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Figure 4.19 The function f(x) = x!/* has a vertical
tangent line at x = 0. It is therefore not differentiable at
x=0.

fSection 4.1 Problems |

a4t
In Problems 1-8, find the derivative at the indicated point from the
graph of each function.

L fx)=5x=1

3 fl)y=4x -3 x=~1
5. fx) =2%x=0

7. f(x)=cosx;x =0

2. f(x)=-3x;x =2
4 f(xy=-5x+1Lx=0
6. f)=@Ex+2Hx=1

8. f(x)=sinx;x= %

In Problems 9-16, find ¢ so that f'(c) = 0.

9 f(x)= —3x2 41 10. f(x)=—-x2+4

1L f(x) =(x~-2)? 12. f(x) =(x+3)?

13, f(x) =x2—6x+9 4, fx)=x+4x+4 .

15. f(x) =sin (%x)

In Problems 17-20, compute f(c-+h)— f(c) at the indicated point.
17, f(x) =-2x+1Lc=2 18 fx)=3%W%c=1

19. f(x) = Jx;c=4 20. f(x)=%;c=—2

21, (a) Use the formal definition of the derivative to find the
derivative of y = 5x% atx = —1.

(b) Show that the point (~1, 5) is on the graph of y = 5x2, and
find the equation of the tangent line at the point (—1, 5).

(¢) Graphy = 5x? and the tangent line at the point (-1, 5) in the
same coordinate system.

22. (a) Use the formal definition to find the derivative of y ==
~2x%atx =1,

(b) Show that the point (1, —2) is on the graph of y = —2x?, and
find the equation of the tangent line at the point (1, —2).

(¢) Graph y = —2x? and the tangent line at the point (1, ~2) in
the same coordinate system.

23, (a) Use the formal definition to find the derivative of y ==
l-xdatx =2

(b) Show that the point (2, —7) is on the graph of y = 1 —x?, and
find the equation of the normal line at the point (2, -7).

(¢) Graph y = 1 — x* and the tangent line at the point (2, =7) in
the same coordinate system.

24, (a) Use the formal definition to find the derivative of y = :
aty =2,

16. cos(r — x)

the equation of the normal line at the point (2, %).

(¢) Graphy = }‘ and the tangent line at the point (2, %) in the
same coordinate system.,

25, Use the formal definition to find the derivative of

y=vx

forx > 0.
26. Use the formal definition to find the derivative of

1
f(x)=;_—*_"i'

forx # —1.

27. Find the equation of the tangent line to the curve y = 3x?at
the point (1, 3).

28. Find the equation of the tangent line to the curve y = 2/x at
the point (2, 1),

29. Find the equation of the tangent line to the curve y = Jx at
the point (4, 2).

30. Find the equation of the tangent line to the curve y = x? -
3x 41 at the point (2, —1).

31. Find the equation of the normal line to the curve y = —3x?
at the point (-1, =3).

32, Find the equation of the normal line to the curve y = 4/x at
the point (—1, —4).

33. Find the equation of the normal line to the curve y = 2% -1
at the point (1, 1).

34. Find the equation of the normal line to the curve y = /x — 1
at the point (5, 2).

35. The following limit represents the derivative of a function f
at the point (a, f(a)):

. 2a+h)P -2a*
lim —————
h—0 h

Find f(x).
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36. The following limit represents the derivative of a function f
at the point (a, f(a)):

. 4a+h)?}-4d°
lim ————————
h-D h

Find f(x).

37. The following limit represents the derivative of a function f
at the point (d, f(a)):

1 1

. (2+h)2+1 5

lim ———
h-0 h

Find f and a.

38. The following limit represents the derivative of a function f
atthepoint (a, f@@): ‘

sin(§ + h) ~sin e

(¢) Find the velocity and the speed of the car at t = 3/4.

42. Velocity Suppose a particle moves along a straight line. The
position at time ¢ is given by )

sN=3t—1% >0

where ¢ is measured in seconds and () is measured in meters,
(a) Graphs(t) for¢t > 0.

(b) Use the graph in (a) to answer the following questions:

() Where is the particle at time 0?

(ii) Is there another time at which the particle visits the location
where it was at time 07

(it) How far to the right on the straight line does the particle
travel?

(iv) How far to the left on the straight line does the particle
travel?- . T )

(v) Where is the velocity positive? where negative? equal to 0?
(¢) Find the velocity of the particle.

,l,l_ﬂ (d) When is the velocity of the particle equal to 1 m/s?
43. Tilman’s Resource Model In Subsection 4.1.2, we considered
Find f and a. Tilman’s resource model. Denote the biomass at time ¢ by B(1),
112 and assume that

e e A

39. Velocity A car moves along a straight road. Its location at
time t is given by

s(t) =203, 0<t <2

where ¢ is measured in hours and s(z) is measured in kilometers,
(a) Graph s(r) for0 <t <2

(b) Find the average velocity of the car between ¢t = O and ¢ = 2.
[llustrate the average velocity on the graph of s(1).

(¢) Use calculus to find the instantaneous velocity of the car at
t = 1. lllustrate the instantaneous velocity on the graph of s(t).
40. Velocity A train moves along a straight line. Its location at
time ¢ is given by

100
S([) = _t_"

1<t<5

where ¢ is measured in hours and 5(t) is measured in kilometers.'
(@) Graphs(f)forl <t <S5,

(b) Find the average velocity of the train between ¢ = 1 and
t = 5. Where on the graph of s(¢) can you find the average
velocity?

(¢) Use calculus to find the instantaneous velocity of the train at
t = 2. Where on the graph of s(t) can you find the instantaneous
velocity? What is the speed of the train at t = 27

41, Velocity If 5(1) denotes the position of an object that moves
along a straight line, then As/At, called the average velocity, is
the average rate of change of s(t), and v(f) = ds/dt, called the
(instantaneous) velocity, is the instantaneous rate of change of
s(#). The speed of the object is the absolute value of the velocity,
lv@)].

Suppose now that a car moves along a straight road. The
location at time ¢ is given by

160 :
5@) = —-3—-:2. 0<t<1

where t is measured in hours and 5(t) is measured in kilometers.
(a) Whereis the carat ¢ = 3/4,and where isit at ¢t = 17

(b) Find the average velocity of the car between ¢ = 3/4 and
t=1.

1dB

3 =R -m
where R denotes the resource level,
R
R) =200——
(B S+R

and m = 40, Use the graphica] approach to find the value R* at
which 42 = 0, Then compute R* by solving 342 = 0,
44. Exponential Growth Assume that N (1) denotes the size of

a population at time ¢ and that N(t) satisfies the differential
equation
—=rN
dt :
where r is a constant.
(a) Find the per capita growth rate.

(b) Assume thatr < Oand that N (0) = 20. Is the population size

~attime 1 greater than 20 or less than 207 Explain your answer.

45. Logistic Growth Assume that N (t) denotes the size of a
population at time ¢ and that N(¢) satisfies the differential

equation
dN N
— =3N{1-2L
dt 3 ( 20)'

Let f(N) =3N(1 - %) for N > 0. Graph f(N) as a function of
N and identify all equilibria (i.e., all points where % = 0).

. 46. Island Model Assume that a species lives in a habitat that

consists of many islands close to a mainland. The species occupies
both the mainland and the istands, but, although it is present on
the mainland at all times, it frequently goes extinct on the islands,
Islands can be recolonized by migrants from the mainland, The
following model keeps track of the fraction of islands occupied:
Denote the fraction of islands occupied at time ¢ by p(¢). Assume
that each island experiences a constant risk of extinction and that
vacant islands (the fraction 1 - p) are colonized from the mainland
at a constant rate. Then

dp
Zr=c=-p)—ep

where ¢ and e are positive constants,




(@) The gain from cglonization is f(p) = (1 - p) and the
loss from extinction is g(p) = ep. Graph f( [7). and g(p) for
0 < p < 1 inthe same coordinate system. Ex‘p_lam why the two
aphs interscct whenever e and ¢ are both positive. Cpmpute the
g:)irF:t of intersection and interpret its biological meaning,
fb) The parameter ¢ measures how quickly a vacant island
becomes colonized from the mainland. Th{: closer the xslapds, the
larger is the value of c. Use your graph in (a) to exp!am what
happens to the point of intersection of the two lines as ¢ increases.
Interpret your result in biological terms.

47. Chemical Reaction Consider the chemical reaction
A+B — AB

If x(r) denotes the concentration of AB at time 7, then

{1 -

Z k@ -0b -

dt

~ where k is a positive constant and « and b denote the
concentrations of A and B, respectively, at time 0. Assume that
k =3,a = 7, and b = 4. For what values of x is dx/dt = O?

