets of R™, where D is given in
. We say that the collection F fulfills the Moran Structure provided it satisfies
the following Moran Structure Conditions (MSC):
MSC(1) Jy = J.
MSC(2) For any o € D, J, is geometrically similar to J. That is, there exists a
similarity Sy : RN — RY such that J, = S, (J).
MSC(3) Foranyk >0 ando € Dy, Jox1,- .., Joxn, are subsets of J,, andint(Jy;)N
int(Jye;) =0 fori#j.
MSC(4) For any k> 1 and 0 € Di_1,1 < j < ng,
diam(Jyy;)
diam(J,)

For the collection F fulfilling the MSC, the limit set F' given in is a
nonempty compact set. This limit set F' is called the Moran set associated with
the collection F. This Moran set is self-similar, and has been studied extensively
by many authors with various approaches (e.g. [15], [7], [10], [5], [16]).

The fact that there are four conditions to create a Moran set makes the area
ripe for generalizations or restrictions. Note that in condition MSC(2), the sets in
the new generation are geometrically similar, which is a rather strong condition.
In MSC(3) the interiors of the next generation may not overlap, but says nothing
else of the spacing between these sets. Condition MSC(4) requires that the sets in
the new generation all have the same pattern of ratios for each iteration. There is
even a hidden condition in MSC(2) that one may want to do away with in that the
locations of the sets J,.; are completely determined by the similarities used on J,.

Often times in the literature one may define a self-similar set to be a set satisfying
the MSC as well as the fact that the set of similarities {S, } has finite cardinality, the
ratios described in MSC(4) do not change over generations (i.e. ¢ ; = ¢;), and that
the system is deterministic. In this case, the dimensions (Hausdorff, Box, Packing
etc.) of the Moran set are known to coincide, see [I8]. However, the dimensions
may differ when we begin to modify the MSC.

Several approaches have been used to relax MSC in order to create more gen-
eral limit sets. There are many generalizations for MSC(2). For a self-similar set,
one could change MSC(2) to use conformal maps [6] or affine maps [14] instead
of similarities. In this setting, however, calculations of the dimension of limit sets
can become particularly difficult. One could also study the limit sets generated
by infinitely many similarities, as in [13]. In [II], the authors removed MSC(2),

(16) = Ck,j-
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but required int(J,) = J, in their construction, and studied the dimension of the
resulting fractals. In []], Holland and Zhang studied a construction that replaced
similarity maps in MSC(2) with a more general class of functions that are not
necessarily contractions. In [I7], Pesin and Weiss removed the requirement for sim-
ilarities from MSC(2), but also relaxed MSC(3) from non-intersecting basic sets to
non-intersecting balls contained in the basic sets. In particular they pursued suf-
ficient conditions for which the box dimension and Hausdorff dimensions coincide.
For more examples of modifications to the Moran set definition, see [18], [19] and
the references therein.

A special case of Moran sets can be constructed from an iterated function system
(IFS). An iterated function system {51, S2, -+, Sp} is a finite family of similarities
for a fixed natural number m > 2 (see [10] for more details and applications). In
MSC(2), define n, = m and set S, = 5;, 05;, _,0---0S;, for o = (41,42, - ,ix) € D.
Then the resulting Moran set is self-similar and agrees with the attractor of the IFS
{81,852, ,Sm}. The dimension of the limit set can be quickly calculated from
the Moran-Hutchinson formula in [7]. Using iterated function systems is a popular
way to construct fractals, and has been used to great effect (e.g. [I], [I0], [, [3] ).

A natural question arises: Can we construct more general fractals (e.g. non-self-
stmilar Moran type sets) using an analogous approach while preserving the compu-
tational simplicity of the IFS? In this paper, we present a method to do so.

We first make the following observations about the general construction of a
Moran set. Note that in the construction of a Moran set described in (L.4)),

(1.7) Joxi = Si(Jy), foralli=1,..m, and o € D.

Suppose that there is a tuning parameter in the expression of the function S;
(e.g. the coefficients a;, b; in a linear function S;(z) = a;x + b;). One can tune the
values of the parameter to get a comparable function. When J,; is given, applying
the comparable function to J,, as in equation , will not significantly change the
computational complexity of constructing J,.;. The advantage of doing this at each
iteration is that we introduce some variance into the limit set. Another observation
is about which space the functions are defined. In classical IFS constructions,
the functions are usually defined on all of the ambient space R™ (as in [§], the
functions are O+ diffeomorphisms on R™). For our construction, we wish to relax
the condition MSC(2) as well. Instead of restricting our attention to functions
of higher regularity defined on the whole ambient space R", we use maps from a
collection of subsets to itself.

This article is organized as follows. In Section [2] we find bounds for the Haus-
dorff dimension of the limit sets in a general metric space setting of a collection of
bounded sets, not necessarily satisfying the MSC conditions. In particular, we in-
troduce the concept uniform covering condition in Definition for the purpose of
studying the lower bound of the Hausdorff dimension of the limit set. Then in Sec-
tion |3[ we formulate the general setup for the construction of Moran-type limit sets
using the ideas from a modified IFS procedure, as discussed in the previous para-
graph. In our construction we relax MSC(2) so that the limit set is not necessarily
self-similar. More importantly, we drop MSC(4) from the construction process so
that there are no limitations on the ratios of the diameters of the sets. Specifically,

di Joj
i Jos) in 1D is not limited to depend on just k and j, but varies

th tio ———m——~
© O iam(J,)
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with o. This change allows us to produce a mosaic of possible fractals. An impor-
tant observation is that the computational complexity of generating these fractals
is the same as using an analogous, standard IFS. In Section [4] we give estimates of
the Hausdorff dimension of the limit sets created from the general construction. In
Section [5| we apply the results to specific examples, including modifications of the
Cantor set, the Sierpinski triangle, and the Menger sponge. We also give a remark
to discuss similarities and differences of this construction with V' —variable fractals
created by Barnsley, Hutchinson, and Stenflo in [2], [3]. In section@ we explore the
sufficient conditions needed for a fractal to satisfy the uniform covering condition,
which plays a vital role in computing a lower estimate for the Hausdorff dimension
of a fractal.

2. HAUSDORFF DIMENSION OF THE LIMIT SETS

In this section we investigate the Hausdorff dimension dimy (F) of the fractals F
defined in , which do not necessarily satisfy all the MSC conditions. To start,
we determine an upper bound for the dimension of the limit set ' by considering
the step-wise relative ratios between the diameters of sets.

