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Abstract. Here is given a rectifiable currents’ version of intersection homology theory on
stratified subanalytic pseudomanifolds. This new version enables one to study some varia-
tional problems on stratified subanalytic pseudomanifolds. We first achieve an isomorphism
between this rectifiable currents’ version and the version using subanalytic chains. Then we
define a suitably modified mass on the complex of rectifiable currents to ensure that each
sequence of subanalytic chains with bounded modified mass has a convegent subsequence
and the limit rectifiable current still satisfies the perversity condition of the approximating
chains. The associated mass minimizers turn out to be almost minimal currents and this fact
leads to some regularity results.

Introduction

The goal of this paper is to develop a setting for treating variational problems on
stratified pseudomanifolds with singularities, such as complex projective varieties.
Rather than using the ordinary homology theory on the base space, we will in-
stead use a generalized “homology theory ” — the intersection homology theory,
introduced by MacPherson and Goresky in the early 1980’s ((GM1,GM2]). Such
a theory turns out to be more suitable than ordinary homology theory for pseudo-
manifolds with singularities (see [Kirwan] or [Borel] for details).

In variational problems, one needs to take various limits of e.g. minimizing
sequences, but a basic problem is that a limit of geometric intersection chains [GM1]
may fail to be a geometric chain; and even if it is, it may not satisfy the important
perversity conditions of the approximating chains concerning intersection with
singular set. This motivates our use of rectifiable currents with a suitably modified
mass norm.

In Sect. 1, we present some necessary preliminaries on the categories of in-
tersection homology theory, geometric measure theory, and subanalytic sets and
chains.

In Sect. 2, for a compact stratified subanalytic pseudomanifold, we show how
to express the intersection homology groups in terms of integer multiplicity rec-
tifiable currents. These are then isomorphic to the usual intersection homology
groups defined by geometric or subanalytic chains with the corresponding perver-
sity conditions. The key idea here involves a technical modification of the proof of
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the Federer-Fleming’s Deformation Theorem [Simon, Sect. 29] to accommodate
the perversity condition of intersection homology theory. We study properties of a
“safety function” used to quantify the perversity condition for each simplex of the
singular locus.

In Sect. 3, we give a suitably modified mass on rectifiable currents such that
all rectifiable currents with finite mass and finite boundary mass satisfy automat-
ically the given perversity conditions. Also, by using the Lojasiewicz’ inequality
of subanalytic sets, we’re able to show that all allowable subanalytic chains have
finite (modified) mass and finite boundary mass. This fact ensures that our category
of rectifiable currents with finite modified mass is still rich enough to contain all
the “nice” chains one may consider. Moreover, this modified mass satisfies an im-
portant theorem — an analogue of the compactness theorem of Geometric Measure
theory (see [F1,Simon]), which implies that each sequence of rectifiable currents
with bounded modified mass and boundary mass will have a convergent subse-
quence and that the limit is a rectifiable current satisfying the perversity conditions
of the approximating chains. This property of rectifiable currents overcomes the
weakness of geometric chains stated above in the basic problem. The support of
the currents we consider may intersect ( in a controlled fashion) the singular locus
of the pseudomanifold. A related problem with currents avoiding the vertex of a
regular cone was studied by [Li].

In Sect. 4, we first achieve an existence theorem for modified mass minimizers.
Moreover, we show that these mass minimizers are in fact almost minimizing
currents [Bomb]. Thus, by a lemma of Almgren, we achieve a partial regularity
theorem for these suitable mass minimizers.

We will, for notational convenience and clarity, restrict to manifolds and pseudo-
manifolds in RY, although most of our results carry over to more general contexts.

Acknowledgement. The author wants to thank his thesis advisor Robert Hardt for his un-
countable help, fruitful discussions and endless encouragement.

1 Backgrounds
1.1 Intersection homology groups THP(X)

As in [Borel, Sect. 1.1], let X be a topological stratified pseudomanifold of dimen-
sion n with singular locus X' and a given stratification

X=X,DX,2(=2)D X322 Xo.

For a triangulation 7" of X, compatible with the stratification, let CI (X) be
the complex of simplicial chains of 7. Then an element ¢ € C7 (X) is a linear
combination

=) 6o, el

oceT ()

For ¢ € CI(X), define |¢] (the support of £) to be the union of the closures of
those i-simplices o for which the coefficient of o in £ is non-zero. The complex
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C;i(X) of all geometric chains of X with integer coefficients is the direct limit of
CT'(X) under refinement over all such triangulations of X.

Let p = (pa2,ps,- - , Pn), called the perversity, be any fixed nonnegative inte-
gers satisfying po = 0, and pr < prpy1 < pr + 1forall 2 < k < n. A geometric
chain ¢ is said to be (p, i) allowable if

dimg (€] N Xp—k) <i—k+pg, forallk > 2.

The group I C’f (X) of intersection chains of dimension ¢ and perversity p is the
subgroup of geometric chains £ € C;(X) such that £ is (p, ¢) allowable and 0¢ is
(p,i — 1) allowable.

Definition 1.1.1 The intersection homology groups I HP (X)) are defined to be the
homology groups of the chain complex ICP?(X).

This definition is independent of the choice of the stratification. See [GM2]

1.2 Geometric measure theory

Let U C RY be an open subset and D*(U) be the set of all differential i-forms in
U with compact support.

An i dimensional current T on U is a continuous linear functional on D*(U).
Let D;(U) denote the set of all ¢ dimensional currents on U (see [F1] or [Simon]
for more details).

Given a sequence {1} € D;(U), we write T; — T in U if {T;} converges
weakly to T' € D;(U) in the usual sense of distributions:

T; =T <= limT; (w) =T (w),Yw € D'(V).

Given T € D;(U), the support of T is defined by

sptT' =U\U{V CUopen :spt(w) CV = T(w) =0}.
The mass function on D;(U) is defined by
M(T) = sup)ju||<1,wepi )T (W)
More generally, for any open W C U, we define
Mw (T) = supjjw||<1,weDi(U),sptwcw L (W)

Clearly, M (T') is lower semicontinuous under the weak convergence of currents.