48. Chemical Reaction Consider the autocatalytic reaction
A+X — X

which was introduced in Problem 30 of Section 1.2. Find a
differential equation that describes the rate of change of the
concentration of the product X.

49. Logistic Growth Suppose that the rate of change of the size
of a population is given by

where N = N () denotes the size of the population at time ¢ and
rand K are positive constants. Find the equilibrium size of the
population —that is, the size at which the rate of change is equal
to 0. Use your answer to explain why K is called the carrying
capacity.

50. Biotic Diversity (Adapted from Valentine, 1985.) Walker and
Valentine (1984) suggested a modet for species diversity which
assumes that species extinction rates are independent of diversity
but speciation rates are regulated by competition. Denoting the
number of specics at time ¢ by N(r), the speciation rate by b, and
the extinction rate by a, they used the model

dN N

— b N B

dt [ (l K) a}
whe’_e K denotes the number of “niches,” or patential places for
Species in the ecosystem,

(8) Find possible equilibria under the condition g < p.

X 4.2 The Power Rule, the Basic Rules
of Polynomials
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(b) Use your result in (a) to explain the following statement by
Valentine (1985);

In this situation, ecosystems are never “full,” with all
potential niches occupied by species so long as the
extinction rate is above zero.

(¢) What happens when ¢ > b?

443

51. Which of the following statements is true?

(A) If f(x)is continuous, then f(x) is differentiable.

(B) If f(x)is differentiable, then f(x) is continuous.

52, Explain the relationship between continuity and differentia-
bility.

53. Sketch the graph of a function that is continuous at all points
inits domain and differentiable in the domain except at one point.

54. Sketch the graph of a periodic function defined on R that is
continuous at all points in its domain and differentiable in the
domain exceptatc =k, k € Z.

55. If f(x) is differentiable for all x € Rexceptatx = ¢, is it true

T .

e RmERL

,,,,, eentinmotsat-rep sty Yot answer.,

In Problems 56-69, graph each function and, on the basis of the
graph, guess where the function is not differentiuble, (Assume the
largest possible domain. )

56, y =[x -2 57, y=—|x +5
58 y=2—|x -3 59, y=x+2/~1
{ 1
60, y = 6l y=
Y 24y Y x—-3
3—x x~1
62, y = 63, y=-"—"
Y= It Y=
64, y = |x? - 3| 65. y =|2x% - ||

X forx <0
66. = -
J0 lx +1 forx>0

2¢  forx <1

67. =
f [x +2 forx >1

x? forx < —1
68. f(v) = -
) ’2—x2 forx > -]
41 forx<0

e forx >0

69. f(X)=[

70. Suppose the function f(x) is piecewise defined; that is,
f(x) = fi(x) forx <aand f(x) = fix) forx > a. Assume that
Si(x) is continuous and ditferentiable for x < ¢ and that f2(x)is
continuous and differentiable for x > a. Sketch graphs of f(x)
for the following three cases:

(a) f(x) is continuous and differentiable at x = ¢,
(b) f(x) is continuous, but not differentiable, at x = ¢,
(¢) f(x)is neither continuous nor differentiable at x = q.

of Differentiation, and the Derivatives

In this section, we will begin a systematic treatment of the computation of derivatives,
Knowing how to differentiate is fundamental to your understanding of the rest of the
course. Although computer software is now available to compute derivatives of many
functions (such as v = ¢»” or ¥ = &) it is nonetheless important that you master
the techniques of differcntiation.

E Yy

T

o v
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] XAMPE‘3 | Tangent aﬁd Didrliizll Lines If f (x) = 2x3—3x +1, find the tangent and normal lines
at (-1, 2).

Solution  Theslope of the tangent line at ¢—1, 2) is f'(—1). We begin calculating this derivative
as follows:
flx) =6x*~3

Evaluating f'(x) at x = —1, we get
f(-1)=6(-1)-3=3
Therefore, the equation of the tangent line at (-1, 2) is
y—2=3(x—(-1)), or y=23x+5

To find the equation of the normal line, recall that the normal line is
perpendicular to the tangent line; hence, the slope m of the normal line is given by

.t _ 1
-3

The normal line goes through the point (-1, 2) as well, The equation of the normal

limets-therefore
1 1 5
y_2="§(x"(—1))v or =—§x+§

The graph of f(x), including the tangent and normal lines at (—1, 2), is shown in
Figure 4.22. ]

Tangent line
Normal line £

Figure 4.22 The graph of f(x) = 2x3 — 3x +1,
together with the tangent and normal lines at (—1, 2).

Look again at the last example: When we computed f'(=1), we first computed
f'(x); the second step was to evaluate f'(x) at x = —1. It makes no sense to plug
—linto f(x) and then differentiate the result. Since f(=1) = 2is a constant, the
derivative would be 0, which is obviously not f’(—~1). Just look at Figure 4.22 to

convince yourself. The notation f/(—1) means that we evaluate the function f/(x) at
x = —1.

| Section 4.2 Problems

Differentiate the functions given in Problems 1-22 with respectto 1. g(s) = 557 425 — 55 8. g(5s) =3 — 452 — 453
the independent variable. 1 N 1
L f)y=4x=7x+1 2, f(x) = =3x* +5x2 9, h(t)=_§r4+4; 10. h(,)=§,2_3,+2
J fx)=—-2x54+7x -4 4. f(x) = -3x*+6x2-2
. 1. f(\:):xzsinz-f-tanz 12 f(Jc)-—21r3cos£+cosE
5. flx) =3 —4x — 522 6. f(x)=—1+3x*~2x* y 3 4 . - 3 6
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13, f(x) = -3 tan = — cot =
: 6 6

x b
14, f(x) = x? sec ¢ + 3x sec Y

1
15, f@g) =ret+t+ e} 16, f(x) = Eﬁtze3 -xt

3.3 X2
17. f(s)=:se + 3e 18. f(x)=-e-+ex+e

2 Xt 2
20. f(x)=1—5'—56+—

19. f(x) =20x> —4x® + 9* =

2

1 x‘m
21 f(0) =7x -~ +£— 2. f(x)=mxet = —

23, Differentiate
Fx) =ax’®
with respect to x. Assume that a is a constant.
24, Differentiate
fx)= X +a
with respect to x. Assume that a is a constant.

28, Differentiate
f(x) =ax*—2a

35, Differentiate
V(t) = Vo1 + 1)
with respect to ¢. Assume that Vg and y are positive constants.

36. Differentiate

NkT
T) = ——
p(T) 7

with respect to T'. Assume that N, k,and V are positive constants.

37. Differentiate
N
= 1— —
g(N)=N ( K)

with respect to N. Assume that X is a positive constant.
38. Differentiate

K

with respect to N. Assume that X and r are positive constants.

39. Differentiate
N
Ny=rN*|[1-—
gN)=r ( K)

gNY=rN (1 - I—V-)

with respect to x. Assume that a is a constant.
26. Differentiate
f(x) = a’x* — 2ax*

with respect to x. Assume that a is a constant.
27. Differentiate

h(s)=rs*—r
with respect to 5. Assume that r is a constant.
28, Differentiate

frn)= rst—r
with respect to r. Assume that s is a constant.
29, Differentiate

fx)=rs’x* —rx+s

with respect to x. Assume that r and s are constants.
30. Differentiate

fx) =

r+x
3 —rsx+(r+s)x—rs
rst
with respect to x. Assume that r and s are nonzero constants.
31, Differentiate

2
fN) =(b-1N* - %’)-

with respect to N. Assume that b is a nonzero constant.

32. Differentiate

bN®+ N
T ="FT5

with respect to N. Assume that b and X are positive constants.
33. Differentiate
g(t) =a’t —at®
with respect to t. Assume that a is a constant.
34, Differentiate

2
s

h(s) = a*s® —as* + —
a

with respect to s. Assume that ¢ is a positive constant.

with-respectto-M. Assume that K.andr are positiveconsfants. .
wi

40. Differentiate
N
g(N)=rN(a—-N) (1 - E)

with respect to N. Assume thatr, a, and X are positive constants.
41. Differentiate
2’ &t
R(T)==——=—=T*
(N 15 ¢2h?
with respect to T. Assume that k, ¢, and h are positive constants.
In Problems 4248, find the tangent line, in standard form, to y =
f(x) at the indicated point.
42, y=3*-4x+T,atx =2
43, y=Tx3+2x—1l,atx = -3
M y=-2%-3+1atx=1
45 y=2x*—-5x,atx =1
46. y=—x>—2x%atx =0
1
47. y= —x— ,atx =4

7z

48. y =3nx’ - %x:‘,atx =1

In Problems 49-54, find the normal line, in standard form, to y =
f(x) at the indicated point.

