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Abstract

We consider two-dimensional water waves of infinite depth, periodic in the hor-
izontal direction. It has been proven by Wu (in the slightly different nonperiodic
setting) that solutions to this initial value problem exist in the absence of surface
tension. Recently Ambrose has proven that solutions exist when surface tension
is taken into account. In this paper, we provide a shorter, more elementary proof
of existence of solutions to the water wave initial value problem both with and
without surface tension. Our proof requires estimating the growth of geomet-
ric quantities using a renormalized arc length parametrization of the free surface
and using physical quantities related to the tangential velocity of the free sur-
face. Using this formulation, we find that as surface tension goes to 0, the water
wave without surface tension is the limit of the water wave with surface tension.
Far from being a simple adaptation of previous works, our method requires a
very original choice of variables; these variables turn out to be physical and well
adapted to both cases. (© 2005 Wiley Periodicals, Inc.

1 Introduction

We study the well-posedness, locally in time, of the initial value problem for
water waves in two space dimensions. We consider infinitely deep water with
periodic geometry. The fluid is required to be irrotational in the bulk of the fluid,
inviscid, and incompressible. The initial data is assumed to be in a class of finite
smoothness and the surface of the wave is allowed to be of multiple heights. We
only make the assumption of infinite depth for simplicity. Indeed, our method can
easily be adapted to the case of finite depth or the case of an incompressible fluid
in vacuum. However, one of the major differences between the infinite-depth case
and other cases is the fact that the Taylor condition, which is recalled in (1.1) and
which is crucial for the well-posedness, can be proven for any initial data in the
infinite-depth case (see [17]). In the case of finite depth, that condition should be
added to the initial data.
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The well-posedness of water waves has been studied for many years. Early
results include those of [12] and [19]. These works showed that the water wave
problem (in the case of infinite and finite depth, respectively) is well-posed for a
short time if the initial data are taken sufficiently small. Later, Craig showed that
water waves with small, properly scaled initial data exist for fairly long times and
demonstrated relationships between the full, nonlinear water wave problem and the
Boussinesq and Korteweg—de Vries scaling limits [7]. The work of Craig was ex-
tended in [15], in which a longer interval of existence was found and the dynamics
of the solution over that time interval was discussed. There have been fewer papers
to deal with the water wave without an assumption as to the smallness of the initial
data. The most important works of this kind are [17, 18], which establish the well-
posedness in Sobolev spaces, locally in time, of the initial value problem in two and
three space dimensions, respectively. The proof uses a Cartesian parametrization.
It is based on rewriting the system as a quasi-linear hyperbolic system and applying
an iteration method. One of the key points is the use of the Riemann mapping the-
orem and expressing the vertical velocity y; as a function of the horizontal velocity
X, namely, y; = Kx, for some operator K that has properties similar to the Hilbert
transform. The works discussed so far have all neglected surface tension.

Other works have studied the subject of water waves with surface tension.
Their results are typically limited to the case in which the height of the wave is
a single-valued function of horizontal position. In this case, Iguchi established
well-posedness of water waves with surface tension in [10]. Also, in the case of
single-valued height, the limit of water waves as surface tension goes to 0 was
treated by Yosihara [20]. That work was also restricted to the case in which the
initial data are small. Recently Ogawa and Tani have generalized Yosihara’s result
to the case in which the bulk of the fluid is not necessarily irrotational; they do,
however, keep the assumptions of small data and single-valued height [13]. The
only work we are aware of which establishes well-posedness of water waves with
surface tension that is not limited to the case of single-valued height is [2].

In this paper, we provide a new existence proof for the two-dimensional water
wave. We first reformulate the problem by describing the free surface not by its
Cartesian coordinates but instead by its arc length and tangent angle. In doing this,
we choose an arc length parametrization for the free surface. The estimates we
obtain lead to uniform bounds in time that are independent of the amount of surface
tension (for small enough surface tension); this is an important, novel feature of this
work.

To establish existence of water waves in the absence of surface tension, an
additional physical condition should be checked. If p is the pressure and n is the
outward normal vector to the free surface, then we must know that

(1.1) —Vp-n>cy>0,

for some positive constant c¢y. This is the same condition used by Wu in [17]. It
was introduced in [4] in the study of the linearization of the equations of motion of
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the water wave, and it is a generalization of a condition of G. I. Taylor [16]. It was
proven by Wu [17] that condition (1.1) holds for the case of infinitely deep water
as long as the surface of the water wave does not intersect itself. A different proof
was given in [18]. We do not prove this important lemma here; instead, we give
an intuitive argument from [18]. The intuitive argument is simply the maximum
principle: without surface tension, the pressure on the free surface is identically O.
The pressure is superharmonic, so the maximum principle applies and the pressure
is positive in the bulk of the fluid. Since n points outward, we get Vp - n < 0.
For full details, we refer the interested reader to [18]. We do remark that an easy
generalization of the argument shows that (1.1) also holds in the case of small
surface tension; in this case, the pressure on the free surface is equal to the surface
tension times the curvature of the free surface.

To ensure that the surface does not initially intersect itself, we impose the con-
dition

(e, 0) — z(a, 0)
<

o —o

(1.2) O<a

for some constant a. Here, z(«, t) is the location in the complex plane of the free
surface, parametrized in space by «. For our existence and convergence to be valid,
(1.2) must hold at later times (with a replaced by ea for any fixed, small positive
¢). Since we are dealing with regular solutions, this condition will hold at least for
a short time.

The method we use in this paper is related to the method of [2], which was
strongly influenced by the numerical work of Hou, Lowengrub, and Shelley (HLS)
[8, 9]. In those works, HLS efficiently compute vortex sheets in the presence of
surface tension. (A vortex sheet is the interface between two irrotational fluids
flowing past each other; the two fluids may have different densities, and the irrota-
tional water wave is a special case of the vortex sheet problem in which the upper
fluid has density 0.) To do these computations, HLS first reformulate the problem
in two important ways: they use the curve’s tangent angle and arc length to describe
it rather than Cartesian variables, and they always keep the curve parametrized by
renormalized arc length. To keep the curve parametrized by its renormalized arc
length, a special tangential velocity is introduced. This same formulation of the
problem was used in [2] to prove well-posedness of vortex sheets with surface ten-
sion. The dependent variables analyzed there are 6, the tangent angle the curve
forms with the horizontal; y, the vortex sheet strength; and L, the length of one
period of the curve. (The fluid’s vorticity is equal to y times a Dirac mass centered
on the free surface; thus, if it is desired to know the velocity at any point of the
fluid, it is sufficient to know the values of these three dependent variables.) The
independent variables are «, the space variable, and time, . In the present work,
we also analyze 6 and L, but we replace y with a related variable, 5. This new
variable has physical meaning and will be defined in Section 2.

In this paper, we establish two main results. The first is the following:
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THEOREM 1.1 Solutions to the water wave initial value problem (with or without
surface tension) exist if the given data is regular enough and satisifies the non-self-
intersection condition (1.2). These solutions are unique and depend continuously
on the initial data.