Proposition 2.1. Suppose J := {J, : 0 € D} is a collection of bounded subsets

of a metric space (X,d), and s > 0. Let Ey = U,ep, Jo, and F' = (5o Ex be

defined as in (n) If there exists a sequence of positive numbers {ci}52, such that
k

hkrgg.}fl:[ci =0

and
(2.1) > (diam(J,.j))° < e (diam(J,))*
j=1

for allo € D1 and all k =1,2,---, then dimg(F) < s.
Proof. We prove by using mathematical induction that for £k =1,2,--- |

(2.2) Z (diam(J, (H cz> (diam(Jp))®.

o€Dy
When k£ =1, 1-) follows from (2.I). Now assume is true for some k > 1.

Then by (L.3), (2.1), and [2:2),

MNk+1

Z (diam(J,))® Z Z (diam(Jy+;))°

€Dk 41 o€Dy \ j=1

Ch+1 Z (diam(J,))®

g€Dy

k41
<H cz> (diam(Jp))®

as desired. By the induction principle, (2.2) holds for all k =1,2,--- . For each
k, set

IN

IN

0, = max{diam(J,) : o € Dy} > 0.
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1/s
Then, by 1) O < (Hle cl-) diam(Jp). Moreover, by 1'
s s diam( diam(Jp) \°
s, (F) <15, (B < 3 als) () <H> (2)

o€Dy,

Since lim infj_, oo Hle ¢; = 0, there exists a sequence {k;}$2; such that

k¢
(2.3) tlgglo ¢ =0.
=1
Thus, lim;_e I, = 0, H*(F) = lim;_ 0 'Hgkt (F) =0, and hence dimg (F) <s. O

Conversely, a lower bound on the Hausdorff dimension of the limit set F' can also
be obtained as follows.

Definition 2.1 (uniform covering condition). Let J := {J, : 0 € D} be a collection
of compact subsets of a metric space (X,d), and F' be the limit set of J as given
n . J is said to satisfy the uniform covering condition if there exists a real
number v > 0 and a natural number N such that for all closed ball B in X, there
exists a subset D C D with cardinality of Dp at most N,

(2.4) BNFC U J, and diam(B) >~ Z diam(J,
oc€Dp oc€Dp

Proposition 2.2. Let J := {J, : 0 € D} be a collection of compact subsets of
a metric space (X,d) with diam(Jy) > 0, and F be the limit set of J as given in
. If J satisfies the uniform covering condition, and if for some s > 0,

Nk
(2.5) > diam(Jg.;)° > diam(J,)*

j=1
for allo € D1 and all k =1,2,---, then dimg(F) > s.

Proof. We first show that under condition (2.5)), there exists a probability measure
won X concentrated on F' such that for each o € D,

(2.6) u(Js) < <m> |

Let u(Jy) =1, and for each o € Dy for k >0 and i = 1,--- ,ng, we inductively set
diam(Jy.;)®
>ty diam(Jo.;)®

p(Jowi) = (o).

For any Borel set A in X, define

mf{z,u AchUJ and J, ej}

i=1

One can check that p defines a probability measure on X, concentrated on F.
To prove ([2.6)) for J,, Vo € D, we proceed by using induction on k when o € Dy,.
It is clear for k = 0. Now assume that (2.6) holds for each ¢ € Dy, for some k.
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Then by induction assumption and (2.5)), for each ¢ =1, ng41,

diam(Jy.;)®
Jo
ST diam(Jpry) )

diam(Jy.;)® diam(J,)\*
= Z F diam(J,.)® (d1am(J@))

This proves inequality (2.6)).

M(Jo*i) =

Now, for any § > 0, let {B;} be any collection of closed balls with diam(

B) <4

and F' C U;B;. For each i, let Dp, be the subset of D corresponding to B; as given

in equation (2.4]). Note that

FCUB chU U Jo=J Jo

i 0€Dp,; oceD
where D := U2, D, C D.
Let
N N
C(s) = max{z (z3)° 2 (21,20, ,2n) € [0,1] with in =1}
i=1 i=1

1 if s > 1.

and c(s) = a((i)) (M) > 0. Then, by and ,
B;
> als) (d””’;( ))

i

{Nl—S, ifo<s<l1

> ZO‘Q(S) v XD: diam(J
OZ(S) s . S

=z 250(8)7 ;(dlam(Ja))

> s Giam(Je)* 3 )

250(3)

> ( o(s)u(F) = e(s).
eD

Thus, H*(F) = lims_,o H3(F) > c(s)

> 0, and hence dimgy (F) > s.

O

In section [6] we will explore sufficient conditions for 7 to satisfy the uniform

covering condition.
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3. GENERAL SETUP OF F-LIMIT SETS

We now formalize the ideas stated in the Introduction to give a description of
the construction of generalized fractals. We concentrate on the maps in order to
take advantage of the computational nature of an IFS, but allow for the maps to
be updated and changed at each iteration.

Let & be a collection of nonempty compact subsets of a metric space.

Definition 3.1. A mapping f : X — X is called a compression on X if f(E) C E
for each E € X.

For each natural number m, let
Cm(X) = {(f(l),f@)7 .. .,f(m)) : fi is a compression on X,i=1,...,m}.
Definition 3.2. Let M be a nonempty set. A mapping
F: M= Cn(X)
k= fio= 050 1)
is called a marking of C,(X) by M. Each element k € M is called the marker of
e

Given a marking F and an initial set Fy € X, we will construct a generalized
Moran set from any sequence of markers in M. Note that any sequence {k;}?°, in
M can be represented as a mapping from the ordered set D to M.

Definition 3.3. Let F be a marking of C,,(X) by M, let Ey be any element in X,
and D be as in . Suppose k : D — M is a map sending o to k,. For each
o €D and 1 <j <m, we recursively define Jy = Ey and

(3.1) Towj = 1 (J5),

where fi. is given by F as in (3.1). The limit set

(3.2) F=( U 7

k>10€Dy,

associated with J (k) = {J, : o € D} is called the F-limit set generated by k with
the initial set Ey.

We now make two observations relating the concepts of an F-limit set with the
attractor of an IFS.

First we observe that the attractor of an IFS {S1, S3,..., S, } on a closed subset
A of R™ can be viewed as an F-limit set as follows. Let

X ={E: E is a non-empty compact subset of A, S;(E) C E, for all i}.