49, y=2+x%atx=-1

50, y =1-3x%atx = -2

51y =/3x* —2/%x%atx = —/3
52 y=—2x2—x,atx =0

§3, y=x*-3,atx =1

54. y=1—-nx%atx =-1

55. Find the tangent line to

f(x) = ax?

at x = 1. Assume that a is a positive constant.
56. Find the tangent line to

fx) =ax® —2ax

atx = —1. Assume that a is a positive constant.



57. Find the tangentlineto

2

ax
f(X)=m

at x = 2. Assume thata is a positive constant.
§8, Find the tangent line to

x?

a+1

atx = a. Assume that a is a positive constant.
59. Find the normal line to

fx) =ax’

flx) =

atx = ~1. Assume thata isa positive constant,
60. Find the normal line to

f(x) = ax® - 3ax

atx =2, Assume that a is a positive constant.
61. Find the normal line to

2
[x) = X
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73. Find a point on the curve

1
= 2——
y=uw -5

whose tangent line is parallel to the line y = . Is there more than
one such point? If so, find all other points with this property.

74. Find a point on the curve
y=1-3x

whose tangent line is parallel to the line Yy = —x. Is there more
than one such point? If so, find all other points with this property.

75. Find a point on the curve
=x>4+2x +2 .

whose tangent line is parallel to the line 3x — y = 2.1s there more
than one such point? If so, find all other points with this property,
76. Find a point on the curve

y=2x'—4x+1

a+1
atx = 2. Assume that g is a positive constant.
62. Find the normal line to

x3

a+1
atx = 2a. Assume that a is a positive constant.
In Problems 63-70, find the coordinates of all of the points of the
graph of y = f(x) that have horizontal tangents.
63, f(x) =x? 64. f(x)=2-—x2
65. f(x) =3x —x? 66. f(x) = dx + 2x2
67, f(x) =3x>—x? 68. f(x) = ~4x*+x3

1 3
69. f(x) = 5«‘4 - ;XJ - 2! 70. f(x) =3x° - Ex“

flx) =

71. Find a point on the curve
y= 4~ Xz

whose tangent line is parallel to the line ¥ = 2. Is there more than
one such point? If so, find all other points with this property.
72. Find a point on the curve

y=(4-x)

whose tangent line is parallel to the line y = =3.Is there more
than one such point? If so, find all other points with this property.

whose tangent line is parallel to the line ¥y —2x = 1.Is there more
than one such point? If so, find all other points with this property,

77. Show that the tangent line to the curve

y=x
at the point (1, 1) passes through the point (0, ~1).
78. Find all tangent lines to the curve

y=x

that pass through the point (0, -1.
79. Find all tangent lines to the curve
y=x
that pass through the point (0, —a?), whereaisa positive number.
80. How many tangent lines to the curve
y=x242
pass through the point (—%, -3)?

81. Suppose that P(x) is a polynomial of degree 4. Is P'(x) a
polynomial as well? If yes, what is its degree?

82. Suppose that P(x) is a polynomial of degree k. Is P'(x) a
polynomial as well? If yes, what is its degree?

A 4.3 The Product and Quotient Rules, and the Derivatives of Rational

and Power Functions

A 4.3.1 The Product Rule

The derivative of a sum of differentiable functions is the sum of the derivatives of the
functions. The rule for products is not so simple, as can be seen from the following
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Section 4.3 Problems.

=431

In Problems 1-16, use the product rule to find the derivative with
respect to the independent variable.

L f(x) =&+ =3

2. f(x) =@ -DA3 +2x%)

3. flx) = Bx* = 5)(2x - 51°)

4 f)=0Cx*-x"+ 1)(2x? - 5x%)

5 f(x)= (%xz - 1) (2x +3x%)
6. f(x) =203x% — 291 = 5x)
7 £ = 36F = DO HD)

8 f(x) =3(x*+2)dx - sx*) -3
9. fx)=0@x—1) 10. f(x) = (4—2x%?

2 3 1 2
1. f(x) =30 - 27 @ 4" +1
1B gy=(Q2 =50 14 k() = 432 -2+ 1)

12, f(x) =

+2

33. Differentiate

g(r) = (at + 1)
with respect to f. Assume that a is a positive constant.
34. Differentiate

h(t) =a(t —a)+a

with respect to t. Assume thata isa positive constant.
35, Suppose that f(2) = ~4,82 =32 =1, and g'(2) =
—2. Find
(f8Y(@

36. Suppose that f(2) = —4,2) =3, f Q) = 1,and g’'(2) =
—2.Find

(F1+8Q
In Problems 37—40, assume that f(x) is differentiable. Find an
expression for the derivative of y at x = 1, assuming that fQy=2
and f'(1) = -1

3. y=2uf(x) 38, y=3x*f(x)
39—y ——5rifey—2n y—"‘fz(’,‘, ;

15, g(t) =3 =5t 16, h(s) =4 - 35t 4 457)?

In Problems 17-20, apply the product rule to find the tangent line,
in slope-intercept form, of y = f(x) at the specified point.

17. f(x) = (Bx*=2)(x — 1, atx = 1

18, f(x) = (1 -2 +2x),atx = 2

19. f(x) =4(2x* +3x0)(4 - 2x%),atx = -1

20. f(x) = (3x* =R —2%),atx =0

In Problems 21-24, apply the product rule to find the normal line,
in slope-intercept form, of y = f(x) at the specified point.

2. fx)=01-0@2~ ,atx=2

2 f()y=@2x+ DEx:~-D,atx =1

23, f(x) =501 —2x)(x +1)~3,atx =0

In Problems 25-28, apply the product rule repeatedly to find the
derivative of y = f(x).

25, f(x)=@2x - 1DEGx +H(1 —x)

26, f(x) = (x—3)2—=3x)(5-x)

27, f(x) = (x =32+ 1A - x?)

28. f(x)=Qx+1)4- )+ x?)

29. Differentiate

f)=akx-H2x—1)

with respect to x. Assume thata is a positive constant.
30. Differentiate

fx)=(a—-x)a+x)

with respect to x. Assume thata is a positive constant.
31. Differentiate

fx)=2a(x*—a)* +a

with respect to x. Assume thata is a positive constant.
32. Differentiate

T 2+a
with respect to x. Assume that a is a positive constant.

In Problems 41-44, assume that f (x) and g(x) are differentiable at
x. Find an expression for the derivative of y.

4L y =3f(x)g(x) 2. y=[f(x) -3k

43. y =[f(x) +28(x))gx)

4. y = [-2f(x) - 3g(0)lg(x) +

45. Let B(r) denote the biomass at time ¢ with specific growth rate
g(B). Show that the specific growth rate at B = Qs given by the
slope of the tangent line on the graph of the growth rate at B = 0.
46. Let N(1) denote the size of a population at time ¢f.

Differentiate
N
N)Y=rN{l1-—=
fiN)y=r ( K)

with respect to N, where r and X are positive constants.

47. Let N(t) denote the size of a population at time f.
Differentiate

N
f(N)=r(aN—N7')(1——>
K
with respect to N, where r, K, and a are positive constants.
48. Consider the chemical reaction
A+B— AB

If x denotes the concentration of AB at time ¢, then the reaction
rate R(x) is given by

R(x) = k(a — x)}(b — x)
where &, a, and b are positive constants. Differentiate R(x).

m43.2

In Problems 4970, differentiate with respect to the independeni
variable.

3x—1 1-4x3
49, = ——— 50. =
fx) 11 fx) T
3x-2x+1 42 -1
51 - X X e
Fe) 2% + 1 5. f0 = ST 1
3-x° 14 2x2% — 4x*
53, = . B
J) 1—-x 54 f0 3x? —5£°




' I L T 3 -

= — 56. h(t) = ——

. h() = — 7 0= i
4 —2s5? _ 253 —~ 452 455 -7
57, f(s) = 1—3 58, f(S)=_(sz—:§)—2—~

60. f(x) = /x(x*-5x2)
2
62. f(x) = M
V2

64, f(x)=x°— 1

59. f(x) =Vx(x-1)
6L f(x) = y3x(x2-1)

1
63 f(x) =x*— s

xS
3x-1 2X2 -3
65. f(x) =22 - p 66. f(x) = —x3 + o
PRARS | 11 _ gt

s
68. g(s) =

67. g(s) = A1 377 J 547

2
6. f(x) = (1_2x)( /3% + :/?)
1
0. f(x) = (& = 3x2 +2) (ﬁ+ - 1)
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81. Differenfiate

h(t) = Vat(t -~ a) + at

with respect to 1. Assume that a is a positive constant.
82. Suppose that f(2) = —4,¢(2) = 3, f'(2) = 1, and g'Q) =

—2. Find
1 r
e
(f) @

83. Suppose that f(2) = ~4,4(2) = 3, f'(2) = 1,and g'(2) =

—2. Find
f I
(z) @

In Problems 84-87, assume that f(x) is differentiable. Find an
expression for the derivative of y at x = 2, assuming that f (2) =
—~land f'(2) = 1.