As we have mentioned, this theorem has been proven by Wu in [17] for the case
without surface tension; we feel that the proof we present here is more elementary.
Also, the theorem was proven in [2] for the case with surface tension. That proof
heavily relied upon the regularizing effect of surface tension. In the current proof,
this is not the case. Our second result is the following:

THEOREM 1.2 As the surface tension parameter tends to 0, solutions to the water
wave initial value problem with surface tension tend to the solution of the water
wave initial value problem without surface tension in a suitable norm.

The precise mathematical statement will be given later (see Theorem 2.2).

Here we make a comment on notation. In what follows, differentiation will
sometimes be denoted by application of an operator and sometimes by a subscript.
That is, D, f and f,, both indicate the derivative of f with respect to a. Also, the
operator H, which will appear frequently, is the Hilbert transform, which can be
written

1 00 f (Ol/) 1 2

1
Hf(x) = —PV -da' = — f)cot =(a —a')da'.
b4 e X — 27 Jo 2

Here, f is 2w -periodic.

2 The Choice of Variables

Since the water waves we consider are irrotational in the bulk of the fluid, we
will be able to study quantities defined on the free surface only. The quantities we
will analyze are the position of the free surface and the vorticity of the fluid. The
irrotational water wave has a singular distribution of vorticity: while the vorticity is
always identically 0 in the interior of the fluid region, there is vorticity concentrated
on the surface. The vorticity is equal to an amplitude multiplied by a Dirac mass on
the surface. This amplitude, y, is called the vortex sheet strength. The independent
variables we use are the spatial variable « and the time 7. Since we are considering
two-dimensional fluids, the interface is one-dimensional. Thus, « is in R; in fact,
since we consider spatially periodic solutions, we restrict & to be in the interval
[0, 2] at all times. We then have y = y(«, t). The position of the free surface is
given by (x(«, t), y(c, t)), or equivalently, viewing the fluid region as being in the
complex plane, z(«, t) = x(«, t) + iy(e, t). The periodicity assumption translates
into z(o 4+ 2m,t) = 2w + z(«, t).
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2.1 The Renormalized Arc Length Parametrization

As in [2], we calculate the evolution of the curve’s tangent angle 8 and arc
length s, instead of its Cartesian coordinates x and y. The equations satisfied by 6

and s are s> = x2 +y2 and 6 = arctan(y,/x,). Given 6 and s,, we can reconstruct

2=
x and y by integrating
(Xar, Ya) = (S €OS(0), 5o SIN(D)).

As we will see below, the constant of integration is irrelevant to the evolution of 6
and y. Given the evolution of the free surface as

(x,y), = Uh + Tt,

where fi and t are the unit normal and tangent vectors to the curve, we can make a
straightforward calculation to get

1 T
2.1) 0, = —Uy + —6b,,

S S
2.2) Sat = Ty — 0, U.

For the evolution of the water wave, we have no choice regarding the normal
velocity U; that is, U is determined from the Euler equations for the motion of an
inviscid fluid. The exact form of U is discussed below. However, we may choose
the tangential velocity T to be anything we wish. We use this freedom to require
that s, be independent of «. In particular, we set

L
2.3) Sqr = Ty — 0, U = —.
2

Recall that L is the length of one period of the curve; thus, L, is the time derivative
of this length. Integrating this equation yields our choice of T'; we set the constant
of integration equal to 0. With this choice, the curve will always be parametrized
by arc length, normalized so that the parameter « always lies in the interval [0, 277 ]
(as long as it is initially parametrized this way). This is the same choice of T used
in [2, 8, 9]. In the rest of this paper, we will frequently use the formula implied by
our choice of T,

L
S 2

The curve’s normal velocity, U, is determined from the position of the curve
(x, y) and the vortex sheet strength, y, by the Birkhoff-Rott integral. (A discussion
of the Birkhoff-Rott integral can be found, for example, in [3] or [14]. It can be
derived by first using the Biot-Savart law to recover the velocity of the fluid from
the vorticity together with the fact that our vorticity is a measure concentrated on
the free surface. This results in a formula for the velocity at interior points of the
fluid. A limit can be taken to find the velocity of material points on the surface; it
is important to remember in our case that there is fluid on only one side of the free
surface.)

Sa
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2.2 The Birkhoff-Rott Integral
The Birkhoff-Rott integral W is the singular integral

24) W, t) =

1 PV y(a', 1) ;
27 o0 (x(a, 1) —x(@, 1) + (y(a, 1) — y(a', 1))?
we determine U by U = W-n.

Notice that the integral in (2.4) is taken over the whole real line, even though we
are dealing with functions that are periodic in space. This integral is still well de-
fined if the principal value is also taken at infinity; alternatively, it can be summed
over the periodic images to yield an integral over one period with a cotangent ker-
nel instead.

/OO (=, 1) =y, 1), x(a, 1) — x(a', 1)) do'-

Our goal for the rest of this section is to rewrite the evolution equations for the
water wave problem. We have already given an evolution equation for 6 in (2.1).
Now that we have given formulae for U and 7', we will rewrite this equation in a
convenient way; in particular, we will rewrite the evolution equations as a quasi-
linear system for 6 and §,. (We will define § soon.) In the presence of surface
tension, we actually get a semilinear system for 6 and §,. To be able to find the
quasi-linear system, we must make use of a representation of W,, that was given in
[2]. Later in this section, we will give the evolution equation for y. We are able to
infer an evolution equation for 6 from the evolution equations for y and 6. We then
make a significant effort to rewrite the evolution equation for §, so that it takes a
convenient form that is suitable for energy estimates.

We now begin rewriting the evolution equations. To help with future calcu-
lations involving W, we introduce some complex notation. We define the map
® : R? — Cby ®(a, b) = a + ib. We define z = x + iy to be the image under ®
of the free surface of our water wave. Thus, we have the representations for tand

A

n
o) =2, 0@ =2
Sa S

If we let * denote complex conjugation, then the formula for a dot product is
a-b=Re{®@ob)}.
Using @, we have the representation for W
!
r) o
z2(a) — z(a')

2.5) D(W)* = 1 py f

2mi

To make sense of W and its derivatives, we will at times approximate the sin-
gular integral by a Hilbert transform; this is the reason for the following definition
of the integral operator /C[z]:

1 o0 1 1
QO Klzlf@ =5 / f(o/)[ ]do/.

(@) —2(@)  ze(@)(a —a’)
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We will also use certain commutators in understanding W and its derivatives. In
particular, the operator [H, f] is given by

@.7) [H, flg(er) = / @) =/ (“)_f @) e

Both of these operators are smoothing operators, and lemmas reflecting this are
located in the appendix.