Since each S; is a contraction on A, the set F, := AN B(0,r) is a non-empty
compact subset of A, and S;(E,) C E, for each ¢ when r is sufficiently large. In
other words, F, € X for sufficiently large r. Also, each contraction map S; acting
on A naturally determines a map f(* : X — X given by

(3.3) FOE) = 8i(B) == {Si(z) |z € E C A}
for each E € X. Since f)(F) = S;(E) C E, f is a compression for each i. Set
F=(D, 1, ).
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For any non-empty set M, define the marking F of C,,(X) to be the constant
function F(k) = f for all k € M. Thus, for each o € Dy, and i = 1,..., m, we have
that Jyw; = S;(J,) from . As a result, for any map k:D — M, the collection
J (k) = {J, : 0 € D} is independent of the choice of k. Thus, the associated F-limit
set F' = ﬂ U J, agrees with the attractor of the given IFS {S1,Ss,...,Sn}.

k>1o0€Dy

Conversely, let F be a marking of C,,(X) by M where X is a collection of non-
empty compact subsets of A. Suppose there is a mapping k: D — M such that
the sequence {fi, }oep is constant in Cy,, (X) (i.e. there exists an f € C,,(X) such
that fr, = f for all 0 € D) and for each i = 1,2,...,m, there exists a contraction
S; on A such that equation holds for each £ € X. Then the F-limit set F
generated by k is the attractor of the IFS {51,852,...,8m}. Therefore, choosing
k:D — M to be a constant map will result in a limit set F' that is the attractor
of an IFS. In the above sense, our approach is a generalization of the standard IFS
construction.

An important observation is that replacing {k, }»cp by another sequence {IEU}UE D
in will not change the computational complexity of the construction of 7 (E)
Thus, generating the limit set F' will have a similar computational complexity as
generating the attractor of a comparable IFS.

In the following section we will compute the Hausdorff dimension of the con-
structed F-limit sets. In section 5 we will provide examples along with their di-
mensions.

4. HAUSDORFF DIMENSIONS OF F-LIMIT SETS

As indicated in Propositions[2.1]and [2.2] the relative ratio between the diameters
of the sets plays an important role in the calculation of the dimension of the limit
set. Therefore, we introduce the following definition.

Definition 4.1. For any compression g : X — X, define

(4.1) Ule) = sup W mnd Lg) = nt ‘m
Note that, for each E € X,

(4.2) L(g) - diam(FE) < diam(g(E)) < Ul(g) - diam(E).
For any k € M and fx = ( S), 122), cee l((m)) € Cin(X), define

Uk = (U(flil))a o aU( lgm))> € Rma
and
Lic= (LOA) -+ L(AM)) e R™

Also, for each = (z1,- - , &) € R™ and s > 0, denote

1

m s
llls = (Z |in5> :
i=1
These notations, Proposition[2.1]and Proposition[2.2]motivate our main theorem.

Theorem 4.1. Let F be the F-limit set generated by a sequence {k,}sep with
imitial set Jy, and s > 0.
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(a) If F satisfies the uniform covering condition and
inf {||L >1
int {|[Lig 1) > 1.

then dimg (F) > s.
(b) If
sup{||Uk, [|s} <1,
oceD

then dimpy (F) < s.

Proof. (a) By (3.1) and (4.2), for all ¢ € D,

Zdlam oxj) Zdwun( ) zm:( f(]) ) diam(J,)® > diam(J,)°.

Jj=1

Thus, by Propositionm dimy (F) > s.
(b) Similarly, for all ¢ € D,

i diam(Jy.;)° < i (U( lg)))s diam(J,)* < ¢ - diam(J,)*,
j=1

j=1
where
¢ := sup{(||Us, [[s)°} < 1.
[eg
By Proposition dimpy (F) < s. O
For practical reasons, we find that it is more convenient to represent the mapping
k: D — M by a sequence {k;};°, € M. For each o = (i1,42,...,i;) € Dy, let

k—1

(4.3) Uo) =Y mPir_p

p=0
be the ordering of ¢ in the ordered set D. Using this notation, we can rewrite
Definition [3.3] as follows.

Definition 4.2 (Revision of Definition[3.3). Let F be a marking of Cpo(X) by M, let
{ke}32, be a sequence in M, and Ey € X be a starting set. For each { =0,1,2,---
and j =1,2,--- ,m, we iteratively denote the set
mZ—H fk (Ef) € X,
where fx, is given by F as in (3.1). Let G, (0) =0 and forn > 1,
n+1l _
m—

denote the number of sets in the nt" generation, i.e. the cardinality of D,. The
limit set

L) Gm(n)

(4.5) F = ﬂ U E,

n=1¢=G,,(n—1)+1

is called the F-limit set generated by the triple (F,{k:}3°,, Eo).
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In the following, we will use the notation from Definition [£.2] to describe the
construction of the F-limit sets. Clearly, using this notation, Theorem simply
says that if F' satisfies the uniform covering condition |i and irelf{||Lk£\|S} > 1,

then dimy (F) > s, and if sup{||Uy,||s} < 1, then dimy(F') < s.
£

When both {||Ly,||s}72, and {||Ukx,||s}72, are convergent sequences, the follow-
ing corollary enables us to quickly estimate the dimension of F'.

Corollary 4.2. Let F be the limit set generated by the triple (F,{k¢}32,, Eo)-
(a) Let sy :=sup{s:liminfy o {||Lyk,||s} > 1}. Then
(4.6) dimpg (F) > ss,

provided F' satisfies the uniform covering condition .
(b) Let s* :=inf {s: limsup,_,..{||Ux,|ls} < 1}. Then

(4.7) dimg (F) < s*.

Proof. For any 0 < s < s, by the definition of s.,
lim inf{||Ly,||s} > 1.
£— 00

Thus, when ¢, € N is large enough,

Since F'N Ey, is the set generated by the triple (F,{ke, 4+¢}72, E¢.), by Theorem
it follows that dimgy (F N Ey,) > s for any £, large enough. This implies that
dimp (F) > s for any s < s, and hence dimg(F) > s,. Similarly, we also have
dimpy (F) < s*. O

In the following corollaries, we will see that bounds of the dimension of F' can
also be obtained from corresponding bounds on Ly, and Uy,.

Notation. For any two points = (21, -+ , %) and y = (y1,- -+ ,Ym) in R™,
we say x <y if x; <y; foreachi=1,--- ,m.
Corollary 4.3. Lett = (t1, -+ ,t,,) andr = (r1,- -+ ,7) be two points in (0,1)™ C

R™. Let s. and s* be the solutions to ||t||s, = 1, and ||r||s+ = 1 respectively, i.e.
Bt 4t =1, and ) 415 4415 =1
(a) If Ly, > t for all ¢ and F satisfies the uniform covering condition ,
then dimpg (F) > s..
(b) If Uy, <r for all £, then dimpy (F) < s*.
(¢) If Ly, = r = Uy, for all £ and F satisfies the uniform covering condition
(24, then dimp (F) = s*.
Proof. (a) Let 0 < s < s,. Then,
inf{|[Lu |ls} = [It]]s = [[t

s, = L.

Thus, by Theorem dimg (F) > s for any s < sy, and hence dimpg (F) > s..
(b) Similarly, let 0 < s* < s. Then,

sup{[[ U [ls} < Il <flr

s*:1~

Thus, by Theorem [£.1] dimy (F) < s for any s > s*, and hence dimp (F) < s*.
(c) follows from (a) and (b). O
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A special case of Corollary [.3]gives the following explicit formulas for the bounds
on the dimension of F.