An integer multiplicity rectifiable current T'is a current coming from an oriented
rectifiable set with integer multiplicities (see [F1] or [Simon]). Let R; (RY) be the
set of all i dimensional integer multiplicity rectifiable currents in R" and for any
subset X C RY, let

R{(X)={T eR;(RY)|spt(T)C X}.
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1.3 Subanalytic sets and chains

According to [Hironaka, proposition 6.11], a subset A of a real-analytic space X
is subanalytic if at any point a € A, there exists an open neighborhood U of a
in X, a real analytic manifold Y and a finite system of proper real-analytic maps
gij Y = U,1 <i<pandj=1,2,suchthat ANU = UY_, (Im(gi1)—Im(gi2)).

Examples of subanalytic subsets of RV :

(1)analytic varieties;

(2)polyhedrons;

(3)finite unions, intersections, proper projections of subanalytic subsets.

A really important inequality about a subanalytic set is the following (see
[Hironaka, 9.5]):

Proposition 1.3.1 (Lojasiewicz’ inequality) Let f be a function on R™ with sub-
analytic graph. Then for each compact subset K of R", we can find N € Z and
C € Ry such that forall x € K,

C|f ()| > distan (z, f~1 (0))V.

Definition 1.3.2 An integer multiplicity rectifiable current T € R;(RY) is a sub-
analytic chain if spt(T) and spi(OT ) are i and i — 1 dimensional subanalytic subsets
of RN . That is, T is a geometric chain where all the supporting simplices are sub-
analytic sets.

Definition 1.3.3 A stratified subanalytic pseudomanifold X of dimension n in RV
is a subanalytic pseudomanifold with a stratification

X=X,D2X,2(=X)D>X,352---2Xp

with closed subanalytic subsets X, of RY such that X,,_;,\ X,,_1_1 is empty or
a subanalytic manifold of dimension n — k and such that the local normal triviality
holds in the subanalytic category. See [Hardt3] for details.

1.4 General setup

For the rest of the paper, we let X C R™ be a compact stratified subanalytic
pseudomanifold with singular set 2’ and a given stratification

X=X,D2X,2(=X)DX,,_5D D Xp.

Also, let p be a fixed perversity function (as in Sect. 1.1). A rectifiable current
T € R;(X) is said to be (p, i) allowable if

dim (spt (T) N X,,_x) <i—k+pg, foral k> 2.

Finally, we fix an integer ¢ € {0,1,--- ,n} and consider various dimensional
chains in X. Let

Ri(X) ={T € R;(RY)|sptT C X};
Pi (X)={T € Ry(X)|Tis (p,i) allowable and 9T is (p,i — 1) allowable};

S; (X) ={T € P; (X) subanalytic chain}.
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2 Intersection homology theory in rectifiable currents’ version

Here we prove that intersection homology theory defined via rectifiable currents
coincides with the usual definition [GM 1] involving geometric chains or subanalytic
chains.

Lemma 2.0.1 There exists a triangulation T of (X, X)), compatible with the given
stratification, such that:

Forall open simpliceso C X of T, ifo C X;,—;\X,,—j_1forsome2 < j <n,
then 0o N X,,_;_1 is either empty or a face of Oo.

Proof. By [Hardt4], there exists a subanalytic triangulation of (X, X'), compatible
with the given stratification. Subanalytically subdividing this triangulation, one get
a triangulation with the desired properties. a

From now on, we fix this triangulation 7 and denote
Ts, = {open simplices o0 € T : 0 C X}

For notational convenience, we rephrase the perversity condition using the follow-
ing

Definition 2.0.2 The i-th safety function s : Ty — R is given by:
s(o):=i—j+p;—1ifc C Xp—j \ Xn—j_1.
Remark 2.0.3. Now, T' € P; if and only if for any o € Ty,
dim spt (T) N o < s(0) + 1 and dim spt (0T) No < s(o) (1)

Proposition 2.0.4 If o is aface of o5 (denoted by o1 < 02), then s (1) < s (02) .
This means the interior simplex is “safer” than the boundary.

Proof. One may assume that 01 C X,,_;_1 \ Xp—j_2 and oo C X,,_; \ X, ;1
for some 2 < j < n. Then

s(o1)=s(o2) =i—(G+1)+pjy1—1-(i—j+p;—1)=pjy1—p;—1<0.0

Lemma 2.0.5 Suppose 01, 05 € Tx. Let 7 € Tx; be the open simplex of minimum
dimension such that o1 < 7,09 < 7. Then

s(1) =max(s(01),s(02)).

Proof. Otherwise, by the Proposition 2.0.4, s (01) < s(7) and s (02) < s(7).
This implies that if 7 C X,,—; \ X,_;_1, then 61,02 C X,_;_1 N O7. From
the property 2.0.1, 7 N X,,_;_ is a unique closed simplex which is denoted by
0. Therefore, we have 01 < ¢ and 05 < & , which contradicts to the minimum
dimension property of 7. a



426 Q. Xia

For an open simplex o € T, let

st(o)=U{reT:0=<71}

be the open star of o and St () = st (o) denotes the closed star of o.

For the rest of this section, we fix one rectifiable current 7' € P;(X). Our
goal is to deform T to an allowable subanalytic chain S € S;(X) using allowable
currents. To achieve this, we make the following technical definitions.

Definition 2.0.6 Given an open simplex o € Tx.

1. o is absolutely good if dimo < s (0);

2. ois goodw.r.t. T of type (I) if o is absolutely good;
o is good w.rt. T of type (I) if dim (o) = s (o) + 1 and spt (OT) N st (o) = 0;
o is goodw.rt. T of type (III) if spt (T) N st (o) = 0.

3. oisbadw.rt. T if o is not good w.r.t. T, i.e.

dimo > s (o), spt (T)Nst(o) #0
and also spt (OT) N st (o) # 0 in case dim (o) = s (o) + 1.