2.4 X
In Problems 71-74, find the tangent line, in slope~intercept form, g4, y = j; ) 85 y= YA i
of y = f(x) at the specified point. xt+1 fx)
2 Y — £l "
X - = 7t~ Ty = o
- “x’lzﬂ—-g-_s’a”:—‘ 8By =TF00T o L Y ) +x
72 f(x) = 3 - -4_ +—,atx =1 In Problems 88-91, assume that f (x) and g(x) are differentiable at
) x xR x. Find an expression for the derivative of y.
B =2 ax =2 W 0= @ - Datr=1 g, W1 g9, y= L0
. X 3g(x) (gx)P
75. Differentiate ax .
f® =375 %0. y= = 9L y = VEf(x)3(x)

with respect to x. Assume that a is a positive constant.
76. Differentiate
_ax
f = k+x
with respect to x. Assume that a and k are positive constants.
77. Differentiate

ax®
SO ==

with respect to x. Assume that a is a positive constant.
78. Differentiate
2
ax
X) = ———
f@® k% 4 x2
with respect to x. Assume that a and k are positive constants.
79. Differentiate
R'I
R) =
SR = e

with respect to R. Assume that & is a positive constant and # is a
positive integer.

80. Differentiate

k1) = vai(l —a) +a

with respect to ¢, Assume that a is a positive constant.

flx)y—g(x)
92. Assume that f(x) is a differentiable function. Find the

derivative of the reciprocal function g(x) = 1 /f{x) atthose points
x where f(x) # 0.

93. Find the tangent line to the hyperbola yx = ¢, where ¢ is a
positive constant, at the point (x,, y;) with x; > 0. Show that the

tangent line intersects the x-axis at a point that does not depend
onc.

94. (Adapted from Roff 1992) The males in the frog species
Eleutherodactylus coqui (found in Puerto Rico) take care of their
brood. On the other hand, while they protect the eggs, they cannot
find other mates and therefore cannot increase their number
of offspring. On the other hand, if they do not spend enough
time with their brood, then the offspring might not survive. The
proportion w(r) of offspring hatching per unit time is given as
a function of (1) the probability f(¢) of hatching if time ¢ is
spent brooding, and (2) the cost C associated with the time spent
searching for other mates:

f{t)

w(t)=C+t

Find the derivative of w().

1 4.4 The Chain Rule and Higher Derivatives
¥ 4.4.1 The Chain Rule

In Section 1.2, we defined the composition of functions. To find the derivative of
composite functions. we need the chain rule, the proof of which is given at the end

of this section.
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(b) To find the time it takes the object to hit the ground, we set s() = 30 m and
solve for ¢:

1 m,
30m = 5(9.81);1

60 60
1o 2 t= [ s 247
et 981" S

(We need consider only the positive solution.) The velocity at the time of impact is

then
m [ 60
= =981 [—s= 43_
v(t) =gt =(9 1)52’9815 2 n

This yields

j Section 4.4 Problems

n 4.4.1

In Problems 1-28, differentiate the functions with respect to the

i i!DEndg’“ UQf"'L,"

33. Differentiate

gM) =a(l—~T)’ -b

L. f(xX)=(x— 332 2. f(x)=(x+5)} with respect to 7. Assume that a, b, and T; are positive constants.
3 fx)=(1-3x% 4. f(x) = (5x% - 3x)* 34, Suppose that f/(x) = 2x + 1. Find the following:
5. f(x)=yx2+3 6. f(x)=2x+7 (a) :—xf(xz) atx = -1 (b) d—d;f(ﬁ) atx =4
7. =,/3-x} 8. =,/5 3x*
S x f& x;— * 35. Suppose that f'(x) = )1‘ Find the following:
X - 10. = d d
2 SD = f® =G50y @ TS+ ® T fED)
- L e2y3
1. f(x) = —32'3—;—1—-1- 12, f(x) = %———2%5)2— In Problems 3639, assume that f(x) and g(x) are differentiable.
- x
d fx)
T ot 36. Find —/7(x) + g(x).  37. Find — ( + 1)
1B f) = . 4. f(x) = -———x—= dx ™)
x-1) 24 /a2 +1 d 1 d 2
= 38. Find —-——f[—] 39, Find — _[f(_x)]_
15, f&)=s+ s 16. g(t) = /2 + /1 +1 dx” | g(x) dx g(2x) +2x
. e \° 8 252 \* In Problems 4046, find % by applying the chain rule repeatedly.
. t)y=\—— o
80 (:-3) ) = (s+1) = (/T2 + 1) 4L y = (V7 — 3% + 30
ey 2 2
19, F() =02 =P +3)" 20, his) = 2_1(3(7_5)_{)_2 a2 y = (1+20(x +3)") 3. y= (14065 - 1))
5 s — 2 3
X 2x +1
2L k) = 3 - &7 2. he) = 1- T wr=(mrym) (o)
- Y2 _ = Y2 —
2:- fx) = \/3:§ 72x37:1 2:- ;{(x) = \/42 4):2 6 v ((2x +12—x )2
HOEJEN —3:)2/5 26, h(n) = (' - Sr)4 y "YE\GE P o x
27. h(t) = (3: + ;) 28, h(t) = (4:“ + ;;) N 4.4.2
29. Differentiate In Problems 47-54, find 5‘} by implicit differentiation.
f@&x) = (ax +1)° 47. 2+ y* =4 48, y = x* +3yx
with respect to x. Assume that a is a positive constant. 49, x4y =1 50, xy—y' =1
30. Differentiate 1
51, = x? —_——y =
F) = Vart =2 Iy =i+l Gl P
with respect to x. Assume that a is a positive constant. 53. r=2 54, X 2xy
31. Differentiate y X xy+1
(N) = bN In Problems 55-57, find the lines that are (a) tangential and (b)
& T (k+N)? normal to each curve at the given point.
with respect to N. Assume that b and k are positive constants, 55. x% 4 y? =25, (4, =3) (circle)
32. Di i oyt
ifferentiate N 56. =+ % = 1,(1, 33 (ellipse)
N)= ——
g(N) & T ON) o )

. y ] .
with respect to N. Assume that b and k are positive constants, 5. 55 =1 (3,4 (hyperbola)




§8. Lemnmniscate

(a) The curve with equation y> = x2 — 4 is shaped like the
numeral eight. Find £ at (, 1/3).

(b) Use a graphing calculator to graph the curve in (a). If the
calculator cannot graph implicit functions, graph the upper and
the lower halves of the curve separately; that is, graph

Nn=vat—yxd
y2=—vx2—x“

Choose the viewing rectangle 2 < x < 2, 1 <y<l.

59. Astroid o
() Consider the curve with equation x%/? + ¥y = 4. Find Zat

-1,3/3).

(b) Use a graphing caleculator to graph the curve in (a). If the
calculator cannot graph implicit functions, graph the upper and
the lower halves of the curve separately. To get the left half of
the graph, make sure that your calculator evaluates 2/ in the
order (x2)'3. Choose the viewing rectangle —10 < x < 10,
~-10<y <10

60. Kampyle of Eudoxus

4.4 W ChainRule 173

ftand the radius on top is 3 ft. What is the rate at which the water
level is rising when the water is 2 ft deep? (Note that the volume
of a right circular cone of radius r and height his V = §7rr2h,)

71. Two people start biking from the same point. One bikes east
at 15 mph, the other south at 18 mph. What is the rate at which
the distance between the two people is changing after 20 minutes
and after 40 minutes?

72. Allometric equations describe the scaling relationship be-

tween two measurements, such as skull length versus body length,
In vertebrates, we typically find that

[skull length] o [body length]”

for0 < a < 1. Express the growth rate of the skull length in terms
of the growth rate of the body length, o :

R 444

In Problems 73-82, find the first and the second derivatives of each
function,
73 flx) =x* =322 41 7. f(x) = (2 +4)3

-1 1

x
75 g(x) = T Geta s> e

(a) Consider the curve with equation y? = 10x* — x2. Find % at
13).

