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1 1 INTRODUCTION: WHY STUDY COMPLEX ANALYSIS?

1 Introduction: why study complex analysis?

These notes are about complex analysis, the area of mathematics that studies analytic functions of a complex
variable and their properties. While this may sound a bit specialized, there are (at least) two excellent reasons
why all mathematicians should learn about complex analysis. First, it is, in my humble opinion, one of the
most beautiful areas of mathematics. One way of putting it that has occurred to me is that complex analysis
has a very high ratio of theorems to definitions (i.e., a very low “entropy”): you get a lot more as “output”
than you put in as “input.”

The second reason is complex analysis has a large number of applications (in both the pure math and
applied math senses of the word) to things that seem like they ought to have little to do with complex
numbers. For example:

e Solving polynomial equations: historically, this was the motivation for introducing complex numbers
by Cardano, who published the famous formula for solving cubic equations in 1543, after learning of
the solution found earlier by Scipione del Ferro. An important point to keep in mind is that Cardano’s
formula sometimes requires taking operations in the complex plane as an intermediate step to get to
the final answer, even when the cubic equation being solved has only real roots.

Example 1. Using Cardano’s formula, it can be found that the solutions to the cubic equation
224622 4+9243=0
are

z1 = 2cos(27/9) — 2,
22 = 2cos(87/9) — 2,
z3 = 2sin(7w/18) — 2.
e Proving Stirling’s formula: n! ~ v/2mn(n/e)™. Here, an ~ by, is the standard “asymptotic to” relation,
defined to mean limy, o0 an /b = 1.

e Proving the prime number theorem: m(n) ~ 2=, where m(n) denotes the number of primes less than
or equal to n (the prime-counting function).

e Proving many other asymptotic formulas in number theory and combinatorics, e.g. (to name one
other of my favorite examples), the Hardy-Ramanujan formula

1 7T\/2n/3
n) ~ e ,
p(n) +3n

where p(n) is the number of integer partitions of n.

e Evaluation of complicated definite integrals, for example

° 1 /=
in(t?)dt = =,/ =.
/o sin(t”) 2\ 2

(This application is strongly emphasized in older textbooks, and has been known to result in a mild
case of post-traumatic stress disorder.)


https://en.wikipedia.org/wiki/Stirling%27s_approximation
https://en.wikipedia.org/wiki/Prime_number_theorem
https://en.wikipedia.org/wiki/Partition_(number_theory)
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e Solving physics problems in hydrodynamics, heat conduction, electrostatics and more.

e Analyzing alternating current electrical networks by extending Ohm’s law to electrical impedance.
Complex analysis also has many other important applications in electrical engineering, signals pro-
cessing and control theory.

e Probability and combinatorics, e.g., the Cardy-Smirnov formula in percolation theory and the con-
nective constant for self-avoiding walks on the hexagonal lattice.

e Tt was proved in 2016 that the optimal densities for sphere packing in 8 and 24 dimensions are 7*/384
and 712 /12!, respectively. The proofs make spectacular use of complex analysis (and more specifically,
a part of complex analysis that studies certain special functions known as modular forms).

e Nature uses complex numbers in Schrédinger’s equation and quantum field theory. This is not a mere
mathematical convenience or sleight-of-hand, but in fact appears to be a built-in feature of the very
equations describing our physical universe. Why? No one knows.

e Conformal maps, which come up in purely geometric applications where the algebraic or analytic
structure of complex numbers seems irrelevant, are in fact deeply tied to complex analysis. Conformal
maps were used by the Dutch artist M.C. Escher (though he had no mathematical training) to create
amazing art, and used by others to better understand, and even to improve on, Escher’s work. See
Fig. 1, and see [10] for more on the connection of Escher’s work to mathematics.

Figure 1: Print Gallery, a lithograph by M.C. Escher which was discovered to be based on a
mathematical structure related to a complex function z +— z% for a certain complex number c,
although it was constructed by Escher purely using geometric intuition. See the paper [8] and this
website, which has animated versions of Escher’s lithograph brought to life using the mathematics
of complex analysis.


https://en.wikipedia.org/wiki/Electrical_impedance
https://en.wikipedia.org/wiki/Connective_constant
https://en.wikipedia.org/wiki/Connective_constant
https://en.wikipedia.org/wiki/Sphere_packing
http://escherdroste.math.leidenuniv.nl/index.php?menu=intro
http://escherdroste.math.leidenuniv.nl/index.php?menu=intro
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Figure 2: The Mandelbrot set. [Source: Wikipedia]

e Complex dynamics, e.g., the iconic Mandelbrot set. See Fig. 2.

There are many other applications and beautiful connections of complex analysis to other areas of
mathematics. (If you run across some interesting ones, please let me know!)

In the next section I will begin our journey into the subject by illustrating a few beautiful ideas and
along the way begin to review the concepts from undergraduate complex analysis.

2 The fundamental theorem of algebra

One of the most famous theorems in complex analysis is the not-very-aptly named Fundamental Theorem
of Algebra. This seems like a fitting place to start our journey into the theory.

Theorem 1 (The Fundamental Theorem of Algebra.). Every nonconstant polynomial p(z) over the complex

numbers has a root.

The fundamental theorem of algebra is a subtle result that has many beautiful proofs. I will show you
three of them. Let me know if you see any “algebra”. ..

First proof: analytic proof. Let
p(z) = anz" + an_12""1 4+ ... +ao
be a polynomial of degree n > 1, and consider where |p(z)| attains its infimum.

First, note that it can’t happen as |z| — oo, since

Ip(2)] = [2|" - (lan + an-12" Fan2z .+ apz™ "),

lp(2)]

|z|™

and in particular lim,|_ = |an|, so for large |z| it is guaranteed that |p(z)| > |p(0)| = |ao|. Fixing


https://en.wikipedia.org/wiki/Mandelbrot_set
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some radius R > 0 for which |z| > R implies |p(z)| > |ao|, we therefore have that

mo = Inf |p(2)] = inf [p(z)] = min |p(2)] = |p(z0)|

where zo = argmin |p(z)|, and the minimum exists because p(z) is a continuous function on the disc Dg(0).
[2|<R

Denote wo = p(z0), so that mg = |wo|. We now claim that mo = 0. Assume by contradiction that it
doesn’t, and examine the local behavior of p(z) around zo; more precisely, expanding p(z) in powers of z — zo
we can write .

p(z) = wo + ch(z —z20) =wo+er(z—20) 4+ ... +en(z—20)",
j=1
where k is the minimal positive index for which ¢; # 0. (Exercise: why can we expand p(z) in this way?)
Now imagine starting with z = zo and traveling away from zo in some direction . What happens to p(2)?
Well, the expansion gives

p(z0 + Tew) = wo + cxrte™ + ckHrkHei(kH)e 4.t earme™.
When r is very small, the power r* dominates the other terms r/ with k < j <, i.e.,

i(k+1)6 +o+ Cnrn—keine)

p(z0 + rem) = wo + rk(ckeiw + ckr1me

= wo + cxr¥e™ (1 + g(r,0)),
where lim, 0 |g(r, )| = 0. To reach a contradiction, it is now enough to choose  so that the vector c,r*e™?
“points in the opposite direction” from wo, that is, such that

k _ik6
ST C e (~0,0).
wo

Obviously this is possible: take 6 = %(arg wo — arg(ck) + 7). It follows that, for r small enough,
lwo 4 cxr®e™®| < |wol

and for r small enough (possibly even smaller than the previous small r)

ik@(

[p(z0 + re'®)| = |wo + cxr®e™ (1 + g(r,0))| < |wo,

a contradiction. This completes the proof. O

Exercise 1. Complete the last details of the proof (for which r are the inequalities valid, and why?) Note
that “complex analysis” is part of “analysis” — you need to develop facility with such estimates until they
become second nature.

Second proof: topological proof. Let wo = p(0). If wo = 0, we are done. Otherwise consider the image under
p of the circle |z| = r. Specifically:

1. For r very small the image is contained in a neighborhood of wo, so it cannot “go around” the origin.
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2. For r very large we have

i0 in6 n-1__—1_—if [ ———
p(re’) = anre™ ([ 14+ 2r e 4+ ST e
an an

= anr™e™ (14 h(r,0))

where lim,_,o h(r,0) = 0 (uniformly in #). As 6 goes from 0 to 2, this is a closed curve that goes
around the origin n times (approximately in a circular path, that becomes closer and closer to a circle
as r — 00).

As we gradually increase r from 0 to a very large number, in order to transition from a curve that doesn’t go
around the origin to a curve that goes around the origin n times, there has to be a value of r for which the
curve crosses 0. That means the circle |z| = r contains a point such that p(z) = 0, which was the claim. O

Remark 1. The argument presented in the topological proof is imprecise. It can be made rigorous in a
couple of ways — one way we will see a bit later is using Rouché’s theorem and the argument principle.
This already gives a hint as to the importance of subtle topological arguments in complex analysis.

Remark 2. The topological proof should be compared to the standard calculus proof that any odd-degree
polynomial over the reals has a real root. That argument is also “topological” (based on the mean value
theorem), although much more trivial.

Third proof: standard textbook proof (or: “hocus-pocus” proof). Recall:

Theorem 2 (Liouville’s theorem.). A bounded entire function is constant.

Assuming this result, if p(z) is a polynomial with no root, then 1/p(z) is an entire function. Moreover,

it is bounded, since as we noted before lim,|_ oo ‘fz(‘z,z‘ = |anl, s0 lim|,| oo 1/p(2) = 0. Tt follows that 1/p(z)
is a constant, which then has to be 0, which is a contradiction. O

To summarize this section, we saw three proofs of the fundamental theorem of algebra. They are all
beautiful — the “hocus-pocus” proof certainly packs a punch, which is why it is a favorite of complex
analysis textbooks — but personally I like the first one best since it is elementary and doesn’t use Cauchy’s
theorem or any of its consequences, or subtle topological concepts. Moreover, it is a “local” argument that
is based on understanding how a polynomial behaves locally, where by contrast the other two proofs can
be characterized as “global.” It is a general philosophical principle in analysis (that has analogies in other
areas, such as number theory and graph theory) that local arguments are easier than global ones.

3 Analyticity, conformality and the Cauchy-Riemann equa-

tions

In this section we begin to build the theory by laying the most basic cornerstone of the theory, the definition
of analyticity, along with some of the useful ways to think about this fundamental concept.
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3.1 Definition and basic meanings of analyticity

Definition 1 (analyticity). A function f(z) of a complex variable is holomorphic (a.k.a. complez-differentiable,
analytic') at z if the limit
1y e i S R) = f(2)
Fz) = lim h

exists. In this case we call f'(z) the derivative of f at z.

In the case when f’(2) # 0, the existence of the derivative has a geometric meaning: if we write the
polar decomposition f'(z) = re'® of the derivative, then for points w that are close to z, we will have the
approximate equality

or equivalently
f(w) = f(z) + re* (w — 2) + [lower order terms],

where “lower order terms” refers to a quantity that is much smaller in magnitude that |w —z|. Geometrically,
this means that to compute f(w), we start from f(z), and move by a vector that results by taking the
displacement vector w — z, rotating it by an angle of 8, and then scaling it by a factor of r (which corresponds
to a magnification if » > 1, a shrinking if 0 < r < 1, or doing nothing if » = 1). This idea can be summarized
by the slogan:

“Analytic functions behave locally as a rotation composed with a scaling.”

The local behavior of analytic functions in the case f’(z) = 0 is more subtle; we will consider that a bit
later.

A further interpretation of the meaning of analyticity is that analytic functions are conformal mappings
where their derivatives don’t vanish. More precisely, if v1, v2 are two differentiable planar curves such
that 41(0) = 72(0) = z, f is differentiable at z and f’(z) # 0, then, denoting v1 = 71(0), v2 = 72(0),
w1 = (f o71)'(0), we = (f o72)(0), we can write the inner products (in the ordinary sense of vector
geometry) between the complex number pairs v1,v2 and wi, w2 as

(v1,v2) = Re(v172),
(w1, wa) = ((f' (71(0))71(0)), (f (72(0))72(0)))
= f'(2) f'(2)(v1,v2) = | £/ (2)]*(v1,v2).

If we denote by 0 (resp. ¢) the angle between v1,v2 (resp. wi,w2), it then follows that

(wi,wa) _ |f'(2)|*(vi,v2) _ (v1,v2)

= = = cos6.
lwi] [wa| | f'(2)or] [f'(2)v2|  |oa][ve]

cosp =

That is, the function f maps two curves meeting at an angle 6 at z to two curves that meet at the same
angle at f(z). A function with this property is said to be conformal at z.

Conversely, if f is conformal in a neighborhood of z then (under some additional mild assumptions) it
is analytic — we will prove this below after discussing the Cauchy-Riemann equations. Thus the theory of

INote: some people use “analytic” and “holomorphic” with two a priori different definitions that are then proved
to be equivalent; I find this needlessly confusing so I may use these two terms interchangeably.
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analytic functions contains the theory of planar conformal maps as a special (and largely equivalent) case,
although this is by no means obvious from the purely geometric definition of conformality.

Let us briefly review some properties of derivatives.

Lemma 1. Under appropriate assumptions, we have the relations

(f+g) (2) = f'(2) +'(2),
(F9)(=) f’(Z)g( )+ f(2)g'(2),
()~
f(z
(f) f'(2)9(2) = F(2)g'(2)
9(2)? ’

(fo = f'(9(2)g'(2).

Exercise 2. Explain precisely what the assumptions in the lemma are (see Proposition 2.2 on page 10
of [11]).

=

3.2 The Cauchy-Riemann equations

In addition to the geometric picture associated with the definition of the complex derivative, there is yet
another quite different but also extremely useful way to think about analyticity, that provides a bridge
between complex analysis and ordinary multivariate calculus. Remembering that complex numbers are
vectors that have real and imaginary components, we can denote z = x + iy, where x and y will denote the
real and imaginary parts of the complex number z, and f = u + iv, where u and v are real-valued functions
of z (or equivalently of z and y) that return the real and imaginary parts, respectively, of f. Now, if f is
analytic at z then

F02) — tim 10 = FC)

h—0 h
_ g Wethtiy) —u@tiy) vt iy) — v+ iy)
= im +1

h—0, heR h h
_ou 00

oz oz’

On the other hand also
f(z+h) — f(2)

! .
F(z) = Jim, h
—  lim w+h+zy)—um+zy)+ v(x 4+ h+iy) —v(z + iy)
h—0, hER h
—  lm u(x 4ty + ih) — u(z + iy) w v(z + iy + th) —v(z + iy)
h—0, heR ih th
_ Z87u s Ov _ Ov  .Ou

e = = — .
oy oy oy Oy

Since these limits are equal, by equating their real and imaginary parts we get a famous system of coupled

partial differential equations, the Cauchy-Riemann equations:

ou_ov o _ou
or Oy’ or Oy’
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We have proved that if f is analytic at z = x 4 iy then the components u,v of f satisfy the Cauchy-
Riemann equations. Conversely, we now claim if f = u + v is continuously differentiable at z = z + iy (in
the sense that each of u and v is a continuously differentiable function of z,y as defined in ordinary real
analysis) and satisfies the Cauchy-Riemann equations there, f is analytic at z.

Proof. The assumption implies that f has a differential at z, i.e., in the notation of vector calculus, denoting
f = (u7 ’U), z = (x7y)T7 Az = (h17 h2)T7 we have

u(z) Gu Qu h
fz+02) = o o))+ B, k),
v(z) v Ov ha
ox oy

where E(hy, he) = o(|Az|) as |[Az] — 0. Now, by the assumption that the Cauchy-Riemann equations hold,

ou ou u u

v v - ou ou ’

% %y ha _yyhl + %ha

which is the vector calculus notation for the complex number

ou .Ou . ou .Ou
<% — Zaiy) (h1 + ZhQ) = (% — Z?y) AZ

So, we have shown that (again, in complex analysis notation)

lim flz+Az) - f(2) lim <6u Ou L E(Az)) _Ou . 0Ou
Az—0

we also have

— -z _ 27 - i

Az0 Az Oz Oy Az T 0r Oy’
This proves that f is holomorphic at 2z with derivative given by f'(z) = g—z — ig—z. O

With the help of the Cauchy-Riemann equations, we can now prove our earlier claim that conformality

implies analyticity.

Theorem 3. If f = u + iv is conformal at z, continuously differentiable in the real analysis sense, and

satisfies det J¢ > 0 (i.e., f preserves orientation as a planar map), then f is holomorphic at z.

Proof. In the notation of the proof above, we have as before that

u(z) 5\ [
flz+Az) = <v(z)> + (5 gy) <h2> + E(h1, h2),

where E(hi, h2) = o(|Az|) as |Az| — 0. The assumption is that the differential map

Ou  du
ox O
Oov v
ox oy
preserves orientation and is conformal; the conclusion is that the Cauchy-Riemann equations are satisfied

(which would imply that f is holomorphic at z by the result shown above). So the theorem will follow once

we prove the simple claim about 2 x 2 matrices contained in Lemma 2 below. O
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b
Lemma 2 (Conformality lemma.). Assume that A = (a d) is a 2 X 2 real matriz. The following are
c
equivalent:
(a) A preserves orientation (that is, det A > 0) and is conformal, that is

(Awl,Awg) _ <w1,w2>
|[Awi|[Awz| — |wi[ws]

for all w1, W2 € R2.

(b) A takes the form A = ( ab b) for some a,b € R with a*> +b* > 0.
b a
cos§ —sind

(c) A takes the form A =r for some r > 0 and 0 € R. (That is, geometrically A acts

sinf  cosf
by a rotation followed by a scaling.)

Proof that (a) = (b). Note that both columns of A are nonzero vectors by the assumption that det A > 0.
Now applying the conformality assumption with w; = (1,0)", ws = (0,1)7 yields that (a,c) L (b,d), so
that (b,d) = k(—c,a) for some x € R\ {0}. On the other hand, applying the conformality assumption with
wi = (1,1)T and we = (1, —1)" yields that (a4b,c+d) L (a—b,c—d), which is easily seen to be equivalent
to a® + ¢ = b? + d2. Together with the previous relation that implies that £ = £1. So A is of one of the

a —c a ¢

two forms ) or < ) . Finally, the assumption that det A > 0 means it is the first of those two
c a c —a

possibilities that must occur. O

Exercise 3. Complete the proof of the lemma above by showing the implications (b) <= (c) and that
(b) = (a).

Another curious consequence of the Cauchy-Riemann equations, which gives an alternative geometric
picture to that of conformality, is that analyticity implies the orthogonality of the level curves of u and of
v. That is, if f = u + dv is analytic then

(Vu, Vo) = (g, uy) L (Va, Vy) = UaVs + UyVy = UyVUs — Ugty = 0.

Since Vu (resp. Vv) is orthogonal to the level curve {u = c} (resp. the level curve {v = d}, this proves that
the level curves {u = ¢}, {v = d} meet at right angles whenever they intersect.

Yet another important and remarkable consequence of the Cauchy-Riemann equations is that, at least
under mild assumptions (which we will see later can be removed) the functions u, v are harmonic functions.
Assume that f is analytic at z and twice continuously differentiable there. Then

Pu Pu_ 0 (u), 0 (o
0x2 0y Oz \ Oz oy \ dy

Lo () _ o () _ o o
" oz \ Oy oy \ox )  0Oxdy Oyoxr

Au =0,

i.e., u satisfies Laplace’s equation
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(a) (b)

Figure 3: The level curves for the (a) real and (b) imaginary parts of 22 = (22 — y?) + i(2zy). (c)

shows the superposition of both families of level curves.

() (b)

Figure 4: The level curves for the real and imaginary parts of 271 = %w — Z%W

where A = ;—; + ;—;2 is the two-dimensional Laplacian operator. Similarly (check), v also satisfies

v %

A = — _— =
v 8x2+8y2

0.

That is, we have shown that v and v are harmonic functions. This is an extremely important connection
between complex analysis and the theory of partial differential equations, which also relates to many other
areas of real analysis.

We will later see that the assumption of twice continuous differentiability is unnecessary, but proving
this requires some subtle complex-analytic ideas.

A final remark related to analyticity and the Cauchy-Riemann equation is the observation that if f =
u+ fv is analytic then its Jacobian (in the sense of multivariate calculus when we consider it as a map from
R? to R?) is given by

u U .
Jy = det ( ’ y) = UpVy — Uy = U + Uy = |Us + ive| = |f/(2)]?

Vr Uy
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This can also be understood geometrically. (Exercise: how?)

4 Power series

Until now we have not discussed any specific examples of functions of a complex variable. Of course, there are
the standard functions that you probably encountered already in your undergraduate studies: polynomials,
rational functions, e?, the trigonometric functions, etc. But aside from these examples, it would be useful
to have a general way to construct a large family of functions. Of course, there is such a way: power series,
which—non-obviously—turn out to be essentially as general a family of functions as one could hope for.

To make things precise, a power series is a function of a complex variable z that is defined by

o0
n
z) = Z anz
n=0

where (an)n is a sequence of complex numbers, or more generally by

oo

9(2) = f(z — 20) Z (z —20)"

where (an)nzo is again a a sequence and zg is some fixed complex number. These functions are defined

wherever the respective series converge.

For which values of z does this formula make sense? It is not hard to see that it converges absolutely
precisely for 0 < |z| < R, where the value of R is given by

—1
R= <limsup|an|l/") .
n— o0

R is called the radius of convergence of the power series.

Proof. Assume 0 < R < oo (the edge cases R = 0 and R = oo are left as an exercise). The defining property
of R is that for all € > 0, we have that |a.| < (% + e)n if n is large enough, and R is the minimal number
with that property. Let z € Dgr(0). Since |z| < R, we have |z| (§ + ¢) < 1 for some fixed € > 0 chosen small
enough. That implies that for n > N (for some large enough N as a function of €),

Z ezl < 3 (o))

n=N

so the series is dominated by a convergent geometric series, and hence converges.

Conversely, if |z| > R, then, |z] (% — 6) > 1 for some small enough fixed ¢ > 0. Taking a subsequence
(any, )72y for which |an, | > (% — €)™ (guaranteed to exist by the definition of R), we see that

EESS [|z| (i - )} ~ o,
n=0 k=1 R

so the power series diverges. O

Exercise 4. Complete the argument in the extreme cases R = 0, co.
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Another important theorem is:

Theorem 4. Power series are holomorphic functions in the interior of the disc of convergence and can be
differentiated termuwise.

Proof. Denote

n=N-+1
(oo}
g(z) = Z nanz"" "
n=1

The claim is that f is differentiable on the disc of convergence and its derivative is the power series g. Since
n'/™ = 1 as n — oo, it is easy to see that f(z) and g(z) have the same radius of convergence. Fix zo with
|z| < r < R. We wish to show that M%H(Z“) converges to g(zo) as h — 0. Observe that

Lot NoJCo) ) = (St W= Snlon) g )

4 Enleo M Z B Go) | (g1, () — g(a0))

The first term converges to 0 as h — 0 for any fixed N. To bound the second term, fix some ¢ > 0, and note

that, if we assume that not only |zo| < r but also |zo + k| < r (an assumption that’s clearly satisfied for h
close enough to 0) then

oo}

< D lanl

n=N+1

EN(ZO -+ h) - EN(Z())
h

(zo+h)" — 20
h

oo

= D lanl
n=N+1

oo

< Z |an|m”"_17

n=N+1

RS Ry hF(z0 + R)"TR
h

where we use the algebraic identity
a"—b"=(a—b)a"" +a" b+ ab" "),
The last expression in this chain of inequalities is the tail of an absolutely convergent series, so can be made

< € be taking N large enough (before taking the limit as h — 0).