Note that o € Tx being absolutely good trivially gives the perversity condition
(1) for any T € R;(X).

To make the inductive argument in our deformation theorem 2.0.12, we will
first fix any open simplex oy of minimum dimension in the family

{r:s(7) =min{s (o) : oisbad w.r.t. T}}.
Lemma 2.0.7 Any face o1 of Oog is good w.r.t. T of types I or IL.

Proof. By the Proposition 2.0.4, s (1) < s(09) . Since dim o; < dim o, by the
minimum of o, o1 is good w.r.t. T'. On the other hand, the fact st (cg) C st (07)
implies spt (T') N st (o1) 2 spt (T') N st (og) # 0. i.e. o7 is not good w.r.t. T of
types IIL. Thus, o, is good w.r.t. T' of types either I or II. O

Proposition 2.0.8 For T and o as above, there exists a’ly € P; and R € P;41,
L € P; such that

(@ T=T+0R+L;

(b) {o:oisbadwrt. T1} & {o:oisbad wrt. T} .
(¢) L=0if 0T = 0;

(d LesifdT € S;-1.

Proof. We’ll obtain T as pxT for a suitable map p constructed differently in the
two possible cases:

Case 1: dimog > s(og) + 1.
Since

dimog > s(0¢) + 1 > dim spt (T') N 79,
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there exists a point ag € oo\spt (T). Let
p:St(oo) \ ag — 9 (st (00))

be the “radial retraction” of St (o) with ag as origin (see [Simon, p. 166]). Outside
the closed star St (0¢), one may extend it to be the identical map.

Now, let’s show that pxT € P;. It’s sufficient to show that for any o € Tx
NSt (op) which is not absolutely good,

dim spt (pxT) No < s(o) + 1 and dim spt (OpxT) No < s(o). (2)

In fact, if o is a face of Jo, then by the Lemma 2.0.7, o is good w.r.t. T' of type
I;i.e. dimo = s (o) + 1 and spt (0T) N st (o) = (. Thus, dim spt (pxT) No <
dimo < s(o) + 1 and spt (OpxT) No = spt (pxdT) No = spt (OT) No = 0.
Therefore, o satisfies the identity (2).

If o belongs to the open star st (0g) , then by the definition of radial retraction,
o Nspt(pxT) = 0 and hence o satisfies (2).

If o belongs to dst (0g) \ Doyp, then there are three subcases:

Subcase 1: o is good w.r.t. T of type Il . i.e. st (o) N spt (T') = . This is a trivial
case, because st (o) N spt (pxT') = O is still true and hence o satisfies (2) and is
good w.r.t. pxT of type II.

Subcase 2: o is good w.r.t. T of type I . i.e. dimo = s (o) + 1 and spt (0T) N
st (o) = (). This is also a trivial case, because one still has dimo = s (o) + 1 and
st (o) N spt (p0T') = (. Hence o satisfies (2) and is good w.r.t. px T of type I

Subcase 3: o is bad w.r.t. T. Then, s (o) > s(op) and we choose 7 € Tx to
be the open simplex of minimum dimension such that oy < 7and o < 7. Since
s(o0) < s(o) < s(7), the Lemma 2.0.5 implies s (o) = s (7) . Now, note that

dim spt(pxT) N o < max (dim spt (T') N7, dim spt (T') N o)
<s(r)+1=s(o)+1;

dim spt(0 (pT)) N o = dim spt((px0T)) N o
< max(dim spt (9T) N7, dim spt (OT) No) < s(1) = s(0).

Therefore, o satisfies (2).
This shows that pxT € P;. O

Case 2: dimog = s (0g) + 1. In this case, spt (9T) N st (o0) # 0.

Here we will use a different formula for p. Since T' € P;, by the identity (1),
dim (spt (OT) N o) < s(0¢) < dimoy. We choose a point ag € o \ spt (0T)
with dist (ag, 00 \ spt (9T)) > € for some small positive constant € (It is possible
that ag € spt (T')). Define a help function f : [0, +00) — [0, +00) by

Lo<t<e
f)=<{1,e<t<1.
t, t>1
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Now, for any = € st (0p), let v, : [0,1] — X be the “radial arc” starting at
aop, passing through x and ending at a point 7, (1) on 9st (0p). Now we define
p: X — X by

dist(z,a) .
ooy = e (F (Gt ) ) - for o € St(oo)
T for x € X \ St(op).

To describe this map geometrically, let U, be the small star neighborhood of the
point a, similar to st (o) but scaled down by a factor €. Then the map p fixes all
points outside st (o), maps U, homothetically to st (o) and projects the remaining
“annular region” radially to d (Stoy ). Clearly, this map is Lipschitz (with Lipschitz
constant %). We need to show puT' € P;.

As in case 1, it’s sufficient to show (2) for any o € Tx N St (0p) which is not
absolutely good. We treat all the possible subcases as before:

If o belongs to the open star st (0¢) i.e. 09 < o, then since spt (0T) C X \ U,
we have spt (OpxT') = spt (px0T') C X \st (00). Thus, the fact st (o) C st (o9)
implies spt (Op4T) N st (o) = (. On the other hand,

dim spt (pxT) No =dimspt (T) No < s(o) + 1.

Therefore, o also satisfies (2).

If o belongs to the boundary Oy, then by the Lemma 2.0.7, o is good w.r.t. T" of
typell;ie.dimo = s (0)+1and spt (OT)Nst (o) = 0. Now, dim spt (pxT)No <
dimo = s (o) + 1 and spt (OpxT) N o = (). Hence, o satisfies (2).

If o belongs to Jst (0¢) \ Dop, then we choose T € Ty to be the open simplex
of minimum dimension such that oy < 7and o < 7. Since s (0g) < s (o) < s(7),
the Lemma 2.0.5 implies s (o) = s (7) . Thus,

dim spt(pxT) N o < max (dim spt (T') N 7, dim spt (T) N o)
<s(t)+1=s(0o)+1

and

dim spt(OpxT) No = dim spt(px0T) N o

< max (dim spt (OT) N7, dim spt (OT)No) < s(1) = s(0).