Corollary 4.4. Let F be the limit set generated by the triple (F,{ke}72,, Eo). Let
t=(t, - ,t) andr=(r,--,r),
for some 0 < t;r < 1.

(a) If Ly, > t for all ¢ and F satisfies the uniform covering condition ,

. logm
then dimpg (F) > 71%)@.

(b) If Uy, <r for all £, then dimy(F) < log m

—logr”
(¢) If Ly, = r = Uy, for all £ and F satisfies the uniform covering condition

(.) then dimpg (F) = lof);.

Other types of bounds on Lk, and Uy, can also be used to provide bounds on
dimg (F), as indicated by the following result.

Corollary 4.5. Let F be the limit set generated by the triple (F,{k¢}32, Eo)-
(a) If F satisfies the uniform covering condition and

~ it 1} > 1,
then dimy (F) > —A08(m)

= log(m)—log(w)
(b) If
u = Sl;p{HUkeHl} <1,

then dimpy (F) < %'

Proof. (a). In this case, for s = % > 1, we have
S 0) | (SR o
m - m T \m
for each £. Thus,
1w
mf{HLkéH }>ms = =1,
then by Theorem dimg (F) > s.
(b). In this case, for any 1 > s > %, we have
St @) | (SR o
< < (=)
m m m
for each £. Thus,
u
U |} <ms— < 1.
sup{|[ U [} < m? 2 <
By Theorem dimpy (F) < s. Hence, dimg (F) < m. O

Note that this corollary generally provides better bounds on dimg (F) than those
obtained from directly applying Theorem
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5. EXAMPLES OF F-LIMIT SETS

In this section we describe the construction of both classical fractals and gener-
alized Moran sets in the language of Section [3] and calculate the dimension using
the results from Section [l

5.1. Cantor-Like Sets. We first consider Cantor-like sets. Let
(5.1) X ={[a,b] : a,b € R}

be the collection of closed intervals, m = 2, and let M = [0,1]> C R. For each
k= (k(l), k(g)) € M, we consider the following two maps,

. xS
[a7 b] = [aa k(l)(b - CL) + a]

2. x sa
[a,b] — [k®(a —b)+b,b].

Note that both flil) and f1£2) are compression maps for any k € M. Thus, this
defines a marking

F: M — CQ(X)
ko fio= (A
Here, for each k = (k(), k(?)) € M, one can clearly see that

cmm(ymmm):mwdmm@my

Thus, L (flgl)) =k =U ( lii)), and hence
(5.2) Ly =k = Uy.

Let Ey = [0,1] € X be fixed. For any sequence {k¢}7°, € M, we define the
following:

EO® =F,
EW = {2 (Bo)U i) (Eo) =t By UE,
1 2 1 2
E@ = (E)URD (B U ALY (B2) U £ (Be)
= E3 U E4 J E5 @] EG

2" -2 2" —2 2(2"-1)
EM = U (f;S (Ei) U fl(j)(Ez)) = U (B2it1 U Egjt2) = U E,.
i=2n—1—1 i=2n—1—1 =2n—1

Note that when k; = (4, %) for all £, E™ is the n'"-generation of the Cantor
set C and F = lim E™ = ﬂE(”) =C.

n—oo
Observe that the process of constructing the sequence {E(")};’f:o is independent
of the values of {k¢}7°,. To allow for more general outcomes, we can update the
linear functions fl((l) and f1(<2) simply by changing the value of k at each stage of the
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construction, which does not change the computational complexity of the process.
Using this idea, we now construct some examples of Cantor-like sets by choosing
suitable sequences {k}7° .

B T T = T T T — T T

k- . _ . _ e e e
e e T T e a2 & == _—— == T a7
e T - —_ - _ — T =4
2 — — ]
| | ———]
g |

=]
=L
=L
i
=L
L
oL
=
=L
in
=L
=
=L
~
oL
o
oL
o

FIGURE 1. Comparison of classical Cantor set (blue) and new
Cantor-like set (red)

Example 5.1. Let k, = (45%;6’ 82€£j156) for £ > 0, and let F be the F-limit set

generated by the triple (F,{ke}°,, Eo). In Figure |1l we plot the usual Cantor set
C (in blue) below the set F (in red) to illustrate the comparison. We can see that
the set F has the same basic shape as the Cantor set C, but is no longer strictly
self-similar. In order to compute the Hausdorff dimension of the new Cantor-like

set F', we apply Corollary . Note that by equation ,

2%
li L =1 kol|ls = —.
2 el = Jim flkells = =
So,
1
o 25 1
s« = sup{liminf ||Ly,|[s > 1} =supq — > 1, = —.
- s {— 00 s 4 2

Similarly, we also have s* = % By Corollary dimg (F) = L. Here, F satisfies
the uniform covering condition since

1
SUP{k§1)+ké2);5:0,1,2,---}:§<1’

according to Proposition [6.3.

In the next example, we will construct a random Cantor-like set as follows.
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Example 5.2. For each £ > 0, we take ky = (qg,% — qg) where qp is a random
number between % and %. Let F be the corresponding F-limit set generated by
the triple (F,{ke}72,, Eo). We plot the first few generations in Figure @ In this
exzample, the total length of the nt" generation E™) is chosen to be (%)”, while the
scaling factors of the left subintervals at each stage are randomly chosen.

F1GURE 2. A randomly generated Cantor-like set

We now estimate the dimension of F'. By ,

11 33
— = | <Lk, =ke=Ug, <[ -,2 ).
<878)_ kg ¥4 kg_<878)

By Corollary[{.4}

log2) . log(2)
A S | < —-7
“log(1/8) = W) S T 5
That is,
1 . log(2)
— < < ——7_ =~ 0. .
3 < dima(F) < 0 = 0.7067

Note that due to Proposition F satisfies the uniform covering condition
sincqu—i—%—qz:%<1f0reach€20.

Example 5.3. In this ezample, we create a sequence {k;}32, that results in a limit
set with a given measure, e.g. 1/3. Of course, the classic example of such a limiting
set is the fat Cantor set. For a different approach, let >~ an be any convergent
series of positive terms with limit L. We consider a sequence {k¢}32, defined in
the following way.

Let n > 1 be the generation of the construction and for each £ with 271 —1 <
< 2™ — 2, define kg = (by, by,) where

3
§L—a0

2(3L)

2

n—1
and by : %L ~ im0 @

bl = = 3 2
2 (§L — > ico ai)

forn > 2.
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With this sequence {k¢}32,, one can find that the length of each interval in the n'"
generation 1s
-1
_ %L - Z?:o a;
=2__==
2n . 5L
Thus, the total length of the nt" generation is

biby by

3 n—1 n—1
5L =30 ai :1_120
5L 3L &

which converges to 1/8 as desired. As an example, we take the convergent series
o0
1
E —=e and use it to create the F-limit set F with measure 1/3. The first few
n!
n=0
generations are shown in Figure[3

1
n!