{(b) Use a graphing calculator to graph the curve in (a). If the
calculator cannot graph implicit functions, graph the upper and
the lower halves of the curve separately. Choose the viewing
rectangle -3 <x <3,-10 < y < 10,

2443
61. Assume that x and y are differentiable functions of ¢. Find 'g
whenx? 4 y? =1, % =2 for x = }.andy > 0.

62. Assume that x and ¥ are differentiable functions of 7. Find %f
when y? = x% — x4, & = {for y = landy > 0.

63. Assume that x and y are differentiable functions of . Find %’
whenx’y = land % = 3forx = 2,

64. Assume that 4 and v are differentiable functions of r. Find %‘/‘
when u? 4- ¥ = 12, % = 2forv=2andu > 0,

65. Assume that the side length x and the volume V = x? of a
cube are differentiable functions of 7. Express dV/dt in terms of
dx/dt.

66. Assume that the radius 7 and the area A = 72 of a circle are
differentiable functions of s, Express dA/dt in terms of dr/dt,
67. Assume that the radius r and the surface area § = 4712 of 4
Sphere are differentiable functions of 1. Express dS/dt in terms of
dr/dt.

68. Assume that the radius r and the volume V = $nrdofa
sphere are differentiable functions of ¢. Express dV/dt in terms
of dr/dt.

69. Suppose that water is stored in a cylindrical tank of radius §
m. [f the height of the water in the tank is A, then the volume of
the water is V = 7724 = @5SmP)zrh = 257hm?. If we drain the
Water at a rate of 250 liters per minute, what is the rate at which
the water level inside the tank drops? (Note that 1 cubic meter
contains 1000 liters.)

70. Suppose that we pump water into an inverted right circular
conical tank at the rate of 5 cubic feet per minute (i.e., the tank
Stands with its point facing downward). The tank has a height of 6

x+1

77. 8(t) = /33 + 21

7. £(s) = /572 ] 80, f(x) = ;2%—1

82, f(x)=ux*- %

83. Find the first 10 derivatives of y = x5,

84. Find f"™(x) and FA () of f(x) = x*,

85. Find a second-degree polynomial p(x) = ax? + bx + ¢ with
P(0) =3, p'(0) =2, and p"(0) = 6.

86. The position at time 7 of a particle that moves along a straight
line is given by the function (). The first derivative of s(1) is
called the velocity, denoted by v(z); that is, the velocity is the rate

of change of the position. The rate of change of the velocity is
called acceleration, denoted by a(t); that is,

1
78 f(x) = S +x-x
x

8L g(t) =¢52 _ 4112

%v(r) =a(r)

Given that v(¢) = s'(1), it follows that

d?
d—ﬁs(t) =a(r)
Find the velocity and the acceleration at time ¢t = 1 for the

following position functions:
@ s =02-3  ®) s¢)y= /iT17 © s(=r-2
87. Neglecting air resistance, the height & (in meters) of an object

thrown vertically from the ground with initial velocity vy is given
by

1
h{t) = vpt — Egtz

where g = 9.81m/s? is the earth's gravitational constant and 7 is
the time (in seconds) elapsed since the object was released,

(a) Find the velocity and the acceleration of the object,

(b) Find the time when the velocity is equal to 0. In which

direction is the object traveling right before this time? in which
direction right after this time?

Lo wm

M i



177

4.5 A Derivatives of Trigonometric Functions

I Problems 1-38, find the derivative with respect to the
n

imlcpt'n(i‘-"” variable. . '

L f) = 2sin.x —cos.t 2, f(x)=3cosx —2sinx
3 f(0) Isiny + Scosx —2secx
4 [0 = —sinx +cosx — 3cscx .

6. f(x) =secx —cscx

8. f(x) = cos(—5x)

10. f(x) = —3cos(l — 2x)
12, f(x) = cot(2 — 3x)
4. f(x) = —3cse(3 - 5x)
16. f(x) = 2cos(x* — 3x)
18. f(x) = cos’(x2 — 1)
20, f(x) = —sin’(2c* = 1)

i

5 flx) =ty -~ cotx

7. f(x) = sin(3x)

9, f(x) = 2sin(3xv + 1)

1. flx)= tan(4.x)

13. f(v) = 2secl +2v)

15, flx) = Isin(x?)

17, flx) = sin"(;\'2 -3

19. f{x)=3sin x? )
2. fl) = deos vt —2cos” x
22, f(x) = —5cos(2 = x*) +2cos’(x —4) ;

23, f(x) =4cos’x +2cosx! 24 f(x) = —3cos’(3x% — )
25, f(x) =2tan(l = &%) 26. f(x) = —cot(3x® — 4x)
7. fo=-2Gr =) 2. f(x) = /Ainx +sin VE

62. Use the quotient rule to show that
d s
——=Cotv = —Cs¢c™ X
dx

(Hint: Write cotx = =)
63. Use the quotient rule to show that

—— 8€CX = sec.xtan.x
dx

[Hint: Write sccx = (cosx)™'.]
64. Use the quotient rule to show that

— CSCx = —¢sCx cotx

dx

[Hint: Write cscx = (sin.x)™'.]
6S. Find the derivative of

f() =sin/x2+1

- Jein(2 2 gl cosl s S22 .
29 £ Jommnh s 1) 30845 {Rin(3t) ey $6. Find the denvative of
) = - f 32, g(t) = -
3L g(s) = Jcoss — cos /X g0 cos(50) Fx)y =cos VX 1
B sin(21) + 1 M f(x) = cot(2x) ] o
33 g() = oSG ~1 . = tan(dx) 67. Find the derivative of
38 flo)y= Ef—?—;—;—i—; 36. f(x) =sinxcosx Fx) =sin /3% + 3x
csc(x?

37, f(x) =sin(2x — 1) cos(3x + 1)
38. f(x) =tanxcotx

39, f(x) = tan(3x* — Dcot(3x2 + 1)
40, f(x) =secxcosx

1
4L f(x) =sinxscex 42, f(x)= ——
sin” x 4+ cos” x
1
8B f0) = ———r 4 gx) = -
S tan".x ~sec” x 8(x) sin(3x)
1
45, g(x) = ———0n . 8(x) = —~—5—
&) sin(3x? = 1) 46. 5(x) csc?(5x)
1 :
7. glx) = m 48. h(x) = cot(3x) csc(3x)
3 1\
9 hix) = — 50. g(1) = [ —
tan(2x) - x 8() sin 12
SL h(s) =sin’s +cos’ s 52, f(x) = (2x* —x)cos(l —x?)
. sin(2.x) 1+ cos(3x)
53. (\’) = Sln( . e ——————
f 14t S4. fx) 2x3 —x
|
55. f(x) = tan — . =
{0 r 56. f(x) =sec e
(] — y2
5L flvy = \LC‘\ 58, f(x) = 2(_'_(}.___:1_2
) SeCT X [ —x*
59. Find the points on the curve y = sin($.x) that have a

hotizontal tangent,

60. Find the points on the curve y = cos® x that have a horizontal
tangent.

61. Use the ientity

vos(u + ) = cosacos f — sinasin 8
and the definition of the derivative to show that
d

— COS.X = —Sinx
dy

68. Find the derivative of

f{x) =cos m
69. Find the derivative of

fx) =sin*(x?2 = 1)
70. Find the derivative of

f(x) =cos?(2x* 4 3)
7

—

. Find the derivative of

flx) =tan* @3 = 3)
72. Find the derivative of
flx) = sec’(2x% - 2)

73. Suppose that the concentration of nitrogen in a lake exhibits
periodic behavior. That is, if we denote the concentration of
nitrogen at time ¢ by ¢(f), then we assume that

c(t) =2+ sin (;r)

de
dt

(b) Use a \c.vraphing calculator to graph both ¢(r) and :—;‘; in the
same coordinate system.

(a) Find

(¢) Byinspectingthe graphin (b). answer the following questions:
(i) When ¢(t) reaches a maximum. what is the value of de/dr’)
(i) When dc/dr is positive, is ¢(1) increasing or decreasing?

(iii) What can you say about ¢(r) when dejdt = 07




Solution

k EXAMPLE 6
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where Wy is the amount of material at time 0 and A is called the radioactive decay
rate, Show that W(¢) satisfies the differential equation

aw
— = AW
dt ®

We use the chain rule to find the derivative of Wwn:

iW(z) = Woe™*(=1)
dt R

W(r)
That is,

dw

— =AW

dt ®

In words, the rate of decay is proportional to the amount of material left. This
equation should remind you of the subtangent problem; there, we wanted to find
a function whose derivative is proportional to the function itself. That is exactly the
situation we have in this example: The derivative of W(r) is proportional to W (t). =

Exponential Growth Find the per capita growth rate of a population whose size N (¢)

at-timrer-fottow: OWTh Tunction
N(@) = N(0)e"

where N(0) is the population size at time 0 and r is a constant.