Therefore, o satisfies (2).
This shows that also in case 2, pxT' € P;. O

Now, let 71 = pxT and let h be an “affine homotopy” from the identity to p,
R = hy([[0,1]] x T'), and L = hy([[0,1]] x OT'). Then for any o € Tx,

dim(RNo) <dm(TNa)+1<i—j+p;+1,
and

dim(ORN o) <dim(0T Nao)+ 1 <i—j+pj,
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so R € P;y1. Also,
dimL <dim(0TNa)+1<(t—1)—j+pj+1=i—j+p;,

soLeP;.
(a) now follows from the homotopy formula [Simon, pg 139].

To prove (b), note that if o is good w.r.t. T', then o is still good w.r.t. pxT'. Also,
there is one open simplex, namely o, which is good w.r.t. p»T" but bad w.r.t. T'.
Thus, we have

{o:oisbad wrt. puT} & {0 : oisbad wrt. T'} .
(c) and (d) readily follow from the definition of L. a

Corollary 2.0.9 For any T € P;, there existsaly € Pyand R € P;11, L € P;
such that

(a) T=T +0R+ L;

(b) All open simplices o € Tx are good w.r.t. Ty;
(c) L=0ifoT =0;

(d) LeS;ifol € S;_.

Proof. Since X is compact, the #{c : o is bad w.r.t. T'} is finite. After using Propo-
sition 2.0.8, we may apply it a second time with 7" replaced by 77 (and new choice
of oy ). Continuing inductively a finite number of times, one will get the desired
results. ad

Lemma 2.0.10 Suppose T' € P; with sptT C Ty, the k-skeleton of T, for some
k > i+ 1. If all open simplices 0 € Tx are good w.r.t. T, then there exists T} € P;
with sptTy C Tip—1, R € Piy1and L € P; such that

(a) all open simplices o € Ty, are good w.r.t. Ty,
(b) T=T+0R+L

(c) L=0if0T =0

(d) LeS; ifaTESifl

Proof. As in [Simon, Lemma 29.4], one can choose, for each k-simplex 7 of T,
a suitable point a, € T so that the radial retraction away from a, gives a locally
Lipschitz map 1 : Ty, \ Ur {a;} — Ti—1 along with a mass bound for )T

For any 0 € Ty, we’ll show that o is also good w.r.t. T} = ¢4T'. A basic fact
about the map ¢ is that ) ~! (x) C st (o) forany = € o and hence 1! (st (0)) C
st (o) . Therefore, if o is absolutely good, then o is automatically good w.r.t. Ty of
type L. If o is good w.r.t. T of type II, i.e. dim (¢) = s (o) + 1 and spt (OT) N
st(c) = 0, then dimTy; N o < dimo = s(o) + 1 and spt (8T1) N st (o) C
¥ (spt (OT) N st (o)) = 0. Hence o is good w.r.t. Ty of type IL. Finally, if o is
good w.r.t. T of type 1L, i.e. spt (T) N st (o) = 0, then spt (T1) N st (o) C
Y (spt (T) N st (o)) = 0. Hence o is also good w.r.t. 71 of type III. This shows
that all open simplices o € Tx are still good w.r.t. T7.

Now as usual, let & be an “affine homotopy” from the identity to ), R =
hy([[0,1]] x T'), and L = h4([[0, 1]] x OT'). One readily checks that R € P;; and
L € 'P; have the desired properties. a
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By applying this lemma repeatedly, we will eventually get spt (T') C 7;, then
we’ll use the following:

Lemma 2.0.11 Suppose T' € P; with sptT C T;. If all open simplices 0 € Tx
are good w.r.t. T, then there exists S = XpcT,0F [[F]] € Sifor some integers Sr
such that M (T — S) + M (0 (T — S)) < ¢M (9T) for some constant c.

Proof. As in [Simon, pp. 175-176], for any ¢-dimensional face F', one can
find an integer S such that M (TLF — Bp [[F]]) + M (0 (TLF — Br [[F]])) <
cM (OTLF). Now, we’ll show that S = Xpcr,fr [[F]] € P;. In fact, for any
o € Tx we know that o is good w.r.t. T'. We’ll show that o is also good w.r.t. S. If
o is absolutely good, then o is automatically good w.r.t. S. If o is good w.r.t. T"of
type 11, i.e. dim (o) = s (o) + 1 and spt (9T) N st (o) = (. This implies that for
any F' € T; N st (o), we have 9T LF = 0. Therefore, T F' = 3 [[F]] and hence
spt (0S) N st (o) = spt (0T) N st (o) = 0. Thus, o is also good w.r.t. S of type
II. Finally, if o is good w.r.t. T of type I1L, i.e. spt (T') N st (o) = 0, then for any
F e T,nst(o), T F = 0and hence B = 0. This also shows spt (S)Nst (o) =0
and o is good w.r.t. S of type III. Therefore, all open simplices o € Ty are good
w.r.t. S, which automatically implies .S € P;. By the construction of S, we know
that S is a subanalytic chain. O

Theorem 2.0.12 (Deformation Theorem) For any T € P;, there existsa S € S;
and R € P;11, L € P; such that

(a)T =S +0R+L

()L =0if0T =0

(c)L € S; szT ST

Proof. First apply Corollary 2.0.9 to change 7" so that all the open simplices are
good w.r.t. T', then apply Lemma 2.0.10 inductively, we may assume sptT C 7;.
At last, apply Lemma 2.0.11. a

Definition 2.0.13 Ler [ HE"*" W5 e( X)) TH,(X) denote the homology groups of
the chain complexes {S;} , {P;} defined above respectively.

Then, we have the following isomorphism theorem:

Theorem 2.0.14 (Isomorphism Theorem) The inclusion map
j o THE™b e elvtic(xy «y TH, (X) is an isomorphism.