FIGURE 3. Fractal of measure % created by using ZZOZO = =e

5.2. Sierpinski Triangle. The Sierpinski triangle is another well known fractal.
Following the general setup in Section [3] we take

(5.3) X ={(A,B,C)| A, B,C cR?*}

representing the collection of all triangles AABC in R?, m = 3, and M = [0,1]° C
RS. For each k = (k(l), AN CNION IO k(G)) € M and ¢ = 1,2,3 we can define

affine transformations flii) X —> X as

FA,B,C) = (A A+ED(B - A),A+E?D(C - A))
2(A,B,C) = (B+k™(A-B),B,B+k®(C-B))
®(A,B,C) = (C+kP(A-C),C+kOB-0),0C)

for every (4,B,C) € X.
Note that each fl(:) is a compression map for i = 1,2,3 and any k € M. Thus,
this defines a marking

F: M —C3(X)
ko fo= 12 R,
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)
(5) L k

L2) k3

/

k(1) k(4)

FIGURE 4. Geometric illustration of k € M

Of course, to prevent overlaps we can require that k(1) + k4 < 1, £®) 4 k() <
1,k® 4+ k) < 1. When each of the inequalities are strict, the images of flii) are
three disconnected triangles, as illustrated in Figure [fa] When all equalities hold,
the images are connected, as illustrated in Figure

.

0
0 o1 02 03 04 05 05 04 03 02 41 0 01 02 03 04 0§

(a) (B)

FIGURE 5. First generation of disconnected and connected trian-
gles

In the case of the connected sets, the values of k = (k:(l), E@ (G @ 6 k(G))
are determined by kW, k@) k®) since kW =1 -1 k) =1 k@) k6 =1 %G,
In this case, we may also view k = (k), k® k®) as a vector in [0,1]> C R®.

To create the normal Sierpinski triangle, we choose
—-1/2 1/2 0

0 0 V3/2|°
the equilateral triangle of unit side length, and k, € M to be the constant sequence
ke=k=(1/2,1/2,1/2,1/2,1/2,1/2) so that each iteration maps a triangle to three
triangles of half the side length with the desired translation. In this case the F-limit

set generated by (F,{k,}?°,, Eo) corresponds to the standard Sierpinski Triangle
as seen in Figure [6]

(5.4) By =
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FIGURE 6. Constructing the Sierpinski triangle

To generate Sierpinski-like fractals, we now adjust the values of the marking
parameters {k;}52,. For each k = (k) k®) ... k(6))ec Mand 1 <i<3,

@ diam (fl(:) (A, B, C))
U( k ) = sup -
(a,B,cyex  diam ((4, B,C))

— max {k(%_l), k(m‘)} 7

and
. diam (flii)(A, B, C’))
(A.B.Crex  diam (A, B,C))

L(£) =
When k is bounded, i.e. if A < k@) <A< 1forallj=1,---,6, then

U <r:=(r,---,7r)and Ly > s:= (s, ,8),

where r = max{1 — A\, A} and s = min{1 — A\, A}.
Following our general process, we construct some random Sierpinski-like sets by
introducing randomness into the choice of the sequence {k;}72,,.

= min {k‘(%_l), k(2i)} .

Example 5.4. Let {k;}3°, = {(ky),kf),ké?’))}:o be a sequence in [0,1]> with
=0

each kéi) a random number between given numbers A and A for each i = 1,2,3.
Let F be the F-limit set generated by (F,{ke}2, Eo). Then the 6! generation of

the construction results in tmages like Figure E Here, in Figure m A= % and

A= %; while in Figure A =0.45 and A = 0.55. Note that the sets are no longer
self-similar.

(B) Each kéi) is random in [0.45, 0.55].

FIGURE 7. Generation 6 of Random Sierpinski triangle
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In Figure [7B] we pick A = 0.45 and A = 0.55. By Corollary [£.4]

log(mn)
—log(s)
where m = 3, » = 0.55 and s = 0.45. That is,

1.3758 < dimy (F) < 1.8377,
provided F' satisfies the uniform covering condition (2.4).

. log(m)
<dimgy(F) < Tg(r)’

Example 5.5. As in Example but replacing Eo with Ey = g (1) (1) , the Tt

generation of the construction results in an image like Figure |8, when \ = % and

A=3,

FI1GURE 8. Generation 7 of a Random Sierpinski triangle

Example 5.6. For each £ =0,1,---, let ky = (kél), kéz), ‘e ,k§6)) where

1 a 2) (1)
k(Y - kD =1—k
¢ 2 * 1 ¢ £
1 be 4) (3)
Y = 2 kY =1k
¢ st Virr £
1, 6) (5)
K = B =1k
¢ s ¢
for random numbers ap, by, cp € [f%, %] Let F be the F-limit set F' generated by

(F,{ke}32y: Eo). Then the seventh generation of the construction of F' results in
an image like Figure[9

In this case, we can calculate the exact value of the Hausdorff dimension of F'.
Indeed, by Corollary[{.3,

3 .
(Ui lls)* = 55 = Jim (|[Lac |ls)*-
—00

lim
£—00 28

Thus, dimy (F) = igigg, provided F' satisfies the uniform covering condition ,
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FIGURE 9. Generation 6 of a Sierpinski-type triangle with con-
trolled dimension

5.3. Menger Sponge. Let
(5.5) X ={(0,4,B,0)| 0,4,B,C e R’}

representing the collection of all rectangular prisms (OABC) in R3, m = 20, and
(5.6)
M= {(ku), RONION k<4>,k<5>,k<6>) € [0,1° : kD < k@ k®) < k@) 1O < k<6>}.

FIGURE 10. Geometric illustration of k € M

For each k € M and i = 1,2,...,20, we can define affine transformations flgi) :
X — X as follows. For any k = (k) k) kG k@) £6) E©)) ¢ M, define

T=1[0 kY @ 1], R=[0 k¥ @ 1], S=[0 k® k© 1].
Let

I = {(a,b,¢)|1<a,b,c<3witha,b,c € Z,and no two of a,b, c equal to 2}.
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For each (a,b,c) € I and k € M, define

1—(T(a) + R(b) + S(c)) T(a) R(b) S(
1—(T(a+1)+ R(®)+ S(c)) T(a+1) R(b) S(e)
1—(T(a)+ R(b+ 1)+ S(c)) T(a) R(b+1) S(
1—(T(a)+ R(b) + S(c+ 1)) T(a) R(b) S(c+1)
Note that the set I contains 20 elements, so we can express it as

My (a,b,c) =

For each k € M and 1 < i < 20, we consider the affine transformation flgi) X = X
given by

(57) IEZ)(OaA7B7C> = Mk(ai7bi7ci)

Q=0

for every (O, A,B,C) € X. Note that for ¢ = 1,...,20 and k € M, lil) is a
compression. Thus, we can define a marking F : M — Cq(X) by sending k — fi =
( 1&1)7 R flizo)). Using this, for any starting rectangular prism Ey = (0, A, B,C) €
X, we can generate a sequence of sets that follows a similar construction to the
Menger Sponge.