Third, when choosing N also make sure it is chosen so that | Sy (z0) — g(z0)| < €, which of course is
possible since Sy (z0) = g(20) as N — co. Finally, having thus chosen N, we get that

Jimm sup J(z0 +h) = f(20)

—g(20)] <0+ e+e=2e.
h—0 h
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Since € was an arbitrary positive number, this shows that M — g(z0) as h — 0, as claimed. [

The proof above can be thought of as a special case of the following more conceptual result: if g, is
a sequence of holomorphic functions on a region Q, and g, — g uniformly on closed discs in Q, g, — h
uniformly on closed discs on , and h is continuous, then g is holomorphic and ¢’ = h on Q. (Exercise:
prove this, and explain the connection to the previous result.)

Corollary 1. Analytic functions defined as power series are (complez-)differentiable infinitely many times
in the disc of convergence.

Corollary 2. For a power series g(z) = > oo, an(z — 20)" with a positive radius of convergence, we have

9" (20)

an =
n!

In other words g(z) satisfies Taylor’s formula

> ),
o0 =3 B

n=0

5 Contour integrals

We now introduce contour integrals, which are another fundamental building block of the theory.

Contour integrals, like many other types of integrals, take as input a function to be integrated and a
“thing” (or “place”) over which the function is integrated. In the case of contour integrals, the “thing”
is a contour, which is (for our current purposes at least) a kind of planar curve. We start by developing
some terminology to discuss such objects. First, there is the notion of a parametrized curve, which is simply
a continuous function 7 : [a,b] — C. The value v(a) is called the starting point and ~(b) is called the
ending point. Two curves ¥ : [a,b] — C, 72 : [¢,d] — C are called equivalent, which is denoted 1 ~ 72, if
v2(t) = v1(I(t)) where I : [¢,d] — [a,b] is a continuous, one-to-one, onto, increasing function. A “curve” is
an equivalence class of parametrized curves with respect to this equivalence relation.

In practice, we will usually refer to parametrized curves as “curves”, which is the usual abuse of terminol-
ogy that one sees in various places in mathematics, in which one blurs the distinction between equivalence
classes and their members, remembering that various definitions, notation, and proof arguments need to
“respect the equivalence” in the sense that they do not depend of the choice of member. (Meta-exercise:
think of 2-3 other examples of this phenomenon.)

For our present context of developing the theory of complex analysis, we shall assume all our curves are
piecewise continuously differentiable. More generally, one can assume them to be rectifiable, but we will not
bother to develop that theory. There are yet more general contexts in which allowing curves to be merely
continuous is beneficial (and indeed some of the ideas we will develop in a complex-analytic context can be
carried over to that more general setting), but we will not pursue such distractions either.

You probably encountered curves and parametrized curves in your earlier studies of multivariate calculus,
where they were used to define the notion of line integrals of vector and scalar fields. Recall that there are
two types of line integrals, which are referred to as line integrals of the first and second kind. The line
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integral of the first kind of a scalar (usually real-valued) function u(z) over a curve « is defined as

/u(z)ds = lim Z u(z;)As; (line integral of the first kind),
-

max As;—0
J

where the limit is a limit of Riemann sums with respect to a family of partitions of the interval [a, b] over
which the curve ~ is defined, as the norm of the partitions shrinks to 0. Here the partition points are
a=to<ti <...<ty,=20,the points z; = f(¢;) are their images on the curve 7, and the symbols As; refer
to finite line elements, namely As; = |z; — z;-1].

The line integral of the second kind is defined for a vector field F = (P, Q) (the more traditional notation
from calculus for what we would denote in the current context as the complex-valued function F' = P +iQ)
by

/F-ds:/Pdm—i—Qdy: lim OZP(Zj)AIj+Q(Zj)ij7
v vy =

max As; —
J

where z; are as before and z; = Re(z;), y; = Im(z;).

It is well-known from calculus that line integrals can be expressed in terms of ordinary (single-variable)
Riemann integrals. Take a couple of minutes to remind yourself of why the following formulas are true
(assuming all the functions involved are piecewise continuously differentiable):

b
/ w(z) ds = / w(y(B) 7 (8)] dt,

AF -ds = /abF('y(t)) - (t) dt.

As a further reminder, the basic result known as the fundamental theorem of calculus for line integrals
states that if F' = Vu then

[ ¥ ds = ula(8) - ul(@).

Definition 2 (contour integrals and arc length intervals). For a function f = u 4+ v of a complex variable
z and a curve -y, define

L f(2)dz = ¢ L (u + i) (dz + idy)”

(Audw—vdy>+i<Lvdx+udy)

b
= / FOy @)y (t) dt (contour integral),

/ f(z)|dz| = / f(z)ds = / uds +i/vds (arc length integral).

If v is a closed curve (the two endpoints are the same, i.e., it satisfies y(a) = v(b)), we denote the contour

integral as ¢ f(z) dz, and similarly ¢ f(z)|dz| for the arc length integral.
¥ ¥

A special case of an arc length integral is the length of the curve, defined as the integral of the constant

len(7) = / a1 = [ " ) d.

function 1:
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As mentioned above, our convention of mildly abusing terminology puts on us the burden of having
to remeber to check that these definitions do not depend on the parametrization of the curve. Indeed: if
71 ~ 2 are representatives of the same equivalence class of parametrized curves, that is, v2(t) = v1(I(t))
for some nicely-behaved function, then using a standard change of variables in single-variable integrals we
see that

d d
/ f(2)dz = / Fr(®)a(t)dt = / Fon(I®))(m o 1) (t) de

d b
:/ f(%(f(t)))vi(f(t))f'(t)dt:/ Fn(n)i(r) dr

_ /M 1(2) dz.

Exercise 5. Show that the integral with respect to arc length similarly does not depend on the parametriza-
tion.

Contour integrals have many surprising properties, but the ones on the following list of basic properties
are not of the surprising kind:

Proposition 1 (properties of contour integrals). Contour integrals satisfy the following properties:

(a) Linearity as an operator on functions: [ (af(z)+ Bg(z))dz=a [ f(z)dz+ B [ g(z)d=.

(b) Linearity as an operator on curves: if a contour I' is a “composition” of two contours y1 and 72 (in
a sense that is easy to define graphically, but tedious to write down precisely), then

/Ff(z) dz= | f(2)dz+ | f(z)dz.

V2

Stmilarly, if v2 is the “reverse” contour of 1, then

[m f(z)dz = —/71 f(z)dz.
Af(z)dz

Exercise 6. Prove this result (part of the exercise is to define precisely the notions of “composition of

(c) Triangle inequality:

< [ 151zl < ten(y) - sup ()1

curves” and “reverse curve”).

Contour integrals have their own version of the fundamental theorem of calculus.

Theorem 5 (The fundamental theorem of calculus for contour integrals.). If v is a curve connecting two
points w1, w2 in a region 2 on which a function F' is holomorphic, then

/F’(z) dz = F(ws) — Flws).

Equivalently, the theorem says that to compute a general contour integral fﬂ/ f(2)dz, we try to find a
primitive (a.k.a. anti-derivative) of f, that is, a function F such that F'(z) = f(z) on all of Q. If we found
such a primitive then the contour integral fv f(z)dz is given by F(w2) — F(wy).
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Proof. For smooth curves, an easy application of the chain rule gives
b b
[Fea= [ Faor@d= [ Forwd=EFenoli,
% a a
=F(v(b) -

For piecewise smooth curves, this is a trivial extension that is left as an exercise. O

F(y(a)) = F(w2) = F(wr).

Many of our discussions of contour integrals will involve the behavior of integrals over closed contours, and
the interplay between the properties of such integrals and integrals over general contours. As an example
of this interplay, the above result has an easy — but important — consequence for integrals over closed
contours.

Corollary 3. If f = F' where F is holomorphic on a region Q (in that case we say that f has a primitive),

ﬁf(z) dz=0.

v is a closed curve in 2, then

This last result has a partial converse:

Proposition 2. if f: Q — C is a continuous function on a region 2 such that

ﬁf(z) dz =0

holds for any closed contour in 2, then f has a primitive.

Proof. Fix some zo € . For any z € €, there is some path (2o, z) connecting zo and z (since 2 is connected
and open, hence pathwise-connected — a standard exercise in topology, see the exercises in Chapter 1 of [11]).
Define

F(z) = /( fw)d.

By the assumption, this integral does not depend on which contour v(zo, z) connecting zo and z was chosen,
so F(z) is well-defined. We now claim that F' is holomorphic and its derivative is equal to f. To see this,
note that

h
1
= - w) dw — w)dw | — f(z
h(/ﬂ%m)ﬂ) /mz)ﬂ) ) 1)

1
— [ twaw—fe = [ ()= fe)de

¥(2,2+h) v(z,2+h)
where (2, z + h) denotes a contour connecting z and z + h. When |h| is sufficiently small so that the disc
D(z,h) is contained in €2, one can take v(z, z + h) as the straight line segment connecting z and z + h. For

such h we get that

FEEBEE) o)) < fenr(ei ) sup (7(0) = 1(0)
weD(z,h)
N

weD(z,h)

by continuity of f. O
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Remark 3. Note that with the last result, if we knew that holomorphic functions are differentiable infinitely
many times (the so-called regularity theorem), we could conclude that a function that satisfies the assumption
that all its contour integrals on closed contours were 0 is holomorphic. This is in fact true, and is called
Morera’s theorem (and is an important fact in complex analysis), but we won’t be able to prove it until
we’ve proved Cauchy’s theorem.

Example 2. Compute f\zl:l 2" dz for n € Z. What do we learn from the fact that the integral is not zero

for n = —1?7 (Hint: something; but what?) And what do we learn from the fact that it’s 0 when n # —17
(Hint: nothing; but why?)

Lemma 3. If f is holomorphic on Q and f' = 0 then f is a constant.

Proof. Fix some zg € Q. For any z € Q, as we discussed above there is a path (2o, z) connecting zo and z.
Then

12— flz0) = / F(w) dw = 0,

v(20,2)
hence f(z) = f(z0), so f is constant. O
6 Cauchy’s theorem

One of the central results in complex analysis is Cauchy’s theorem.

Theorem 6 (Cauchy’s theorem.). If f is holomorphic on a simply-connected region 2, then for any closed

?{f(z) dz = 0.

The challenges facing us are: first, to prove Cauchy’s theorem for curves and regions that are relatively

curve in  we have

simple (where we do not have to deal with subtle topological considerations); second, to define what simply-
connected means; third, which will take a bit longer and we won’t do immediately, to extend the theorem
to the most general setting.

Two other theorems that are closely related to Cauchy’s theorem are Goursat’s theorem, a relatively easy
special case of Cauchy’s theorem, and Morera’s theorem which is a kind of converse to Cauchy’s theorem.

Theorem 7 (Goursat’s theorem). If f is holomorphic on a region Q, and T is a triangle contained in €,
then faT f(z)dz = 0 (where T refers to the “full” triangle, and 0T refers to its boundary considered as a
curve oriented in the usual positive direction).

Theorem 8 (Morera’s theorem). If f: Q — C is a continuous function on a region Q2 such that
7{ f(z)dz=0
-
holds for any closed contour in €, then f is holomorphic on €.

Proof of Goursat’s theorem. The proof can be summarized with a slogan: “localize the damage.” Namely,
try to translate a global statement about the integral around the triangle to a local statement about behavior
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near a specific point inside the triangle, which would become manageable since we have a good understanding
of the local behavior of a holomorphic function near a point. If something goes wrong with the global integral,
something has to go wrong at the local level, and we will show that can’t happen (although technically the
proof is not a proof by contradiction, conceptually I find this a helpful way to think about it).

The idea can be made more precise using triangle subdivision. Specifically, let 7O = T, and define a
hierarchy of subdivided triangles

order 0 triangle: 7O,
order 1 triangles: Tj(l), 1< <4,
order 2 triangles: Tj(?k), 1<j5,k<4

order 3 triangles: T]'(,?Z,ev 1< 4,k £<4,

order n triangles: T; (1")

R ,,jn71 Sjlv"'vjn §4

i, for jn =1,2,3,4 are obtained by subdividing the order n —1 triangle Tj<1n71>

\J seedn—1

Here, the triangles T;”)
1o

into 4 subtriangles whose vertices are the vertices and/or edge bisectors of Tj(lnyf'l’;”il (see Figure 1 on page
35 of [11]).

Now, given the way this subdivision was done, it is clear that we have the equality

4

yng"*l)_ f(z)dz = 21 f;T;;) j f(z)dz

J1seeordn—1 Jn=1"9%51,jn

due to cancellation along the internal edges, and hence

4
7{}7“(0) f(z)dz = j Z 7{}7}(”) B f(z)dz.

150-dn=1

That is, the integral along the boundary of the original triangle is equal to the sum of the integrals over all
4™ triangles of order n. Now, the crucial observation is that one of these integrals has to have a modulus
that is at least as big as the average. That is, we have

4
% f(z)dz| < Z 7{ (2)dz| < 4" }{ f(z)dz
or(© 1=t [1OT) oTih
where j(n) = (g{"% .. 7j,(L")) is some n-tuple chosen such that the second inequality holds. Moreover, we

can choose j(n) inductively in such a way that the triangles Tj“;)) are nested — that is, 7}((7;)) - 1}((7;:13) for
.(n—1) (n—1
J1

n > 1, or equivalently j(n) = ( U it ), k) for some 1 < k < 4 — to make this happen, choose k to

is greater than (or equal to) the average

fg f(z)dz

(n)
TGn—1).0)

be such that ’§3T<n) f(z)dz

((n—=1),k)

)

14
i
d=1
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which in turn is (by induction) greater than or equal to

=
1 ; fiT(") f(z)dz jé)Tj("I) f(z)dz

(j(n—1),d) (n—1)

>4~ (=1 f(z)dz.
aT

Now observe that the sequence of nested triangles shrinks to a single point. That is, we have
) Tyt = {z0}
n=0

for some point zg € T. This is true because the diameter of the triangles goes to 0 as n — oo, so certainly
there can’t be two distinct points in the intersection; whereas, on the other hand, the intersection cannot be
empty, since the sequence (zn)n=g of centers (in some obvious sense, e.g., intersection of the angle bisectors)
of each of the triangles is easily seen to be a Cauchy sequence (and hence a convergent sequence, by the
completeness property of the complex numbers), whose limit must be an element of the intersection.

Having defined zo, write f(z) for z near zo as

f(2) = f(20) + [ (20)(z — 20) + ¥(2)(z — 20),

where
J(2) = f(20)

zZ — 20

P(z) = = ['(z0).

The holomorphicity of f at zo implies that ¢ (z) — 0 as z — zo. Denote by d™ the diameter of Tj(&)) and by

p™ its perimeter. Each subdivision shrinks both the diameter and perimeter by a factor of 2, so we have
4™ — 9=ng(©) P = 27

It follows that

/ ) f(ZO) + f/(ZO)(Z — Zo) + w(Z)(z — zo) dz
Ty

n)

<p™d™ sup [(2)|

(n)
€T30

/a oy U= )z

i(n)

Finally, combining this with the relationship between |9€9T(0> f(2) dz‘ and ‘f(’)T(") f(2)dz|, we get that
i(n)

/ f(2) dz
a1 (0)

which finishes the proof. O

< p<0>d(0) sup |Y(z)] —— 0,
zET.((n)> e
i(n

In the next section we will explore some of the amazing consequences of this ultimately quite simple
result. But first, let us note a few not-very-amazing consequences..

Corollary 4 (Goursat’s theorem for rectangles.). Theorem 7 is also true when we replace the word “triangle”
with “rectangle.”
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Proof. Obvious: a rectangle can be decomposed as the union of two triangles, with the contour integral
around the rectangle being the sum of the integrals around the two triangles due to cancellation of the
integrals going in both directions along the diagonal (see Prop 1(b)). O

Corollary 5 (existence of a primitive for a holomorphic function on a disc). If f is holomorphic on a disc
D, then f = F' for some holomorphic function F on D.

Proof. The idea is similar to the proof of Proposition 2 above. If we knew that all contour integrals of f
around closed contours vanished, that result would give us what we want. As it is, we know this is true but
only for triangular contours. How can we make use of that information? The textbook [11] gives a clever
approach in which the contour «y(zo, z) is comprised of a horizontal line segment followed by a vertical line
segment. Then one shows in three steps, each involving a use of Goursat’s theorem (see Figure 4 on page
38 of [11]), that F'(zo + h) — F(20) is precisely the contour integral over the line segment connecting zo and
2o + h. From there the theorem proceeds in exactly the same way as before. O

Corollary 6 (Cauchy’s theorem for a disc.). If f is holomorphic on a disc, then ﬁy fdz =0 for any closed
contour v in the disc.

Proof. f has a primitive, and we saw that that implies the claimed consequence. O

Theorem 9 (Cauchy’s theorem for a region enclosed by a “toy contour”). The statement fw f(z)dz =10
is also true for a function that’s analytic in a region enclosed by a contour that is simple enough that the
method of proof used for the disc above can be extended to it.i

Proof. Repeat the same ideas, going from Goursat’s theorem, to the fact that the function has a primitive,
to the fact that its contour integrals along closed curves vanish. The difficulty as the toy contour gets more
complicated is to make sure that the geometry works out when proving the existence of the primitive — see
for example the (incomplete) discussion of the case of “keyhole contours” on pages 40-41 of [11]. O

7 Consequences of Cauchy’s theorem

Theorem 10 (Cauchy’s integral formula). If f is holomorphic on a region Q, and C = 0D is a circular
contour contained in ), then

f(z) if z € D,

1
100) gy 0 if € Q\ D,

21t Jow — 2

undefined if z € C.

Proof. The case when z ¢ D is covered by Cauchy’s theorem in a disc, since in that case the function
w > f(w)/(w — 2z) is holomorphic in an open set containing D. It remains to deal with the case z € D. In
this case, denote by zo the center of the circle C. The idea is now to consider instead the integral

$ raw=f

2The book [11] calls such a contour a “toy contour”, leaving the term as a somewhat vaguely defined meta-concept.
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Figure 5: The keyhole contour used in the proof of Cauchy’s integral formula.

where I'c 5 is a so-called keyhole contour, namely a contour comprised of a large circular arc around zo that
is a subset of the circle C', and another smaller circular arc of radius € centered at z, with two straight
line segments connecting the two circular arcs to form a closed curve, such that the width of the “neck”
of the keyhole is § (think of § as being much smaller than ¢); see Fig. 5. Note that the function F(w) is
holomorphic inside the region enclosed by T'¢ 5, so Cauchy’s theorem for toy contours (assuming you can be
convinced that the keyhole contour is a toy contour) gives that

7{ F.(w)dw = 0.
FE,S

As § — 0, the two parts of the integral along the “neck” of the contour I'c s cancel out in the limit because
F, is continuous, and hence uniformly continuous, on the compact set D \ D(z,¢). So we can conclude that

7{0 F.(w)dw = %w_z\:e F.(w) dw.

The next, and final, step, is to take the limit as ¢ — 0 of the right-hand side of this equation, after first
decomposing F,(w) as

F.(w) = W + f(2) - Ly

—z w—z
Integrating each term separately, we have for the first term

7; fw) = f(2) dw‘ <ome. sup MW =FC)
c w—z -

|lw—z|=€e €

=27 sup |f(w) = f(z)] —=0,

|lw—z|=€e =0

by continuity of f; and for the second term,

1 1
z) - dw = f(z — dw = 27if(z
j‘{wiz‘zef( )= f(2) }’{H\:e )

w—z
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(by a standard calculation, see Example 2 above). Putting everything together gives §C ﬁFz(w) dw = f(z),
which was the formula to be proved. O

Example 3. in the case when z is the center of the circle C = {w : |w — z| = r}, Cauchy’s formula gives

that
d 27 it
O =52 f st =g [ searea

i(w — 2) ~on

In other words, we have proved:

Theorem 11 (the mean value property for holomorphic functions). The value of a holomorphic function f
at z is equal to the average of its values around a circle |w — z| = r (assuming it is holomorphic on an open
set containing the disc lw — z| <r).

Considering what the mean value property means for the real and imaginary parts of f = u 4+ iv, which
are harmonic functions, we see that they in turn also satisfy a similar mean value property:

27
u(z,y) = ﬁ/ u(z 4+ rcost,y + rsint)dt.
0

This is in fact true for all harmonic functions — a fact, known as the mean value property for harmonic
functions, that can be proved separately using PDE/real analysis methods, or derived from the above
considerations by proving that every harmonic function in a disc is the real part of a holomorphic function.

Theorem 12 (Cauchy’s integral formula, extended version). Under the same assumptions as in Theorem 10,
f is infinitely differentiable, and for z € D its derivatives f(")(z) are given by
ey~ 7{ f(w) d
() 2mi Jo (w— z)ntt v
The fact that holomorphic functions are differentiable infinitely many times is referred to by [11] as the
regularity theorem.

Proof. The key observation is that the expression on the right-hand side of Cauchy’s integral formula for
f(2) (which is the case n = 0 of the “extended” version) can be differentiated under the integral sign. To
make this precise, let n > 1, and assume inductively that we proved

(-1, = (= D! fw) .
7o) >4 d

2mi w— z)"

Then

(4 h) = ()
h

- b (e )

(w—z—h) " —(w—2)""

converges to n(w — z)” "1,

It is easily seen that as h — 0, the divided difference
uniformly over w € C. (The same claim without the uniformity is just the rule for differentiation of a
power function; to get the uniformity one needs to “go back to basics” and repeat the elementary algebraic
calculation that was originally used to derive this power rule — an illustration of the idea that in mathematics
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it is important not just to understand results but also the techniques used to derive them.) It follows that
we can go to the limit h — 0 in the above integral representation, to get

(n) o (n — 1)' —n—1
(2 = Tmif(w)n(w —2) dz,

which is precisely the nth case of Cauchy’s integral formula. O

Proof of Morera’s theorem. We already proved that if f is a function all of whose contour integrals over
closed curves vanish, then f has a primitive F'. The regularity property now implies that the derivative
F’ = f is also holomorphic, hence f is holomorphic, which was the claim of Morera’s theorem. O

As another immediate corollary to Cauchy’s integral formula, we now get an extremely useful family of
inequalities that bounds a function f(z) and its derivatives at some specific point z € C in terms of the
values of the function on the boundary of a circle centered at z.

Theorem 13 (Cauchy inequalities). For f holomorphic in a region § that contains the closed disc Dr(z),
we have

™M@ <nBR™ sup  |f(2)]
2€0Dp(2)

(where ODR(z) refers to the circle of radius R around z).

Theorem 14 (Analyticity of holomorphic functions). If f is holomorphic in a region Q that contains a
closed disc Dr(z0), then f has a power series expansion at zo

£ =3 anlz—z0)",

that is convergent for all z € Dr(z20), where (of course) an = f™ (z0)/n!.

”

Proof. The idea is that Cauchy’s integral formula gives us a representation of f(z) as a weighted “sum

(=an integral, which is a limit of sums) of functions of the form z — (w — z)™'.

Each such function has
a power series expansion since it is, more or less, a geometric series, so the sum also has a power series
expansion.

To make this precise, write

I 1 1 1
w—z (w-2z)-(2—-2) w-2 1_(@)
w—zo
_ 1 = Z— 20 n_oo —n—1 n
= wzonz;)(wzo) _,;)(w 20) (z —20)".