Using the integral remainder operator X and the commutator above, we get the
following representation for W:

N T A A T A
28)  We-h= H)+m-h W, t=-THyo)+m- i

Here, m is given by

o oo o 1 (0703
@9 wmmy =iz (2 - T S T (- ),
Za z5 2i Z Za

o

This definition of m as the sum of various smooth remainders is natural; the full
calculation leading to (2.8) can be found in [1, 2]. We also refer the reader to
Section 2.6; there a similar argument is used to compute W, - i

We will now give an explanation of the idea behind the calculation leading to
(2.8). In (2.5), if we approximate z(«) — z(a') by z4 (') (o — o’), we have

l /
O(W)* ~ — PV/ @) gy
2mwi Zo (@) (ax — a)
Using s, = |z4| = L/2m, we can rewrite this as

14 (Ot’)/ (27Tiza (o) ) " do.

o —o L

1
d(W)* ~ ZPV/

Notice that this is the same as

A

W~ T H(yh).
L
Differentiating, this yields
Wo ~ ZH (i) — TH 6,0,
L L

Here we have used the identity n, = —B,t. Pulling n and t through the Hilbert
transform in this last expression (which costs only a smooth commutator), we have

W, ~ L H(y)h — ZH(v0,)t
ot'%_ n— — o),
L e LY

this is essentially the same as (2.8).
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2.3 The Modified Tangential Velocity

As we have mentioned above, we need to define a new quantity é in order to
perform energy estimates. We make the definition

(2.10) 5 = %y (T —W-).

Since the Lagrangian velocity of a fluid particle on the surface is W + ﬁf, another
way to state the definition is that ¢ is the difference between the Lagrangian tan-
gential velocity and our tangential velocity 7. We will use § as one of our system’s
dependent variables. This is because, as we will see later, § is more regular than y.
We also point out that, for given z(«), the mapping y — 4§ is one-to-one; namely,
one can recover y from z and §. We refer the reader to [3] and the appendix of [1].

2.4 Evolution Equations

We will frequently use identities involving derivatives of the tangent and normal
vectors, such as

2.11) ty-A=—N, t=6, ¢t -n=—h t=6,

tat:ﬁaﬁ:ttt:ﬁtﬁzo

We use these identities together with (2.3) and the formula U = W-n to make
the following calculation, which will be useful many times:

Do(T —Wt) =T, — W, -t—W-1,

(2.12) L .
=0,U + — —W, -t—6,U
2 2

We can now rewrite the evolution equation (2.1) as

!
|
|
z

2 ) 5
0, = = (Wo R+ (T - WD)
2.13) ,

27 2 A 27 R
= FH(VO() + T(T — Wt)ga + Tm - 1.
We also need to discuss the evolution of L. Since L = [ s, de, we use (2.2) and
the fact that 7 is periodic to find

2
(2.14) L,(t) = —/ Oy (ct, 1)U (e, t)dar.
0
The evolution equation for y is (see Appendix B)

_ 1 20, 27(T — W-t)y
C We L * L

Vi
(2.15)

L ~ 72 ~ n
—2( =W, t+ —=yVa — (T —WHOW, - t+ gy, | .
2 L?
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The Weber number We is a dimensionless parameter inversely proportional to sur-
face tension. Thus, We = oo is the case without surface tension. This form of
the equation can be found in [6], for example. We have included a derivation of
the equation in the appendix. A similar derivation is included in [3], and another
version can be found in [1]. For now, we restrict ourselves to the case We = oo; we
will consider We < oo in Section 4. This allows us to write the evolution equation
for y as

2 A
ve=—7"Du((T = W-)y)
(2.16) I3 o2 A A
-2 <EW, “t+ T2VVa — (T —W-HW, - t+gya) .

The system formed by equations (2.13) and (2.15) is the water wave system
(without surface tension). We rewrite this system in a more convenient form, using
the modified tangential velocity §. In what follows, s is taken large enough (s > 6
will certainly be sufficient).

PROPOSITION 2.1 The water wave system can be rewritten as

2
(2.17) Ot = _znfn&saa Zﬂcea + v,
O = =580, + T-H(Sy) + @,
where ¢ = —V p - 0 is positive and Y and ¢ are lower-order terms that satisfy

[V 1ls—12 = CUBs, 18lls+1/2)s  NDlls = CUOs—1, 181ls—1/2)101]s-

PROOF: For the convenience of the reader, we will give the detailed computa-
tion that yields (2.17). Thus, we need to use (2.16) to calculate §,. First, however,
we restate (2.13) in terms of §. To do this, we make use of (2.12); we get

2 ~ A .
(2.18) 6, = T(H((Sa) —HW, -t) + (T — W-t)f, + m - ).

We restate this by using the representation (2.8) for W, - t and the definition of §.
We get

2 A . T
(2.19) 9t=T(H(&,)—Sea—H(m-t)—l—m-n—i—zPo(yQa)).
Here we have used the fact that H>(f) = — f whenever f has zero mean. If f
does not have zero mean, then H2(f) = —f + Py(f), where
2

1
Po(f) =52 ; f@)da.
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We now proceed to find an evolution equation for . Notice that we can rewrite
(2.16) to read

v, = —D, ((%)2 — 2T — W4 (%) (T — W-E)2>

(2.20)
+ 2T — W — =W, -t — 2gy,.
T T

This can be rephrased as
o Ly ~ L A
(2.21) Vi = —Dy(6%) + ;(T - W-t) - ;W, t—28y,.

We use (2.10) to calculate &;:

(222) 5 =Ty - Th
L L?

Substituting from (2.21), this becomes

y =T, + W, - t+6,(W-n).

T 2 L, ~ L ~
8 = —(—Du(®) + LT —W-H) — =W, -t — 2gy,
L L T

wL,
L2

(223) — 'y =T+ W, 1+6,(W-h)

_ Tpy s 2 T, + 6,(W-f)
= L o I3 Lgya t t .

In later sections of this paper, we will perform estimates that require taking o-
derivatives of §. Thus, we now compute §,:

5, = _Tprsty_ Lis 27 T
(2.24) w =~ Vo 7 % Lé’)’aa at

— 0,00 (W-1) + 00 (W-D) + 0,(W,, - ).
Since we know from (2.3) that T,, = 6,(W-n) + L;/(27), we have

A A A L
Ty = 0;(W-n) + 6, W, -n —0,60,(W-t) + 2_”
T

‘We substitute this into (2.24) to get

(2.25) 8y = _Ip2es? - 55 _ — 0, (W, - h) — ﬂ+9(w - 1)
. ot — L o L o L 8Yaa o t’ 27 t o .
We want to continue to simplify (2.25), but first we must put some effort into
understanding W, - i. We have thus far been considering the surface of the water
wave to be a curve parametrized by the spatial variable «. We now want to think of
it as also being parametrized by a Lagrangian spatial variable 8. That is, the same
curve is given by the set of points (x(«, 1), y(a, 1)) or (x(B,1), y(B,1)). Itis
natural to use the equation

(2.26) (x(a, 1), y(e, 1)) = (X(B, 1), y(B. 1))
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to define « as a function of 8 and . We define V by

)/(Ol(ﬂ, t)v t) E
25, (a (B, 1), 1)

Given any function f(x (8, t), t), we can compute its time derivative by

df _of | of
dt ot o

To calculate &, we differentiate both sides of (2.26) with respect to . We find that

X, 9B, 1) =V(B, 1) = W((B, 1), 1) +

(-x’ y)l‘ +d(-xv )’)a = (ia y)t
Taking the tangential component of this, we see that & is the difference in tangential
velocities of (x, y) and (X, y¥) divided by s,. Thatis, & = §/s,.
Since our goal at the moment is to calculate W, - n, we now compute V, - n. We
get

N . O "
2.27) V, A=W, A+ "W, h+ L0+
Sq 25, 2s2

We combine (2.27) with (2.25) to get

80,.