Example 5.7. Let

01 00
0 01 0
0 0 0 1

be the cube of unit side length and choose k; € M to be the constant sequence
ke = k = (1/3,2/3,1/3,2/3,1/3,2/3). Then the F-limit set F generated by the
triple (F,{ke}32,, Eo) is the classical Menger sponge, as seen in Figure .

FicUre 11. Constructing the Menger cube

(5.8) Eo =

Now we consider variations of Menger Sponge. For each k = (0, k() ... k) ¢
M and 1 <14 < 20,

. diam( l(j)(o,A,B,C))
U ! = su .
<fk ) (O,A,B,%)EX diam ((O, A, B,C))
B “ diam (M (a;, b;,¢;)[0, A, B,C)
(O,A,B,%)EX diam ((O, A, B,C))
= max{T(ai+1) — T(a;), R(bi+1) — R(b:), S(cir1) — S(ci)}-
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Similarly,
L (£) = min{T(ais1) = T(@), R(bisr) = R(b.), Sleirn) = S(e)}-

When k() =1 — k(7-1 for each j = 1,2,3, it is easy to check that

20 )
S UMR)
i=1

20
Z max{7T(aiy1) — T(a;), R(biy1) — R(bi), S(ciy1) — S(ei)}*

= 8max{kW £® £®}* 4 4max{1 — 2tV k3 gG)}s
+4max{kM 1 —2k®) £ONs 4 amax{kM® G 1 - 2kO)1s,

Example 5.8. Let

~Jo 30 0
Eo=10 0 1 0
000 2

Let (k(l),k(z),k(3),k(4),k(5),k(6)) € M where each k) is a random number in
[0,1], but still satisfying the condition k) < k) EG) < k@) £O) < kO Then the
first generation E() of the construction results in a set like Figure .

FIGURE 12. First generation of a randomly generated Menger
sponge

Example 5.9. Let k) = (kél),kéz),k§3),k§4),k§5),ké6)) € M with each k‘fj*l) a

random number between given parameters A and A and kf]) =1- ké%_l) for each
Jj=1,2,3. Let F be the F-limit set generated by (F,{ke};°,, Eo). Then the third
iteration of the construction of F results in images like Figure[I3. Here, in Figure
the parameters A =0 and A = %, while in Figure the parameters A = 0.32
and A = 0.35.

We now calculate the dimension of the limit fractal F illustrated by Figure
in Example Note that in general, when X\ < k(%=1 < A for each j = 1,2, 3, it
follows that

20
wwy:ZUmﬂgmuummeM%
=1
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(A)A=0, A=} (B) A=0.32,A=0.35

FiGURE 13. Generation 3 of random Menger sponge

Similarly,
(I|ILx]]s)® = 8A° + 12min{1 — 2A, A}*.
In particular, when A = 0.32 and A = 0.35, for any s > 2.901,
(I|Uk]ls)®* < 8A° +12max{l — 2X,A}°* < 8%0.35° + 12 % 0.36°
< 8x0.35%%" 4+ 12%0.36% " ~ 1.000.
By Theorem [4.1] dimy (F) < 2.901. Similarly, for any s < 2.546,
(1Lklls)® > 8A° +12min{l — 2A,\}°
> 8x%0.32° + 12 % 0.3° > 8% 0.322710 4 12 % 0.3%°16 ~ 1.000.

By Theorem again, dimg (F) > 2.546, provided F satisfies the uniform covering
condition (2.4). As a result,

2.546 < dimy (F) < 2.901.

Example 5.10. For each £ > 0, let ky = (kél), kéz), e ,k‘f)) where

1 (=1 @ 6
[AC A T G AN A C)JE R X
¢ 3 ez M £
1 (1) 4 3
@ 1 AT
! 3 6(0+1)2 £
5) 1 (= ©) ®)
= — _— = 1 — .
i PRI EL he e

Let F' be the F-limit set generated by (F,{k¢}32,, Eo). Then the third generation
of the construction of F leads to an image like Figure [I4)

In this case, we can still calculate the exact Hasudorff dimension of F. By direct
computation,

. s 20 . s
Jm (U ls)* = 55 = Jim ([T, [|s)°*.

— 00 {— 00

Thus, by Corollary [1.9] dimy (F) = '2820) ~ 2.7268, since F satisfies the uniform
covering condition according to Example h
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FIGURE 14. Generation 3 of random Menger sponge with con-
trolled dimension

Remark 5.1. Here, we discuss similarities and differences of this construction with
V —wariable fractals created by Barnsley, Hutchinson, and Stenflo in [2], [3]. These
authors have described a similar approach to creating more generalized fractals that
can take on a prescribed amount of randomness. In [2] and [3], they describe a
generating process for some fractals along with calculations of their dimensions. In
essence, a V-variable fractal set has at most V€ N number of distinct patterns in
each generation of the construction. This is done through the following process.

Let (X, d) be a metric space, A an index set, F* = {f}, f2,..., f)} an IFS for
each A € A, and P a probability distribution on some o-algebra of subsets of A.
Then denote F = {(X,d), F*\,\ € A, P} to be a family of IFSs (with at least two
functions in each IFS) defined on (X,d). Assume that the IFSs F* are uniformly
contractive and uniformly bounded, that is, for some 0 <r <1,

(59) sup s d (7(2), f3(0) < rd(e.),
(5.10) Sl)l\p mn%xd (fm(a),a) < oo

for all x,y € X and some a € X.

A tree code is a map w from the set of all finite sequences {1,...,m} to A. A
tree code is V -variable if for each positive integer k, there are at most V distinct
tree codes in the tree truncated at the k' generation. For example, consider the
Sierpinski triangle. We let F' be the IFS that maps the triangle to three copies of 1/2
the size, as usual. Let G be the IFS that maps the initial triangle to three triangles
that are 1/3 the size, with the vertices shared with the initial set being the fized
points of the maps. See Figure [I5 for the image of the initial step of each. Thus,
F = {(R?,d),{F,G},P = (1/2,1/2)} is the family {F, G} with probability function
uniformly choosing 1/2 for each IFS. Using these IFSs, three V -variable pre-fractals
are given in Figure[16], being 1-variable, 2-variable, and 3-variable respectively.
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v
A A

FiGURE 15. Initial steps of IFSs F' and G respectively

Now, we express V -variable fractals in terms of F-limit sets. Let X, M, F and Ey

. . 111111 111111
be as in Sectwn. Let F = (57575,5,5,5) eEMandG = (g,g,g,g,g,g) e M.