This is a power series in z—zg that, assuming w € Cr(z0), converges absolutely for all z such that |z—z¢| < R
(that is, for all z € DRr(z0)). Moreover the convergence is clearly uniform in w € Cr(z0). Since infinite
summations that are absolutely and uniformly convergent can be interchanged with integration operations,
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we then get, using the extended version of Cauchy’s integral formula, that

1
) = o= Jw) g,
278 Jeop(zg) W — #
1 - —n—1 n
=5 f(w) ) (w—20) (2 — 20)" dw
2mi J g (z0) Z‘;
- 1 n—1 n
= Z i flw)(w —20)"" " dw | (z — 20)
n=0 Tt JCR(20)
> f(n) 20 ”
= e
n=0
which is precisely the expansion we were after. O

Remark 4. In the above proof, if we only knew the simple (n = 0) case of Cauchy’s integral formula (and in
particular didn’t know the regularity theorem that follows from the extended case of this formula), we would
still conclude from the penultimate expression in the above chain of equalities that f(z) has a power series
expansion of the form 3" an(z — 20)", with a, = (2mi)~! fcR(ZO) fw)(w — 2)™™ . Tt would then follow
from earlier results we proved that f(z) is differentiable infinitely many times, and that a, = f™ (z0)/n!,
which would again give the extended version of Cauchy’s integral formula.

Theorem 15 (Liouville’s theorem). A bounded entire function is constant.

Proof. An easy application of the (case n = 1 of the) Cauchy inequalities gives upon taking the limit R — oo
that f’(z) = 0 for all z, hence, as we already proved, f must be constant. O

Theorem 16. If f is holomorphic on a region 2, and f = 0 for z in a set containing a limit point in €,
then f is identically zero on 2.

Proof. If the limit point is zo € 2, that means there is a sequence (wg) e of points in Q such that f(wg) =0
for all n, wr, — 2z, and wy, # 2o for all k. We know that in a neighborhood of zp, f has a convergent power
series expansion. If we assume that f is not identically zero in a neighborhood of zp, then we can write the

power series expansion as
oo
f(Z) = Z an(z — ZO)k = Z an(Z — Zo)oo
n=0 n=m

= am(z = 20)" 3 Tz = 20)" = am(z — 20) " (1+9(2)),

[ee] An4m (
n=1 am

where m is the smallest index such that a,, # 0, and where g(z) = > z — 29)" is a holomorphic

function in the neighborhood of zo that satisfies g(z0) = 0. It follows that for all k,
am(wi — 20)™ (1 4 g(wx)) = f(wx) =0,

but for large enough k this is impossible, since wy — zo # 0 for all k and g(wg) — g(z0) = 0 as k — oo.

The conclusion is that f is identically zero at least in a neighborhood of zp. But now we claim that that
also implies that f is identically zero on all of €, because 2 is a region (open and connected). More precisely,
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denote by U the set of points z € Q such that f is equal to 0 in a neighborhood of z. It is obvious that U
is open, hence also relatively open in €2 since €2 itself is open; U is also closed, by the argument above; and
U is nonempty (it contains zo, again by what we showed above). It follows that U = Q by the well-known

13

characterization of a connected topological space as a topological space that has no “’clopen” (closed and

open) sets other than the empty set and the entire space.

An alternative way to finish the proof is the following. For every point z € Q, let r(z) be the radius of
convergence of the power series expansion of f around z. Thus the discs {D,;)(z) : z € Q} form an open
covering of . Take w € Q (with zo being as above), and take a path v : [a,b] — £ connecting zp and w (it
exists because 2 is open and connected, hence pathwise-connected). The open covering of Q by discs is also
an open covering of the compact set y[a,b] (the range of 7). By the Heine-Borel property of compact sets,
it has a finite subcovering {D,(.,)(z;) : j = 0,...,m} (where we take w = 2;,41. The proof above shows
that f is identically zero on D;(.4)(20), and also shows that if we know f is zero on D,(.,)(z;) then we can
conclude that it is zero on the next disc Dy(s,_,)(#2j+1). It follows that we can get all the way to the last
disc Dy(y)(w). In particular, f(w) =0, as claimed. O

Remark 5. The above result is also sometimes described under the heading zeros of holomorphic
functions are isolated, since it can be formulated as the following statement: if f is holomorphic on €2,
is not identically zero on €, and f(z0) = 0 for zo € €, then for some ¢ > 0, the punctured neighborhood
Dc(z0) \ {#0} of zo contains no zeros of f. In other words, the set of zeros of f contains only isolated points.

Remark 6. The condition that the limit point zp be in € is needed. Note that it is possible to have a
sequence z, — 2o of points in Q such that f(z,) = 0 for all n. For example, consider the function s —1
— it has zeros in every neighborhood of zp = 0.

Corollary 7. If f,g are holomorphic on a region Q, and f(z) = g(z) for z in a set with limit point in Q
(e.g., an open disc, or even a sequence of points z, converging to some z € 1), then f = g everywhere in Q.

Proof. Apply the previous result to f — g. O

The previous result is usually reformulated slightly as the following conceptually important result:

Theorem 17 (Principle of analytic continuation). If f is holomorphic on a region ), and f+ is holomorphic
on a bigger region Qy D Q and satisfies f(z) = fy(z) for all z € Q, then fi is the unique such extension,
in the sense that if fy is another function with the same properties then fy(z) = f1(z) for all z € Q.

Example 4. In real analysis, we learn that “formulas” such as

1-1+1-141-1+...

1
27
14+24+448+16+32+4...=—1

don’t have any meaning. However, in the context of complex analysis one can in fact make perfect sense of
such identities, using the principle of analytic continuation! Do you see how? We will also learn later in the
course about additional such amusing identities, the most famous of which being

1
142 A4 .. =——
+2+3+4+ 5
1-243-d44...= °

=
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Such supposedly “astounding” formulas have attracted a lot of attention in recent years, being the subject
of a popular Numberphile video, a New York Times article, a discussion on the popular math blog by Terry
Tao, a Wikipedia article, a discussion on Mathematics StackExchange, and more.

A “toy” (but still very interesting) example of analytic continuation is the case of removable singularities.
A point zp € Q is called a removable singularity of a function f : Q — C U {undefined} if f is holomorphic
in a punctured neighborhood of 2, is not holomorphic at zp, but its value at zp can be redefined so as to
make it holomorphic at zp.

Theorem 18 (Riemann’s removable singularities theorem). If f is holomorphic in Q except at a point
z0 € Q (where it may be undefined, or be defined but not known to be holomorphic or even continuous).
Assume that f is bounded in a punctured neighborhood D, (z0) \ {z0} of zo. Then f can be extended to a
holomorphic function f on all of Q by defining (or redefining) its value at zo appropriately.

Proof. Fix some disc D = Dg(z0) around zo whose closure is contained in Q. The idea is to prove that the
Cauchy integral representation formula

fz) = 2 7{0 J@) gy = f(z)

27 Jop(zo) W — 2

is satisfied for all z € D\ {z0}. Once we show this, we will set f(z0) to be defined by the same integral
representation, and it will be easy to see that that gives the desired extension.

To prove that the representation above holds, consider a “double keyhole” contour I'¢ 5 that surrounds
most of circle C = 0D but makes diversions to avoid the points zp and z, circling them in the negative
direction around most of a circle of radius e. After applying a limiting argument similar to the one used in
the proof of Cauchy’s integral formula, we get that

Lt L S fw)
C,

27i cw—z:Tm' () W2 2mi Colzg) W— 2

On the right-hand side, the first term is f(z) by Cauchy’s integral formula (since f is known to be holomorphic

on an open set containing D¢(z)). The second term can be bounded in magnitude using the assumption
that f is bounded in a neighborhood of zp; more precisely, we have

% f(w)
Celzo) W — %

Thus by taking the limit as ¢ — 0 we obtain precisely the desired representation for f.

1
<ome swp [f(w)] =
wECe(z0) |Z—Z()‘ — € €~

Finally, once we have the integral representation f (defined only in terms of the values of f(w) for
w € CRr(20)), the fact that this defines a holomorphic function on all of Dr(zo) is easy to see, and is
something we implicitly were aware of already. For example, the relevant argument (involving a direct

manipulation of the divided differences - (f(z + h) — f(2))) appeared in the proof of the extended version
of Cauchy’s integral formula. Another approach is to show that integrating f over closed contours gives 0
(which requires interchanging the order of two integration operations, which will not be hard to justify) and

then use Morera’s theorem. The details are left as an exercise. O

Definition 3 (Uniform convergence on compact subsets). If f, (fn)5%o are holomorphic functions on a
region €2, we say that the sequence f, converges to f uniformly on compact subsets if for any compact
set K C Q, fn(z) — f(z) uniformly on K.


https://youtu.be/w-I6XTVZXww
https://youtu.be/w-I6XTVZXww
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https://terrytao.wordpress.com/2010/04/10/the-euler-maclaurin-formula-bernoulli-numbers-the-zeta-function-and-real-variable-analytic-continuation/
https://terrytao.wordpress.com/2010/04/10/the-euler-maclaurin-formula-bernoulli-numbers-the-zeta-function-and-real-variable-analytic-continuation/
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http://math.stackexchange.com/questions/39802/why-does-123-cdots-frac112
http://aperiodical.com/2014/01/an-infinite-series-of-blog-posts-which-sums-to-minus-a-twelfth/
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Theorem 19. If f,, — f uniformly on compact subsets in 2 and f, are holomorphic, then f is holomorphic,
and f;, — f' uniformly on compact subsets in €.

Proof. The fact that f is holomorphic is an easy consequence of a combination of Cauchy’s theorem and
Morera’s theorem. More precisely, note that for each closed disc D = D,(z0) C © we have f,.(z) — f
uniformly on D. In particular, for each curve v whose image is contained in the open disc D = D..(z0),

By Cauchy’s theorem, the integrals in this sequence are all 0, so f,y f(2) dz is also zero. Since this is true for
all such ~, by Morera’s theorem f is holomorphic on D. This was true for any disc in {2, and holomorphicity
is a local property, so in other words f is holomorphic on all of (2.

Next, let D = D,.(z0) be a disc whose closure D satisfies D C Q. for z € D we have by Cauchy’s integral
formula that

fﬁl(z)—f’(z)zi de—ij{ de
27t Jop (w— 2)? 21t Jop (W —2)2
O R = fw)
21t Jop  (w— z)?
It is easy to see therefore that f,(z) — f'(z) as n — oo, uniformly as z ranges on the disc D, ;2(z0), since
fa(w) = f(w) uniformly for w € 9D C D, and |w — 2|~ < (r/2)"? for z € D, /2(20), w € 9D.

Finally, let K C D be compact. For each z € K let r(z) be the radius of a disc D,(.)(z) around z
whose closure is contained in Q. The family of discs {D. = D,(.)/2(2) : z € Q} is an open covering of K,
so by the Heine-Borel property of compact sets it has a finite subcovering D.,,..., D;,. We showed that
fn(2) = f'(2) uniformly on every D, so we also have uniform convergence on their union, which contains
K, so we get that f}, — f’ uniformly on K, as claimed. O

8 Zeros, poles, and the residue theorem

Definition 4 (zeros). zo is a zero of a holomorphic function f if f(z0) = 0.

Definition(+lemma) 5. If f is a holomorphic function on a region  that is not identically zero and zg
is a zero of f, then f can be represented in the form

f(z) = (z = 20)"g(2)

in some neighborhood of zp, where m > 1 and g is a holomorphic function in that neighborhood such that
g(2) # 0. The number m is determined uniquely and is called the order of the zero zo, i.e, zo will be
described as a zero of order m.

A zero of order 1 is called a simple zero.

Remark 7. In the case when 2o is not a zero of f, the same representation holds with m = 0 (and g = f),
so in certain contexts one may occasionally say that zo is a zero of order 0.
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Proof of the definition-lemma. Power series expansions: this is similar to the argument used in the proof that
zeros of holomorphic functions are isolated. That is, write the power series expansion (known to converge

in a neighborhood of zp)

f(z) = Zan(z—zo)” = an(z — 20)"

n=m

=(z— zo)m Z Amn(z — Zo)" =:(z— 20)m9(2)7

where m is the smallest index > 0 such that a, 7# 0. This gives the desired representation. On the other
hand, given a representation of this form, expanding g(z) as a power series shows that m has to be the
smallest index of a nonzero coefficient in the power series expansion of f(z), which proves the uniqueness
claim. o

Definition 6 (poles). If f is defined and holomorphic in a punctured neighborhood of a point zo, we say
that it has a pole of order m at zo if the function h(z) = 1/f(z) (defined to be 0 at zo) has a zero of order
m at zo. A pole of order 1 is called a simple pole.

Remark 8. As with the case of zeros, one can extend this definition in an obvious way to define a notion
of a “pole of order 0”. If f(z) is actually holomorphic and nonzero at zo (or has a removable singularity at
zo and can be made holomorphic and nonzero by defining its value at zo appropriately), we define the order
of the pole as 0 and consider f to have a pole of order 0 at zp.

Lemma 4. f has a pole of order m at zo if and only if it can be represented in the form

f(2) = (2= 20)""g(2)
in a punctured neighborhood of zo, where g is holomorphic in a neighborhood of zo and satisfies g(zo0) # 0.
Proof. Apply the previous lemma to 1/f(z). O

Theorem 20. If f has a pole of order m at zo, then it can be represented uniquely as

_ a—m A —m+1 a—1
f(z)= (z— 20)™ + (Z_Zo)mfl +...t Z— 20 +G(2)

where G is holomorphic in a neighborhood of zo.

"g(z) as in the previous lemma and separating

Proof. This follows immediately on expressing f(z) as (z—z0)~
the power series expansion of g(z) into the powers (z — z0)* with 0 < k < m — 1 and the powers with

k> m. O

Definition 7 (principal part, residue). The expansion (zi;$”L + (Z(::;fnl,l + ...+ ::Zlo in the above

representation is called the principal part of f at the pole zg. The coefficient a_1 is called the residue of f
at zp and denoted Res., (f).
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Exercise 7. The definitions of the order of a zero and a pole can be consistently unified into a single
definition of the (generalized) order of a zero, where if f has a pole of order m at zo then we say instead
that f has a zero of order —m. Denote the order of a zero of f at zo by ord.,(f). With these definitions,
prove that

ordz, (f 4 g) = min (ordz, (f), ordz, (9))

(can you give a useful condition when equality holds?), and that

ordz, (fg) = ordz, (f) + ord, ().

Theorem 21 (The residue theorem (simple version)). Assume that f is holomorphic in a region containing

a closed disc D, except for a pole at zo € D. Then

f(2z)dz = 2miResz, (f).

oD

Proof. By the standard argument involving a keyhole contour, we see that the circle C = 0D in the integral
can be replaced with a circle C. = Cle (zo) of a small radius € > 0 around zo, that is , we have

(2)dz = f(z)dz.
oD Ce

When e is small enough, inside C. we can use the decomposition

—1

f)= Y ar(z—z)" +G(2)

k=—m

for f into its principal part and a remaining holomorphic part. Integrating termwise gives 0 for the integral
of G(z), by Cauchy’s theorem; 0 for the integral powers (z — z0)* with —m < k < —2, by a standard
computation; and 27wia_; = 27i Res,, (f) for the integral of 7(z — zo) ', by the same standard computation.
This gives the result. O

Theorem 22 (The residue theorem (extended version)). Assume that f is holomorphic in a region con-

taining a closed disc D, except for a finite number of poles at z1,...,zny € D. Then

(2)dz = 2mi Z Res;, (f).

oD k=1

Proof. The idea is the same, except one now uses a contour with multiple keyholes to deduce after a limiting
argument that

N
f(z)dz:;}{c f(z)dz

8D < (2x)
for a small enough €, and then proceeds as before.

(Note: The above argument seems slightly dishonest to me, since it relies on the assertion that a multiple
keyhole contour with arbitrary many keyholes is a “toy contour”; while this is intuitively plausible, it will

be undoubtedly quite difficult to think of, and write, a detailed proof of this argument.) O
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Theorem 23 (The residue theorem (version for general toy contours).). Assume that f is holomorphic in a
region containing a toy contour vy (oriented in the positive direction) and the region R. enclosed by it, except
for poles at the points z1,...,zy € R,. Then

7{]”(2) dz = 2m'ZReszk (f)-

Proof. Again, construct a multiple keyhole version of the same contour « (assuming that one can believably
argue that the resulting contour is still a toy contour), and then use a limiting argument to conclude that

7{ f(2) dz = i fc PR

for a small enough e. Then proceed as before. O

9 Meromorphic functions, holomorphicity at oo and the Rie-

mann sphere

Definition 8 (meromorphic function). A meromorphic function on a region Q is a function f : Q —
C U {undefined} such that f is holomorphic except for an isolated set of poles.

Definition 9 (holomorphicity at co). Let U C C be an open set containing the complement C\ Dr(0)
of a closed disc around 0. A function f : U — C is holomorphic at oo if g(z) = f(1/z) (defined on a
neighborhood D1,z (0) of 0) has a removable singularity at 0. In that case we define f(co) = g(0) (the value
that makes g holomorphic at 0).

Definition 10 (order of a zero/pole at o0). Let U C C be an open set containing the complement C\ Dr(0)
of a closed disc around 0. We say that a function f : U — C has a zero (resp. pole) of order m at oo if
g(z) = f(1/z) has a zero (resp. pole) at z = 0, after appropriately defining the value of g at 0.

Conceptually, it is useful to think of meromorphic functions as holomorphic functions with range in the
Riemann sphere C. Let’s define what that means.

Definition 11 (Riemann sphere). The Riemann sphere (a.k.a. the extended complex numbers) is the set
C = CU {00}, equipped with the following additional structure:

e Topologically, we think of C as the one-point compactification of C; that is, we add to C an additional
element oo (called “the point at infinity”) and say that the neighborhoods of co are the complements
of compact sets in C. This turns C into a topological space in a simple way.

e (Geometrically, we can identify C with an actual sphere embedded in R3, namely
S = (o) e® 24yt - 1= 1)
The identification is via stereographic projection, given explicitly by the formula

1-Z 1-Z

(X,Y,Z2) e 8% —s
00 if (X,Y,2)=(0,0,1).
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See page 88 in [11] for a more detailed explanation. One can check that this geometric identification
is a homeomorphism between S? (equipped with the obvious topology inherited from R®) and C (with
the one-point compactification topology defined above).

e Analytically, the above definition of what it means for a function on a neighborhood of co to be
holomorphic at co provides a way of giving C the structure of a Riemann surface (the simplest case
of a manifold with a complex-analytic structure). The details can be found in many textbooks and
online resources, and we will not discuss them in this course.

With the above definitions, the concept of a meromorphic function f : Q@ — CU {undefined} can be seen
to coincide with the notion of a holomorphic function f : Q — C — that is, the underlying concept of the
definition is still holomorphicity, but it pertains to functions taking values in (6, a different Riemann surface,
instead of C.

Definition 12 (classification of singularities). If a function f : Q — Cu {undefined} is holomorphic in a
punctured neighborhood D, (20) \ {20} of z0, we say that f has a singularity at zo if f is not holomorphic at
zo. We classify singularities into three types, two of which we already defined:

e Removable singularities: when f can be made holomorphic at zo by defining or redefining its value at
Z0;

e poles;

e any singularity that is not removable or a pole is called an essential singularity.

For a function defined on a neighborhood of oo that is not holomorphic at co, we say that f has a
singularity at co, and classify the singularity as a removable singularity, a pole, or an essential singularity,
according to the type of singularity that z — f(1/z) has at z = 0.

Theorem 24 (Casorati-Weierstrass theorem on essential singularities). If f is holomorphic in a punctured
neighborhood D, (z0) \ {20} of zo and has an essential singularity at zo, the image f(Dr(20) \ {20}) of the
punctured neighborhood under f is dense in C.

Proof. Assume that the closure f(D;(z0) \ {z0}) does not contain a point w € C. Then g(z) = m is a

function that’s holomorphic and bounded in D,(z0) \ {20}. By Riemann’s removable singularity theorem,
its singularity at zo is removable, so we can assume it is holomorphic at zp after defining its value there. It
then follows that

has either a pole or a removable singularity at zo, depending on whether g(zo) = 0 or not. O

10 The argument principle

Definition 13. The logarithmic derivative of a holomorphic function f(z) is f'(2)/f(2).

Lemma 5. The logarithmic derivative of a product is the sum of the logarithmic derivatives. That is,

(Mios fr)" < Fi(2)
ITizi fx _;fk(z)'
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Proof. Show this for n = 2 and proceed by induction. O

Theorem 25 (the argument principle). Assume that f is meromorphic in a region 0 containing a closed
disc D, such that f has no poles on the circle dD. Denote its zeros and poles inside D by z1,. .., zn, where
z is a zero of order my = ord,, (f) (in the sense mentioned above, where my = m is a positive integer if zj
s a zero of order m, and my = —m is a negative integer if zx is a pole of order m). Then

1 ' N~
; .

2mi op f(2)
= [total number of zeros of f inside D]

— [total number of poles of f inside D]. (1)

Proof. Define

n

9(z) = [Tz = 2) 7™ f(2).

k=1
Then g(z) is meromorphic on 2, has no singularities zeros on 9D, and inside D it has no poles or zeros,
only removable singularities at z1,..., 2, (so after redefining its values at these points we can assume it is
holomorphic on D). It follows that

n

f@) =T =2 g(2).

k=1
Taking the logarithmic derivative of this equation gives that

P&~ me )
0 2 )

The result now follows by integrating this equation and using the residue theorem (the term g'(z)/g(z) is
holomorpic on D so does not contribute anything to the integral). O

Remark 9. By similar reasoning, the theorem also holds when the circle is replaced by a toy contour .

The proof above hides, as some slick mathematical proofs have a way of doing, the fact that the formula
(1) has a fairly simple intuitive explanation. Start by noting that the integral in the argument principle can
be represented as

L, PO, / (for)(®) ,,

omi ), f(z) T 2w ), F(Y() T omi ), (fo)(®)
1 1L,
= omi e, w ™

that is, an integral of dw/w over the contour f o~y — the image of v under f. Now note that the differential
form dw/w has a special geometric meaning in complex analysis, namely we have

%U = “d (logw)” = “d(log |w| +iargw)”.

We put these expressions in quotes since the logarithm and argument are not single-valued functions so it
needs to be explained what such formulas mean. However, at least log |w| is well-defined for a curve that
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does not cross 0, so when integrating over the closed curve f oy, the real part is zero by the fundamental
theorem of calculus. The imaginary part (which becomes real after dividing by 27i) can be interpreted
intuitively as the change in the argument over the curve — that is, initially at time ¢ = a one fixes a specific
value of argw = arg-y(a); then as ¢ increases from ¢ = a to t = b, one tracks the increase or decrease in the
argument as one travels along the curve v(t); if this is done correctly (i.e., in a continuous fashion), at the
end the argument must have a well-defined value. Since the curve is closed, the total change in the argument
must be an integer multiple of 27, so the division by 27i turns it into an integer.

i

Of course, this explanation also explains the name “the argument principle,” which may sound arbitrary

and uninformative when you first hear it.

Connection to winding numbers. What the above reasoning shows is that in general, an integral of

L[ fw)
ﬁdew

over a closed curve 7 that does not cross 0 carries the meaning of “the total number of times the curve ~

the form

goes around the origin,” with the number being positive if the curve goes in the positive direction around
the origin; negative if the curve goes in the negative direction around the origin; or zero if there is no net
change in the argument. This number is more properly called the winding number of f around w = 0
(also sometimes referred to as the index of the curve around 0), and denoted

Indo(f) = %7{ 1) g,

z

More generally, one can define the winding number at z = 2o as the number of times a curve v winds around
an arbitrary point zo, which (it is easy to see) will be given by

Ind, (f) = —— § S 4.