2 N T 2.2 L; Ly
80{1 = _TgYaa - Hth -n| — ZDO,((S ) - fga - Z
(2.28)

1 2 2
+9,Wa'n+zea]/9[+79aaw l'l+—9 (Sy

We now look in detail at the first term on the right-hand side of this equation,
keeping in mind (1.1). We first notice that since y, = % sin(¢), we have that
Yaa = ﬁ@a cos(6). We also make the definition g = (0, —1). We can now see that

2

- §Vaa = GaA'ﬁ-
Lgy 808

Following [4], we notice now that the Euler equations (in Lagrangian coordinates)
can be stated as

A

Vi—gg=—-Vp.
We make the definition

(2.29) c(a,t) =—Vp-m

recall that (1.1) implies that c is positive and bounded away from 0. We can now
write the term in brackets on the right-hand side of (2.28) as simply —c#6,. We can
then write the equation for J,;:
L
Sur = — By — %Dg(a ) — —5 _Lu

(2.30) 27

. 2
+0tWa~n+Z9ay8t eaw n+—0 5y.
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We want to understand better the last four terms on the right-hand side above, so

we rewrite them as follows:
T L L
8oy = —COy — —D2(8%) — =15, — =
1= == 7DD = 7 27

R 1 2
+ (Wa A+ Zeay> b+ 0,5 ).
We will simplify this by using (2.8).

We first simplify the term W, - i + 76,y by recognizing that it is very similar
to H(8,). That is, (2.10) implies

2.31)

He) =H( Ty + W, 1- L
o = HA\ Ve T War b= o0

T A
=7 (H (Vo) + 700 — Po(y0e)) + H(m - t).
Now when we use (2.8), we get

~ T T ~ T
Wa'n+zeaV:zH(ya)+m'n+z aY
2.32) ) -
= H(8) — Hm-D +m- A+ ZR(v0,).

We next try to simplify 6, + 2%’9“6 . We first use (2.13) to replace the 6, term
and (2.10) to replace the §. We get
2r 2r b4
2.33 6+ 0,8 = = (W R+ —0,7).
( ) , + 2 2 n -+ L 14

Notice that we calculated the quantity on the right-hand side in (2.32). So, our final
form of &, is
b4 L L
Sur = —COy — —D2(8%) — =28, — —
ot CUy L 0,( ) 12 o o
2

(2.34) A . )
+ - (H(SO,) ~Hm -t +m-h+ ZPg()/%)) .

Finally, we see that (2.19) and (2.34) can be rewritten as

[am = 288y — Oy + VU,

(2.35) ! |
0, = 2860, + X H(S) + ¢,

where i and ¢ are lower-order terms and are given by
Ly
2
2 A A T 2
+ 5 (HG) — Hm b +m- i+ T P(v6,)

Y= —Z - s, -
(2.36) L L

(2.37) ¢—2—”<—H(m-i)+m-ﬁ+£P(9))
. = I I 0\Y by .
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To prove the estimates for ¢ and ¢, we apply Lemma A.8 from Appendix A. We
only point out that the term involving L, and L,, can easily be treated by using the

expression of L, (2.14). O
When surface tension is taken into account we have just to add
1 272
YT —Qotaa
We L2

to the equation for §,,, and system (2.35) should be replaced by

80([ = #2[7/{_2290“1(1 - 2%65010( - Ceot + w,
0, = —280, + ZH(S,) + ¢.

The formulae for ¢, ¥, and ¢ are exactly the same.

(2.38)

2.5 Statement of the Results

Now we are able to restate Theorems 1.1 and 1.2. For any We, we take an initial
data for the water wave problem, namely,

We 1= 0) = We ,
(2.39) ¢ ler=0=2 (@
y e, t =0) =y, (o),
where z)"(«) — « and y,"°(c) are 27 -periodic and z)°(«) satisfies the non-self-

intersection condition (1.2) uniformly in We. Moreover, « is an arc length parame-

trization, namely, | Dyzy ()| is constant and is equal to L)'*/2. Any initial data

for the water wave problem can easily be restated in terms of an initial data for

(2.38). Hence, we can define (8(\)"’e (), 68” ¢(a)) by solving the following equations:
We

L
D2y (@) = S (cos 6" (@), sin 6" @).

Next, we can compute W' by using (2.4); then, U,* is determined by Uy =
WOWe -n. We compute L?Ve(t = 0) = 27s,,(t = 0) by using (2.14). And finally,
we can compute 7 by (2.2). This allows us to define §;"°.

We take s big enough (s > 6 is enough for our calculation). But we do not
intend to give the best regularity here. We assume that for all We, (8(\)"/ “(a), 08V “(a))
isin H5TY2 x HST! that (8)"°(at), 6, (@) converges to (8o(e), p(e)) in H /2 x
H*® when We goes to oo, and that ||08Ve(oz))||Hs+1 < C+/We. Then we have the
following:

THEOREM 2.2 There exist a Weg and a T* > 0 such that for all We > We,,
there exists a unique solution (8%V¢, 8™°) of (2.38) in C([0, T*); H**1/?2 x H**1).
Moreover, as We goes to oo, (8%V¢, 8W°) converges in Cio.([0, T*); HS 12 HS/)
to the unique solution (8, 0) of (2.35) for all s" < s.

Remark 2.3. Theorem 2.2 gives a new existence result about the water wave equa-
tion (2.35) without surface tension.



1300 D. M. AMBROSE AND N. MASMOUDI

The proof of this theorem is based on proving some estimates for (2.38) that
are uniform in We and then passing to the limit in We. It is only for this reason that
we take We > We, since the energy we use to solve (2.38) requires that We be big
enough to ensure that ¢ > c¢o/2.

2.6 Calculation of ¢,

In order to perform the estimates of the following sections, it will be necessary
to understand the smoothness of ¢,. To this end, we perform a rather long calcula-
tion here which demonstrates that ¢, is smoother than might first be expected. In
particular, at the end of this section, we will see an important cancellation between
two terms with a high number of derivatives.

To begin, we explicitly write what c is. We restate the definition of the previous
section:

. 0 N A a
240)  cla, ) =W, i+ W, - fi+ 20, + =86, — g8 - .
Sa

28, 2s2

From this formula it seems that ¢, has the same regularity as y,, or 8,,. One
of the crucial steps in what follows is to prove that the combination of the deriva-
tives of the terms on the right-hand side of the definition of ¢ is smoother than the
individual terms.