Solution  We first find the derivative of N(1):
dN
— = NQ)re"'
i O)re
Since N(0)e™ = N(t), we can write
dN
— =rN(
ar (1)
Thus, the per capita growth rate of an exponentially growing population is constant;
that is,
1 dN
——=r |
N dt
f Sectiow4.6: Problems: . .
Differentiate the functions in Problems 1-52 with respect fo the 23, f(x) = sin(e* + x) 24, f(x) = cos(3x — e"’")
independent variable. 25. f(x) = exp[x — sinx] 26. f(x) = exp[x? — 2cos x]
L f(x)=¢" 2 fx)y=e™ 27. g(s) = exp[secs?] 28. g(s) = exp[tan s3]
' p
3. f(t) = 4e!=W 4. f(x) . 3e2—5.r 29, f(X) = etsiny 30, f(.X) = pl~reosy
S, f(x) = e—2¥2+3.l—l 6. f(x) —_ 84.\‘2—lt+l 31. f(’C) - _3e.r2+mn.t 32, f(t) == Qe vee(3n)
T f(x) = 7w +1? 8. flx)=e-W'-n* 3B, flx)=2° 3. f(x) =3
% f(x) = xe 10. f(x) = 2xe™3 35. flx)y =24 36. f(x)=3""
1L S0 = xZe 12. f(x) = (3x2 = 1)e!-7 3. fl) =5V 8. f(x) =3V~
13, Flx) = % 4. f(x) = ﬁ% 3. fix) = 21\?4-! 40. f(x) = 3_:‘_!
18. /‘(‘,) - et 16 f(‘) _ \ 41. h(') =21 42, /l(l) = 42t
. Tget . M= LT o
|7. f(‘.) = esin(]ll 18. /(‘) — eum(d\‘) 43. f(\') - 2‘/‘ 44, f(x) =3 ot
19, f(x) = it =1y 20. f(x) = eoosti=2vh 45, flx) =2V vi-t 46, f(x) =4V t-at
2L flx) = sin(e") 22, f(x) = cos(e") 47, hity =59 48. Nh(r) = ave'-e
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9. glx) = 22°°“ 50. g(r) =27%inr
SL og(r) = 3" 52, g(r) = 4
Compute the limits in Problems 53-56.
24 Sho_
et — .
. i 54, lim
» }ll—lf:) h h=—0 3h
& — h__
55. lm ) §6. lim
hLO f a0 B

§7. Find the length of the subtangent to the curve y = 2° at the
point (1,2).
58, Find the length of the subtangent to the curve y = exp[x?] at
the point (2, e*) .
59, Population Growth Suppose that the population size at time
tis

N(@) =€,
(a) What is the population size at time 0?
(b) Show that

t=>0

dN
— =2N
dt

60, Population Growth Suppose that the population size at time

64. Fish Recruitment Model The following model is used in the
fisheries literature to describe the recruitment of fish as a function
of the size of the parent stock: If we denote the number of recruits
by R and the size of the parent stock by P, then

R(Py=aPe#?, P>0

where a and 8 are positive constants.
(a) Sketch the graph of the function R(P) when § = landa = 2.

(b) Differentiate R(P) with respect to P.
(c) Find all the points on the curve that have a horizontal tangent.

65. Von Bertalanffy Growth Model The growth of fish can be
described by the von Bertalanffy growth function

L(x) = Loy — (Lo — Lo)e™

where x denotes the age of the fish and &, ch, and L, are positive
constants.
(8) SetLy = land Lo, = 10. Graph L(x) fork = 1.0and k = 0.1.

(b) Interpret L, and Lo.
(¢) Compare the graphs for k = 0.1 and k = 1.0. According to

Tis
N(t) = Noe”, t20
where N is a positive constant and r is a real number.
(a) What is the population size at time 0?
(b) Show that

ar =N

61. Bacterial Growth Suppose that a bacterial colony grows in
such a way that at time ¢ the population size is

N(t) = N(©0)2'

where N(0) is the population size at time 0. Find the rate of growth
dN/dt. Express your solution in terms of N(¢). Show that the
growth rate of the population is proportional to the population
size.

62. Bacterial Growth Suppose that a bacterial colony grows in
such a way that at time ¢ the population size is

N() = N(©)2'
where N(0) is the population size at time 0. Find the per capita

growth rate.

63. Logistic Growth
(a) Find the derivative of the logistic growth curve (see Example
3in Section 3.3)

X
1+ ( X 1) et

where r and K are positive constants and N (0) is the population
size at time 0.

(b) Show that N(t) satisfies the equation

dN N

— =sN[1=-=
’ ( K)

[Hint: Use the function N(t) given in (a) for the right-hand side,
and simplify until you obtain the derivative of N(f) that you
computed in (a).]

(c) Plot the per capita rate of growth + 2¥ as a function of ¥, and
note that it decreases with increasing populanon size.

N@) =

which graph-deo-fish-reach.L =35 mare. quickly?

(d) Show that

d
E—L(x) = k(Lo — L(x))
x
That is, dL/dx o Lo — L. What does this proportionality say
about how the rate of growth changes with age?

(e) The constant & is the proportionality constant in (d). What
does the value of & tell you about how quickly a fish grows?

66. Radioactive Decay Suppose W() denotes the amount of a
radioactive material left after time ¢ (measured in days). Assume
that the radioactive decay rate of the material is 0.2/day. Find the
differential equation for the radioactive decay function W (z).

67. Radioactive Decay Suppose W(t) denotes the amount of a
radioactive material left after time ¢ (measured in days). Assume
that the radioactive decay rate of the material is 4/day. Find the
differential equation for the radioactive decay function W (¢).

68. Radioactive Decay Suppose W (t) denotes the amount of a
radioactive material left after time ¢ (measured in days). Assume
that the half-life of the material is 3 days. Find the differential
equation for the radioactive decay function W(t).

69. Radioactive Decay Suppose W(r) denotes the amount of a
radioactive material left after time ¢ (measured in days). Assume
that the half-life of the material is 5 days. Find the differential
equation for the radioactive decay function W(t).

70. Radioactive Decay Suppose W(t) denotes the amount of a
radioactive material left after time ¢. Assume that W(0) = 15 and
that

aw

—3:— = -2W()

(a) How much material is left at time t = 2?

(b) What is the half-life of this material?

71. Radioactive Decay Suppose W(t) denotes the amount of a
radioactive material left after time ¢. Assume that W(0) = 6 and

that

daw
— = -3W(
a )
(1) How much material is left at time ¢ = 4?

(b) What is the half-life of the material?




72. Radioactive Decay Suppose W(t) denotes the amount of a
radioactive material left after time t. Assume that W(0) = 10 and

W) = 8.
(a) Find the differential equation that describes this situation,

(b) How much material is left at time ¢ = 57
(c) What is the half-life of the material?
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73. Radioactive Decay Suppose W(¢) denotes the amount of &
radioactive material left after time ¢. Assume that W(0) = 5 and
W(l) =2.

(a) Find the differential equation that describes this situation.
(b) How much material is left at time t = 3?

(¢) What is the half-life of the material?

A 4.7 Derivatives of Inverse Functions, Logarithmic Functions, and the Inverse

Tangent Function

Recall that the logarithmic function is the inverse of the exponential function. To find
the derivative of the logarithmic function, we must therefore learn how to compute
the derivative of an inverse function.

X 4.7.1 Derivatives of Inverse Functions

We begin with an example (Figure 4.32). Let f(x) = x?, x > 0. We computed the
inverse. function of f in Subsection 1.2.6. First note that f(x) = x% x > 0,is one
to one (use the horizontal line test from Subsection 1.2.6); hence, we can define its ,

inverse-We-repentthe 2 T3¢ function. [Recall
that we obtain the graph of the inverse function by reflecting y = f(x) about the line
y =x.]