271 52— 20

assuming that v does not cross zo.

Note that winding number is a topological concept of planar geometry that can be considered and studied
without any reference to complex analysis; indeed, in my opinion that is the correct approach. It is possible,
and not especially difficult, to define it in purely topological terms without mentioning contour integrals,
and then show that the complex analytic and topological definitions coincide. Try to think what such a
definition might look like.

Theorem 26 (Rouché’s theorem). Assume that f, g are holomorphic on a region 2 containing a circley = C
and its interior (or, more generally, a toy contour v and the region U enclosed by it). If |f(2)| > |g(2)| for
all z € v then f and f + g have the same number of zeros inside the region U.

Proof. Define fi(z) = f(z)+tg(z) for t € [0,1], and note that fo = f and fi1 = f+ g, and that the condition
|f(2)] > |g(2)| on ~ implies that f; has no zeros on « for any ¢ € [0, 1]. Denote
1 [ fiz)

ne = —

T omi L fiz) P

which by the argument principle is the number of “generalized zeros” (zeros or poles, counting multiplicities)
of fy in U. In particular, the function ¢ — n; is integer-valued. If we also knew that it was continuous, then
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it would have to be constant (by the easy exercise: any integer-valued continuous function on an interval
[a, b] is constant), so in particular we would get the desired conclusion that nq = ng.

To prove continuity of n, note that the function g(t, 2) = f{(z)/f:(z) is continuous, hence also uniformly
continuous, on the compact set [0,1] x . For s,t € [0, 1] satisfying |t — s| < §, we can write

1
7s<7 ta - ’ - |d
=l < gz lo(t2) = s, ) =

1
S Tm len(’Y) Sup{|g(u7 Z) - g(’U,Z)| PZ2EY, u,vE [Oa 1]7 |U’ - U| < 6}
Given € > 0, we can choose § that ensures that this expression is < € if |t — s| < 4§, by the uniform continuity.
This is precisely what is needed to show that ¢ — n, is continuous. O

As with the argument principle, Rouché’s theorem also has a rather amusing intuitive explanation, which
T learned from the book Visual Complexr Analysis by Tristan Needham. The slogan to remember is “walking
the dog”. Imagine that you are walking in a large empty park containing at some “origin” point 0 a large
pole (in the English sense of a metal post sticking out of the ground, not the complex analysis sense). You
start at some point X and go for a walk along some curve, ending back at the same starting point X. Let
N denote your winding number around the pole at the origin — that is, the total number of times you went
around the pole, with the appropriate sign.

Now imagine that you also have a dog that is walking alongside you in some erratic path that is sometimes
close to you, sometimes less close. As you traverse your curve C1, the dog walks along on its own curve Cs,
which also begins and ends in the same place. Let M denote the dog’s winding number around the pole at
the origin. Can we say that N = M7 The answer is: yes, we can, provided that we know the dog’s distance
to you was always less than your distance to the pole. To see this, imagine that you had the dog on a leash
of variable length; if the distance condition was not satisfied, it would be possible for the dog to reach the
pole and go in a short tour around it while you were still far away and not turning around the pole, causing
an entanglement of the leash with the pole.

Amazingly, the above scenario maps in a precise way to Rouché’s theorem, using the following dictionary:
the curve f o~ represents your path; the curve (f + g) o v represents the dog’s path; g o v represents the
vector pointing from you to the dog; the condition |f| > |g| along ~ is precisely the correct condition that
the dog stays closer to you than your distance to the pole; and the conclusion that the two winding numbers
are the same is precisely the theorem’s assertion that f and f + g have the same number of generalized
zeros in the region U enclosed by v (see the discussion above regarding the connection between the integral
(2mi) ™! fv f'/f dz and the winding number of f o+ around 0).

Exercise 8. Spend a few minutes thinking about the above correspondence and make sure you understand
it. You will probably forget the technical details of the proof of Rouché’s theorem in a few weeks or months,
but I hope you will remember this intuitive explanation for a long time.

As another small cryptic remark to think about, the proof of Rouché’s theorem given above can be
thought of as an argument about the invariance of a certain integral under the homotopy between two
curves. Can you see how?
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11 Applications of Rouché’s theorem

Rouché’s theorem is an important tool in estimating the numbers of roots of polynomials and other functions
in regions of interests (see Exercises 28-29 on page 84). The next results show how Rouché’s theorem can
also be used to deduce interesting theoretical results.

Theorem 27 (The open mapping theorem). Holomorphic functions are open mappings, that is, they map
open sets to open sets.

Proof. Let f be holomorphic in a region Q, zo € 2, and denote wo = f(z0). What we need to show is that
the image of any neighborhood D.(zo) for ¢ > 0 contains a neighborhood Ds(z0) of wg for some § > 0.
Fixing w (visualized as being near wo), denote

h(z) = f(2) —w = (f(2) = wo) + (wo —w) =: F(2) + G(2).

The idea is now to apply Rouché’s theorem to F'(z) and G(z). Fix € > 0 small enough so that the disc
D.(z0) is contained in Q and does not contain solutions of the equation f(z) = wo other than zo (this is
possible, by the property that zeros of holomorphic functions are isolated). Defining

6 = inf{|f(z) —wo| : z € De(20)},

we therefore have that 6 > 0 and |f(z) — wo| > ¢ for z on the circle |z — 29| = e. That means that
under the assumption that |w — wo| < & (i.e., if w is assumed to be close enough to wp), the condition
|F(z)] > |G(2)| in Rouché’s theorem will be satisfied for z € Dc(z9). The conclusion is that the equation
h(z) = 0 (or equivalently f(z) = w) has the same number in solutions (in particular, at least one solution)
as the equation f(z) = wo in the disc D.(z0). This was precisely the claim to be proved. O

Corollary 8 (the maximum modulus principle). If f is a non-constant holomorphic function on a region
Q, then |f| cannot attain a mazimum on Q.

Proof. Trivial exercise. O

At the beginning of the course we discussed several proofs of the fundamental theorem of algebra. One of
them, the topological proof, was only sketched. As a final demonstration of the power of Rouché’s theorem,
problem 30 on page 84 asks you to use the theorem to make precise the idea of the topological proof.

12 Simply-connected regions and the general version of Cauchy’s

theorem

Definition 14 (homotopy of curves). Given a region Q C C, two parametrized curves v1,72 : [0,1] —
Q (assumed for simplicity of notation to be defined on [0,1]) are said to be homotopic (with fixed
endpoints) if 71 (0) = 72(0), 71(1) = 12(1), and there exists a function F : [0, 1] x [0,1] — € such that

i) F is continuous.

ii) F(0,t) = 71 (t) for all t € [0,1].
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iii) F(1,t) = v2(¢) for all ¢ € [0, 1].
iv) F(s,0) =v1(0) for all s € [0, 1].
v) F(s,1) =~1(1) for all s € [0,1].

The map F is called a homotopy between 71 and ~2. Intuitively, for each s € [0, 1] the function t — F(s,t)
defines a curve connecting the two endpoints 71(0), 71(1). As s grows from 0 to 1, this family of curves
transitions in a continuous way between the curve v, and 72, with the endpoints being fixed in place.

Exercise 9. Prove that the relation of being homotopic is an equivalence relation.

Definition 15 (simply-connected region). A region (2 is called simply-connected if any two curves v1, 2
in Q with the same endpoints are homotopic.

Remark 10. A common alternative way to define the notion of homotopy of curves is for closed curves,
where the endpoints are not fixed but the homotopy must keep the curves closed as it is deforming them. The
definition of a simply-connected region then becomes a region in which any two closed curves are homotopic.
It is not hard to show that those two definitions are equivalent.

Theorem 28. If f is a holomorphic function on a region 2, and vo,v1 are two curves on ) with the same

/m f(z)dz:/ﬂ/1 f(z)dz.

Proof. This proof is based on the idea of translating the global statement about the equality of the two

endpoints that are homotopic, then

contour integrals into a local statement, similarly to the proof of Goursat’s theorem but in a more general
setting. (See also pages 93-95 in [11] for a variant of the proof presented below.)

Denote by F : [0,1] x [0,1] — € the homotopy between 79 and 71, and for any s € [0,1] denote by
s @ [0,1] — C the curve ~vs(t) = F(s,t). The strategy of the proof is to show that there are values
0=s0 <s1<s2<...<8,=1such that

/750“2”2—/%1 seyd=.= |

That is, we will show that a slight perturbation of the s parameter does not change the value of the integral.

f(z)dz = /%n f(z)dz.

Sn—1

To this end, for two fixed values 0 < s < s’ < 1 that are close to each other (in a sense we will make precise
shortly), we break up the t-interval [0, 1] over which the curves s, s" are defined into very small segments by
fixing points 0 = to < t1 < ... < t,, = 1 that are very close together (in a sense that, again, we will need to
make precise below once we understand what is needed to make the argument work), and then write

/Ys flz)dz= ;‘/’Ys([tjlxtj]) f(Z) o ‘/’YS/ f(Z) de= ; /YS/([tj—lvtj]) Jz) dz

We will now show that these two integrals are equal by exploiting our knowledge of local properties of f that
follow from its analyticity. Specifically, assume that for each 1 < j < m we know that there exists an open
disk D; containing the convex hull of the union of the two curve segments vs([tj—1,t;]) and v ([tj-1,t;])-
For each 0 < j < m, let n; denote a straight line segment (considered as a parametrized curve) from ~s(¢;)
to s (t;), and for each 1 < j < m let I'; denote the closed curve vs([tj—1,¢;]) + 15 — Vs ([ti=1,t5]) — -1
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(the concatenation of the four curves ~,([t;—1,t;]), “the reverse of n;”, v¢ ([tj—1,t;]), and “the reverse of
nj—1"). By Cauchy’s theorem on a disc, we have

ﬁ Sz =0,

or, more explicitly,

/ sz [ faz = [
vs ([tj—1.t5]) Yor ([tj—1,t5]) n

Summing this relation over j, we get that

‘/Ys Je)dz= /75/ Je)dz i </s([tjlvtj]) Je)dz== /75/([%'717%']) /e dZ)

> </n‘_1f(2)d2/n f(Z)dZ> - [ i [ sea=o

since in the next-to-last step the sum is telescoping, and in the last step we note that 7o and 7,, are both

f(z)dz — /n () dz.

i1 i

degenerate curves each of which simply stays at a single point (vs(0) = F(s,0) = v4(0), and ~s(1) =
F(s,1) = v4(1), respectively). This is precisely the equality we wanted.

We still need to justify the assumption about the discs D;. This can be made to work if s and s’
are sufficiently close to each other and the points 0 < tp < t1 < ... < ¢, = 1 are sufficiently densely
spaced, using an argument involving continuity and compactness. Here is one way to make the argument:
fix 0 < s < 1. At each 0 < ¢ < 1, by continuity of the homotopy function F' there exists a number § > 0 and
a disc D, centered at vs(t) = F(s,t) such that for any s’,t' € [0,1] with |s' — s| < ¢, |t' — | < J, we have
vsr(t') € Ds¢. The family of discs Ds,; for 0 <t < 1 are an open cover of the curve «; (or more precisely of
its image 7s([0, 1]), which is a compact set), so by the Heine-Borel property we will have a finite subcovering
Ds,tys- -y Dsyt,,. This is enough to prove the assumption for s’ sufficiently close to s.

Finally, for each s denote by d(s) the value of § chosen above as a function of s. The collection of
open intervals {(s — d(s),s + 6(s)) : s € [0,1]} form an open covering of the interval [0,1], so again
using the Heine-Borel property, we can extract a finite subcovering. This enables us to find a sequence
0=s50< 81 <...< 8y, =1 that we claimed exist at the beginning of the proof, namely where the relation

/

holds for each j = 1,...,n (with s;_1 playing the role of s and s; playing the role of s’ in the discussion
above). O

f(z)dz= /75' f(z)dz

sj—1

Theorem 29 (Cauchy’s theorem (general version)). If f is holomorphic on a simply-connected region €,

ﬁf(z) dz =0,

Proof. Assume for simplicity that 7 is parametrized as a curve on [0,1]. Then it can be thought of as the

then for any closed curve in 2 we have

concatenation of two curves 1 and —v2, where y1 = 9|[0,1/2] and 72 is the “reverse” of the curve (1 /2,1]. Note
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that 1 and 2 have the same endpoints. By the invariance property of contour integrals under homotopy
proved above, we have

[yf(z)dzz[yrwf(z)dz:/m f(z)dz—/wf(z)dzzo.

Corollary 9. Any holomorphic function on a simply-connected region has a primitive.

Exercise 10. The proof of Theorem 28 above still involves a minor amount of what I call “dishonesty”;
that is, the proof is not actually formally correct as written but contains certain inconsistencies between
what the assumptions of the theorem are and what we end up actually using in the body of the proof. Can
you identify those inconsistencies? What additional work might be needed to fix these problems? And why
do you think the author of these notes, and the authors of the textbook [11], chose to present things in this
way rather than treat the subject in a completely rigorous manner devoid of any inaccuracies? (The last
question is a very general one about mathematical pedagogy; coming up with a good answer might help
to demystify for you a lot of similar decisions that textbook authors and course instructors make in the
teaching of advanced material, and make the study of such topics a bit less confusing in the future.)

13 The logarithm function

The logarithm function can be defined as
log z = log |z| + iarg z

on any region €2 that does not contain 0 and where one can make a consistent, smoothly varying choice of
arg z as z ranges over {). It is easy to see that this formula gives an inverse to the exponential function.
For example, if
Q=C\ (—o0,0]

(the “slit complex plane” with the negative real axis removed), we can set
Log z = log |z| + i Arg z

where Arg z is set to take values in (—m, 7). This is called the principal branch of the logarithm — basically
a kind of standard version of the log function that complex analysts have agreed to use whenever this is
convenient (or not too inconvenient). However, sometimes we may want to consider the logarithm function
on more strange or complicated regions. When can this be made to work? The answer is: precisely when 2
is simply-connected.

Theorem 30. Assume that Q is a simply-connected region with 0 ¢ Q, 1 € Q. Then there erists a function
F(z) =logq(z) with the properties:

i) F is holomorphic in Q.
i) eF'®) =2 for all z € Q.

1) F(r) =logr (the usual logarithm for real numbers) for all real numbers r € Q sufficiently close to 1.
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Proof. We define F' as a primitive function of the function z — 1/z, that is, as

Fy= [ 2

1w

where the integral is computed along a curve y connecting 1 to z. By the general version of Cauchy’s theorem
for simply-connected regions, this integral is independent of the choice of curve. As we have already seen,
this function is holomorphic and satisfies F’'(z) = 1/z for all z € . Tt follows that

diz (ze_F(z)) =e PO _2F (2)e PP = B 1 - 2/2) =0,

F(z) F(z

SO ze~ is a constant function. Since its value at z = 1 is 1, we see that e’*) = z, as required. Finally,

= 1T ‘%’ = log r, which can be seen by taking the integral to be along

the straight line segment connecting 1 and r. (I

for real r close to 1 we have that F'(z)

Exercise 11. Prove that the principal branch of the logarithm has the Taylor series expansion
= ()"
L = —(z=1)" <1).
oge=3 1" (el <)

Exercise 12. Modify the proof above to prove the existence of a branch of the logarithm function in
any simply-connected region 2 not containing 0, without the assumption that 1 € . In what way is the
conclusion weakened in that case?

Exercise 13. Explain in what sense the logarithm functions F'(z) = logg,(z) satisfying the properties proved
in the theorem above (and its generalization described in the previous exercise) are unique.

Exercise 14. Prove the following generalization of the logarithm construction above: if f is a holomorphic
function on a simply-connected region €2, and f # 0 on €2, then there exists a holomorphic function g on €2,
referred to as a branch of the logarithm of f, satisfying

eI = f(2).

Definition 16 (power functions and nth roots). On a simply-connected region Q we can now define the

power function z — z® for an arbitrary a € C by setting
a _ alogz
2% =e .
In the special case o = 1/n this has the meaning of the nth root function z zl/”, which satisfies

(Zl/n)n _ (e%logz)" _ en%logz _ elogz _

Note that if f(z) = 2™ is one choice of an nth root function, then for any 0 < k < n — 1, the function
g(z) = eQ”ik/"f(z) will be another function satisfying g(z)"™ = z. Conversely, it is easy to see that those are
precisely the possible choices for an nth root function.
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14 The Euler gamma function

The Euler gamma function (often referred to simply as the gamma function) is one of the most important
special functions in mathematics. It has applications to many areas, such as combinatorics, number theory,
differential equations, probability, and more, and is probably the most ubiquitous transcendental function
after the “elementary” transcendental functions (the exponential function, logarithms, trigonometric func-
tions and their inverses) that one learns about in calculus. It is a natural meromorphic function of a complex
variable that extends the factorial function to non-integer values. In complex analysis it is particularly im-
portant in connection with the theory of the Mellin transform (a version of the Fourier transform associated
with the multiplicative group of positive real numbers in the same way that the ordinary Fourier transform
is associated with the additive group of the real numbers).

Most textbooks define the gamma function in one way and proceed to prove several other equivalent
representations of it. However, the truth is that none of the representations of the gamma function is more
fundamental or “natural” than the others. So, it seems more logical to start by simply listing the various
formulas and properties associated with it, and then proving that the different representations are equivalent
and that the claimed properties hold.

Theorem 31 (the Euler gamma function). There exists a unique function I'(s) of a complex variable s that
has the following properties:

1. T'(s) is a meromorphic function on C.
2. Connection to factorials: T'(n+ 1) =n! forn=0,1,2,....
3. Important special value: I'(1/2) = /7.
4. Integral representation:
I(s) = /Oo e a*Hda (Res > 0).
0

5. Hybrid series-integral representation:
I(s) = i D7 + /°° e "ot dx (s €C).
“— nl(n+s) 1
6. Infinite product representation:
_ s S —s/n
F(s)lzse“’g(lﬂ-ﬁ)e / (s € €),
where v = limy— 00 (1 + % + % +...+ % — log n) = 0.577215 is the Euler-Mascheroni constant.

7. Limit of finite products representation:

. nln®
I(s) :nlggo s(s+1)---(s+mn) (s€C).

8. Zeros: the gamma function has no zeros (so I'(s)™' is an entire function,).

9. Poles: the gamma function has poles precisely at the non-positive integers s = 0,—1,—2,..., and is
holomorphic everywhere else. The pole at s = —n is a simple pole with residue

Resoe_n(T) = (—n1')" (n=0,1,2,...).
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Functional equation:
I(s+1) =sT(s) (s € C).
The reflection formula (a surprising connection to trigonometry):

™

I'(s)'1—s) =

sin(ms) (s€C).

To begin the proofs, we do have to define the function we are claiming exists somehow, so let’s take the

F(s):/ e Tt Hdr
0

as our working definition of I'(s). This improper integral is easily seen to converge absolutely for Re(s) > 0,

o0 oo o0
/ e "at x| < / e Tla* | de = / e TR gy,
0 0 0

I leave it as an exercise to check (or read the easy explanation in [11]) that the function it defines is

formula

since

holomorphic in that region.

Next, perform an integration by parts, to get that, again for Re(s) > 0, we have

oo _ oo
I(s+1)= / e “x¥dr = 7671175‘2;;0 + / e Tsx® tdr = sT(s),
0 0

which is the functional equation.

Combining the trivial evaluation I'(1) = fooo e~ * dx = 1 with the functional equation shows by induction
that I'(n 4+ 1) = nl.
The special value I'(1/2) = /7 follows immediately by a change of variable z = 4?2 in the integral and

an appeal to the standard Gaussian integral ffzo eV duy = Nix

oo oo P o0 P
I'(1/2) :/ e "z dx :/ e " 2du :/ e " du= /.
0 0 —o0
The functional equation can now be used to perform an analytic continuation of I'(s) to a meromorphic
function on C: for example, we can define
I'(s+1)

Fl(s) = Ta

which is a function that is holomorphic on Re(s) > —1,s # 0 and coincides with ~(s) for Re(s) > 0. By
the principle of analytic continuation this provides a unique extension of I'(s) to the region Re(s) > —1.
Because of the factor 1/s and the fact that I'(1) = 1 we also see that I'1 (s) has a simple pole at s = 0 with
residue 1.

Next, for Re(s) > —2 we define

_Di(s+1) T(s+2)
Ta(s) = s os(s+ 1)’

a function that is holomorphic on Re(s) > —2, s # 0, —1, and coincides with I';(s) for Re(s) > —1, s # 0.
Again, this provides an analytic continuation of I'(s) to that region. The factors 1/s(s+ 1) show that I's(s)
has a simple pole at s = —1 with residue —1.
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Continuing by induction, having defined an analytic continuation I',—1(s) of I'(s) to the region Re(s) >
-n+1,s#0,—-1,-2,...,—n + 2, we now define
Inoi(s+1) - I'(s+mn)

Fn(s):f:'”_s(s+1)~~~(s+n71)‘

By inspection we see that this gives a meromorphic function in Re(s) > —n whose poles are precisely at
s=—-n+1,...,0 and have the claimed residues.

An alternative way to perform the analytic continuation is to separate the integral defining I'(s) into

1 oS}
I'(s) = / e "2 dx —|—/ e “xt dx
0 1

and to note that the integral over [1,00) converges (and defines a holomorphic function of s) for all s € C,
and the integral over [0, 1] can be computed by expanding e~ as a power series in x and integrating term
by term. That is, for Re(s) > 0 we have

/1 R /1 i 7(_1')"43“_3_1 dr = i (_1')71 /l 2" g
o 0o = nl — nl
_$ e
= nl(n+s)

The justification for interchanging the summation and integration operations is easy and is left as an exercise.

Thus, we have obtained not just an alternative proof for the meromorphic continuation of I'(s), but a proof
of the hybrid series-integral representation of I'(s), which also clearly shows where the poles of I'(s) are and

that they are simple poles with the correct residues.

Lemma 6. For Re(s) > 0 we have

— i _E mos—1
I'(s) = lim ; (1 n) %7 dx.

Proof. As n — oo, the integrand converges to e “z®~' pointwise. Furthermore, the factor (1 — £)" is

bounded from above by the function e™* (because of the elementary inequality 1 — ¢ < e~* that holds for
all real t). The claim therefore follows from the dominated convergence theorem. O

Lemma 7. For Re(s) > 0 we have

" T\" o1 nln
/0 (1_5) * dx:s(s+1)~~-(s+n)'

Proof. For n =1, the claim is that
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which is easy to verify directly. For the general claim, using a linear change of variables and an integration
by parts we see that

n n 1
/ (1 - E) e = ns/ A—t)"t* "' dt
0 n 0
s ¢=1 1 s
—ne [(1 _ L +/ n(l — t)"’lt; dt
0

S

n 1

:ns-—/ (1 — )" 1Tt g,
S Jo

t=0

so the claim follows by induction on n. O

Corollary 10. For Re(s) > 0 we have

. nln®
I(s) _nh—>Holo s(s+1)---(s+n)

Proof of the infinite product representation for I'(s). For Re(s) > 0 we have

(s)~! = lim SEFD - (s+n)

n— oo nlns

= s lim efslogn (1+f) (1+f)(1+£)
n— oo 1 2 n
1

— 5 lim e*(Xk=1 % logm) H + %) ek

n— oo
k=1

vs - S —s/n
= se H(lJrf)e .
n=1 n
O

We now check that the infinite product actually converges absolutely and uniformly on compact subsets
in all of C, so defines an entire function. Let’s start with some preliminary elementary observations on
infinite products.