PROPOSITION 2.4 ¢, can be written as
(2.41) Co = H(bu) + f,
where, in the case without surface tension,

I flls=3/2 < CUBlls+172: 1015, [LD)

and in the case with surface tension

1
I flls-32 = C<||8||S+1/2, 101ls, ﬁllfﬂlm, IL|>

PROOF: To begin, we observe that in order to calculate ¢,, we need to calculate
W, - 0. We will also need later a convenient form of W, - t. In the next section,
we find the relevant formulae. By the same kind of argument we presented at the
end of Section 2.2, we can see that our conclusion will be that

T N v ~
Wat ~ ZH(Vott)n - ZH(Veat)t-

Calculation of W,

To calculate W, - 0, we use (2.5). We first have

(2.42) B(W,,)* = (L PV / v do/) .

2mi z(a) — z(a))

Pvfiz“(a) do/ =0

z(a) — z(a')

We use the fact that
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to rewrite (2.42) as
®(Wea)" = (L PV/ (V(“/) - ”(O’)> < (@) do/)
271 Za (Ol/) Za (O[) Z(C() - Z(C(/) at
_ <L Pv/ (V(o/) B V(Oé)) Za (@) Zg(at) do/) '
2mi a(@)  zale) ) (z(a) — z(a'))? '

In the final integral in (2.43), we recognize that there is an «’-derivative, and we
integrate by parts:

BWa* = — (za(a) oy / (y(a’) 7@ ) pa_ | da,)
i (@) za(a) 2(e) — z(@) ‘
_ (M PV/ (y(“/)) ! da’> .
2mi zo(') ) o 2(@) — z(a') ;
Applying the time derivative, we have
B(W,,)" = zat(o'() PVf (V(O{’)) 1 do’
2mi o) ) o 2(a) — z(a)
4 Z(x(a.) PV/ ( y (@) ) 1 do’
(2.45) 2mi 2a(@) ) gy 2(0) — 2(e)
_ Za(a.) PV/ ()/(a/) ) zi(@) — 7, (') do’
2mi za(@') ) (z(ar) — z(a'))?

= O(Y)" + @(Y2)" + ¢(Y3)".

(2.43)

(2.44)

To calculate W, - n, we now calculate Y; - n, Y, - n, and Y3 - n.

Before doing this, we recall the following formulae involving z,, and its deriva-

tives; these stem from the relationship z, /s, = €'%:

i0
(2.46) Re (@) —Re ((f"’e 0)’) —0,
12y 15y€'
i0
(2.47) Re (21‘) —Re <(S ¢ _9)’) = St
Za Sy e Sa
10
(2.48) Re <Zﬂ> —Re <(S.°‘e 3“‘) —0,,
12y 15y€'
i0
(2.49) Re (Z“—"‘> —Re ((s"’e ‘9)“) — 0.
Za Sy €'
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Taking the dot product Y; - i, we get

Y, -ﬁ=Re{ Lat ﬂH()/O[)} +Re{ Lat ﬂH(yzw>}

2072 s4 272 sq Za

(2.50)

Zat

124
+ Re {—d>(m)*—} .
Za S(X

The first term on the right-hand side is equal to 7w L, H (y,)/L? by (2.47). To un-
derstand the second and third terms on the right-hand side, we use the formula for
two complex numbers u and v

Re{uv} = Re{u} Re{v} — Re{iu} Re{iv}.

We get that the second term is

Re | @fa L pe L gy (YReota ) | _ pe ) KatZa L po | gy (D 2eaZa Y 1
2s3 52 2s3 52

The first of these two is identically 0 by (2.49). The second of these is equal to
w6, H(y0,)/L. Also, we see that the third term on the right-hand side of (2.50) is
Lm-f/L —6m-t.

From the definitions of Y, and the integral remainder operator /C, we see first
that we can write

o 1
O(Yy)" = ;—IH ((zl) z_> + z,K[z] (<zl> ) .

We apply the derivatives in the first term on the right-hand side to get

1
s ((2),2)
2i Za ) o4t Za

Za m . Vazat _ yza(xt

z2 z3 z3 z3 z3

1 wlo Zaa Zaala
“gi (o (52 = (72 ) oo ()
2izy Za Za z5
()3 2] (2) )

2o 2l Za Za at

+2

Y Zaalat . Ytlaa
4 3

(2.51)
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When we take the dot product of Y, with the normal vector, we get the following
contribution from the right-hand side of the above line:

1 1 ZatZ* 1 Zaatz*
—H(\yy) — —H | v, R @ - —H Re <
254 (Yee) 254 (V e{ Sg }) 254 ( { sé }>

1 * *
+ —H ()/ Re {ZW;“ } Re {Zalf“ })
Sq s2 s2
1 oo j 104 * 104 J 104 *
——H(yRe{Z (l2Z) }Re{zr(lzz) })
S s2 s2
1 Zaall 22 1 y
- —H Re & Re| % | H, — ol — .
s (e ) e [ 2 (=) )}

We can make the calculation (similarly to (2.46))

(2.52)

(2.53) Re { LaaiZy } = 6,0,

2
S

Finally, we make the conclusion that

. T L, 4
Y2 ‘N = ZH()/O[;) - ?H(ya) - ZH(yeotet)

)
(2.54) +Re {EK[Z] ((L) ) }
Sa Za ot
z2 1 14
el 2] ()

We now rewrite Y3 as
zi (o) — z, (')
d(Y3)* =
(Y3)" = 2m (Za) (z(ax) — z(ot’))2 do!
(2.55) = <<l> ) (z/(a)
2m Za ) @

_ Zz(Ol ))D (72(00 — Z(Ol’)) do'.

We integrate this by parts and get two kinds of terms. The «'-derivative can fall
on z; () — z;(«’). This will be the only significant source of terms from Y3. The
other kind of term occurs when the «’-derivative does not fall on z; () — z;(');
these terms are smooth by Lemmas A.6 and A.7. When the derivative falls on the
Z(a) — z, ('), we get

Za )/ Zat V Zat
T (<Za)a Zé) ekle] ((za)a Za ) '
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When we take the dot product with n, we get a contribution of

olonefz]) - Frnfzledz])
L Zu L 124 1Zq

Using our identities, we conclude that

n L,
Y3-n:— 12

T
H(Va) - ZH(VGQQI) + T]v

where Y is a large collection of smooth terms.
We are finally able to write

~ T
(2.56) Wy, -1 = ZH Year) + J1+ V2,

where f] is a collection of lower-order terms and Y3 is a collection of very smooth
terms. We define f] as

wlL, 21
L2 H(Va) - TH(V%@;)-

T A
fi= —ZG,H()/GQ) —60m-t—

In both the case without surface tension and the case with surface tension, we
will estimate § in H**1/2. Since 8,, contains terms that involve c(«, t), we hope
to be able to estimate ¢, in H*~3/2. To simplify the equations, we introduce a
new notation. The notation f will appear many times below, and it has a different
meaning from line to line. In the case without surface tension, it represents any
term whose H°~3/2 norm can be estimated in terms of the H**t'/2 norm of 8, the
H* norm of 8, and |L|, namely,

I flls=3/2 = CUI8lls1725 191ls5 1LD).