Proof. (i) j is injective.
If [S] = [0] € [H;(X),ie. S = 9T for some T € P;;1(X), then by the
deformation Theorem 2.0.12,

T=S8+0R +1L

with L’ subanalytic. So, S = 9(S'+ L') and S’ 4+ L' € S;+1. Hence, j is injective.
(ii) j is onto. For any [T] € IH;(X), by the deformation Theorem 2.0.12,
T = S + JR. Hence, [T] = [S] = j([5]), i.e. j is onto. O
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3 A modified mass on the complex of rectifiable currents

The limit of a sequence of rectifiable currents with bounded mass and bounded
boundary mass is a rectifiable current [Simon, Theorem 27.3]. However, the limit
rectifiable current may fail to satisfy the allowability conditions of the approximat-
ing chains. This motivates us to modify the usual mass by adding some suitable
mass modifiers. For any rectifiable current 7 € R;(X) and each singular stra-
tum, we’ll add a mass modifier for 7" corresponding to that stratum. To control the
amount of mass modified, we choose and fix a small tolerance § > 0.

As in Sect. 1.4, we have a fixed perversity p = (p2,--- ,p,) and a fixed di-
mension ¢ € {0,--- ,n}. Now, for each singular stratum X,,_;, with some integer
k € {2,---,n} and any rectifiable current ' € R;(X), we’ll define a k-th mass

modifier mg (T) in the 3 possible cases as follows:

Casel: i —k+pr, >n—k,ie.i+pr >n(eg i=n).
In this case,

dim(spt (T)NXp—p) <dim(Xp—r) <n—k<i—k+pg.

i.e. the perversity condition is automatically satisfied. Since it’s unnecessary to
make any modification on the mass, we here set m$ (7T") := 0.

Case2: i —k+pp <0,ie.i<k—pg.egi=0orl.
In this case, dim(spt (T) N Xp—k) <@ — k + pg iff spt (T) N Xp—i = 0.
Here we define the k-mass modifier

)
o(T) =1
mie(T) ndi:s?f(spt (T), Xn—k)

M(TB (Xn_r, ).

Before considering the remaining case, we first make two easy but important
observations:

Lemma 3.0.15 dim(spt (T) N X,,—x) <4 — k + pg iff mQ(T) < +oo0.
Proof.

ml(T) < 400 & dist(spt (T), Xp_x) >0

S spt (TN Xy =0 < dim(spt (T) N X)) < i —k + pg. O

Lemma 3.0.16 mi is lower-semi continuous with respect to the weak convergence
of currents.

Proof. If T; — T, then M (T B (X, 9)) < liminf; oo M (T;.B (X, 9))
and

dist(spt (T), X, —r) > limsup dist(spt (T}), Xn—k).

Jj—o00
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Therefore,

§
l < liminf!
ndist(spt (T), Xn—k) — A ndist(spt (T5), Xn—x)

and

]
5 < limi .. )
my(T) < hjrgg)lf lndist(spt(Tj),Xn_k) hjrglor.}fM(TjLB (Xn—k,9))

)
< liminf! M(T;.B (X_,0)) = iminf mS(T;).
= R Gt apt (1), X (0B (i 0)) = il ()
. mj is lower-semi continuous. O

Case3: 0<i—k+pr<n—kie k—pr <i<n-—pg

Remark 1. If X has isolated singularities, i.e. dim(X) = 0, then case 3 will not
happen.

Set
Gy = {all N — (i — k + p;,) — 1 dimensional planes in R" }

with the standard measure i, induced from G, being an (i — k+py, ) + 1 dimensional
vector bundle over the grassmannian manifold G(N, N — (i — k + py) — 1) with
its invariant measure.

Define dr : G, — [0, +o00] by

dr(H) = dist(spt (T) N H, X,,—) /6. 3)
and define

T (t) = %M (1 0,1]) = %,u({H € G TUB (Xo_p, t6) N H £ 0}),

so tul (t) is increasing and hence differentiable for a.e. t € [0,1].

The function u] gives a normalized count (without multiplicity) of the number
of planes intersecting the current 7' near the singular stratum X,,_j. It’s similar
to the quermassintegrale [Santalo, 13.8] of convex sets. We’ll use its £! norm to
define the mass modifier in the Definition 3.0.19. Note that |u£ ||L1([0 1) may be
infinite for some allowable rectifiable current 7" having infinite order contact with
X, —k, but it will be finite for allowable subanalytic chain by Theorem 3.0.23.

To obtain the lower semicontinuity of our modified mass (defined in 3.0.19),
we need the following lemmas:

Lemma 3.0.17 If sup M (T}) + M (0T;) < oo and Tj — T, then ul(t) <
liminfu,’ (t) forall t € (0, 1].
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Proof. Thehypothesesimply, by [F1,4.3.2], thatfora.e. H € Gy, T;NH — TNH.
Thus,

tul (t)

—~~

{H e G: M(T.B(X,—k,t0) N H) > 0})
{H € Gy : liminfM(le_B (Xpn—k,t6) N H) > 0})
j—o0

W
<

= /X{Heck;nminfM(TjLB(xn,k,us)mH»O}dﬂ
< /1iJH_1>i£fX{HeGk:M(TjLB(xn,k,ta)mH)>o}du

< lim inf/X{HEGk:M(TJLB(Xn,k,t6)ﬂH)>O}d/J (by Fatou’s lemma)

j—o0
= liminf p({H € Gy : M(T;.B (Xp—_k,t0) N H) > 0})
J—0o0
e e Ty
—thjrgggfuk (t). O

Lemma 3.0.18 Forany T € R; (X), ifu} (t) € L*([0,1]), then

(1) pu (d7* (0)) = 0;
(2) dim(spt (T) N X)) <i—k + pg;

(3) ||uf (t)HLl([O,l]) = fd;l([o,u) Z”<$)d/‘

Proof. Since tul (t) = p (d7" ([0,t])) is increasing in ¢ and u} (t) € L'([0,1]),
we have

(A7 (0)) = o ({H < H 0 spt (T) N Xoi # 0}) = 0.