Recall that for a sequence of complex numbers ¢, the infinite product [ 7 ¢n is defined as the limit of
finite (partial) products limn oo [[5_; Ck, if the limit exists. This is analogous to the notation for infinite
series. One point of terminology that differs slightly from the corresponding terminology for infinite series,
is that we say the product []"7 | cn converges if the limit of the finite products exists and is non-zero.

Lemma 8. For a sequence of complex numbers (an)nz1, if an # —1 for alln and 3,7 | |an| < co then the
infinite product T[], (14 an) converges.

Proof. Under the assumption, there exists some large enough Ny > 1 such that |a,| < 1/2 for all n > No,
which in particular implies that 1 + a, = exp(Log(l + a»)), where Log(z) is the principal branch of the
logarithm function. Now, by the assumption, clearly it is enough to prove the convergence of the infinite
product [[;2 v (1 + an), and this can be written as

oo n

H 1+an) = nhm H 1+ar) = RILH;O H exp (Log(1l + ax)) = nan;Oexp Z Log(1 + ax)

— 00
n=Ng k=Ng k=Ng k=Ng
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If we knew that the infinite series 3 7 \ Log(l + an) = limpn—oo >y, Log(1 + ax) converged, we could
continue the above chain of equalities as

=exp | lim Z Log(1l+ak) | =exp ( Z Log(1 + an)> ,
n— oo

k=Np n=Ng

and since e” is never 0, that would mean that the product []7 v (1 + an) exists and is non-zero (that is, it
converges), hence as was mentioned above the infinite product ] 7 (1 + a») also converges and the claim
would be proved.

To see the convergence of the series 3% \ Log(1l + an), recall that the function z +— Log(z) has the
convergent Taylor expansion

Log(z) = » #(z— D™ (z—1]<1).

In particular, there is some constant C' > 0 such that
| Log(1 +w)| < |w| + Clw|>  if Jw] < 1/2.

Now using the assumption that > > | |an| < oo it follows that

oo 0o oo 0o 0o 2
D ILog(l+an)[ < D Janl +C Y lanf* < D Ian|+0<2 |an|) < oo,

n=Nog n=Ng n=Np n=No n=Ng

which is what we needed. O

Lemma 9. Let (fn)nz1 be a sequence of functions on some region 0 such that the functions 1 + f, are
everywhere holomorphic and nonzero. If the series Y o~ | |fn| converges uniformly on compacts in Q, the
infinite product T[72 (1 + fn) also converges uniformly on compact subsets in  to a nonzero holomorphic
function.

Proof. Lemma 8 above implies that the infinite product [[77, (1 + fn(2)) converges to a nonzero limit for
any z € €. By repeating the same estimates in the proof of that lemma in the context of z being allowed
to range on a compact subset K C 2, one sees that the sequence of partial products [];_, (1 + f») actually
converges uniformly on compacts, so the limiting function is holomorphic. O

Proof that []27, (1 + %) e */™ is an entire function.

oo (o] 2 oo 2
Z\ —z/n _ ‘ _ ( E) _Zz 23| = z
S|(e ) e ;‘”n - reo()) = 2fe () <
(where the big-O notation hides a universal constant — the dependence on z is encapsulated in the z?

factor). In particular, the convergence is uniform on compacts on C. So we are almost in the setting of
Lemma 9, except that in order to apply that result, which requires the functions participating in the product
to be nonzero, one needs to be a bit more careful and separate out the zeros: for a fixed disc Dy1,2(0) of
radius N + 1/2 around 0, consider only the product starting at n = N 4+ 1 — those functions are nonzero
in the disc so the previous result applies to give a function that’s holomorphic and nonzero in Dy (0). Then
separately the factors (14 z/n), n =1,..., N contribute simple zeros at z = —1,..., —N. O
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Corollary 11 (the reflection formula). I'(s)I'(1 — s) = — il .
sinms
Proof.
= D) () ()
L(s)I'(1 — s)
_ 71 s —s/n —s - _ E s/n
= se 7!;[1(1+n) (—s)e nl:[l(l n)
= s? sin(rs)  sin(ws)
- 1 — —= = =
s H ( n2> i T

where we used the product representation sin(rz) = mz[[°° (1 — 2*/n?) for the sine function derived in a

homework problem. O

Alternative derivation of the reflection formula ([11], page 164). By analytic continuation, it is enough to

prove the formula for real s in (0,1). For such s we have

D(s)I'(1—s) = /000 e "t T (s) dt

:/ e tt® (t/ e Vi(ut)* ! dv) dt

0 0

:/ / 67t(1+v)”0571 d’l)dt:/ (/ 67t(1+v) dt) ”0571 dv
o Jo 0 0

o0 ’US_1 S 5%
:/0 1+'Ud’U:/_ool+ede:r (bysettingpzez).

So it is enough to prove that for 0 < s < 1 we have

oo L4er 7 sin(ws)”

This integral can be evaluated using residue calculus; see Example 2 in Section 2.1, Chapter 3, pages 79-81
of [11] for the details. O

Note that by combining the alternative derivation of the reflection formula given above with the infinite
product representation for the gamma function, we get a new proof of the infinite product representation

for sin(mz).

15 The Riemann zeta function

15.1 Definition and basic properties

The Riemann zeta function (often referred to simply as the zeta function when there is no risk of confusion),
like the gamma function is considered one of the most important special functions in “higher” mathematics.
However, the Riemann zeta function is a lot more mysterious than the gamma function, and remains the
subject of many famous open problems, including the most famous of them all: the Riemann hypothesis,
considered by many (including myself) as the most important open problem in mathematics.
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The main reason for the zeta function’s importance is its connection with prime numbers and other
concepts and quantities from number theory. Its study, and in particular the attempts to prove the Riemann
hypothesis, have also stimulated an unusually large number of important developments in many areas of
mathematics.

As with the gamma function, the Riemann zeta function is usually defined on only part of the complex
plane and its definition is then extended by analytic continuation. Again, I will formulate this as a theorem
asserting the existence of the zeta function and its various properties.

Theorem 32 (Riemann zeta function). There exists a unique function, denoted ((s), of a complez variable
s, having the following properties:

1. ¢(s) is a meromorphic function on C.

2. For Re(s) > 1, {(s) is given by the series

R .
=l

NgE

((s) =

n=1

3. Euler product formula: for Re(s) > 1, ((s) also has an infinite product representation
1
C(S) - 1;[ 17[)_8’

where the product ranges over the prime numbers p =2,3,5,7,11,....

¢(s) has no zeros in the region Re(s) > 1.

¢(s) has no zeros on the line Re(s) = 1 (this requires a separate proof from the previous claim).
The “trivial” zeros: the zeros of ((s) in the region Re(s) < 0 are precisely at s = —2,—4,—6,.. ..

¢(s) has a unique pole located at s = 1. It is a simple pole with residue 1.

S S N

The “Basel problem” and its generalizations: the values of ((s) at even positive integers are
given by Euler’s formula

(-1t n)

(n=1,2,...),

where (B )m—o are the Bernoulli numbers, defined as the coefficients in the Taylor expansion
z o = B m
er—1 'mzz:() ml©

Many of the properties of these amazing numbers were discussed in our homework problem sets.

9. Values at negative integers: we have

= _Bnon -
¢(—n) = 1 (n=1,2,3,...).

(Note that for negative even integers, this coincides with the property stated above about the trivial
zeros at s = —2,—4,—6, ..., since it is an easy fact that the Bernoulli numbers satisfy Bax+1 = 0 for
integer k > 1. But this formula adds information about the values of ((s) at negative odd integers.)
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10. Functional equation: the zeta function satisfies
(1 =5)=¢"(s),
where we denote by C*(s) the symmetrized zeta function
¢s) =1 (3) ().
11. Mellin transform representation: an expression for ((s) valid for all s € C is
w0 (2) ¢(s)
1 1 1 [ 41 5=2
=— — 4 5 t2)19t—1dt,
1—-s s + 2 /1 ( + W) )
where the function ¥(t) is one of Jacobi theta series, defined as
I =Y et =1423 e
n=-—oo n=1
12. Contour integral representation: another expression for ((s) valid for all s € C is
r(l-s —z)® dx
(o= TG [ Lo
m ce?—1 x
where C' is a keyhole contour coming from +oco to 0 slightly above the positive x-axis, then circling the
origin in a counterclockwise direction around a circle of small radius, then going back to +oo slightly
below the positive r-axis.
18. Connection to prime number enumeration — the “explicit formula of number theory”:

define Von Mangoldt’s weighted prime counting function

Y(w) = logp,
pk<z
where the sum is over all prime powers less than or equal to x. Then for non-integer x > 1,
P
d(@) =z -y — —log(2m),
p
P
where the sum ranges over all zeros p of the Riemann zeta function counted with their respective
multiplicities. (In most textbooks the sum is separated into two sums, one ranging over the trivial
zeros which can be evaluated explicitly, and the other ranging over the much less trivial zeros in the
strip 0 < Re(s) < 1. Also the sum is only conditionally convergent; refer to a book on analytic number
theory for the proper way to interpret it to get a convergent sum.)

The explicit formula of number theory illustrates that knowing where the zeros of {(s) are has important

consequences for prime number enumeration. In particular, proving that Re(s) has no zeros in Re(s) > 1

will enable us to prove one of the most famous theorems in mathematics.

Theorem 33 (Prime number theorem). Let 7(x) denote the number of prime numbers less than or equal

to x. Then we have

lim T,
z—oo x/logx
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Conjecture 1 (The Riemann hypothesis). All the nontrivial zeros of ((s) are on the “critical line” Re(s) =
1/2.

To begin the proof of Theorem 32, again, let’s take as the definition of {(s) the standard representation
— 1
C(s) = Z ol
n=1

Since -, [n 7| = 3, n” "(¥) | we see that the series converges absolutely precisely when Re(s) > 1, and
that the convergence is uniform on any half-plane of the form Re(s) > « where o > 1. In particular, it is
uniform on compact subsets, so ((s) is holomorphic in this region.

Similarly, the Euler product Z(s) := Hp(l — p~)7! converges absolutely if and only if the series
>, =22, Re(s) converges, and in particular if Re(s) > 1. It follows that Z(s) is well-defined,
holomorphic and nonzero for Re(s) > 1.

Proof of the Euler product formula. We now prove that Z(s) = ((s). This can be done by manipulating the
partial products associated with the infinite product defining Z(s), as follows:

1

)=l == =T10+p "+ +p>+..)
pen - P p<N
_ S 1
- -~ ns’
n=pll..plk

P1,.--,Pk primes <N

where the last equality follows from the fundamental theorem of arithmetic, together with the fact that
when multiplying two (or a finite number of) infinitely convergent series, the summands can be rearranged
and summed in any order we desire. So, we have represented (n(s) as a series of a similar form as the

s

series defining ((s), but involving terms of the form n™° only for those positive integers n whose prime

factorization contains only primes < N. It follows that

K5 —Cn(s < S =

ns’
n>N

Taking the limit as N — oo shows that Z(s) = limy—oeo (N (s) = ((s). This proves the validity of the Euler
product formula. O

Corollary 12. ((s) has no zeros in the region Re(s) > 1.

Proof. The Euler product formula gives a convergent product for ((s) in this region where each factor
(1 —p~*)~! has no zeros. O

To prove the functional equation, we need a somewhat powerful tool from harmonic analysis, the Poisson
summation formula.

Theorem 34 (the Poisson summation formula). For a sufficiently well-behaved function f : R — C, we

. fmy= Y fk),
k=—o0

n=—oo —

have
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where

f%%z[if@k””“wn

is the Fourier transform of f.

Proof. Define a function g : [0,1] — C by

g@) = 3 fla+n),

n=—oo

the “periodiciziation” of f. Assume that f(x) is sufficiently well-behaved (i.e., decays fast enough as x — oo
so that g(x) is in turn well-behaved, and has reasonable smoothness properties). In that case, a standard
result from harmonic analysis states that g(z) will have a convergent Fourier expansion of the form

o0

g@) = 3 g,

k=—o0

where the Fourier coefficients g(k) can be computed as

mm:Agwa“m.

In particular, setting = 0 in the formula for g(z) gives the basic fact that

k=—o0

However, note that g(0) = >0 f(n), the quantity on the left-hand side of the Poisson summation

n=-—oo

formula. On the other hand, the Fourier coefficient §(k) can be expressed in terms of the Fourier coefficients
of the original function f(z):

g(k) = /01 9(33)672””” de = /O1 Z f(m+n)ef27rikz da

n=-—oo

i /1 Fot n)efgm‘kz de — i /”+1 f(u)672ﬂiku du
0 n

n=-—o0 n=-—oo

[ et oo,

Combining these observations gives the result, modulo a few details we’ve glossed over concerning the precise
assumptions that need to be made about f(x) (we will only apply the Poisson summation formula for one
extremely well-behaved function, so I will not bother discussing those details). O

Theorem 35. The Jacobi theta function ¥(t) satisfies the functional equation
1
—
Vit

Remark 11. Equations of this form are studied in the theory of modular forms, an area of mathematics

I(t) = (1/%) (t>0).

combining number theory, complex analysis and algebra in a very surprising and beautiful way.
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Proof. The idea is to apply the Poisson summation formula to the function
2
f(.’L’) — efﬂtac ,

for which it can be checked that
f(k) _ t71/2677rk2/t7

using a simple change of variables from the standard integral evaluation

oo 5 5
—mx® —2mizu —Tu
e e du=e

—o0

(that is, the fact that the function e~ is its own Fourier transform); this evaluation appears in Example 1,
Chapter 2, pages 42-44 in [11]. With the above substitution for f(z) and f(k), the Poisson summation
formula becomes precisely the functional equation for ¥(t). O

Exercise 15. (a) Use the residue theorem to evaluate the contour integral

— w22t
e
U E— dZ,
%YN 627mz —1
where vy is the rectangle with vertices (N + 1/2) +4 (with N a positive integer), then take the limit as
N — oo to derive the integral representation

co—1i e—’/\'zzt oco+1i 6—7'22t
19(t) = / 27iz 1 dz — / 2miz 1 dz
—oo—i € - —ocoti € -

2miz

for the Jacobi theta function.

(b) In this representation, expand the factor (e —1)7! as a geometric series in e 2™** (for the first

2miz

integral) and as a geometric series in e (for the second integral). Evaluate the resulting infinite series,

rigorously justifying all steps, to obtain an alternative proof of the functional equation for ¥(t).

Lemma 10. The asymptotic behavior of 9(t) near t =0 and t = 400 is given by

I(t) = O <%) (t = 04),

D) =1+0(™)  (t— o0).

Proof. The asymptotics as t — oo is immediate from

o0 5 oo 2(3
D) —1=2) e ™' <2y ™ =
n=1 n=1

T 1 —emt’

—7t

which is bounded by Ce™™ if + > 10. Using the functional equation now gives that ¥(t) = t71/2(1 +
O(e™™) = Ot~ Y/?) as t — 0+. O

Proof of the analytic continuation of ((s). Start with the formula

P(f) :/ e "z%? 7 da,
2 0
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valid for Re(s) > 0. A linear change of variable z = 7n?t brings this to the form

i 2
7T_S/2F (f) n=® :/ e ™" tts/2—1 dt.
2 0

Summing the left-hand side over n = 1,2,... gives =~ */?T (£) ¢(s) — the function we denoted (*(s) —
adding the stronger assumption that Re(s) > 1. For the right-hand side we have that

oo oo 2 oe) oo 5
Z/ e /2 gy :/ (Z e t) /271 gt
n=1 0 0 n=1

:/ L’5)_113/2‘1(#,
0 2

where the estimates in the lemma are needed to justify interchanging the order of the summation and
integration, and show that the integral converges for Re(s) > 1. Thus we have obtained the representation

C*(s) = %/Ooow(t) e g — /°° o082 dt,

0

where we denote ¢(t) = 2 (9(t) — 1). Next, the idea is to use the functional equation for ¥(t) to bring this
to a new form that can be seen to be well-defined for all s € C except s = 1. Specifically, we note that the

functional equation for can be expressed in the form
_4—1/2 1,-1/2 1
p(t) =t Cp(l/t) + 5t 7 — 5.

We can therefore write

1 oo
o(t)t*/*! dt+/ ()t > L dt

0 1

/1
I

¢(s) =

1

1 [ .
_g+/ (t 8/2-1/2 4 ys/2 1)<p(t)dt.
1

We have derived a formula for *(s) (one of the formulas claimed in the main theorem above) that is now

o0
(t_l/ztp(l/t) 4+ L2 %) 521 gy +/ o)t * 1 dt
1

1—s

seen to define a meromorphic function on all of C — the integrand decays rapidly as ¢t — oo so actually
defines an entire function, so the only poles are due to the two terms —1/s and 1/(s —1). We have therefore
proved that {(s) can be analytically continued to a meromorphic function on C. ]

Corollary 13. The zeta function satisfies the functional equation

¢(1-s5)=C"(s).

Equivalently, because of the reflection formula satisfied by the gamma function, it is easy to check that the

functional equation can be rewritten in the form
s

¢(s) = 2°7° L sin (?) I(1—s)C(1—s).

Proof. The representation we derived for ¢*(s) is manifestly symmetric with respect to replacing each oc-

currence of s by 1 — s. O
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Corollary 14. The only pole of ((s) is a simple pole at s =1 with residue 1.

1 1
s?) s—17

of (*(s) are simple poles at s = 0,1 with residues —1 and 1, respectively. It follows that

Proof. Our representation for (*(s) expresses it as a sum of — and an entire function. Thus the poles

C(s) = 7*/*T(s/2)7'¢" ()

has a pole at s = 1 with residue 7r1/2F(1/2)71 =1, and a pole (that turns out to be a removable singularity)
at s = 0 with residue 7°T'(0)™* = 0. (That is, the pole of ¢*(s) at s = 0 is cancelled out by the zero of
I'(s/2).) O

Corollary 15. ((—n) = —Bnp4+1/(n+1) forn=1,2,3,....

Proof. Using the functional equation, we have that

¢(—n) =27 "x " tsin(—wn/2)T(n + 1)¢(n+ 1)
=277 " tsin(—mwn/2)n!¢(n + 1).

If n = 2k is even, then sin(—mn/2) = sin(—7wk) = 0, so we get that ((—2k) = 0 (that is, n = 2k is
one of the so-called “trivial zeros”). We also know that Bogy1 = 0 for &k = 1,2,3,..., so the formula
¢(—n) = Bn41/(n+ 1) is satisfied in this case.

If on the other hand n = 2k — 1 is odd, then sin(—m(2k — 1)/2) = (—1)*, and therefore we get, using the
formula expressing ((2k) in terms of the Bernoulli numbers (derived in the homework and in the textbook),
that

C(—n) = (—1)F2 2+ 1a 2k — 1)1 (2k)
(_1)k71(2ﬂ_)2k

= (—1)F2 a2k 2k — 1) B
_ _Bx _ _Bnn
2k n+1’
so again the formula is satisfied. O

Corollary 16. The zeros of ((s) in the region Re(s) < 0 are precisely the trivial zeros s = —2,—4,—6, . . ..

Proof. We already established the existence of the trivial zeros. The fact that there are no other zeros also
follows easily from the functional equation and is left as an exercise. O

Remark 12 (alternative approaches to the analytic continuation of ((s)). There is a more “down-to-
earth” approach to the analytic continuation of ((s) based on the standard idea from numerical analysis
of approximating an integral by a sum (or in this case going in the other direction, approximating a sum
by an integral). The technical name for this procedure, when it is done in a more systematic way, is
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Fuler-Maclaurin summation.

== ([ E [T F))
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This representation is certainly valid for Re(s) > 1. However, note that we have the bound
27 = &) [ < s| - [2) PO (@>1)

by the mean value theorem. Thus, the integral is actually an absolutely convergent integral in the larger
region Re(s) > 0, and the representation we derived gives an analytic continuation of {(s) to a meromorphic
function on Re(s) > 0, which has a single pole at s = 1 (a simple pole with residue 1) and is holomorphic
everywhere else.

An elaboration of this idea using what is known as the Euler-Maclaurin summation formula can be used
to perform the analytic continuation of ((s) to a meromorphic function on C by extending it inductively
from each region Re(s) > —n to Re(s) > —n — 1, as we saw could be done for the gamma function.
Another approach is to use the analytic continuation for Re(s) > 0 shown above, then prove that the
functional equation ¢{1 —s) = (*(s) holds in the region 0 < Re(s) < 1, and then use the functional
equation to analytically continue ((s) to Re(s) < 0 (which is the reflection of the region Re(s) > 1 under
the transformation s — 1 — s).

15.2 A theorem on the zeros of the Riemann zeta function

Next, we prove a nontrivial and very important fact about the zeta function that will play a critical role in
our proof of the prime number theorem.

Theorem 36. ((s) has no zeros on the line Re(s) = 1.

This theorem can also be thought of as a “toy” version of the Riemann hypothesis. If you ever want
to try solving this famous open problem, getting a good understanding of its toy version seems like a good
idea...

Proof. For this proof, denote s = o + it, where we assume o > 1 and t is real and nonzero. The proof is
based on investigating simultaneously the behavior of ((o + it), (o + 2it), and (o), for fixed ¢t as o \ 1.
Consider the following somewhat mysterious quantity

X =log|¢(0)3¢C(o +it)*¢(o + 2it)].



15 THE RIEMANN ZETA FUNCTION 54

We can evaluate “X” as

log |¢(0)%¢C(o +it)*¢(o + 2it)]
= 3log|((o)| + 4log|((o + it)| + log |¢(o + 2it)|

= 3log (H 1 p”|1> + 4log (H 11 p”it1>
P P
+10g <H|1 —o— 27.t >

=2 (— 3log|l —p 7| —4log|1 —p~7~"| — log|1 _p*cr*%t\)
P
=> ( — 3Re [Log(1—p°)] —4Re [Log(1 — p* )]
p
—ReLog [1 — p‘"‘Q“D7

where Log(-) denotes the principal branch of the logarithm function. Now note that for z = a + ib with
a > 1 and p prime we have [p™*| =p~¢ < 1, so

—Log(1—p i

and

—Re [Log(l — piz)] = i b Re [cos(mblogp) —l—isin(mblogp)]

o0
= Z P cos(mblogp).
So we can rewrite X as

X = chn (3+4cosb, + cos(20,))

where 0, = tlogn and ¢, = 1/m if n = p™ for some prime p. We can now use a simple trigonometric
identity
3+ 4cosf + cos(20) = 2(1 + cos h),

to rewrite X yet again as

—Zch 1—|—cos€)

We have proved a crucial fact, namely that X > 0, or equivalently that

e* =1¢(0)’¢(o +it)*¢(o + 2it)] > 1.
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We now claim that this innocent-looking inequality is incompatible with the existence of a zero of ((s) on
the line Re(s) = 1. Indeed, assume by contradiction that (1 + it) = 0 for some real ¢ # 0. Then the three
quantities ((o), ((o + it) and (o + 2it) have the following asymptotic behavior as o N\ 1:

(o) = ﬁ +O(1) (since ¢(s) has a pole at s = 1),
[C(oc+it)] =0(c — 1) (since ¢(s) has a zero at s = 1 +it),
|¢(o + 2it)| = O(1) (since ¢(s) is holomorphic at s = 1 4 2it).

Combining these results we have that
™ =1¢(0)’¢(o +it)*¢(o +2it)| = O((o = 1) (0 = 1)") = O(o — 1).