In the case with surface tension, f can also depend (uniformly) on ﬁ 160l5+1 :

1
[ flls=3/2 < C<||5||s+1/z, 1. ﬁnenm, ILI)-

Note that this includes terms that can be estimated in terms of the H* norm of y (see
the appendix for Lemma A.3). Thus, we can summarize the above calculation as

P 1
(2.57) Wor -m = 7 H(yer) + f.
A similar lengthy calculation yields

A T
(2.58) Wer -t = —ZH()/Qar) + /.
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Conclusion of the Calculation of c,

To begin, we differentiate (2.40) with respect to « to get

~ 0 N
Co = W(xt'n+_Wao¢'n+L9at+ 4 80040(
S

o 254 252

o

P ) .
(2.59) —0,W, -t+ =W, -n— —6,W, -t

Sa Sa

Vg 4 Yese, 4+ %saeo, +g0.8-1.
S

2
254 2sz p

The most singular terms are those that appear in the box. The rest of the terms are
obviously bounded in H*=3/2 by [y ls, 110]ls, I8]ls—1/2 (and by Jﬁnens+1 in the
case with surface tension), and |L|; see Appendix A for relevant lemmas.

For the boxed terms, we first calculate the sum of the first two:

. O 4 272
(2.60) Wy, -n+ S_Womt ‘N = ZH(VM) + F(SH(VW) + f.

o

We now rewrite (2.60) by using the equation
T ,\
(261) 80{1‘ = Zym‘ + Wat -+ 2U9<xt + f,

which can be found by differentiating (2.22) with respect to «. We find

. 0 . N
“at‘n+_“o¢a'n=H((Sal)_H(Wal't)
S

(2.62) ,

2
- 2H(U9at) + F CSH(VOUI) + f

Using (2.58), we rewrite this as

. O " b4 272
(263) Wat -n+ _Waa N = H((Scct) - - )/Qm + T2 8H(VO{C{) + f
Sa L L
Substituting in 6, = 25 H (y,) + 2(T — W86, + f and § = Ty — (T — W-D),
we get
. O n 273 273 o

W()tt -n+ _Waa ‘N = H(Sat) - ?)/H(Vaa) - FV(T - W't)eaa
(2.64) Sa
272 s ~
+ =5 (Fr - @ = Wd) How.

There is an important cancellation here between the two terms with y H (Y ); We
are left with

n 1) R 2 n
(2.65) W -+ ~Wag -0 = H(u) — —Z (T = WHH () + f
S

o
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This concludes the calculation of the first two of the boxed terms. For the third and
the fourth of the boxed terms, we get

2

Ty 2 2y
— | Our + — 38640 | = —— H(4q :
! ( + 2 ) " H G +

In summary, we have found the following formula for c,:

2
(2.66) Ca = H(8u) + T‘SH (Bae) + f-

and the proof of Proposition 2.4 is complete. O

3 Estimates Without Surface Tension

In this section, we perform energy estimates for triples (6, §, L). The energy
function is related to the H* norm of 6, the H**'/2 norm of §, and the absolute
value of L. First, notice that we only include the absolute value of L for technical
reasons—since it is also an unknown, we need to bound its growth in order to
achieve an existence theorem. However, if 6 and § are sufficiently regular, we can
see immediately from (2.14) that the growth of L is bounded by their norms. We
define the energy as

G E@ = 10150 + [815) + Iy 17,0 + ) Ex(t) + L*(0),
k=1

where Ey is like the square of the H* norm of # and the square of the H**!/2 norm
of 6. In particular,

2

3.2) Eu) =+ / oL (DX6)? + (DE8) A(DES)dar.

2 0 2
The operator A is equal to H D,. This is a positive operator since the symbol of
the Fourier transform of A is |§]. Thus, for any function f, the integral f fAf
is related to Sobolev norms of f in half-integer spaces. We write the integral in
(3.2) as Ex1 + Er». We remark here that although only s — 1 derivatives of y
appear explicitly in the definition of the energy, we are actually able to estimate s
derivatives of y. This is explained in Appendix A, and it is because of the close
relationship between § and y and 6.

PROPOSITION 3.1 If (8, 0) solves (2.35), then the time derivative of the energy, E,
is bounded in terms of E as long as (1.2) holds with a replaced by ea. This leads
to an a priori estimate for E until a certain time.

PROOF: We first address the least important parts of the energy; that is, we
will first discuss how to bound the time derivative of all of the components of the
energy except E;. As we have mentioned above, we can bound L, by the energy as
long as s is large enough. Clearly, we can also bound 6; and §; in H® as long as s
is large enough. By recalling equation (2.21), we can see that the H*~! norm of y,
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can be bounded by ||8|s, | L], | L], |T — W-t[l,_1, W, - tll,_1, and |z]l,. The first
three of these are clearly bounded by the energy. By Lemma A.1 (in the appendix)
llz]ls can be bounded by [|#|,—; and |L|. Lemma A.5 demonstrates that W, - t
can be bounded by the energy. Instead of considering ||T — W-t|l,_1, we consider
| De(T — W-E)lls,z; using (2.12) and (2.8), we see that this can be bounded by
v ls=2, 1€1ls=1, llm]ls—2, and ||f||s_2. Of these, the first two are clearly bounded by
the energy. The second two are also, by Lemmas A.2 and A.S8.
We begin to investigate the time derivative of Ej by calculating

dEk 1 L k k Ct k 2 Ll
33 = — D,0)(D,6 —(D,0) d —E; 1.
( ) dt znf(ca)(af)-i_z(a) Ol+L k.1
For 6 and § sufficiently smooth, we can bound |¢;| and |L,| by the energy; so we
concern ourselves with the first term. Using (2.35), it is

(3.4) / c(Dge)(D{;H(sa) — DX(36,) + %ng))da.

Of these terms, only the one that includes H (§,) is significant. The second term is
a transport term, and we only need to treat the case where all the k derivatives hit
on 6,. Then, by integration by parts we get

(3.5) /c(D{;e)(SD{;QO,) = —%/(ca)a(Dge)z,

and we can use the energy to bound it. Recalling the definition of ¢ in (2.37),
we see that we can bound the term in (3.4), which includes ¢ by the energy using
Lemmas A.2 and A.8.

Now we turn our attention to Ey . We clearly have

(3.6) dgf’z = / (DL8)H(DEH's,)da.
Using the equation 8y, = — 288, — cf, + ¥ from (2.35), we have
4Bz _ f (DXS)H (DX 8y )dar
dt
3.7) =— / (D%S8)H (DL (c6,))dor

- f (D.8)H <D§ (2%55%>)da+ / (Dk8)H (D) da.