We will use F' and G to denote terms in the sequence {k¢}32,. Consider the third
generation examples in Figure[16l Then from left to right we have the following:

2 2 2
A A A
A% A AA ACA
Srd At At
A AA A A
A A AGA }A ‘ Aa
G G ||:| AN
AAFAAFAAFAA G 3 G AFAF G
G G G G, 4 -

A"aa%aa%ad A TA AbA “P‘s 'V VAV VRN

G(IEG G\GG GGG EGF FFG FGIF FFG FGG GGG
Y : \i/ i \i iFN
£ B ¥ & F & Y OF
~ ~— L

| i !
F F F

FIGURE 16. n = 3 generation prefractals that are 1, 2 and 3-
variable respectively. Images from [3].

V=1 {ke};2, ={F,F,F,FG,GG,G,G,G,GG,G}

V=2 {ke}2, ={F.G,F,G,F,G,F,F,F,G,F,G,F}

V=3 {ke}2, ={F,F,F,G,F,F,G,F,G,G,G,G,G}.
From these examples, we can see that if we want to create a V -variable frac-
tal, for each generation we should choose at most V distinct triples from the set
{(4,B,C)|A, B,C € {F,G}} and repeat those triples in any order.

When V < oo, there are at most V' distinct tree codes in the address of point
in the set. We can create such a situation from our construction described earlier
in section @ by choosing blocks of {k¢} that repeat across generations. In the case
that V = oo, the fractal is based off of a probability distribution for applying specific
IFSs. In our construction we also can use a probability distribution to determine
the contraction ratios within a generation (as in Examples and @), but
we do not require such a choice. We allow for deterministic sequences that also do
not repeat any blocks, thus not falling into the category of V -variable.

6. UNIFORM COVERING CONDITION

In previous sections, we have seen that the uniform covering condition plays
a vital role in computing a lower estimate for the Hausdorff dimension of a fractal.
In this section we explore the sufficient conditions needed for a fractal to satisfy
the uniform covering condition.
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Proposition 6.1. Let (X,d) be a metric space with the following property: For
any € > 0, there exists a natural number N, such that for any p > 0, any closed
ball in X of diameter p contains at most N. many disjoint balls of diameter ep.
Clearly, any Euclidean space satisfies this property.
Let J :={J, : 0 € D} be a collection of compact subsets of (X,d), and F be the
limit set of J as given in . Suppose that J satisfies the following conditions:
(1) there exists a number r € (0,1] such that for any k € N and for each
o € Dy,
. Ck
reg < diam(J,) < 7
where ¢, := min{diam(Jz) : & € Dp_1}.
(2) there exists a number T € (0,1] such that for each o € D, the convex hull
of J, contains a closed ball W, such that

diam(Wy) > 7 - diam(J,)

and for each k € N, the collection {W, : o € Dy} are pairwise disjoint.
Then F satisfies the uniform covering condition .
Proof. For any closed ball B in X, let k be the number such that
ck+1 < diam(B) < ¢,
where by convention, we set ¢y = co. Let
Dp ::{aeDk:BﬁFﬂJg#(b}.
Note that
BnF=BnFn |J < |J /o
c€Dy o€Dp
Also for any o € Dpg, since diam(J,) < % and BN J, # 0, it follows that J, C
B(zo, ©2cy,), where 2o € X is the center of the ball B. Thus, W, C B(zo, %ck).

2r

2
Let p = T?ck and € = 757, then

diam(Wy) > 7 - diam(J,) > Tre, = €ep.

Since {W, : 0 € Dpg} are pairwise disjoint, the cardinality of Dp is at most
N := N.. On the other hand, for v = %7 it holds that

. Ck Ck .
. > > = — > — > .
(6.1) diam(B) > cg41 > rep, = YN o2 ~y Z e o Z diam(Jy)
occ€Dp ocDp
As a result, J satisfies the condition (2.4)) as desired. O

We now discuss some specific sufficient conditions concerning the types of ex-
amples provided in section 3.4. To start, let’s first consider Cantor-like construc-
tions. Let X be the family of closed intervals described in (5.1), m = 2, and
M =[0,1]? CR.

Proposition 6.2. Let {k/};°, be a sequence in M with
sup { k(Y + kP 10 =012, <1,

and F be the F-limit set generated by the triple (F,{ke}32,, Eo). Then F satisfies
the uniform covering condition .
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Proof. Let N =1 and
. 1 2
(6.2) ’y:lréf{l—ké)—ké)}e((),l].
For any closed interval B in R with BN F # (), consider the set
L:={lc): BNF C J,,0 € D},

where (o) is given in . Note that £ is nonempty because BN F C Jy implies
that £(0) € L. If £ is an infinite set, then since diam(J,) — 0 as (o) — oo, there
exists o* € D such that ¢(c*) € L and diam(B) > diam(Js~) > ~v-diam(Jy+). If L
is finite, let £(c*) be the maximum number in £ for some o* € D. Then, {(c*) € L
but ¢(c* % j) ¢ L for each j = 1,2. This implies that BN J,«,; # () for both j = 1,2
because J,+ = Jyrs1 U Jorio. Since B is an interval, the gap J \ (Jyex1 U Jprs2)
between J,+.1 and J,=.o is contained in B, which yields that

diam(B) > diam (J \ (Jpss1 U Jgrs2))
= diam(J) — diam(Jy=s1) — diam(Jy=42)
. (1 (@ o
> diam(Jo+) (1= kyguy = kygey ) 27 - diam(Jo+).

As a result, in both cases, the uniform covering condition (2.4) holds. O

Motivated by Proposition we now consider a generalization of the above
result.

Definition 6.1. Letn > 1 and H be a collection of subsets of a metric space (X, d).
Define

(6.3) pn(H) =inf{r : There exists a ball B in X of radius r that intersects

at least n+ 1 elements in H}.

Here p,(H) is a quantity describing the “gap” between n + 1 elements of H.

Definition 6.2. Let J = {J, : 0 € D} be a collection of compact subsets of a
metric space (X,d), and n > 1. Define

Josi 10 € Rpyi=1,2,--- ,m})
deRk diam(Jy)
and Ry, C Dy, with 1 < |Ry| < n},

: for some k

(6.4) ()= mf{pnu

where |Ry| denotes the cardinality of the set Ry. Here v, (J) is a quantity describing
the relative size of the “gap” between n+ 1 children of a generation and the size of
the parent sets.

Now we give some examples of calculations of these two quantities.
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Example 6.1. Let J be the collection of closed intervals used in the construction
of a Cantor-like set given in , Then

*i - ) | = 17 2 .
W(J) = inf (i ? € By ) : for some k and Ry C Dy with |Rg| =1
diam(Jy)
. pl({Ja*h JU*Q})
= f _— D
in { diam(J,) foro e
_ ot diam(J,) — dmm(Jg*l) — diam(Jys2) oeD
diam(Jy)

. diam(Jys1)  diam(Jg2)
f<1-— — : D
o { diam(J,) diam(J,) 7€ ’

which agrees with the v in , see Figure .