In particular, eX — 0 as ¢ \ 1, in contradiction to the result we proved above that eX > 1. This proves
the claim that {(s) cannot have a zero on the line Re(s) = 1. O

Exercise 16. The above proof that eX > 1 (which immediately implied the claim of the theorem) relied
on showing that for any prime number p, the corresponding factors in the Euler product formula satisfy the
inequality
(1 _p—v')—3|1 _p—o‘p—it|—4|1 _p—ap—Qit|—l 2 17

and this was proved by taking the logarithm of the left hand-side, expanding in a power series and using
the elementary trigonometric identity 3 4 4 cos @ + cos 20 = 2(1 + cos §)?. However, one can imagine a more
direct approach that starts as follows: denote z = p~° and z = p~ % = ¢~"!°2P_ Then the inequality reduces
to the claim that

(1—2)®1 — zz|*|1 = 22| < 1
for all € [0,1] and z satisfying |z| = 1. Since this is an elementary inequality, it seems like it ought to have

an elementary proof (i.e., a proof that does not involve logarithms and power series expansions). Can you
find such a proof?

16 The prime number theorem

The prime number theorem was proved in 1896 by Jacques Hadamard and independently by Charles Jean de
la Vallée Poussin, using the groundbreaking ideas from Riemann’s famous 1859 paper in which he introduced
the use of the Riemann zeta function as a tool for counting prime numbers. (This was the only number theory
paper Riemann wrote in his career!) The history (including all the technical details) of these developments
is described extremely well in the classic textbook [4], which I highly recommend.

The original proofs of the prime number theorem were very complicated and relied on the “explicit
formula of number theory” (that I mentioned in the previous section) and some of its variants. Throughout
the 20th century, mathematicians worked hard to find simpler ways to derive the prime number theorem.
This resulted in several important developments (such as the Wiener tauberian theorem and the Hardy-
Littlewood tauberian theorem) that advanced not just the state of analytic number theory but also complex
analysis, harmonic analysis and functional analysis. Despite all the efforts and the discovery of several paths
to a proof that were simpler than the original approach, all proofs remained quite difficult. .. until the year
1980, when the mathematician Donald Newman discovered a wonderfully simple way to derive the theorem
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using a completely elementary use of complex analysis. It is Newman’s proof (as presented in the short
paper [13] by D. Zagier) that I present here.

Define the weighted prime counting functions

m(z) = #{p prime : p<a}=> 1,

p<z

Y()= > logp=) logp VONJ :

pk<z p<z logp

with the convention that the symbol p in a summation denotes a prime number, and p*® denotes a prime
power, so that summation over p < z denotes summation over all primes < z, and the summation over p*
denotes summation over all prime powers < x. Another customary way to write the function ¢ (z) is as

() = An),

where the function A(n), called the von Mangoldt function, is defined by

lo if n = p*, rime,
A(n) = gp p,DpPp

0 otherwise.

Lemma 11. The prime number theorem m(x) ~ 7= is equivalent to the statement that y(x) ~ x.

Proof. Note the inequality

log log
P(x) E log p L J < pizlogplogp g logz =logz - w(x)

p<z log p p<z

In the opposite direction, we have a similar (but slightly less elegant) inequality, namely that for any 0 < e < 1
and x > 2,

@) > logp> Y logp> > log (a9

p<z zl-e<p<z zl-e<p<z
=(1—¢) logx(ﬂ'(x) - 71'(;1:1_6)) >(l—¢ loga:(ﬂ'(;r) - wl_e).
Now assume that ¥(x) ~ z as  — 0o. Then the first of the two bounds above implies that

Y(z)
m(z) > @,

SO

lim inf 7(z)/ <lo§x) >1.

T—r00

On the other hand, the second of the two bounds implies that

1 ’l[}(l}) 1—e
< .
ﬂ(x)_l—e logw_'_x ’
which implies that limsup,_, . 7(x)/ (ﬁ) < £ +limsup, . 9% — —L_ Since ¢ was an arbitrary

number in (0, 1), it follows that

x
li <1
1mm_>solip7r(:c)/ <logx> <
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Combining the two results about the lim inf and the lim sup gives that 7(z) ~ x/log z.

Now assume that 7(z) ~ and apply the inequalities we derived above in the opposite direction

logz’
from before. That is, we have

b(z) < logz - m(a),
S0
limsup ¢(z)/z < 1.

T —r 00

On the other hand,
Y(x) > (1 —e)loga(n(x) —z' )
implies that

liminf¢(z)/z > lim (1 —€) (1 - log:v) =1—e
Tr—r00

T—r00 €

¥(=)

x

Again, since € € (0,1) was arbitrary, it follows that liminf, = 1. Combining the two results about

()

the lim inf and lim sup proves that limg_ oo =1, as claimed. O

Lemma 12. For Re(s) > 1 we have

() S
s = 2 A

Proof. Using the Euler product formula and taking the logarithmic derivative (which is an operation that
works as it should when applied to infinite products of holomorphic functions that are uniformly convergent

on compact subsets), we have
¢(s) _ 3 s(1-p7") _ 3 logp-p~°
) 4 1-p —~ 1-p

=> logp(p " +p F+p F+..)= > Y logp-p *

p p prime k=1

=3 A~

Lemma 13. There is a constant C > 0 such that y(xz) < Cz for all x > 1.

2n
n

Proof. The idea of the proof is that the binomial coefficient (
divisible by many primes (all primes between n and 2n) on the other hand — hence it follows that there

) is not too large on the one hand, but is

cannot be too many primes, and in particular the weighted prime-counting function ¥ (z) can be easily
bounded from above using such an argument. Specifically, we have that

22"=(1+1)2"=Z<2:)><2:>2 I[[ p=ep| D> logp

k=0 n<p<2n n<p<2n

= exp (w(%) —(n) — > logp)

n<pk<2on, k>1

> exp (¥(2n) — ¥(n) — O(v/nlog’ n)).
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(The estimate O(y/nlog®n) for the sum of logp for prime powers higher than 1 is easy and is left as an
exercise.) Taking the logarithm of both sides, this gives the bound

¥(2n) — Y(n) < 2nlog2 + Ciyv/nlogn < Con,

valid for all n > 1 with some constant Co > 0. It follows that

$(27) = (¥(2™) — (2™ 7))
+ @R =@M+ + ((2) - 9 (2%))
<Co(2™ 4 120 < 0n2,

so the inequality ¥ (z) < Cax is satisfied for z = 2™. It is now easy to see that this implies the result also

for general z, since for x = 2™ 4 ¢ with 0 < ¢ < 2™ we have
w(x) _ 1/](27n 4 e) S w(277L+1) S 022'm+1 S 20227n S 202.1‘
O

Theorem 37 (Newman’s tauberian theorem). Let f : [0,00) — R be a bounded function that is integrable

on compact intervals. Define a function g(z) of a complex variable z by

o) = [ rwe i

(g is known as the Laplace transform of f). Clearly g(z) is defined and holomorphic in the open half-plane
Re(z) > 0. Assume that g(z) has an analytic continuation to an open region € containing the closed half-
plane Re(z) > 0. Then [° f(t)dt exists and is equal to g(0) (the value at z = 0 of the analytic continuation

of g).

Proof. Define a truncated version of the integral defining g(z), namely

gr(2) = / e dt

for T' > 0, which for any T is an entire function of z. Our goal is to show that lim7_o gr(0) = ¢(0). This
can be achieved using a clever application of Cauchy’s integral formula. Fix some large R > 0 and a small
0 > 0 (which depends on R in a way that will be explained shortly), and consider the contour C consisting of
the part of the circle |z] = R that lies in the half-plane Re(z) > —¢, together with the straight line segment
along the line Re(z) = —4§ connecting the top and bottom intersection points of this circle with the line
(see Fig. 6(a)). Assume that ¢ is small enough so that g(z) (which extends analytically at least slightly to
the right of Re(z) = 0) is holomorphic in an open set containing C' and the region enclosed by it. Then by
Cauchy’s integral formula we have

50 = 9r(0) = 5 [ &) —arene™ (14 55 ) £

2m o z

- o </C +/C> (o) - g™ (145 ) £,

where we separate the contour into two parts, a semicircular arc Cy that lies in the half-plane Re(z) > 0,
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Figure 6: The contours C, C, C_ and C’_.

and the remaining part C in the half-plane Re(z) < 0 (Fig. 6(b)). We now bound the integral separately
on C4 and on C_. First, for z lying on Cy we have

Be~ Re(z)T

2) — | = - te*tht‘gB/w e Hdt = ————,
l9(z) — gr(2)| ‘/T f(t) . e Re(z)
where B = Suptz() |f(t)|7 and

R2 R
(by the trivial identity |1 4 e*|* = |e" (e + €™)|? = 2cos(t), valid for ¢ € R). So in combination we have

2
o1 <1 I i)‘ _ eRe(z)TQRe(z)

ﬁ/%(g(z) — gr(2))e"* <1 n %) %

Next, for C_, we bound the integral by bounding the contributions from g(z) and gr(z) separately. In the
case of gr(z), the function is entire, so we can deform the contour, replacing it with the semicircular arc
CL ={|z| = R,Re(z) < 0} (Fig. 6(c)). On this contour we have the estimate

2B B
SRy =R

Be™ Re(2)T

9 (2)] = ‘/OTfu)e*“ E B et = P

which leads using a similar calculation as before to the estimate

1 . P
gr(z)e” (1 + ﬁ)

21 c’

The remaining integral
1 Tz 22\ | |dz]|
— 14+ 2| 2=
omc [ [ (4 32) |

tends to 0 as T — oo, since the dependence on T is only through the factor e’”

, which converges to 0

uniformly on compact sets in Re(z) < 0 as T — oo.
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Combining the above estimates, we have shown that

. 2B
limsup |g(0) — gr(0)| < T
T— o0

Since R was an arbitrary positive number, the lim sup must be 0, and the theorem is proved. O

Consider now a very specific application of Newman’s theorem: take
fO) =y(ehe =1 (t20),

which is bounded by the lemma we proved above, as our function f(¢). The associated function g(z) is then

g(z) = /Ooo(z/)(et)eft — e *dt = /100 (%w) — 1) R

/1 Y(z)e % de — % :/1 ZA(n) x 7 da:—%

n<x
_oo 7z72 1 (e} _z_loo
—Z:: ( dﬂ”) 2= LAM S -
> . 1 ((z+1) 1
g T IR ey s (Be@>0)

Recall that —(’(s)/¢(s) has a simple pole at s = 1 with residue 1 (because ((s) has a simple pole at s = 1; it

is useful to remember the more general fact that if a holomorphic function h(z) has a zero of order k at z = 2o
So — L . ¢ (z+1)

then the logarithmic derivative h'(z)/h(z) has a simple pole at z = 2y with residue k). par WS ey

has a simple pole with residue 1 at z = 0, and therefore —% i’((zzi-ll; — i has a removable singularity at
z = 0. Thus, the identity g(z) = —Z}rl . Cg((;:l)) - ; shows that g(z) extends analytically to a holomorphic

function in the set
{z€C: ((z+1)#0}.
By the “toy Riemann Hypothesis” — the theorem we proved according to which {(s) has no zeros on the line

Re(s) = 1, g(z) in particular extends holomorphically to an open set containing the half-plane Re(z) > 0.
Thus, f(t) satisfies the assumption of Newman’s theorem. We conclude from the theorem that the integral

/000 f(t)dt:/ooo(iﬁ(et)e’t_1)dt:/1°° <@ _1) d?x
:/w&;md:c

Proof of the prime number theorem. We will prove that ¢(x) ~ z, which we already showed is equivalent to

converges.

the prime number theorem. Assume by contradiction that limsup,_, w;@ > 1 or liminf, o @ < 1. In
the first case, that means there exists a number A > 1 such that ¥ (z) > Az for arbitrarily large z. For such
values of z it then follows that

Az Az _
Mt) dt>/ ’\mt )‘ bar—A>o,

T
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but this is inconsistent with the fact that the integral [ (¢(x) — x)z~* dx converges.

Similarly, in the event that lim inf,_, zb;z) < 1, that means that there exists a u < 1 such that ¢¥(z) < pz
for arbitrarily large x, in which case we have that

x _ x _ 1 _
Mdtg/ Az tdt:/’\ bt = B <0,
A A

2 2 2
Az t

x

again giving a contradiction to the convergence of the integral. O

17 Introduction to asymptotic analysis

In this section we’ll learn how to use complex analysis to prove asymptotic formulas such as

n!l ~V2mn (%)n (Stirling’s formula), (2)
1 /
p(n) ~ eV /3 (the Hardy-Ramanujan formula), (3)
4\/§n
1 2
Ai(z) ~ FIAM exp (—gms/Q) (asymptotics for the Airy function), (4)
™

and more. At the heart of many such results is an important technique known as the saddle point method.
Some related techniques (that are all minor variations on the same theme) are Laplace’s method, the steepest
descent method and the stationary phase method.

17.1 First example: Stirling’s formula

Our goal in this subsection is to prove a version of Stirling’s approximation (2) for the factorial function n!.
Let us start by simply having a bit of seemingly aimless fun and asking ourselves, what are some really easy
things we can say about the magnitude of n! for large n?i An obvious upper bound is n! < n"™. As for a
lower bound, one can say similarly trivial things such as n! > (n/2)"/2, but that is quite far from the upper
bound. We can do a bit better by making the simple observation that for any real number x > 0, we have

oo
z" z" -
— < E — =€,
n! — n!

n=0

the relations

and this gives a lower bound

nl > e T,

It now makes sense to try to get the best lower bound possible by looking for the & where the lower-bounding
function is maximal. This happens when

d -z, n —z _n—1

O:d—(e ") =e " (fx"+nx”71):e 2" (—x +n),
iy
i.e., when « = n. Plugging this value into the inequality gives the bound

n! > (n/e)" (n>1).

3As a general rule of problem-solving, it’s often helpful to start attacking a problem by thinking about really easy
things you can say about it before moving on to advanced techniques. It’s a great way to develop your intuition, and
sometimes you discover that the easy techniques solve the problem outright.
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This is of course a standard and very easy result, but it’s intriguing to note that it’s brought us quite close
to the “true” asymptotics given by (2). The point of this trivial calculation is that, as we shall see below,
there is something special about the value x = n that resulted from this maximization operation; when
interpreted in the context of complex analysis, it corresponds to a so-called “saddle point,” since it is a local
minimum of e”/z™ as one moves along the real axis, but it will be a local maximum when one moves in the
orthogonal direction parallel to the imaginary axis. Thus, the trivial approach has revealed the kernel of a
deeper, much more powerful one.

Now let’s move on to the more powerful approach. Our “toy” approach was based purely on real analysis,
making use of the Taylor expansion of the function x — e”; it turns out we could do better by thinking
complex-analytically. Start with the power series expansion

As we know very well from our study of Cauchy’s integral formula and the residue theorem, the nth Taylor
coefficient can be extracted from the function by contour integration, that is, by writing

1 1 e’
= _ ot dz,

where the radius r of the circle chosen as the contour of integration is an arbitrary positive number. It turns
out that some values of r are better than others when one is trying to do asymptotics. We select r = n (I'll

explain later where that seemingly inspired choice comes from), to get

1 e® 1" it —n_—int,
oyl ﬁdz’—%[ exp(ne )n e idt

|z|=n T

= 27T1n" /7r exp (n(eit - zt)) dt

-

7 e T .
= 27rn”/ exp (n(e 1 lt)) dt,

-

where we have strategically massaged the integrand (by pulling out the factor e™) to cancel out a term in
the Taylor expansion of e”, in addition to a term that was already canceled out. For convenience, rewrite
this as " .

_ 1 exp (n(e” —-1- zt)) dt.

ern! 27 [

n(et—1-it) = —n?tQ +0(’) = (\/,2;,5)2 o (%) ’

for |¢| small, we see that a change of variable u = \/nt in the integral will enable us to rewrite this as

. 2 3
VN B W u’
”(e \/ﬁ> 2+O(\/ﬁ)'

Performing the change of variable and moving a factor of y/n to the left-hand side, the integral then becomes

n T/n ) .
V' 1 exp (n (ew/‘/ﬁ717£>)du.

ern! 2w ) . m vn

n

Now noting that
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The integrand converges pointwise to e~u/2 (for u fixed and n — 00), so it’s reasonable to guess that the
integral should converge to ffooo e /2 gy = v 2m, which would lead to the formula

ynn" 1

enn!  on

n n
nl =~ V2mn (7) ,
e

or

which is precisely Stirling’s formula. However, note that the O(u®//n) estimate holds whenever t = u/\/n
is in a neighborhood of 0, and since u actually ranges in [—7y/n,m\/n], we need to be more careful to
get a precise asymptotic result. To proceed, it makes sense to divide the integral into two parts. Denote

M =n'/1° and let

T/ ) .

I:/ exp (n(e“‘/\/ﬁflfﬂ))duzller,
—m/n \/’E
M .

; i

11:/ exp (n (ew/‘/ﬁflf—))du,

Y vn

12:/ exp (n <ei“/ﬁ—1—ﬂ)>du.
[ /A, m /A [— M, M] vn

We now estimate each of I1 and I separately. For I;, we have

M 2 3
u u

-M 2 Vvn

M ) 3
_ —u®/2 U

= e exp | O <—)> du
[M ( Vn

M o3 Y e Mo,
= 1+O(—>>e"/du: 1+0(mn Y / e 2y
—]W( vn ( ( )) -M

+
<
3
L
N’
7 N
P
g 2
&
=
N———
9]
|
:N
&
I~

For I, we have

o[ el o))

Now use the elementary fact that cos(t) < 1—t*/8 for « € [, 7] (see Fig. 7) to infer further that

T/
|I2| < 2/ exp (7u2/8) du < 2m\/nexp (fnl/S) =0,
M
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-0.5+

Figure 7: Illustration of the inequality cos(t) < 1 — t2/8.

Combining the above results, we have proved the following version of Stirling’s formula with a quantitative

(though suboptimal) bound:

Theorem 38 (Stirling’s approximation for n!). The asymptotic relation
— ~1/5 "
n! = (1 +O0(n )) 2mn (7)
e

holds as n — oc.

17.2 Second example: the central binomial coefficient

Let a, = (2") = ! A standard way to find the asymptotic behavior for a, as n — oo is to use Stirling’s

n/ = (nh)2°
2n\ o 4m
<n> =(1+0(1) 7=.

formula. This easily gives that
(Note that this is not too far from the trivial upper bound (2:) < (1+1)* = 2°") It is instructive to
rederive this result using the saddle-point method, starting from the expansion

142" =3" (ij)

k=0

which in particular gives the contour integral representation
2 1 1+42)%"
QPNLIVIRE
n 27 J=r 2

By the same trivial method for deriving upper bounds that we used in the case of the Taylor coefficients

1/n! of the function e*, we have that for each x > 0,

(2:> < (1+2)*/a" = exp (log(l 4+ z) — nlogz).
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We optimize over = by differentiating the expression log(1 + z) — nlog x inside the exponent and setting the
derivative equal to 0. This gives x = 1, the location of the saddle point. For this value of x, we again recover
the trivial inequality (2:) < 22n,

Next, equipped with the knowledge of the saddle point, we set r = 1 in the contour integral formula, to
get

2n ™ . .
<2n> _ 1 Mdz _ 1 (1 4 eit)2re=int gy

; n+1
27mi |z|=r z 21 .

™

e exp (n (2 log(1 +e™) — t) ) dt.
Now note that the expression in the exponent has the Taylor expansion

n(2log(1 +e™) —t) = 2log 2 — %nt2 + O(nt*) ast — 0.

Again, we see that a change of variables u = ¢/1/n will bring the integrand to an asymptotically scale-free
form. More precisely, we have

2n) _ 1 (7 1 5 4
<n>2ﬂ_/_wexp<n(210g2 4nt +O(nt )))dt

B 4™ ™ 1 5 ’LL4
_m/;ﬂexp( 7% +O<Z>) du.

It is now reasonable to guess that in the limit as n — oo, the pointwise limit of the integrands translates to
a limit of the integrals, so that we get the approximation

2n T ey 4 4
~~ du = 2 =
(n) 2m\/n /_Ooe “ 2m\/n VT V'

as required. Indeed, this is correct, but it remains to make this argument precise by breaking up the integral

into two parts, a “central part” where the O(u*/n) error term can be shown to be small, and the remaining
part that has to be bounded separately.

Exercise 17. Complete this analysis to give a rigorous proof using this method of the asymptotic formula

(*™) = (1 + o(1))4"//mn.

Exercise 18. Repeat this analysis for the sequence (b,)a=; of central ¢rinomial coefficients, where b, is
defined as the coefficient of 2™ in the expansion of (14 z + z*)™, a definition that immediately gives rise to
the contour integral representation
1 1 2\n
_ (1424 2%) .

n — 5_ -
21 |z|=r zntl

Like their more famous cousins the central binomial coefficients, these coefficients are important in combi-
natorics and probability theory. Specifically, a, and b, correspond to the numbers of random walks on Z
that start and end at 0 and have n steps, where in the case of the central binomial coefficients the allowed
steps of the walk are —1 or +1, and in the case of the central trinomial coefficients the allowed steps are —1,
0 or 1; see Fig. 8.
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(a)

Figure 8: An illustration (with n = 40) of the random walks enumerated by (a) the central binomial
coefficients and (b) the central trinomial coefficients.

Using a saddle point analysis, show that the asymptotic behavior of b, as n — oo is given by

V33"
Jn

bn ~

17.3 A conceptual explanation

In both the examples of Stirling’s formula and the central binomial coefficient we analyzed above, we made
what looked like ad hoc choices regarding how to “massage” the integrals, what value r to use for the radius
of the contour of integration, what change of variables to make in the integral, etc. Now let us think more
conceptually and see if we can generalize these ideas. Note that the quantities we were trying to estimate
took a particular form, where for some function g(z) our sequence of numbers could be represented in the

form
1 e 92 gz 1 dz
- @z _ 1 _ 1 )7
a(n) 218 Jiy=r 2" z 278 S|z =r xp ( n(g(2) +logz) z
1

67ng(reit)rfnefint dt

=/
= — exp ( —n(g(re™) + it — log r))dt.

2 J_ .
(Sometimes g(z) would actually be g,(z), a sequence of functions that depends on n.) The idea that is key
to making the method work turns out to be to choose the contour radius r as the solution to the equation

d , 1

— 1 = - =0.

< (9(z) +10g2) = g'(2) + -

This causes the first-order term in the Taylor expansion of g(z)+log z around z = r to disappear. One is then
left with a constant term, that can be pulled outside of the integral; a second order term, which (in favorable
circumstances where this technique actually works) causes the integrand to be well-approximated by a

2
Gaussian density function e™* /2 near z = r; and lower-order terms which can be shown to be asymptotically

negligible.
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Geometrically, if one plots the graph of |g(z) 4+ 1/z| then one finds the emergence of a saddle point at
z = r, and this is the origin of the term “saddle point method.” This phenomenon is illustrated with many
beautiful examples and graphical figures in the lecture slides [6] prepared by Flajolet and Sedgewick as an
online resource to accompany their excellent textbook Analytic Combinatorics [5].

Exercise 19. It is instructive to see an example where the saddle point analysis fails if applied mindlessly
without checking that the part of the integral that is usually assumed to make a negligible contribution
actually behaves that way. A simple example illustrating what can go wrong is the function

2 2 2
F)=e =3 S =3 b,
n=0 n=0
where the Taylor coefficients are
b — ﬁ n even,
0 otherwise.