The second term on the right-hand side is a transport term and can be treated in
a slightly more complicated way than (3.5). Using the fact that A = HD, is
self-adjoint, we have

/ (DL8)H (D} (884a))dar = / (HDL™'8) (D™ (880a))der.
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Distributing the & — 1 derivatives in the second factor on the right-hand side, we
have

/ (DL8)H (DL (8850))da = / (HDS'8)(8DS'8)da + Lot

We rewrite the integral on the right-hand side using the fact that the adjoint of H
is —H,

/ (HDL'8)(8D5'8)da = — / (DST'8)H (3D5T'8)dar.
We pull § through the Hilbert transform to find

/ (HDL'5)(8DE'8)do = — / 8(DET'8)H (DL 8)do

— / (LH, 81DS*'s) (DET'8)da.
Rearranging this slightly, we have

/3(D§+‘5)H(D§+‘3)da = —% / (LH, 81DLT's) (DET'8)da.
We can use Lemma A.7 (in the appendix) to control the commutator term. Thus,
the second term in (3.7) can be bounded in terms of the energy.
The third term is a lower-order term and is easily bounded by the energy. We
rewrite the first one to emphasize the fact that the most important contribution is
when all derivatives fall on 8 or when they all fall on c¢. We get

d?;,z = —/(Dgs)A(cD{;e)da —/(Dga)A((Dglc)(ga)) da

(3.8) —/(D(’;S)A g(k;l)(Dgc)(D{;m) da

— 27” (Dgs)H(Dg(aaa))da+f(Dga)H(Dgw)da.

Adding (3.4) and (3.8), we see that the first term on the right-hand side of
each cancels with the other (because A is self-adjoint). To complete the proof of
the proposition, we need only prove that we can estimate c, in the space H*™3/2,
which allows us to estimate the second term on the right-hand of (3.8). Indeed,
using Proposition 2.4, we see that

f (DES)A ((DE¢) 00)) dar| < Clislls alcals2 6]

< CE;.

The proof of Proposition 3.1 is complete. U
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4 Estimates with Surface Tension and Convergence

In this section, we study the problem with surface tension by adding an extra
term to the energy.

4.1 Estimates with Surface Tension

We can prove estimates similar to those proven in the last section as long as ¢
is bounded away from 0. The argument given in [18] can easily be adapted to the
case with small surface tension, and we can easily prove that if We is big enough,
then c is uniformly bounded away from 0. Hence, we consider the case We > We
for some Wey. Then, we introduce the following modified energy:

@0 E™O = 10050 + 18150 + Iy 17,0 + D EX () + L (1),
k=1

where E"°(¢) is given by

-~ w1 (DE710) 4 (Dis) A(Dfs)do

PROPOSITION 4.1 If (§™¢, W) solves (2.38), then the time derivative of the en-
ergy, E™, is uniformly bounded in terms of E™¢ as long as (1.2) holds with a

replaced by ea. This leads to an a priori estimate for EV¢ until a certain time T*,
which is independent of We.

1 (7™ L 1
4.2) E,fVe(t):E/ c— (Do) + —=
0

PROOF: The proof is similar to the proof of Proposition 3.1. We can decom-
pose as above EV¢ = E,:Vf + E,:VS Then

dEY;
L [ (elo)(Dlo) + 3. T (040) (04 10)

(4 3) dt 21 We L
' L 2 € (nkg)2 d k+1)2
+ 5o (D460)" + Lo (5= (D4o)" = 5o (DE710)") des
and the important contributions can be rewritten as
4.4) /C(Dke)DkH(a ) + LZLZ(D"HG)D“‘H(S )da
o o o We L2 o o o
L 272 k+1 Ui k+1
—%F(Da 6)(Dyt'8)0, + we (Pa 0)(Dy"'¢).
On the other hand, we have
dE,f’Vg k k
T / (D38)H (DySor)da
(4.5) = Lz—jﬂ(Dk(S)H(Dk(Q ))do — / (DE8)H (D% (cty))da
We Lz o a\aan o o o

—/(D§5)H(D§(2%88m>)da+/(Dga)H(Dgz/f)da.
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By a simple integration by parts, the first term on the right-hand side of (4.5) can-
cels with the second term of (4.4). The second term of the right-hand side of (4.5)
has two important contributions, namely when all the £ derivatives hit on ¢ or on 6,,:

(4.6) —/(Dgs)H(cng“@)da—/(Dga)H((Dgc)ea)da

By a simple integration by parts the first term of (4.6) cancels with the first term of
(4.4) modulo some low-order terms.

Using Proposition 2.4, we deduce that

1 272 _
D(];C = %?H(Dl]y—ze) + Dz])(z lf.
Hence the second term of (4.6) can be written as
2
@7 —Wie% / (DES)H (H (DX20)6,)dor — f (DES) A ((DE21)6,)dr.

By a simple integration by parts, the first term of (4.7) cancels with the third term
of (4.4) modulo low-order terms. The second term of (4.7) can easily be controlled
by the energy.

Finally, let us explain how we can control the fourth term of (4.4). Using that

Pllk+1 = CUOk, N8 1lk-1/2)10 415

we deduce that the fourth term of (4.4) can be controlled by the energy. This ends
the proof of the proposition. U

Remark 4.2. The condition (1.2) with a replaced by €a holds on some time interval
that is uniform in We since the energy controls d,z (and its spatial derivatives) in
the sup norm.

Remark 4.3. If we take We < We, then the energy introduced in (4.1) can also be
used to yield existence for the water wave with surface tension (2.38) by using the
fact that W is uniformly bounded in H**!.

4.2 Convergence Proof

From the uniform bounds we have proven in the last section, there exists a fam-
ily of solutions (§%V¢, #W¢) of (2.38) that is bounded in Co. ([0, T*); H**'/%2 x H®).
We can then extract a subsequence that converges weakly to some (3, 8) and by a
very standard compactness argument we can prove that (§, 6) is a solution of the
water wave without surface tension (2.35). We only point out that to get compact-
ness in time, we have to use that (Stwe, Qtwe) are bounded in Cjc([0, T*); H ™% x
H*~') by using the evolution equations.

Hence, we deduce that for all s’ < s as We — oo, (8V¢, §W°) converges to
(8,0) in Cioe([0, T*); HS Y2 x HY).
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Appendix A: Basic Estimates

In this section, we provide details of several estimates used in earlier sections.
Much of what we state here is proven in more detail in [1] and [2]. In the following
lemmas, if the range of possible values of s is not specified, it is understood that s
is taken to be large enough (s > 6 is always sufficient).

LEMMA A.1 If0 € H®, then z € H**', with the estimate ||z||s+1 < C|L|(1+]6,).

PROOF: This follows from the relationship (x,, y,) = %(cos(@), sin(#)) and
a standard composition estimate. Note that C can depend on |0 . O

COROLLARY A.2 If6 € H", the vectors t and f are in H°.