This implies that spt (T') N X,,_, is a set of (¢ — k + px) + 1 dimensional integral
geometric Favard measure zero (see [F2] or [Santalo, III. 14.7.1] for details). By
[F2, Theorem 9], dim(spt (T) N Xp—k) < i — k + py.

As for (3), a classical application of Fubini’s theorem is the formula

/Ef(x)dx:/ooom{x|f(x) >thdt

where f is a nonnegative measurable function on a ;2 measurable set F.
Since d;l (0) has p measure 0, we can apply the above formula to the function

ln(ﬁ) : d;l ([0,1]) — [0, 00) as follows:

/d;l([oym ln(%)du - /OOO,L ({H|ln(dT EH)) > t}) dt

_ /Ooou ([H|0 < dr (H) < e™'}) dt

:/JMGHm<dTGU<SD
0

S

1
ds = / ul (t)dt.O
0

All our above discussion leads to the following:
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Definition 3.0.19 For fixed § > 0 and any T € R;(X), we define the k-mass
modifier of T to be

0, ifpr >n—i
my (T) = Hug (t)HLl([O,l]) M (T B (Xy-1,6)), ffk—i<py<n-—i,
n gy xo o M(TLB (Xn—k,0)) ifpr <k —i

A new modified mass on R;(X) is given by M(T) = M° (T) = > 1_, m3(T) +
M (T) forany T € R;(X). Also, we set

Ti(X) ={T € R; (X) : M(T) + M(dT) < +oc}

to be the set of all rectifiable currents with finite modified mass and finite modified
boundary mass.

Proposition 3.0.20 If M% (T) < +oc for some 5y > 0, then Jnr&m (T) =
—
M (T).
Proof. Foreach k : k —i < pr, < n — i, whenever d < d,
M (T B (X;—k,6))

mi (T) = u?é (t)’ L([0,1])

_ é T,é0 ﬁ
5 6

T6D
gl
u () L1(0, 1)

—0,as0 —>0+.

M (T B (Xp_,9))
LY ([0,1])

M (T B (Xpn—k,%0))

IN

Similarly, if p,, < k—1, we alsohavem? (T) — Oasé — 0. Thus, 5111(1)1 MO (T) =
—0+

M (T). O

Proposition 3.0.21 M mass is lower semi-continuous. i.e. if T; — T, then

M(T) < liminf N (T}).

Proof. Fork —i < py < n —i,if T; — T, then by the Lemma 3.0.17, ul (t) <

lim inf ugj (t) . Therefore, by the Fatou’s lemma,

m), (T) = |Juf (t) M (TB (Xn—,9))

HLl([O,l])

M (T.B (Xn—,9))
L} ([0.1])

lim inf ufj (t)
j—o00

< lim inf Hu:J (t)‘
j—o0

lim inf M B(X,_j,0
L1([0,1]) ljrggjl ( - ( k ))

< liminf [Huf (t)‘

J—00

M (T:.B (X, _5,0
oy M (T3B (Xoos )

= liminf m{ (T}).
J]—00

This, along with Lemma 3.0.16 and the lower semi-continuity of the usual mass,
implies the lower semi-continuity of M. a
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The following proposition says that a rectifiable current with finite modified
mass and finite modified boundary mass automatically satisfies the perversity con-
dition:

Proposition 3.0.22 Z;(X) C P;(X)

Proof. Forany T € Z;(X), by the Lemma 3.0.15 and the Lemma 3.0.18, we have
dim(spt (T) N Xp—) <i—k+pgand dim(spt (OT)N X, k) <i—k+pr—1
for each k. Thus, T' € P;(X). ]
Theorem 3.0.23 S, (X) C Z; (X) C P; (X)

Proof. 1t is sufficient to show S; (X) C Z; (X).

For any subanalytic chain T' € S; (X) and k with k — i < py, < n — i, the graph
of the function dr defined in (3) is a subanalytic set because both spt (T") and X,
are subanalytic. By the Lojasiewicz’s inequality (see Proposition 1.3.1), there exists

aconstant C > 0 and N > 0 such that Cdp(H) > distg, (H,d;" (O))N. Also,
T € P; (X) implies p (d;l(o)) = 0. Thus,

uf (1) = Sz 0,0) < Su({H - dista, (.47 (0) < (ONF }) < 0yt~

for some 3 > 0. Therefore, u} (t) € L' [0, 1] and hence m (T) < +oo for each
k with k — i < pj, < n — 4. Similar arguments yield mg (T') < +oc for all other
k’s. This shows M (T) < +oc. Also, one has M (8T < 400 because IT € S;_1.
Thus we have T' € Z;. O

Theorem 3.0.24 (Compactness theorem) Any sequence {T;} in Z; with

lim inf M (T}) + M(9T}) < +o0,
contains a subsequence {1}, } weakly convergent to some T € Z,.
Proof. Since liminf M (T;)+ M (0T};) < 400, by the usual compactness theorem
of integer multiplicity rectlﬁable currents (c.f. [Simon, Theorem 27.3]), there exists
a subsequence {7}, } of {7} such that T;, — T for some T' € R; (X). By

the lower semi-continuity of M, we have M (T) + M (9T) < liminf M (T},) +
M(0T},) < 400, and hence T' € Z; (X). O

A direct corollary of the previous two theorems is:
Corollary 3.0.25 Any sequence of subanalytic chains {T;} C S; with
lim inf M (T}) + M (9T}) < +oo,

contains a subsequence weakly convergent to some rectifiable current T' € 1T;.
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4 M-mass minimizing currents

Definition 4.0.26 We say that T € P;(X) is M —mass minimizing if
M(T) < M(S)

whenever S € P;(X) and 0T = 9S.