Clearly any analysis, asymptotic or not, needs to address and take into account the fact that b, behaves
differently according to whether n is even or odd. Try to apply the method we developed to derive an
asymptotic formula for b,,. The method fails, but the failure can easily be turned into a success by noting
that there are actually two saddle points, each of which makes a contribution to the integral, in such a way
that for odd n the contributions cancel and for even n they reinforce each other. This shows that periodicities
are one common pitfall to look out for when doing asymptotic analysis.

Exercise 20. As another amusing example, apply the saddle point method to the function f(z) =1/(1—2) =
> o dnz", for which the Taylor coefficients dn, = 1 are all equal to 1. Can you succeed in deriving an
asymptotic formula for the constant function 1?7

17.4 Third example: Stirling’s formula for the gamma function.

Our next goal is to prove a stronger version of Stirling’s formula that gives an asymptotic formula for I'(¢),
the extension of the factorial function to non-integer arguments. Specifically, we will prove.

Theorem 39 (Stirling’s approximation for I'(¢)). For a real-valued argument t, the gamma function satisfies

P = (1+007/) \/? (é)t (t = 00).

Proof. We use a method called Laplace’s method, which is a variant of the saddle-point method adapted to

the asymptotic formula

estimating real integrals instead of contour integrals around a circle. Start with the integral formula

I(t) :/ ezt de
0

Performing the change of variables z = tu in the integral gives that

L) =t / e "t du = tteft/ e T du
0 0

[ _ o [ e d £\’
= t'e t/ ety T du = tle t/ e @(u)ju = <E> I(),
0 0
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3.0}

25

2.0

Figure 9: The function ®(u) = u — 1 — logu.

where we define

O(u) =u—1-1logu,

I(t) _ /00 e—t@(u)dj.
0

u

(Again, note that we massaged the integrand to cancel the Taylor expansion of —logu around v =1 up to
the first order.) Our goal is to prove that

2w

I(t) = ?7+oa—”w) as t — oo.

As before, this will be done by splitting the integral into a main term and error terms. The idea is that
for large t, the bulk of the contribution to the integral comes from a region very near the point where ®(u)

takes its minimum. It is easy to check by differentiation that this minimum is obtained at v = 1, and that

we have

®(1)=0, d'(1)=0, @'(1)=1,

/1/2 e*t‘i’(u)@’

0 U
2

I :/ 67t<I>(u)d7u7
1/2 u

2 u

so that I(t) = I + Iz 4+ Is. The main contribution will come from I, the part of the integral that contains

and ®(u) > 0 for all u > 0. See Fig. 9. Denote

I

the critical point u = 1, so let us examine that term first. Expanding ®(u) in a Taylor series around u = 1,

we have )
o(u) = L)

- +0((u=-1)°)
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for u € [1/2,2] (in fact the explicit bound ‘Cb(u) - %‘ < (u—1)? on this interval can be easily checked).
As before, noting that

([ o — )] = S (vt -1+ 0 (DT,

we see that it is natural to apply a linear change of variables v = v/t(u — 1) to bring the integrand to a
scale-free, centered form. This results in

e L ) e

(o) (o)

As before, we actually need to split up this integral into two parts to take into account the fact that the

1/10

O(v*/+/t) term can blow up when v is large enough. Let M = t*/'° and denote

Ji= %/_A;exp (—t(I) (1+%>> mdv,

1 v 1
Jz:*/‘ exp (7t¢> <1+—)) —— dv,
V=3 v Vt) ) 1+u/Vt

so that I = J; + J>. For J; we have

e e
e o) o)
- % (1 n O(t_l/s)) /_A; eV Py = @ (1 + O(t—1/5)) ,

in the last step using a similar estimate as the one we used in our proof of Stirling’s approximation for n!.
Next, for J2 we use the elementary inequality (prove it as an exercise)

(u—1)°

D (u) > 5

(0<u<,

and the more obvious fact that 1/(1 +v/v/t) <2 for v € [—3V/¢,/] to get that

2 —v2/2 4 o —v2/2
Jo < — e dv < — e dv
V=L Vi van-m s

— 0@ M) = %O(fl/f’).

as in our earlier proof. Combining the above results, we have shown that

2

I = (1+O(t_1/5)) Z.



17 INTRODUCTION TO ASYMPTOTIC ANALYSIS 70

Next, we bound I;. Here we use a different method since there is a different source of potential trouble
near the left end u = 0 of the integration interval. Considering first a truncated integral over [e,1/2] and

performing an integration by parts, we have

1/2 1/2
/ eft<1>(u)d7u _ 1 / da <67t<1>(u)) 1 du
. u t). du D' (u)u

td(w)  u=1/2
_ Lferto® ,l/mefmwdi“.
t|u—1 t /). (u—1)2

U=¢€

Taking the limit as € — 0 (and noting that ®(¢) — 4o0 in this limit) yields the formula

1/2
I = ge—t‘ﬁ(l/?) _ 1/ e—tq’(“)d7u2 =0 1 as t — oo.
t t Jo (u — 1) t

Finally, I leave it as an exercise to obtain a similar estimate I3 = O(1/t) for the remaining integral on

[2,00). Combining the various estimates yields the claimed result that

_ 2
I0) =1+ 1, + 15 = (1+O(t 1/5)) 7”
O

The proof above is a simplified version of the analysis in Appendix A of [11]. The more detailed analysis
there shows that the asymptotic formula we proved for I'(t) remains valid for complex ¢. Specifically, they

prove that for complex s in the “Pac-Man shaped” region
Ss={z€C: |argz| >m— 0}
(for each fixed 0 < § < 7) the gamma function satisfies
I(s) = (1 + oqsrm)) V2rs" V%™ as|s| = oo, s € Ss.

Here, s° /2 is defined as exp((s — 1/2) Logs), where Log denotes as usual the principal branch of the
logarithm function. This sort of approximation is important in certain applications of complex analysis, for

example to analytic number theory.
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PROBLEMS

Problems

1. Below is a list of basic formulas in complex analysis (think of them as “formulas you need to know

like the back of your hand”). Review each of them, making sure that you understand what it says and

why it is true—that is, if it is a theorem, prove it, or if it is a definition, make sure you understand
that that is the case.

In the formulas below, a,b,c,d,t, x,y denote arbitrary real numbers; w, z denote arbitrary complex

numbers.

(a+ bi)(c+ di)
= (ac — bd) + (ad + bc)i

i2=—1

1 z—ay
x4iy a2 4 y?

CZ=WZ

g

2 Y

[

jwz| = Jw| - |2]

[l = J21] < Jw+ 21 < fw| + 2
" T = ¢®(cos(y) + isin(y))
le*| = cRe(2)
le*] < el

e = cos(t) + isin(t)

le’] =1
it —it
e’ +e
t) =
cos(t) 3
) ezt _ 67“
t) =
sin(t) %
et =—1
eiﬂ'i/Q = 44
e27\'1' =1

2. Remind yourself of the definitions of the following terms in complex analysis, referring to the text-

book [11] (in particular, sections 1.2, 1.3, 2.1, 2.2) or online sources if necessary. Try to spend some

time thinking about the answers yourself before looking them up.

IS

- o /o0

SIS

—-

real part
imaginary part
complex conjugate
modulus
argument

open set (in C)
closed set
connected set
bounded set

compact set

k.
L.
m.

n.

region

convergent sequence
Cauchy sequence
limit point
accumulation point
continuous function

differentiable function (of a complex vari-
able)

holomorphic function

analytic function
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t. entire function v. harmonic function (of two variables)

u. meromorphic function

3. For each of the following functions, determine for which z it is analytic

a. f(z) =z d. f(z) = [2?
b. f(z) = Re(z) e. f(z)=z2
c. f(z) =7 f. f(z)=1/z

4. For each of the following functions u(x,y), determine if there exists a function v(x,y) such that
f(x+1iy) = u(z,y) +iv(z,y) is an entire function, and if so, find it, and try to find a formula for f(z)
directly in terms of z rather than in terms of its real and imaginary parts. (Hinti)

a. u(z,y) =z? —9° c. u(z,y) =z* — 62%y* + 3z +y* — 2

3

b. u(z,y) =y d. u(z,y) = cosxcoshy

5. Draw (approximately, or with as much precision as you can) the image in the w-plane of the following
figure in the z-plane

3L

under each of the following maps w = f(z):

4
‘sisATeue xo[durod Jjo sieouold om) Iogje powreu suoljenbo umouy-[[om o3} 9s()
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a. w= 31z d w=2+1i)z—-3
b. w=iz e. w=1/z
c.w=7% fow=2%-1

6. Prove that the complex numbers a,b,c form the vertices of an equilateral triangle if and only if
a® 4+ >+ =ab+ ac+ be.

7. Illustrate the claim from page 9 regarding the orthogonality of the level curves of the real and imaginary
parts an analytic functions by drawing (by hand after working out the relevant equations, or using a
computer) the level curves of Re(f) and Im(f) for f = 22, f = €.

8. An immediate corollary of the Fundamental Theorem of Algebra (together with standard properties
of polynomials, namely the fact that ¢ is a root of p(z) if and only if p(z) is divisible by the linear
factor z — ¢) is that any complex polynomial

p(z) = anz" + an-12""1 4+ ...+ ao,

(where aog, ...,a, € C and a,, # 0), can be factored as

n

p(z) = an H(z — 2x)

k=1
for some z1,...,2, € C (these are the roots of p(z) counted with multiplicities). Use this to prove
that any such polynomial where the coefficients ao, ..., an are real has a factorization

p(2) = an@Q1(2)Q2(2) - . - Qm(2)

where each Qg (z) is a linear or quadratic monic polynomial (i.e., is of one of the forms z — ¢ or
2% 4+ bz + ¢) with real coefficients.

9. Let p(z) = anz" + an—12""* + ... + ao be a complex polynomial of degree n (that is, ao,...,a, € C
and a, # 0), which as mentioned in question 1 above can be factored as

p(z) = an [ [ (z = 2)
k=1

where z1, ..., zn are the roots of p(z) counted with multiplicities. Assuming that n > 2, the derivative
p’(z) can be similarly factored as
n—1
p'(2) = na [ (z = wi)
k=1
where wi,...,wy—1 denote the roots of p’(z). Prove that wi,...,wy—1 all lie in the convex hull of
Z1,...,%n (see Figure 1 for an illustration). That is, each wy can be expressed as a convex combination

Wk = Q121 + 222 + ... + Qn2n,

where au,...,an are nonnegative real numbers and ) o = 1 (To be clear, there are different
coefficients for each k.)

Hint. A complex number z is a root of p’(2) that is not also a root of p(z) if and only if p’(z)/p(z) = 0.
(Note: the expression p’/p is known as the logarithmic derivative of p.) Find a way to make more
explicit what this equation says.


https://en.wikipedia.org/wiki/Convex_hull
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Z3

Z1

Z2

Figure 10: An example of the roots of a complex polynomial and of its derivative. Here z; = 0,
29 =3—1i,23 =2+2i, 24 = % and w; = 0.375+ 0.586%, wy = 2.336 — 0.3354, w3 = 1.414 + 1.6244.

10. Cardano’s method for solving cubic equations. Let p(z) = az® 4 bz? 4+ cz +d, with a,b, ¢, d € C,
a # 0. We wish to solve the equation p(z) = 0, i.e., find the roots of the cubic polynomial p(z).

(a) Show that the substitution w = z — 2= brings the equation to the simpler form
w® 4+ pw+q=0 (5)
for some values of p, ¢ (find them!) given as functions of a, b, ¢, d.
(b) Show that assuming a solution to (5) of the form w = u 4 v, the equation (5) for w can be solved
by finding a pair u, v of complex numbers such that the equations
p = —3uw, (6)
q=—(u’+0% (7)
are satisfied.

(c) Explain why, in order to solve the pair of equations (6)—(7), one can alternatively solve

p3

5=
q=—(R+5), (9)

—RS, (8)

solution of (6)—(7) can be obtained from some (easily determined) solution of (8)—(9).

where we now denote new unknowns R, S defined by R = u® S = v®. More precisely, any

(d) Explain why the problem of solving (8)-(9) in the unknowns R, S is equivalent to solving the

quadratic equation

t2+qt—i:0 (10)
27
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in a (complex) unknown variable .
(e) Using the above reductions, show that the three solutions of the simplified cubic (5) can be
expressed as
w1 =u—+w,
w2 = Cu+Co,
w3 = E’U, + C v,
where ¢ = e2™/3 = %(71 +4v/3) (a cube root of unity) and u,v are properly chosen cube roots
of R, S obtained as solutions to (10).
(f) Ilustrate the above procedure by applying it to get formulas for the roots of the cubic equation

2% 4+62° +92+3=0.
Bring the formulas to a form that makes it clear that the roots are real numbers.

b
11. Let A = @ d be a 2 x 2 real matrix. Prove the “conformality lemma” from page 9, which asserts
c

the equivalence of the following three conditions:
(a) A as a linear map preserves orientation (that is, det A > 0) and is conformal, that is

(Awn, Aws) _ (w1, w2)
|[Aws | [Awa|  |w1] |ws]

for all wi, w2 € R?. (Here (w1, ws) denotes the standard inner product in R?, and |w| = (w, w)/?

is the usual two-dimensional norm of a vector in R?.)

(b) A takes the form A = < ab b) for some a,b € R.
b a
cosf —sinf

(c) A takes the form A =r

. for some r > 0 and 6 € R. (That is, geometrically A
sinf  cos@

acts by a rotation followed by a scaling.)

12. A function f = u+ v of a complex variable z = = + iy is traditionally thought of as a function of the
two coordinates = and y. However, if we think of the equations

z=x+1y, Z=x—1y

as representing a formal change of variables from the “real coordinates” (z,y) to the “complex conju-
gate coordinates” (z,%), then it may make sense to think of f as a function of the two variables z and
Z (pretending that those are two independent variables). Thus we may suggestively write u = u(z, 2)
and v = v(z,%), and consider operations such as taking the partial derivatives of f,u,v with respect
to z and Z.

Show that, from this somewhat strange point of view, the Cauchy-Riemann equations

ou_ov  ou_ o
o Oy’ oy Ox



PROBLEMS 76

13.

14.

can be rewritten in the more concise equivalent form

0

o _,

0z
assuming that it is okay to apply the chain rule from multivariable calculus; and moreover, that in
this notation we also have the identity

£ =L

Let f: Q — C be a function defined on a region Q such that both the functions f(z) and zf(z) have
. . . . . . . 2u 2’LL

real and imaginary parts that are harmonic functions (i.e., satisfy the Laplace equation g? + g? =0).

Prove that f(z) is holomorphic on Q.

Uniform convergence on compact subsets. Given a sequence of functions f, : @ — C, n > 1,
defined on a region @ C C, we say that f, converges uniformly on compact subsets to a limiting
function f: Q — C if for any compact subset K C Q, fn(z) = f(2) as n — oo, uniformly on z € K.

(a) (Warm-up) Write this definition more precisely in e-§ language.

(b) Prove that if f,, are holomorphic functions, f, — f uniformly on compact subsets, f, — g
uniformly on compact subsets, and g is continuous, then f is holomorphic and f’ = g.

Hint. Fix some z9 € C. Start by proving that for z in a sufficiently small neighborhood of z we
have the two identities

Ful2) = fulzo) + [ Fi(w) dw,

F(2) = f(z0) + / o(w) duw,

Z0
where the integral is over the line segment connecting 2o to z.

(c) Prove that a power series Y - anz" converges uniformly on compact subsets in its disk of
convergence, and that the function it defines is continuous.

Hint. It is enough (explain why) to prove uniform convergence on any closed disk of the form
D, (0) where 0 < r < R and R is the radius of convergence of the series.

(d) Deduce that power series are holomorphic functions that can be differentiated termwise (a fact
we already proved in class in a more direct way; the above approach provides an alternative
proof).

Remark. This problem requires only elementary arguments, but using more advanced material we will
prove as a consequence of Cauchy’s theorem that in part (b) above the assumption that the sequence
of derivatives f;, converges to a limit can be dropped; that is, if a sequence of holomorphic functions
converges uniformly on compact subsets, then the limiting function is automatically a holomorphic
function whose derivative is the limit (in the sense of uniform convergence on compacts) of the sequence
of derivatives of the original sequence. This is a surprising and nontrivial fact, as illustrated for example
by the observation that the analogous statement in real analysis is false (e.g., by the Weierstrass
approximation theorem, any continuous function on a closed interval is the uniform limit of a sequence
of polynomials).
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15. Cauchy’s theorem and irrotational vector fields. Recall from vector calculus that a planar

vector field F = (P, Q) defined on some region Q C C = R? is called conservative if it is of the form
F =Vg = (%7 g—g) (the gradient of g) for some scalar function g : @ — R. By the fundamental
theorem of calculus for line integrals, for such a vector field we have

7{F~ds:0
~

for any closed curve 7. Recall also that (as is easy to check) any conservative vector field is irrotational,
that is, it satisfies
curl F =0

(where in the context of two-dimensional vector fields, the curl is simply curl F = g—g - ‘g—}y)). The
converse also holds under suitable conditions: if the region Q is simply-connected (a concept we will
discuss later in the course), then a theorem in vector calculus says that an irrotational vector field is

also conservative.

Use these background results to show that if f = u+ v is holomorphic on a simply-connected domain

Q, then
# 1edz =

for any closed curve v in Q. (This is, of course, Cauchy’s theorem.)

16. The Bernoulli numbers. Define the function

if z#0,

1 if z=0.

(a) Convince yourself that f(z) is analytic in a neighborhood of 0. Where else is it analytic? In
particular, find the maximal radius R such that f(z) is analytic on the disk Dr(0).

(b) One of the basic complex analysis theorems we will discuss is that analytic functions have a
power series expansion. The Bernoulli numbers are the numbers (B, )n—o defined by the power

S D= fGe),
n=0 :

For example, the first three Bernoulli numbers are Bo = 1, By = —1/2, B> = 1/6. Prove that
the Bernoulli numbers satisfy the following identities:

series expansion

—-

. Bopy1 =0for k=1,2,... (but not for kK = 0).

Hint. A function g(z) = > o0 anz" satisfies a1 = a3 = a5 = ... = 0 if and only if
g(2) = g(—=2), i.e., g(2) is an even function.

)
(4 1B =—SpZe (") Br, (n>2).

—-
=

=
=

iii. (2n+ 1)Ban = — Y421 (30)BakBan—2k, (n>2).

Hint. Show that the function g(z) = f(z) + z/2 satisfies the equation

9(2) = 2/ (2) = g(2)” — 2°/4.
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17.

.z 2\ x= Bon o
iv. gcoth (5) _,;) (2n)!z .

(c) Another general result is that the radius of convergence of the power series of an analytic function
around z = zp is precisely the radius of the maximal disk around zo where f is analytic. Assuming
this, deduce that

lim sup
n— oo

= 1/R,

where R is the number you found in part (a). (Note: in a later problem — problem 26 on pages
82-83 — we will derive a much more precise estimate for the asymptotic rate of growth of the
Bernoulli numbers.)

Bessel functions. The Bessel functions are a family of functions (J,)n2_., of a complex vari-

able,defined by
2k+n
Z k!(k (’) '

(For example, note that Jo(—2vz) = Y 1o, (:T’ which is reminiscent of the exponential function
and already seems like a fairly natural function to study.) Find the radius of convergence of the series
defining J,,(z), and prove that the Bessel functions satisfy the following properties:

i Jon(2) = (=1)"Jn(2).
ii. Recurrence relation: Jp4+1(2) = ;Jn(z) — Jn-1(2).

iii. Bessel’s differential equation: 2z>J))(z) + zJ,(2) + (2° — n*)Jn(z) = 0.

oo 1 n
iv. Summation identity: Z o (%) Jn(z) = 1.

v.* Other miscellaneous identities (for those who enjoy this sort of thing—feel free to skip if you find
these sorts of computations uninteresting):

epr(t—f)] S L,

n=—oo

cos(zsint) )+ 2 Z Jon (z) cos(2nt),
sin(zsint) = 2 Z Jon+1(z) sin((2n + 1)t),
n=0

oo
cos(z cost) Z )" Jon (2) cos(2nt),

cos (zsint — nt) dt.

sin(z cost) Z )" Jon41(2) sin((2n + 1)),

Hint for the last equation: cos(a — b) = cos(a) cos(b) + sin(a) sin(b).
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18.

19.

20.

21.

22.

Remark. The Bessel functions are very important functions in mathematical physics, and
appear naturally in connection with various problems in diffusion, heat conduction, electrody-
namics, quantum mechanics, Brownian motion, probability, and more. More recently they played
an important role in some problems in combinatorics related to longest increasing subsequences
(a subject I wrote a book about, available to download from my home page). Their properties as
analytic functions of a complex variable are also a classical, though no longer very fashionable,
topic of study.

Show that Liouville’s theorem (“a bounded entire function is constant”) can be proved directly using
the “simple” (n = 0) case of Cauchy’s integral formula, instead of using the case n = 1 of the extended
formula as we did in the lecture.

Hint. For an arbitrary pair of complex numbers z1, zo € C, show that |f(z1) — f(z2)| = 0.

Show that Liouville’s theorem can in fact be deduced even just from the mean value property of
holomorphic functions, which is the special case of Cauchy’s integral formula in which z is taken as
the center of the circle around which the integration is performed.

Hint. Here it makes sense to consider a modified version of the mean value property (that follows
easily from the original version) that says that f(z) is the average value of f(w) over a disc Dgr(z)
(instead of a circle Cr(z)). That is,

1 .
0= [ erimdea

where the integral is an ordinary two-dimensional Riemann integral. Explain why this formula holds,
then use it to again bound |f(z1) — f(22)| from above by a quantity that goes to 0 as R — co.

Prove the following generalization of Liouville’s theorem: let f be an entire function that satisfies for
all z € C the inequality
|f(z)| < A+ Bl2|"

for some constants A, B > 0 and integer n > 0. Then f is a polynomial of degree < n.

If p(2) = anz™ + an-12"" 14+ ...+ ... 4aois a polynomial of degree n such that

n—1
‘an| > Z |aj|7
=0

prove that p(z) has exactly n zeros (counting multiplicities) in the unit disc |z| < 1.
Hint. Use the fundamental theorem of algebra.

Note. This is a special case of a less elementary fact that can be proved using Rouché’s theorem; see
problem 28

The Cauchy integral formula is intimately connected to an important formula from the theory of the
Laplace equation and harmonic functions called the Poisson integral formula. Solve exercises 11-12
(pages 66—67) in Chapter 2 of [Stein-Shakarchi|, which explore this connection, and more generally
the connection between holomorphic and harmonic functions.
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23. Spend at least 5-10 minutes thinking about the concept of a toy contour. Specifically, for the case of a

24.

keyhole contour we discussed in the context of the proof of Cauchy’s integral formula, think carefully

about the steps that are needed to get a proof of Cauchy’s theorem for the region enclosed by such a

contour. Even better, sketch a proof of the key result that a function holomorphic in such a region

(and therefore having the property that its contour integral along triangles and rectangles vanish) has

a primitive.

Characterizing some important families of holomorphic functions on C and C. For the

problems below, denote

C=cu {o0} = the Riemann sphere,
KC = the set of constant functions z — ¢ € C,

L = the set of linear functions z +— az + b, a,b € C,
n

P = the set of complex polynomials z Z akzk,

k=0
_ : : p(2)
R = the set of rational functions z ﬁ’ p,q€P,
q(z
az+b

M = the set of Md&bius transformations z — a,b,c,d e C.

cz+d’

Note the containment relations CC LCPCRDODM D L DK.

(a)

(Warm-up problem) Prove that an entire function has a removable singularity at co if and only
if it is constant.