PROOF: This follows from the relationship t = (cos(0), sin(f)) and the fact
that i and t have the same regularity. U

We next give a lemma that tells us that ¢ has the same regularity as 8. Recall
that our energy functional in Section 3 only included estimates for s — 1 derivatives
of y. Since we estimated 6 in H?, this lemma gives a gain of one derivative for y.

LEMMA A3 If§ € H*Y2, 0 € H*, andy € H*™!, then y € H".

PROOF: The definition of § is 6 = Ty — (T — W-P). Solving this for y and
differentiating, we get

L L, ~
(A.1) Yao=— |0+ ——W,-t].
T 2

Using the representation W, - t= —TH(y0,) + m- t, we see that everything on
the left side of (A.1) can be estimated in H*~'. (See Lemma A.8 for an estimate
for m.) O

In Section 3, we needed to provide an estimate for ¢,. This required estimating
both W; - tand W, - 1. To make these estimates, we first need to provide estimates
for y;,. To this end, first notice that (2.16) is actually an integral equation for y;
because of the presence of W, - t on the right-hand side. It was demonstrated in [3]
that this integral equation is solvable; discussion of this can be found in [5] and [1].

LEMMA A4 If0 € H*, § € H*'2 and y € H*™!, then y, € H*"" in the case
without surface tension. In the case with surface tension, y, € H*~' if we also
have 6 € H**!,

PROOF: We first write (2.16) as v, = Jy, + 1, where J is the integral operator
given by

Jlz)fa) = - PV/ f(@)Re <iza(a) cot %(Z(a) - Z(O/))) do'.
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The theorem proven in [3] says that the operator (I — 7)™ is bounded from H° to
H°. We have taken s large enough to guarantee that T € H°, which implies y, €
H°. Then, as in the proof of lemma 6.2 in [2], we can examine the integral operator
to conclude that 7 y; has the same regularity as z,. Thus, Jy; is in H*. Examining
T, we see that it has the same regularity as y, in the case without surface tension.
Using the previous lemma, we see that y, is in H*~!. In the case with surface
tension, T has the regularity of 6,,, which is also in H*~!. Thus, we conclude that
v, isin H* 1, O

LEMMA A5 If6 € H%, § € H*"'?, and y € H*"', then W, t e H in the
case without surface tension. With surface tension, W, -t € H*~! if we also have
that 6 € H*!.

Remark. This is immediate from the definition of W and the previous lemma.

Our final goal in this appendix is to provide estimates for the operator K and for
the commutator of the Hilbert transform and multiplication by a smooth function.
These are both integral operators, and they were defined in (2.6) and (2.7). The
kernels of both of these operators involve divided differences; for /C, the kernel is

q2/q1, Where

— !/ 1
aile o) = M - / Zo(ta + (1 =)o) dt,
o —o 0
e oy = 2O 2@ ~ @) )

(a0 —a’)?
1
:/ (t — Dzgo (1 — Ha + ta’) dt.
0

The proof of Lemma A.6 makes use of this representation of the kernel. Similarly,
the kernel in (2.7) is a divided difference for f, and the proof of Lemma A.7 makes
use of the corresponding representation. We omit these proofs.

LEMMA A.6 Let s be an integer such that s > 2. If z € H®, then K[z] :
H'—>H"! and in particular, there is a positive function Cy such that

IK[z]flls—1 = Cillizlls—D 1A Izl
Similarly, K[z] : H'—H’~* and | K[z] f lls—2 < Ca(llzlls-D1l £llo I z1ls-

LEMMA A.7 Fors > 3 and g € H®, the operator [H, g) is bounded from H*~? to
H® Fors >4andg € H*"'2 [H, gl is bounded from H 2to H V2 Fori =0
ori = —%, we have the estimates ||[H, g1 f ls+i < Cll flls=2/lgls+i-

By the definition of m (see (2.9)) and the above lemmas on the regularity of the
associated operators, we have the following lemma:

LEMMA A8 Fors > 4,if0 € H  and y € H' ', then m € H*. Moreover,
Imlls < CUlylls—1, 10— O]l
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Appendix B: Details of the Formulation

In this appendix, we derive the evolution equation (2.15) for y from the Eu-
ler equations with the appropriate boundary conditions. The main tools used are
Bernoulli’s equations of motion for potential flow and the Laplace-Young jump
condition for the pressure. Our derivation is a generalization of that found in [3];
a version also appears in the appendix of [1]. We give a derivation for an Atwood
number that is not necessarily equal to 1. We will take an upper fluid of density p,
and a lower fluid of density p;.

Since the flow is both irrotational and incompressible, there exist both a velocity
potential ¢ and a stream function . That is, the fluid velocity (u, v) is equal to
both (¢,, ¢,) and (,,, —,). If we let ® = ¢ + iy be the complex potential, then
the complex velocity is given by

= () = (%)
u—1v = — = E— .
dz Za

For z away from the interface, we have a double-layer potential representation
of ®. We give the name pu to the dipole strength associated with this double-layer
potential. This gives the formula

O(z) = L / u(a)zq(a) cot <l (z — z(oz))) da.
4mi 2

The vortex sheet strength is y = .

For irrotational flow the Euler equation reads V¢, + V¢ - V(V¢@) = —%V p—
(0, g). Hence, in Eulerian coordinates, Bernoulli’s equation is ¢, + %|V¢|2 + % +
gy = 0. More generally, if we follow a particle of coordinates (x, y), we have

a9 _ Vi - (xi, yi) + l|V<i>i|2 + 2y gy =0.
dt 2 0

The limiting values of the velocity from below and above the interface can be found
by the Plemelj formulae (see [11]):

B.1)

(B.2) Ve =W+ 1, Vg, =W— 1.

ZSO[ Zsoz
Also, for (x, y) on the interface, we write (x;, y;) = W+(T —W-f)f. The Laplace-
Young condition for the pressure jump at the interface is

O
(B.3) pr—p1 =S8k =8—,
Sa
where S is the coefficient of surface tension and « is the curvature.

Subtracting (B.1) for i = 2 from (B.1) for i = 1, we have (since the stream
function is continuous across the interface but the potential is discontinuous)

5 )
(B.4) Yo _wh+ 222y,

ot So P1 02
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If we instead add the same equations, we get

2
y—2+&+&+2gy:0.
Se P12

We solve (B.4) and (B.5) for p; and p,, and subtract. We substitute (B.3) for
the pressure difference. The result is

(B.5) 2Re @—T) —W.-W —2(W-A)(T — W) +

0 28 N
I _ 7K+1(T—W-t)
it pr+p Sa
— 0P
p1+ 02 ot
2
—W.-W-=-2WAt)(T —W-t) + :—2 + 2gy).
S()l

Differentiating (B.6) with respect to «, denoting At = % and We = 252
and simplifying yields equation (2.15) (for the water wave, At = 1, and in the

formulation used in this paper, s, = L/27).
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