1. Write y = f(x):

y=x
2. Solve for x:

x=y
3. Interchange x and y:

y=vx

Since the range of f(x), which is the interval [0, o0), becomes the domain for the
inverse function, it follows that

Yy =Vx forx>0
We already know the derivative of \/x, namely, 1/(2,/x). But we will try to find the

derivative in a different way that we can generalize to get a formula for finding the
derivative of any inverse function. Let g(x) = f~!(x). Then

(fog)x) = fle(n)] = (Vx)? =x,

x>0

4 -+
7’ Stope "

Figure 4.32 The function y = x?, x > 0, and its inverse
function y = /x,,: > 0.
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Proof Wesety = x" and use logarithmic differentiation to obtain

Solving for dy/dx yields

t Section 4.7 Problems:

d d
E;[lny]— (—1-;[lnx ]
1dy

el A %%
ydx dx[r ns]
ldy _ 1
‘ydx X
d_y =r1y ::rlx’ =rx"! '
dx x

A 471

In Problems 1-6, find the inverse of each function and differentiate
each inverse in two ways: (i) Differentiate the inverse function
directly, and (ii) use (4.12) to find the derivative of the inverse,

16. Let
— 2 t , € —_—, =
fx) =x°+tanx X 2"

L f@)=yax+lx2-} 2 f0=/x-1Lx2>1
3. fxr)=2x2-1,x>0 4. f(x)=3x*+2,x>0
6. f(x)=zfz_—__l

xt—1

In Problems 7-22, use (4.12) to find the derivative of the inverse at
the indicated point.

5. f(x)=3-23%x20

x>1

7. Let

f(x)=2x2—2_ xz()
Find £ f~'(x)| _,. [Note that f(1) = 0.
8. Let

fx)=-x*+7, x>0
Find £ f~'(x)|,__,. [Note that f(2) = —1]
9, Let

f(x) = \/;_-f—_l-, x> 0

Find £ f~'(x)| _,. [Note that f(3) = 2]

10. Let
f(x)=\/2+_x2, X 20
Find £ f~'(x)| _ /- [Note that £(1) = /3l

11, Let
f(x)=x+¢*, xeR
Find £ f~'(x)| _,. [Note that f(0) = 1.]
12, Let
fG=x+hx+1), x>-1

Find £ f~'(x)| _,. [Note that f(0) = 0.]
13. Let

fx)=x~—sinx, xe€R
Find £ f~'(x)|,_,. [Note that f(r) = .]
14. Let

f(x)=x-—cosx, xeR
Find 4 f~'(x)| __,- [Note that £(0) = —1]
15. Let

T

fo) =x +tanx, xe (—'2—. E)

Find L f='(x)| _,. [Note that £(0) = 0.

="

—Find—L =10 fNote-thatf (L) w1}
dx X=Z['-5+l' LAY 6 ' *1

17. Let f(x) = In(sinx), 0 < x < /2. Find £f'(x) a
x=-In2,

18. Let f(x) =In(tanx),0 < x < 7/2.Find & f'(x) atx = %

19, Let f(x) =x’+x+1,-1 <x <LFind £ f~'(x)atx =1
20. Let f(x) = ¢ +x.Find & f~'(x) atx = 1.

2L Let f(x) = e +2x.Find L f'(x) at x =1,

22. Denote the inverse of y = sinx, -5 < x < Z,byy =
arcsinx, —1 < x < 1. Show that

. 1
~— arcsinx = ,

pp T -1<x<«1

w 4.7.2

In Problems 23-60, differentiate the functions with respect to th
independent variable. (Note that log denotes the logarithm to bas
10.)

23 f(x)=In(x+1)
25, f(x) =ln(1 — 2x)
27. f(x) =Inx?

29, f(x) = ln(2x® ~ x)
L f(x) = (Inx)?

33, f(x) = (Inx®)?

5 f(x)y=In/x2+1

X
37. =
fx) =n x+1

1—x
39. f(x)=In T2
41. f(x) = exp[x — Inx]
43. f(x) = In(sinx)
45. f(x) = In(tan x?)
47. f(x) =xInx

9. f(x) = me

51 h(t) = sin.(ln(3!))

24. f(x) = InGx + 4)
26. f(x) = In(4 - 3x)
28, f(x)=In(1 —-x?)
30. f(x)=In(l-x%
32, f(x) =(nx)?

4. f(x) = (n(1l - x?))*

36. fx)=Iny/2xT—x

2
38 S0 =l ——
f " TEa
2
-1
40. f)=lnZ
x —

42. g(s) = exp[s? + Ins]
4. f(x) = In{cos(1 — x))
46. g(s) = In(sin’(3s))
48. f(x) = x*lnx?

In¢
50, h(t) = .1-}.—(2
52, h(s) = In(Ins)
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53. () =Inx? - 3'| 54. f(x) =log(2x? — 1) 62. Assume that f(x) is differentiable with respect to x, Show
55. f(x) =log(l ~ x?) 56. f(x) = log(3x* — x +2) that '
d 1
57, f(x) =log(x* - 3x) ' 58, f(x) = log(Jtan x?) o In [Z—Ex—)] = i,((;)) ~
59, f (u) = log,(3 + u%) 60. g(s) = logs(3* - 2) : .

61 Let f(x) = Inx. We know that f'(x) = . We will use this W 4.7.3

fact and the definition of derivatives to show that In Problems 63-74, use logarithmic differentiation to find the first

I\ derivative of the given Sunctions.
Jim (1+_) =e 63, f(x) =2¢% 64 f(x) = Qx)*
n=s0o0 " 65. f(x) = (Inx)* 66. f(x) = (Inx)™
(a) Use the definition of the derivative to show that 67. f(x) = x'n+ 68. f(x) = x2lnx
= yl/x — $3/x
, I+ h) 69. f(x)—Jx 70. f(x)=1x
f(1) = lim T oy =x* T2 y = (xO)
h=0 T3, y = xeos 74, y = (cos x)*
(b) Show that (a) implies that 7S, Differentiate
Inflim(1 + B4 =1 _ e¥(9x —-2)°
h—0

= e
Y Y2+ D)3 =7)

(c) Seth = 5 in (b) andlet n — o0. Show that this implies that 76. Differentiate

. . y — cr 4 aiul.x
lim (1 + i) =e (x? + 5)%
n-r00 h

A 4.8 Linear Approximation and Error Propagation

Suppose we want to find an approximation to In(1.05) without using a calculator,
The method for solving this problem will be useful in many other applications, Let’s
look at the graph of f(x) = Inx (Figure 4.39). We know that Inl = 0, and we
see that 1.05 is quite close to 1 —so close, in fact, that the curve connecting (1, 0) to
(1.05,In1.05) is close to a straight line. This suggests that we should approximate the
curve by a straight line—but not just any straight line: We choose the tangent line
to the graph of f(x) =Inxatx = | (Figure 4.39). We can find the equation of the
tangent line without a calculator. We note that the slope of fx)=Inxatx =1is

Q)= xll,r=l = 1. This, together with the point (1, 0), allows us to find the tangent
lineat x = 1:

L=+ /M -1) = O+(Mx~1) =x-1

Figure 4,39 The tangent line approximation for In x at
* =1 to approximate In(1.05). When r is close to 1, the
tangent line and the graph of y = In x are close (see inset).
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We require that 100|23| = 10. Hence,

- o)

ad)_ 10 _
|10 _

T 1.84

That is, we must measure the stem diameter to within an error of 5.4%.
Using the result of Example 5, we could have found the same error immediately.
Since

or

Ad) = cd™®

we get s = 1.84, where s is the exponent defined in Example 5. Using

Ad)

Ad 1 AA 10

AA

100

=|s| (100

we obtain

d
as before. . 7 ]

m Suppose that you wish to determine the percentage error of f(x) from a
measurement of x, where f(x) = lnx,x = 10, and the percentage error for x is
equal to 2%. Find the percentage error of f(x).

Solution  The function f(x) is not a power function, so there is no simple rule. We find that

]
A
1()09__]_(_ S 100_{_(1)._{

f fx)

Since we know 100|2%|, we multiply and divide the right-hand side by x and
rearrange terms to get

fxbdx 1Ooé_x_xf’(x)

100 =
f(x) x f@x)
Since f’(x) = 1/x, at x = 10 we obtain
Ax||xf'(x) (10)(1/10) 2
100 | — =2 = ~ (.86
x || F&x) Jie=10 In10 In10 o
Thus, the percentage error of f is approximately 0.9%. ]

i Section 4.8 Problems : . ,.