The following theorem says that there is a M/ —mass minimizer in each inter-
section homology class of I H;(X) :

Theorem 4.0.27 (Existence theorem) [. Suppose E = 0S forsome S € Z;(X),
then there exists a rectifiable current T € T;(X) such that 0T = E and
M(T) < M(R) forany R € T;(X) with R = E.

2. For each homology class o € IH; (X), there exists T € o NZ;(X) such that
M(T) < M(T") forany T' € a.

Proof. (1) follows from the direct method [Morgan, 1.3] and the compactness
Theorem 3.0.24.

To obtain a minimizing sequence in (2), we note, by the isomorphism Theorem
2.0.14, that each class o € IH; (X) contains at least one subanalytic represen-
tative S and M (S) < 400, by Thegrem 3.0.23. Now, the compactness Theorem

3.0.24 ensures the existence of an M —mass minimizing in the nonempty subset
an IL(X) O

Now, let’s consider the regularity of M-Mass Minimizing currents.

Forany T € Z;(X), leta € spt(T) \ (spt(OT) U X). Recall that a is a regular
point of spt(T') if there exists an open neighborhood U of @ in X \ X such that
U N sptT is an open i-manifold of class C'*.

Definition 4.0.28 Ler w(t) be defined for 0 < t < 6, with limy_,ow(t) = 0. Let ¥
be a positive integrand and let 'T' be a rectifiable current with compact support in
12, an open subset of some Euclidean space R™ . Recall that T is (¥, w, §)-minimal

if
VT K| <PT K+ X]+w(r)M(TLK + X)
for all rectifiable X with compact support in K C {2 and with
0X =0, diam(sptX) <r <.

Remark 4.0.29. By an argument similar to [Hardt2], the above inequality can be
replaced by [T K| < U[TLK + X] + w(r)C for some constant C' > 0.

Let’s first recall a lemma of Almgren in [Bomb]:

Lemma 4.0.30 Let ¥ be \—elliptic and of class C?, and let T be a (¥,w,5)—
minimal current for some A < 00,6 > 0 and some w(t) with

g 1/2
/ %dt < 0.
0 t

Then regular points are dense in spt(T) \ spt(9T).
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Such current T is often called an almost minimizing current. Note that this notion
is very general. An oriented compact C? submanifold 7" is automatically locally
almost minimizing where (¥, w, ¢) depend on T and the distance to spt (0T).

Proposition 4.0.31 A M-mass minimizing current T locally is an almost minimiz-
ing current (with (W, w, §) depending on T and distance to spt (0T) U X).

Proof. Forany a € sptT\ (spt (0T) U X)), let U, be a very small open neighbor-
hood of a of radius 7, < %dist(a, X)). Since T is a M-mass minimizing current,
for any i-current S € R;(U,) with 9S = 0 and diam(spt S)< r < r,, we have

M(T) < M(T + S).

Foreachk = 2,--- | n, let @, be the nonnegative integrand whose total integral
over a rectifiable current R is

@k(R) = hkM (RI_B (Xn,k,(;)),

where
HufHLl[Ol], if dist (a, Xp—) <dandk —i<pp <n-—i
hk;: h’lm,if{iist(a,){nka S(Sandpk; Zn_l
0, otherwise
4)
Lemma 4.0.32 For each k = 2,--- ,n and r small enough,

(@1 (T) = @ (T + 8)] = [mi (T) —mi (T +5)]

S
< -
= st (@, x, 0 M (5B oo 0)

for some positive constant CY, independent of T, S and a.

Proof. 1If dist (a,X,,—x) > 6, we may choose U, small enough such that
dist (Ug, Xn—k) > 8, then m§ (T') = m$ (T + S) .Thus,

(D5 (T) — D3 (T + S)] — [ml (T) —m, (T +S)] =[0—0]—0=0.
Now, we assume dist (a, X,,_) < 6. In this case, @y (T) = m{ (T), so it is

sufficient to show

r

mg(T+S)—¢k(T+S)§Ckm

M((T + S) LB (Xn—t,0))

1. If pp >n—i,thenmd (T +S)— &, (T+S)=0-0=0.
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2. If k — i < pr. < n —1i,then for any ¢t € (0, 1], we consider

S (1)~ (1)
=u{H € Gy :spt (T + S)NB(Xy—p,t0) N H # 0}
—u{H € Gy, : spt (T) N B (X,—x,t6) N H # 0}
<p{H € Gy : spt (T+ S)NB(Xy—p,t6) NH #0
and spt (T) N B (X,—k, t8) N H = 0}
=p{H € G : spt (S)N B (X, t6) N H # 0
and spt (T) N B (X,—k, t6) N H = 0}
<wu{H € Gy :U.NB(X,_i,t5) N H # 0}

. 0, if t0 < dist (Ug, Xp_1)
Crr=H00+1 i 45 > dist (U, Xy

where U, C U, is an Euclidean ball of radius r that contains S and C}, is a
constant depends only on N and (i — k + py,) + 1, the dimension of the moving
planes. Note the last inequality follows from the formula ([Santalo, 13.46]) for
the quermassintegrale of a ball. Thus, we have

H“k+SHL1 ||ukHL1[01]
1
:/ {*S(t)—u;{(t)dt
0
</1 %T(i7k+p’“)+1dt
T JaistUa,Xx0_1))5 ¢

o

< O, pli—ktpr)+1
= kT Y dist (Ug, Xp_r)

< CMW
Hence,

ml (T +8S) — &, (T +S)

[Huﬁuml [l 1]} M ((T+ 8) LB (Xp_p,0))

< 250kﬁ1\4 (T + 8) LB (Xn_p, 9)).
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3. If px < k — ¢, then when r small enough,

) )
—1
N dist (spt (T + 9), Xng)  dist (spt (T), Xn_r)

0, if dist (a, Xp— k) > dist (spt (T) , Xp—k)
= dist(s X —

1 dwt(i;gth(+)S) % ’“) 1f dist (a, X,—1) = dist (spt (T) , X —k)

0, if dist (a, Xp—x) > dist (spt (T) , Xpn—r)
< In dist(spt(D). X wi)if dist dist (spt (T), X

n dist(spt(T),Xpn—k)—T 1ras (a’7 n— k) = ars (Sp ( ) ) n7k>

2r
< —7-——.
~ dist (a, X, )

Therefore, by the definition of hj in (4),

ml (T + S) — &, (T + S)

5
- <1n A TS X hk) M (T + S) LB (Xp_1, )

2r
< m]\/f (T + S).B(Xp—k,90)).

