-

"/

pd

’

(2:3)

Id " - f
HermiTe -expansion and strips for zeros of polynomials

ALEXANDER OsThowsk! to his 60™ anniversary

o~

By P. TurAn in Budapest

1. In a previous paper?!) I sketched the reasons why it seems desirable to ex-
_tenid some classical questions of the theory of the algebraic equations (a theory
" which owes very much to A. OsTrowskI), to the case of other representations, dif-
ferent from the usual -

(1.1) ' fR)=a,+a,24+ ... +a,2"
I discussed in this respect without proofs in partlcula,r the role of tile HerMITE-
expansion

(12) f(z) =m20b”{ Hm(z) ’

J\

where the m-th HERMITE-polynomial H,,(z) of de.gree. m is defined by .

.

(1.3) Ho()) = (—1)" ¢ (“’)

, It turned out as characteristic that one can obtain with the same ease results for
3mgs containing all zeros using the representation (1.2) as for circles containing all

- the Zeros using representation (1.1). In this note I shall confine myself to the-first

and simplest results in this trend.

?. ‘We quote the following results.
a) [Cavcuy]. If

(21) o, | = M,

max
»=0,1,.. ,(n 1)

then all the zeros of the equatwn f(z) = 0 lie tn the circle

The circle (2.2) cannot be replaced by.a circle

M
|4 |

1) Sur l'algébre fonctionelle. Compt. Rend. du pi'em. Congr. des Math. Hongr. p.‘ 279—290
(1950).
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w;lth a universal 0 <& < 1 as thie;simple‘ example ’ e
fo2) = 2" — Mz~ » .4

A

shows if only M is sufficiently large.

b) [Warsu]. All; the zeros of f(2) = O lie in the circle

+V—‘? +]/—

Equality is e. g. at’samed for n = 1. o

ao

Izlé

(LI

n

3. Correspondmgly we state the following theorems. We denote the complex
variable by z=z 41y throughout this paper.

I) If .
(31) m= Ol, (n l)lb l—— M*

then all the zeros of f(z) = O lie in the strip
M
(3.2) wlg%(r+ﬁ7y

II) Al thé zeros of f(z) = 0 lie in the strip

oy iz nal).

4. The basis for all these results is a simple inequality for HERMITE—pOLynomia,ls.
. Owing to the well-known identity?)

by

(41) Hp(z)=2m Hp 1 (2) o
we can write

Hm.-l(z) 1 H,'n (2) 1 & '
42 Hoty = %m By = Bm 2 i

where z;,, denote the zeros of H, (). Hence we have

Hy _y(z) 1 < 1 !
< = - .
(4.3) H, (z) | = 2m J; ‘z——zjml : ‘
Tt is well-known that all the z;,-zeros of Hm(z) are real; thus
1 1
F2—%m| = Tyl

and from (4.3) \

Hm_]_(z) 1
(44 B,@ | =2yl

2) See e.g. G.Szecd, Orthogonal polynomials. Amer. Math. Soc. Coll. Publ. 28, 102 (1939).
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« From this we obtain for all ¥ < n — 1-and arbitrary nonrcal z
H,(z) Hp_ 1) 1
4.5 K= T .
' (+9) H, (@) mei+1| Hm(@) @yt (

This is the inequality we want.
1

5. .Now to prove I) we remark that

" " n’ nd b [Hi@) ]
6D [1@]=] 2 amE 2 nlHE 1= 2 5 5|
k=0 k=0 |"n n
Thus using (3.1) and (4.5) we have for '
/' M*
(52) lvi>+(1+5) (>0
the estimation )
M* & [ 1 m
o @zl HE {157 3 ()] >
(5.3)

>|bn;|Hn(Z)‘ { 1"“|l:,[_:l ) 2!;‘;‘1__1 } .

L Taking in account that H,(z) does not vanish in the domain given in (5.2), it follows
i indeed that for such z-values f(z) == 0.

In order to show that the strip in I) cannot be replaced by a strip of the form

S By vl < (L4 7)
7; with a fixed 0 < ¥ <’1, we consider the polynomial
, (0.5) ‘ h() = H,(2) —itaH, ,(2),
where a denotes a sufficiently large positive number. Thus M* = a. The equation
> 1 =0 can be also written in the form
69) St

or from (4.1)
N = - A 1 2n
(6.7 2 =i
j=1 jn

Suppose e. g. n being even, n = 2 m; then (5.7) takes the form

O 1 2m
z 7= (zjn>01.
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0 ’z runs on-the positive imginary axis then-we have with ¢ = 1y (% real)

| N L
) vt @

or

_ 2y 1 . 2nmy
5.35) St _my, ,
j=1 1+ J‘"

y

Since m is fixed, we may choose a sufficiently large, so that

(5.9) D L o,
AR
(+9)
(5.10) ' 120> 2 (14a)

In this case the left-side of (5.8) is for y = 1—119 a greater than the right-side bitt for
suffjciently large positive y the opposite is true. Hence the equation (5.8).has a
real zero with y > 1_1;3 a, which means that the equation (5.5) has a zero 1y,

satisfying
3
1448
w0l > e B e = S ),
which shows indeed that (5.4) is false. . :

6. Tn order to prove IT) we have using (4.5) and (5.1)

n—1

[f(z)[;{bn‘l IH"(z)I { 1—1(20

:lb,,llH,.(Z)l{l (21311"17

Hence if z is not in the strip (3.3), then all quotients

b
b

n

n— k

[

n—k _.1“
21yl

are < 1,1i.e.

x

lf(Z)IZ[bn||Hn(z)|{1_~zg 3

) ) =




'3

then all the zeros of F(2) are in the strip
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N
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Also.- the strip’ (3.3) is best-possible in a certain sense. Ta.kmg with a small
positive & /

Vo O HO RO S HL@) S HG),

then accordmg to (3.3) all the zeros are in the strip |y | < & 3 which shrinks to
the real axis if ¢ — 0.

7.-We may add the following remarks. Replacing in (1.2) H,(2) by g(z), then
all the zeros of g(z) are real and according to (4.1) f(z) takes the form

n -1 bn—k
1&)=b,9()+ 5, 9+ 22n(n—-—l)g @)+ 2"n(n—1)...(n—k+ 1)g(k)(z) +

+ ... +-2,,°, 9™ (2) .
n!

Hence the results I) IT) are special cases of results concerning

(v.1) (=3 6,69 ()
k=0
where'G,, (z) is a polynoinial of m-th degree with real zeros only. To (4.4) it corresponds
In | m
, A Gn() | = [yl °

to\(4.5) the inequality

G(k)(z) m" 1
7.2 2 -
( ,) Gn@) | = (m—k)t gk~

Thus-operating as before we obtain the following theorems.
I') If for F(z) in (7.1) we have
m! 7
(73) X o] =
: \ b4
(7.4) ly| <14+
o]
IIY AU the zeros of F(z) lie also in the strip .

lyl= Z Vco

As to the further results mentioned in?), I shall return elsewhere.

\

(m— ’0)' )

Eingegangen am 3..10. 1953
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