Jo

Jcr*l ']0'*2

—C D

/)1({Joxl~ JaxZ} )

FIGURE 17. Hlustration of p1({Jox1, Jos2})

Example 6.2. Let J be the collection of triangles used in . In the following
figures, we plot the smallest ball that intersects a certain number of children. The
children that have non-empty intersection with the ball are colored red, while those
that have empty intersection are light blue.

First note that for any 0 € D, p1({Jos1, Jox2, Jox3}) = 0 since any pair of
children share a wvertex. At the intersection of the two children of J, one can
construct a ball of arbitrarily small radius. See Figure[18

FIGURE 18. Tlustration of p1({Jy«1, Jos2, Joxs}) =0
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Moreover, pa({Jox1, Jox2, Jox3}) > 0 because the radius of any ball that intersects
all three children of J, is bounded below by the radius of the inscribed circle of the
removed center triangle. In other words, pa({Jox1, Jox2, Jox3}) is equal to the radius
of the inscribed circle. See Figure [I9 for illustration.

FIGURE 19. po({Jps1, Jox2, Jox3}) = radius of inscribed circle

Now we may compute v,(J) as follows.
Note that for n =1,

i ,i=1,2, .
v(J) = inf pr{Jowi U,e B, 8 31 . for some k and Ry, C Dy with |Rg| =1
diam(J,)
. Pl({Ja*la Ja*2,Ja*3})
= f N D == U.
in { diam(J,) foro € 0
On the other hand, when n = 2, we have
v (J) = inf p2({Josi : 0,6 Ry,i=1,2,3}) . for some k and Ry, C Dy, with |Rg| <2 ;.
diam(J,)

When |Ri| = 1, this is reduced to the same case as Figure [19
When |Ri| = 2, we use two parent triangles, and must find the ball with smallest
radius that intersects three or more children. See Figure [20 for a few candidates

for the ball with smallest radius.

FI1GURE 20. Various options for smallest radius ball
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For each Ry C Dy, with |Rg| < 2, po({Jsi : 0 € Ryt =1,2,3}) > 0. For some
nice J, one may expect v2(J) to also be positive.

Theorem 6.3. Let J :={J, : 0 € D} be a collection of compact subsets of (X,d)
satisfying MSC(3) and

lim max {diam(J,) : 0 € Dy} =0,

k—o0

and let ' be the limit set of J as given in , If there exists an N such that
YN (T) > 0, then F satisfies the uniform covering condition .

Proof. Let v = yn(J) > 0. For any closed ball B in X with BN F # (), let g(k) be
the number of elements o in D such that BN FNJ, # 0. Then g : NU{0} - N
is monotone increasing with ¢(0) = 1.

Case 1: If g(k) < N for all k = 0,1,2,---, that is, for each k, there exists an

index set Iy with |Ix| < N such that BNF C | J ) for some ogk) € D;,. Thus

when £k is large enough,

i€y,

diam(B) >y - Z diam(J_x))
=N ’
due to the fact that
0< lim Z diam(J ) < N - lim max{diam(J,): o € Dy} = 0.
k— 00 I, k— o0
i€y,
Hence, equation ([2.4]) holds for B.
Case 2: There exists k* > 0 such that g(k*) < N but g(k* +1) > N.
Since g(k*) < N, there are g(k*) many elements o € Dy such that BNFNJ, #
(). That is, there exists Rg+ C Dy« with |Ry«| < N such that BN F C erRk* Iy
On the other hand, since g(k* + 1) > N, BN F intersects at least N + 1 elements
of Dg+41. Since BN F C UaeRk* Jo, all of these N + 1 elements must be children
of {J, : 0 € R~}. Then, by the definition of py in (6.3)),

(6.5)  diam(B) > pn({Jowi 1 0 € Rp=,i =1,2,...m}) > - Z diam(J,).
TER*

As a result, F' satisfies the uniform covering condition (2.4]). O

To show an application of Theorem [6.3} we now consider some examples provided
in section Let {k¢}32, be a sequence in M as defined in and F be the
F—limit set generated by (F,{k.}?2,, Eo) associated with J(k) = {J, : ¢ € D}
as defined in Deﬁnition Let H C Jx := {J, : 0 € Dy} for some k > 0, and
consider pg(H).

We now make the following observation: Suppose there exists a ball B that in-
tersects at least 9 elements of H. Then diam(B) is greater than or equal to the
smallest edge length of the elements in H. Indeed, by considering the projections
to the three coordinate axes, one can see that at least one coordinate contains three
non-identical projected images of these 9 elements. As a result the ball B inter-
sected with these 9 elements will have a diameter at least the length of the smallest
side of the three projected images. This proves our observation.

Let
(6.6)
me = min{k" kP — kM 1Tk S Y kP 1D R B kP 1 k)
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and
(6.7)
My = max{kM kP kD 1=k B KD kP 1k R RS k) 1 k0.
For any o € D, direct calculation shows that
diam(J ;)
6.8 < o)
(6.8) ) = " diam(T,)

where ¢(o) is given in (4.3)). Thus, for any o = (1,42, ...,ix) € Dy, we have
(6.9)

< My

diam(J,)
(i) T((i14i2)) " T ((inyeosin)) diam(Jy) < M)y Ma((inin)) - Me((in,....in)) -

Let Ry C Dy for some k. Suppose |Ri| < 8. Then for any 0 € Ry, by the
observation

ps({Jpsi 0 € Ri,i =1,2,...20})
ZUERk diam(Jy)
smallest diameter of J,.;
8 - max{diam(J,) : 0 € Ry}
min {ma(n))me((n,z‘z)) C Gy ing ) BEOT(Tp) }
20 | M)y Me((ir in)) = Mein,....in ) diam(Jp)

Y%

0=(i1,12,--,ik)ERk ik +1=1,...,

L(fpm ), .
5 (H M) lim inf

\%

i=1""
where the last inequality follows from 0 < m; < M; for each .

Example 6.3. Using this observation, we show that the F—limit set in Example
satisfies the uniform covering condition. In this example,

¢ be £
(6.10) me =% DN, =10 T
by ¢ odd a; Y odd
where
1 (-1)° 3 1 (1)
6.11 k3 =2 dbp=1-2k® =>4 2/
(6.11) W= T3 T 6o 2 M A R P

One may show that the product H % is convergent, whose numerical value is
=1
0.369761. .. and liminf, o m; = 1/3. Thus vs(J) > 0. Therefore, by Theorem
F satisfies the uniform covering condition.
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