O
Now, consider the positive integrand ¥ = "}, &), + &, where @ is the area
integrand. Since 7" is M —mass minimizer, by the above Lemma 4.0.32,
U(T)—w(T+S)
T)—W(T+8S)+M(T+S)—M(T)

IN
S

n

M

[k (T) = &k (T + 9)] — [m}, (T) —mi (T + 5)]

kol

Sl

2

r

< kz::c WM((T+ S) LB (Xp—k,6))

< ,;C mwﬂa LB(%,4))

C

_ WTM(TLB (2,8) + 8)

where C' = Y"}'_, C}, is a constant. Thus,

U(TU,) <¥(T U, +S)+ rM(T B (X,6)+S).

_¢
dist (a, X))
This implies T is (¥, g7y 7a)-Minimal at a. O

Corollary 4.0.33 (Regularity Theorem) Let T be a M -mass minimizing current of
X, then the regular points are dense in spt(T') \ (spt(0T) U X).
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5 Some simple examples

Example 1 Consider the stratified space R? D {0} with a single singular point
{0}. Suppose p,q € R? \ {0} such that 0 is on the line segment pg. Then under
the usual mass of R?, the minimal path from p to ¢ is the line segment pg which
passes through the singular point {0} and hence does not satisfy the allowability
condition. Given any small number § > 0, one can easily check that the minimum
path from p to g under the modified mass is the minimum path from p to ¢ in the
domain R? \ B; (0). A typical example looks like the following graph:

L
a

-z -z -1 1 z

5=0.5.p=(-2,0).,q=(2,0) -0.4

Fig. 1.p = (=3,0),¢ = (2,0) and § = 0.5

Example 2 Consider Whitney umbrella W : 22 — 2y? = 0 in C3 with its Whitney
stratification: W 2 Wy O Wy, where W is the complex z-axis defined by z =
y = 0 and Wy is the point {(0,0,0)}.

Note that for any nonzero complex number zg, there are two associated real
2 dimensional planes 22 = z,y?. These two planes coincide at 0 to the plane
z=2z=0.

Now, let’s consider some simple variational problems on this famous stratified
space.

Case 1: ¢ = 1. Since W \ W5, is path connected, any two points p, ¢ € W\ W5 can
be joined by some path inside W \ W5. Let 7,, C W be a length minimizer from
p to g under the usual mass. If v,,, does not intersect the singular part Wy, i.e. vy,
is (p, 1)-allowable, then when 0 is small enough, 7,, will also be a minimizer from
p to ¢ under the modified mass. If 7,4 intersects Ws, then there exists a modified

Whitney umbrella x%=yz*

20 [

1+
]
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mass minimizer 7,4 from p to ¢ which does not intersect the singular part W5. The
shape of 7,4 looks like the graph in the previous example.

Case 2: 7 = 2. In this case, the crucial number ¢ — j 4 p; in the perversity condition
is given by

0, j=2andps =0
—2,7=4andpy =0
—1l,j=4andpy,=1"
0, j=4andpy =2

t—Jj+p;=

This means that (, 2)-allowable chains are allowed to intersect Wo with 0 dimen-
sional set but are not allowed to intersect IV, unless py = 2.

Now, let’s consider two (p, 1)-allowable circles in W:

A= {(0, e'?, 0) :0 €0, 27r]} , the unit circle on the plane x = z = 0 (i.e. on
the complex y—axis);

B = {(zoew, et z(Q)) :0 €10, 27r}} , a circle around (070, zg) on one of the
two planes 22 = 22y? associated to some zy # 0.

Under the usual mass, the minimal surface having boundary A — B will be
either a catenoid or union of two disjoint unit disks, depending on the location of
zo. In the later situation, the centers of these two unit disks are (0,0,0) € W, and
(O, 0, 28) € Wy \ Wy, lying on the singular sets. Therefore, when ps = 0 or 1, the
union of two unit disks does not satisfy the desired perversity conditions.

Under the modified mass, the corresponding minimal surface with boundary
A — B will still be either a catenoid or union of two disjoint slightly curved disks.
However, in the later situation, the centers of the disks are no longer touching W,
they all lie on W5 \ W, now. This makes the minimal surface to be (p, 2)-allowable
as desired. Their graphs are shown in the following diagram:

=2 Pc|:001'1 pd:2
-« -

k-
minimizer from A to B or or
.

-
ey » -

Example 3 Consider the stratified space X O X, O Xy with X = R* =
{(z,y,2,t)}, Xo = {(x,y,2,t) ]lx =y =0} and Xy = {(0,0,0,0)}. Let

T = {<2+cos9(2+ CO;O‘) ,sin9(2+ CO;O‘) ,s'lgo‘,o) 0,0 € [0,27r]}

be a torus inside X. Note that T is (p, 2)-allowable for any perversity p. By using
the convex hull property of mass minimizers, one easily see that the 3-dimensional
volume minimizer having boundary 7' (under the usual mass) is simply the solid

torus S. Now, S N X5 = {(0,0,2,0) : 2 € [—1, 1]} has dimension 1 and passes
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through X. Thus, when ps = 1 or2, S is (p, 3)-allowable. However, when py = 0,
S becomes not allowable. In this case, one can use our modified mass to get a
modified mass minimizer S’ in X, having boundary 7" and is (p, 3)-allowable.
In other words, this modified mass minimizer doesn’t intersect the singular point

{(0,0,0,0)}.
Part of the torus T
Xarm=y=0
2
=
n
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