Prove that the set of entire functions f : C — C that have a nonessential singularity at oo is P,
the polynomials.

Prove that the set of meromorphic functions f : C — C that have a nonessential singularity at
o0 is R, the rational functions.

Prove that the set of meromorphic, one-to-one and onto functions f : C—Cis M \ K, the set
of nonconstant Mdébius transformations.

Hint. Use the characterization in problem 24c above. Specifically, show that a rational function
f(z) = p(2)/q(z) that is one-to-one must be a Mdbius transformation. For example (I'm not
sure if this is the simplest argument): argue that if z is a complex number such that ¢(zo) # 0
and such that p’(20)q(2z0) — p(20)q’(20) # 0, and wo = f(20), then the equation f(z) = wo must
have more than one solution in z, unless p(z), ¢(z) are linear functions.

Prove that set of entire functions f : C — C that are one-to-one and onto is precisely £\ K, the

set of nonconstant linear functions.

Hint. This is a slightly more advanced problem since it relies on both the Casorati-Weierstrass
theorem and the open mapping theorem (although a more elementary solution may exist). See
the guidance for exercise 14 on page 105 of [Stein-Shakarchi].
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25.

Remarks. Given a region 2 C C, or more generally a Riemann surface ¥, complex analysts are
interested in understanding the structure of its set of holomorphic functions (C-valued holomorphic
functions on X); its set of meromorphic functions (@-valued holomorphic functions on X); and its set of
holomorphic automorphisms (holomorphic, one-to-one and onto mappings from X to itself). Although
we won’t get into the general theory of Riemann surfaces, once one defines these concepts it easy to
see that the above exercises essentially prove the following conceptually important results:

(i
(ii
(ii

(iv

The constant functions are the only holomorphic functions on C.
The rational functions are the meromorphic functions on C.

The nonconstant linear functions are the holomorphic automorphisms of C.

- L ZZ Z

The nonconstant M&bius transformations are the holomorphic automorphisms of C.
Another related result that is not very difficult to prove is:

(v) The holomorphic automorphisms of the upper half-plane H = {z : Imz > 0} are the Md&bius

az+b
cz+d

is indeed an automorphism of H; the reverse implication that all automorphisms of H are of this

transformations z —

with a,b,¢,d € R and ad — bc > 0. (Try to prove that any such map

form is a bit more difficult and requires a result known as the Schwarz lemma, which will likely
be covered at some point in MAT205A /B.)

Note that the set of holomorphic functions on C (a.k.a. entire functions) and the set of mero-
morphic functions on C are much larger families of functions that do not have such a simple
description as the functions in the relatively small families £, P, R, M. This is related to the
fact that C is a non-compact Riemann surface.

The partial fraction expansion of the cotangent function. In this multipart question you
are asked to prove a well-known infinite summation identity (equation (12) below), known as the
partial fraction expansion of the cotangent function. In the next problem we will explore some of the
consequences of this important result.

(a) Let z € C\ Z. Use the residue theorem to evaluate the contour integral

w cot(mw)
Iyi= ¢ T du
ST

over the contour vy going in the positive direction around the rectangle with the four vertices (+(N +
1/2),£N). Take the limit as N — oo to deduce the identity
w2 = 1

5 — — eC\7Z). 11

Gnre 2 Grap FEEVD ()
Guidance. This is not a trivial exercise, but is not very difficult when broken down into the following
elementary substeps:
7 cot(mw)

(wt2)?
(considered as a function of w for a fixed z whose value is not an integer), and their residues.

i. Start by identifying the location of the singularities of the function w — f.(w) =

This provides some good practice with residue computations.

ii. Use the residue theorem to obtain an expression for the contour integral In defined above.
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iii. Separately, obtain estimates for In that can be used to show that Iy — 0 as N — oc.
Specifically, show using elementary manipulations that

|sin(z + iy)|* = sin® z + sinh? y, | cos(z + iy)|? = cos® z + sinh? y,

use this to conclude that when z = w(N + 1/2) and y is arbitrary,

sinh? y
cot(x +1y)| = —5— < 1,
fcot(x + i) = St <
and that when y = N and x is arbitrary,
1+ sinh®> N
| cot(z + iy)| < “;iI;N <2 (if N > 10);
sin

then use these estimates to bound the integral.

iv. By comparing the two results about In, deduce (11).

(b) Integrate the identity (11) to deduce (using some additional fairly easy reasoning) the formulas

N

: 1 I — 2z
meot(mz) = ngnoon;]v poprpea +nZ::1 PR (z€ C\2). (12)

26. Consequences of the partial fraction expansion of the cotangent function.

(a) Show that (12) implies the following infinite-product representation for the sine function:
: - 2
sin(rz) = 7z 1:[1 (1 - ﬁ) (z€C). (13)

Note that the function on the right-hand side is (or can be easily checked to be) an entire function
of z with a simple zero at any integer z = n € Z, and whose Taylor expansion around z = 0
starts with 7z + O(2®); thus it is a natural guess for an infinite product expansion of sin(rz),
although the fact that this guess is correct is far from obvious; for example one can multiply the
right-hand side by an arbitrary function of the form e?*) and still have an entire function with
the same set of zeros.

Hint. Compute the logarithmic derivatives of both sides of (13). You may want to review
some basic properties of infinite products, as discussed for example on pages 140-142 of [Stein-
Shakarchi]. (Spoiler alert: pages 142-144 contain a solution to this subexercise, starting with
an independent proof of (12) and proceeding with a derivation of (13) along the same lines as I
described above.)

(b) By specializing the value of z in (13) to an appropriate specific value, obtain the following infinite
product formula for 7, known as Wallis’ product (first proved by John Wallis in 1655):

T 224 46 6 8 8

2 1335 5 7 79"

(c) By comparing the first terms in the Taylor expansion around z = 0 of both sides of (13), derive

the well-known identities
2

=1 7 =1 wt
2 % Xwow

n=1
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(d) More generally, one can use (13), or more conveniently (12), to obtain closed formulas for all the

series
1
k):Zﬁ (k:l,2,...):1+22k+3ﬁ+4%+...,
n=1

o] 1

o1 75 at the positive even

that is, the special values of the Riemann zeta function ((s) =
integers. To see this, first, rewrite (12) as

7 cot(m2) 7+Z<Z+n 1) (z€C\2). (14)

n=-—oo

n#0

Expand both sides of (14) in a Taylor series around z = 0, making use of the expansion

z coth( )

we proved in an earlier homework exercise (where (By)neo are the Bernoulli numbers). Compare

o)

coefficients and simplify to get the formula

_ 1)kl (o) 2k
C(2k) = %BM-

For example, using the first few values By = 1, By = —1, Bg = é, Bs = f%, we get

n=1

p— = 1 —
n=1
1 w©

= 1
C(S):Zﬁ 9250’

where of course the first two values coincide with those found earlier.

Show that ¢(2k) = 14+ O(272%) as k — oo, and deduce that the asymptotic behavior of the

Bernoulli numbers is given by

—
@)
~

it 2(2K)!

@2n) k — oo.

Bar = (14+0(272%))(-1)

Note that this is consistent with our earlier (and much weaker) result that

1/2k 1

oo

lim su 2
P ‘ (2k)!

27. Let f(z) = p(z)/q(z) be a rational function such that degq > deg p+2 (where deg p denotes the degree
of a polynomial p). Prove that the sum of the residues of f(z) over all its poles is equal to 0.
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28.

29.

30.

31.

32.

33.

(A generalization of the result from problem ﬂ) If p(z) = anz™ + An12"" P4+ ... 4+ ... 4+aois a
polynomial of degree n such that for some 0 < k£ < n we have

larl > > lagl,

0<j<n
77k

prove that p(z) has exactly k zeros (counting multiplicities) in the unit disk |z| < 1.
Suggested reading: go to the Mathematics Stack Exchange website
(https://math.stackexchange.com) and enter "Rouche” into the search box, to get an amusing list
of questions and exercises involving applications of Rouché’s theorem to count zeros of polynomials
and other analytic functions.
Show how Rouché’s theorem can be used to give yet another proof of the fundamental theorem of
algebra. This proof is one way to make precise the intuitively compelling “topological” proof idea we
discussed at the beginning of the course.
(a) Draw a simply-connected region @ C C such that 0 ¢ Q, 1,2 € Q, and such that there exists a
branch F(z) of the logarithm function on 2 satisfying

F(1)=0, F(2)=log2+ 2mi
(where log 2 = 0.69314. .. is the ordinary logarithm of 2 in the usual sense of real analysis).
(b) More generally, let k € Z. If we were to replace the above condition F(2) = log2 + 2mi with the
more general condition F'(2) = log2 + 2mik but keep all the other conditions, would an appropriate
simply-connected region Q = Q(k) exist to make that possible? If so, what would this region look like,
roughly, as a function of &7
Prove the following properties satisfied by the gamma function:

i. Values at half-integers:

F(n+%)*(2n)!\/? (n=0,1,2,...).

T 4np)
ii. The duplication formula:
D(s)T(s+1/2) = 2' 72 \/zT(2s).
iii.* The multiplication theorem:

D(s)D(s+ )0 (s+2)--T (s + L) = (2m)F D2k 2R (ks).

For n > 1, let Vi, denote the volume of the unit ball in R™. By evaluating the n-dimensional integral

An :/// exp <—;Zx?> dridxs...dz,
n =

in two ways, prove the well-known formula

7_{_71,/2
L(z+1)

Note. This problem requires applying a small amount of geometric intuition (or, alternatively, having

Vo =

some technical knowledge of spherical coordinates in R™). The solution can be found on this Wikipedia

page.


https://math.stackexchange.com
https://en.wikipedia.org/wiki/Volume_of_an_n-ball
https://en.wikipedia.org/wiki/Volume_of_an_n-ball

85

PROBLEMS

34. The beta function is a function B(s,t) of two complex variables, defined for Re(s), Re(t) > 0 by

(a)

(b)

1
B(s,t) = / 71 —2) " de.
0

(Warm-up) Convince yourself that the improper integral defining B(s,t) converges if and only if
Re(s),Re(t) > 0.

Show that B(s,t) can be expressed in terms of the gamma function as

L(s)L(t)

B(s,t) = T+

Hint. Start by writing I'(s)T'(¢) as a double integral on the positive quadrant [0, 00)? of R? (with
integration variables, say,  and y); then make the change of variables u =z +y, v = z/(z + y)
and use the change of variables formula for two-dimensional integrals to show that the integral
evaluates as I'(s + ¢) B(s, t).

Remark. Note the similarity of the identity relating the gamma and beta functions to the

formula (}) = indeed, using the relation I'(m + 1) = m! and the functional equation

n .
Bl (n—k)1’
I'(s+1) = sT'(s), we see using the above relation that for nonnegative, integer-valued arguments

we have

B(n,m)" ' = =
n

nm  D(n+m+1) nm [n+m
n+m In+1)I(m+1) n+m '

nm
n+m’
thought of as a natural extention of binomial coefficients to real-valued arguments.

the inverse of the beta function can be

In other words, except for the correction factor

35. The digamma function (s) is the logarithmic derivative

of the gamma function, also considered as a somewhat important special function in its own right.

(a)

(b)

(c)

Show that 1 (s) has the convergent series expansions
PR i
L “— n(n+s)

- 1 1
= — - 0,-1,-2,...).
3 () EAnh )

where 7 is the Euler-Mascheroni constant.

Equivalently, show that 1(s) can be expressed as

Show that (s) satisfies the functional equation

bl +1) = h(s) + %
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(d) Show that

¢(n+1):—7+2% (n=0,1,2,...).
k=1

That is, ¥(z) + v can be thought of as extending the definition of the harmonic numbers
H, = ZZ:1 % to non-integer arguments.

(e) Show that ¥(s) satisfies the reflection formula
(1 —s) —P(s) = 7cot(nws).
(f)* Here is an amusing application of the digamma function. Consider the sequence of polynomials
Py(z)=z(x—1)...(x —n) (n=0,1,2,...)

and their derivatives

Qn(z) = Py ().
Note that by Rolle’s theorem, @Q,(z) has precisely one root in each interval (k,k + 1) for 0 <
k < n — 1. Denote this root by k + an i, so that the numbers au, i (the fractional parts of the
roots of Qn(x)) are in (0, 1).
A curious phenomenon can now be observed by plotting the points anx, £ = 0,...,n — 1
numerically, say for n = 50 (Figure 11(a)). It appears that for large n they approximate some
smooth limiting curve. This is correct, and in fact the following precise statement can be proved.
Theorem. Let ¢t € (0,1). Let k = k(n) be a sequence such that 0 < k(n) <n—1, k(n) — co as
n — oo, n — k(n) = oo as n — oo, and k(n)/n — t as n — oco. Then we have

. o1 1 1—t
nh—>Holo Oy o(n) = R(t) == p arccot (; log (T)) .

In the above formula, arccot(-) refers to the branch of the inverse cotangent function taking
values between 0 and 7. The limiting function R(t) is shown in Figure 11(b).

Prove this.

Guidance. Take the logarithmic derivative of P, (z) to see when the equation Qn(z)/Pp(z) =0
(which is equivalent to @, (z) = 0) holds. This will give an equation with a sum of terms. Find
a way to separate them into two groups such that the sum in each group can be related, in an
asymptotic sense as n — oo, to the digamma function evaluated at a certain argument (using
property (b) above). Take the limit as n — oo, then simplify using the reflection formula (part

().

36. Given two integrable functions f,g : R — C (of a real variable), their convolution is the new function
h = f % g defined by the formula

h(z) = (f * g)(x) = / T ftgle—dt  (zeR).

As you might be aware, the convolution operation is extremely important in harmonic analysis, since it
corresponds to a simple multiplication operation in the Fourier domain; in probability theory, where it
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Figure 11: (a) A plot of the fractional parts of the roots of @, (x) for n = 50. (b) The limiting
function R(t). (c¢) The two previous plots combined. (d) The polynomial Pr(z). Note that the roots
of Q7(x) correspond to the local minima and maxima of P;(x), which are highlighted.

corresponds to the addition of independent random variables; and in many other areas of mathematics,

science and engineering.

For @ > 0 define the gamma density with parameter «, denoted v : R — R, to be the function

Ya(z) = ﬁe_xxa_ll[oyoo)(x) (z € R)

(where 14(x) denotes the characteristic function of a set A C R, equal to 1 on the set and 0 outside
it). Note that v, (z) is the nonnegative function whose integral equals I'(«), except that it is divided
by I'(«) so that it becomes a probability density function. See Figure 12 for an illustration.

Show that for each «a, 8 > 0 we have
Ya * Y8 = Ya+8-
That is, the family of density functions (va)a>o is closed under the convolution operation. This fact

is one of the reasons why the family of gamma densities plays a very important role in probability
theory and appears in many real-life applications.

37. (a) Show that the Laurent expansion of I'(s) around s = 0 is of the form

P(s) =~ —7+0(s)
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38.

39.

40.

2 4 6 8 10 12

Figure 12: The gamma densities v, (z) for @« = 1,2,3,4,5.

(where ~ is the Euler-Mascheroni constant). If you're feeling especially energetic, derive the more
detailed expansion

1 2 2
F(s):g—'y—ﬁ— (%4—%)3—1—0(32)

and proceed to derive (by hand, or if you prefer using a symbolic math software application such as
SageMath or Mathematica) as many additional terms in the expansion as you have the patience to
do.

(b) Show that the Laurent expansion of {(s) around s = 1 is of the form

C(s):rll-i-’y-i-O(s—l).

Show that the symmetric version of the functional equation for the zeta function
(1 =5)=¢"(s),

where ¢*(s) = 7~*/2T'(s/2)((s), can be rewritten in the equivalent form

¢(s) = 2°7* 'sin (g) I(1 - s)¢(1—s).

Show that the Taylor expansion of the digamma function ¥(s) = 1:535)) around s = 1 is given by
U(s) ==y = (D" +D(s=1)"  (s—1 <.
n=1

Define a function D(s) of a complex variable s by
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41.

42.

43.

(a) Prove that the series defining D(s) converges uniformly on any half-plane of the form Re(s) > «
where a > 0, and conclude that D(s) is defined and holomorphic in the half-plane Re(s) > 0.

(b) Show that D(s) is related to the Riemann zeta function by the formula
D(s) = (1 —2"7*)¢(s) (Re(s) > 1).

(¢) Using this relation, deduce a new proof that the zeta function can be analytically continued to
a meromorphic function on Re(s) > 0 that has a simple pole at s = 1 with residue 1 and is

holomorphic everywhere else in the region.

Let ¢(z) = Zpk<:1; log p denote von Mangoldt’s weighted prime counting function. Show that ¢(n) =
loglem(1,2,...,n), where for integers a1, ..., ax, the notation lem(as,...,ar) denotes the least com-
mon multiple of a1, ..., ak.

Note that this implies that an equivalent formulation of the prime number theorem is the interesting
statement that
lem(1,...,n) = ot as n — o0o.

(a) Prove that for all z > 1,

Hll >logz

_1
p<z p

(where the product is over all prime numbers p that are < z).

(b) Pass to the logarithm and deduce that for some constant K > 0 we have the bound

1
ZE >loglogz — K (z>1).

p<z

That is, the harmonic series of primes Zp % diverges as loglog z, in contrast to the usual harmonic
series which diverges as log x.

An alternative proof of the functional equation of the Jacobi theta function. Recall that
in Subsection 15.1 we defined the Jacobi theta function by

oo

I =Y e (t>0),

n=-—oo

and showed that it satisfies the functional equation
1
] (E) = Vtd(t). (15)

(a) Use the residue theorem to evaluate the contour integral

—mz2t
< 4
% e2miz %
YN

where «n is the rectangle with vertices +(IN 4 1/2) +4 (with N a positive integer), then take the limit
as N — oo to derive the integral representation

co—1 w22t oco+1i — w22t
e e
ﬂ(t) - / . 6271'712 -1 dz — / X 627riz -1 dz

—00—1 —oo+1
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44.

45.

for the function ¥(¢).

(b) In this representation, expand the factor (¢*™** —1)™! as a geometric series in e ~27** (for the first

integral) and as a geometric series in €*™* (for the second integral). Evaluate the resulting infinite

series, rigorously justifying all steps, to obtain an alternative proof of the functional equation (15).

(a) Reprove Theorem 36 (the “toy Riemann hypothesis” — the result that the Riemann zeta function
has no zeros on the line Re(s) = 1) by considering the behavior of

Y = Re |:_3<,(U) _4CI(U+it) _ C/(U+2it)

¢(o) C(o +1it) C(o + 2it)
for t € R\ {0} fixed and o N\ 1, instead of the quantity

X =log|¢(0)%¢C(o + it)*¢(o + 2it)).

Use the series expansion
(s _ N —s
-+t = A(n)n™",
o) = 2

where A(n) is von Mangoldt’s function (equal to logp if n = p*

is a prime power, and 0 otherwise).
(b) Try to reprove the same theorem in yet a third way by considering

Z =log |¢(0)"¢(o +it)*¢(o + 2it)°¢(o + 3it)],
and attempting to repeat the argument involving expanding the logarithm in a power series and
deducing that Z > 0. Does this give a proof of the theorem? If not, what goes wrong?
Hint. (a+ b)% = a® + 6a°b + 10a*b? + 156 + 10a*b* + 6ab° + bS.

Define arithmetic functions taking an integer argument n, as follows:

(n) (=1)* if n = pipa---pi is a product of k distinct primes,
p(n) =
otherwise,

(the Mobius p-function),
d(n) = Z 1, (the number of divisors function),

d|n
o(n) = z d, (the sum of divisors function),
d|n
p(n)=#{1<k<n-—1: ged(k,n) =1}, (the Euler totient function),
logp if n=p"*, p prime,

A(n) = (the von Mangoldt A-function).
0 otherwise,

We saw that the zeta function and its logarithmic derivative have the Dirichlet series representations
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Use the Euler product formula for the zeta function or other elementary manipulations to prove the
following identities (valid for Re(s) > 1):

¢s) _ N s

C(S - 1) _ = n nfs
OB T;M ns,
(s = 1) =Y a(mn~*

46. Sendov’s conjecture, an elementary statement in complex analysis proposed by the mathematician
Blagovest Sendov in 1959 and still open today, is the claim that if p(z) = (z — 2z1)... (2 — 2zn) is a
complex polynomial whose roots z;, j = 1,...,n all lie in the closed unit disc |z| < 1, then for each
root z; there is a root « of the derivative p’(z) for which |z; — a| < 1.

(a) Prove the conjecture for the case n = 2 of quadratic polynomials.

(b) Prove that in the inequality |z; — «| < 1, if the number 1 is replaced by any smaller number then

the claim is false.

(c) Prove the conjecture for the case n = 3 of cubic polynomials. (This is not a trivial result; for
one possible proof, see the paper [2].


https://en.wikipedia.org/wiki/Sendov%27s_conjecture
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Suggested topics for course projects

(a)

(f)

Complex analysis and self-avoiding random walks. Let a, denote the number of self-
avoiding walks of length n in the square lattice Z> (that is, lattice paths with n steps) starting
from (0,0). It is known that a,’"

No closed form formula is known, or even suspected to exist, for u. However, for the hexagonal

— p for some number u, approximately equal to 2.638.
n—r o0

lattice, a precise analogous result is known: if b, denotes the number of self-avoiding walks
of length n starting at the origin, then b, —= V24 /2 & 1.8477. This is proved in the
paper [3]. The proof is elementary and uses ?de;os from complex analysis in a crucial way. See
https://en.wikipedia.org/wiki/Connective_constant for more details.

Complex analysis and the art of M. C. Escher. See Fig. 1 on page 2 and the references [§],
[10].

Elliptic functions and the characterization of meromorphic maps on the complex
torus. In Problem 24 we were interested in classifying the holomorphic functions f : M — N
when M, N are Riemann surfaces; we answered this question for several interesting pairs of
surfaces (such as M = C, N = C’, etc.). The case when N is the Riemann sphere C and M is
a complex torus C/A where A = Z + 7Z for some complex number 7 € C \ R is an especially
interesting example of such a question: in that case the relevant family turns out to be the family
of elliptic functions (also known as doubly periodic functions). Some places where you can read
about this topic are [11, Ch. 9] and [1, Ch. 1].

Sendov’s conjecture. This conjecture is described in Problem 46, and can be a suitable topic
for a project.

Advanced topic in analytic combinatorics. In the area of analytic combinatorics, one uses
asymptotic methods in complex analysis (as well as real and harmonic analysis) to study the
asymptotic behavior of integer sequences (or more generally integer arrays, probability distri-
butions and other quantities) arising in combinatorics, similarly to the discussion in Section 17.
The book [5] is an excellent reference for this subject (see also [6]), and provides many topics

suitable for a project.

The Jordan curve theorem. The Jordan curve theorem states that a continuous, sim-
ple planar curve separates the plane into two connected components, precisely one of which
is unbounded. The theorem plays an important role in complex analysis, discussed in Ap-
pendix B of [11]. Despite its intuitive nature it is not trivial to prove, and has several dif-
ferent proofs described in different sources, for example [11, Appendix B], [9], and [12]. A
project could present one of those proofs, and discuss additional related topics such as the signif-
icance of the theorem for complex analysis, various generalizations of it (for example its higher-
dimensional analogues), and related theorems and open problems in topology. For more details,
see https://en.wikipedia.org/wiki/Jordan_curve_theorem, and this MathOverflow discussion.


https://en.wikipedia.org/wiki/Jordan_curve_theorem
https://mathoverflow.net/questions/8521/nice-proof-of-the-jordan-curve-theorem
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