In Problems 1-10, use the formula 7. sin (% + 0‘02) 8. cos (% - 0'01)

fx) = f@) + fila)x—a) 9. In(1.01) 10. 1
to approximate the value of the given function. Then compare your In Problems 11-30, approximate f (x) at a by the linear approxi-
result with the value you get from a calculator. mation
1. J/65:let f(x) = y/X,a = 64,and x = 65 Lx) = f(a) + f'@)x —a)
2. /35 let f(x) = /x,a = 36,and x =35 11, f(x)=1:_xata=() 12 f(x)=ll ata =0 ]
3. Y124 4, (7.9 2 1x ‘
5. (0.99)% 6. tan(0.01) 13. f{x) = ata=1 4. f(x) = atga=2 1

14+x 3-2x




ata=0 ata=20

1
5. f0) = Ty 1610 =755
17. f(x) =In(l+x)ata=0 18, Sx)=In(1+2x)ata=0
19, f(x)=logxata=1 20, f(x) =log(l+x*)ata=0
. f(x)y=¢eata=0 22. f(x)=e*ata=0
3. fx)=¢€eFata=0 24 fWy=e¥ata=0
25, f(x)=¢lata=1 26, f(x) =e¥*ata=—1/2
27. fix) = (L+x)™"ata = 0. (Assume that n is a positive
integer.)
28 f(x0)

integer.) ,
29, f(x) =y 1+x%ata=0
1 1/4
30, f(x):(l-f-;) ata=1

31. Population Growth Suppose that the per capita growth rate
of a population is 3%; that is, if N(t) denotes the population size
attime ¢, then

i

(1 —x)"ata = 0. (Assume that n is a positive

— - = (.03
N dt

Suppose also that the population size at time 1 = 4 is equal to
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3B f(x)=/x,x=10+05

9 fxy=¢€"x=2402

40. f(x) =sinx,x = —1 £+ 0.05

In Problems 41-44, assume that the measurement of x is accurate
within 2%. In each case, determine the error A S in the calculation
of f and find the percentage error 100%@ The quantities f(x) and
the true value of x are given.

L fxy=4x x =15
43, f(x)=Inx,x =20

2 fxy=x"x=10 -

1
U S = 14x

45. The volume V of a spherical cell of radius r is given by

k=4

Vir) = gnr3

If you can determine the radius to within an accuracy of 3%, how
accurate is your calculation of the volume?

46. Poiseuille’s Law The speed v of blood flowing along the
central axis of an artery of radius R is given by Poiseuille’s law,

v(R) =cR?

100. Us i
attime r = 4.1.
32. Population Growth Suppose that the per capita growth rate
of a population is 2%; that is, if N () denotes the population size
attime ¢, then

T 0.02
Suppose also that the population size at time ¢ = 2 is equal to
50. Use a linear approximation to compute the population size at
timer = 2.1.
33. Plant Biomass Suppose that the specific growth rate of a
plant is 1% that is, if B(¢) denotes the biomass at time ¢, then

1 dB _
B(t) dt —

Suppose that the biomass at time ¢ = 1 is equal to 5 grams. Use a
linear approximation to compute the biomass at time ¢ == 1.1.

34. Plant Biomass Suppose that a certain plant is grown along
a gradient ranging from nitrogen-poor to nitrogen-rich soil.
Experimental data show that the average mass per plant grown in
a soil with a total nitrogen content of 1000 mg nitrogen per kg of
soil is 2.7 g and the rate of change of the average mass per plant at
this nitrogen level is 1.05 x 103 g per mg change in total nitrogen
perkgsoil. Use a linear approximation to predict the average mass
per plant grown in a soil with a total nitrogen content of 1100 mg
nitrogen per kg of soil.

0.01

In Problems 3540, a measurement error in x affects the accuracy
of the value S (x). In each case, determine an interval of the form

[f&x) = Af, fx) + Af])
that reflects the measurement error Ax. In each problem, the
quantities given are f(x) and x = true value of x + |Ax|.
. fo) = 2¢r,x =1401
B fX)=1-3x,x=-2403
o f)y=3x2 x =2101

where c is a constant. If you can determine the radius of the artery
to within an accuracy of 5%, how accurate is your calculation of
the speed?

47. Allometric Growth Suppose that you are studying reproduc-
tion in moss. The scaling relation

N o LM

has been found (Niklas, 1994) between the number of moss spores
(N) and the capsule length (L). This relation is not very accurate,
but it turns out that it suffices for your purpose. To estimate the
number of moss spores, you measure the capsule length. If you
wish to estimate the number of moss spores within an error of
5%, how accurately must you measure the capsule length?

48. Tilman’s Resource Model Suppose that the rate of growth
of a plant in a certain habitat depends on a single resource — for
instance, nitrogen. Assume that the growth rate f(R) depends on
the resource level R in accordance with the formula

R
k+R
where a and k are constants, Express the percentage error of the
growth rate, IOO-A-fL, as a function of the percentage error of the
resource level, 10042,

49. Chemical Reaction The reaction rate R(x) of the irreversible
reaction

f(R)y=a

A+B—> AB
is a function of the concentration x of the product AB and is given
by
R(x) = k(a - x)(b — x)

where k is a constant, a is the concentration of A at the beginning
of the reaction, and b is the concentration of B at the beginning
of the reaction. Express the percentage error of the reaction rate,
lOOékﬂ. as a function of the percentage error of the concentration
x, 1004,

SN RIS i S S T
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| Chaptet 4 Key Terms:.

Discuss the following definitions and
concepts:

1. Derivative, formal definition

2. Difference quotient

3. Secant line and tangent line

4, Instantaneous rate of change

5, Average rate of change

6. Differential equation

7. Differentiability and continuity
8. Power rule

10, Product rule
11. Quotient rule
12, Chain rule

13. Implicit function

15. Related rates

functions

9. Basic rules of differentiation

14. Implicit differentiation

16. Higher derivatives
17. Derivatives of trigonometric

18. Derivatives of exponential functions

19. Derivatives of inverse and
logarithmic functions

20. Logarithmic differentiation
21. Tangent line approximation
22, Error propagation

23. Absolute error, relative error,
percentage error

Chapter 4 Review Problems | , |

In Problems 1-8, differentiate with respect to the independent
variable.

2
1. f(x)=-3x“+-—;+1

1
L e0=5g

(b) Find a line through the origin that touches the graph of f(x)
at some point (¢, f(c)) with ¢ > 0. This is the tangent line at
(c, f(c)) that goes through the origin. Graph the tangent line in

the same coordinate system that you used in (a).
Jx y :
i\ In Problems 26-29, find an equation for the tangent line to the curve
{ 1-1t

3. )= \7-— 4. f(x) = (x?+ e at the specified point.

rri/ it b3 Pi1

i 26. y = (sinx)***atx = — 27. y=e* cosxatx = —

5. f(x) = eZX sin (£x> 6. g(s) - M y 2 y 3

In( f cos(3s) 28. xl+y=eatx=,Je—1
7. f(x)=2%—)- 8 gx)=¢e*In(x+1) 29. xIny=ylnxatx =1

In Problems 9~12, find the first and second derivatives of the given

functions.

9. f(x)y=e*n 10. g(x) =tan(x?+1)
e"X

11 h(x) = —— —

x+1
In Problems 1316, find dy[dx.
13. x%y — y2x = sinx 14. &4 =2x
15. In(x — y) = 2x 16. tan(x — y) = x?
In Problems 17-19, find dy/dx and d*y /dx*.
17. x2+y* =16 18. x =tany 19. ¢ =Ilnx
20. Assume that x is a function of . Find “% when y = cosx and
& = f3forx=1%.
21. Velocity A flock of birds passes directly overhead, flying
horizontally at an altitude of 100 feet and a speed of 6 feet per
second. How quickly is the distance between you and the birds

increasing when the distance is 320 feet? (You are on the ground
and are not moving.)

22. Find the derivative of

12. f(x) =

y = In|cos x|

23. Suppose that f(x) is differentiable. Find an expression for the
derivative of each of the following functions:

(@) y=e/ () y=1nf(x) © y=[f®F
24. Find the tangeat line and the normal line to y = In{x + 1) at
x =1

25. Suppose that

2

a x>0

flx)= T2

(a) Use a graphing calculator to graph f(x) for x > 0. Note that
the graph is S shaped.

30. In Review Problem 17 of Chapter 2, we introduced the
following hyperbolic functions:

. ef —e™*

sinhx = 7 xeR
e +e*

coshx = 7 x€R
X __ =%

tanhx = ———, x€R
ex+e-x

(a) Show that

d
P sinhx = coshx

and

—d—- coshx = sinhx
dx

(b) Use the facts that
sinh x

tanhx =
coshx

and
cosh? x — sinh®x = 1
together with your results in (a) to show that
d 1
P tanhx = woshix
31. Find a second-degree polynomial
plx) = ax’+bx+c

with p(—1) =6, p’(1) = 8, and p"(0) = 4.
32. Use the geometric interpretation of the derivative to find th
cquations of the tangent lines to the curve

x2+y2=1

at the following points:

(@) (1.0 ® G133
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33. Distance and Velocity Geradedorf® and Straightville are
connected by a very straight, but rather hilly, road. Biking from
Gerad edorf to Straightville, your position at time ¢ (measured in
hours) is given by the function

s() =3xr+3(1 - cos(rre))

for0 < t < 5.5, where 5(¢) is measured in miles.

(a) Use a graphing calculator to convince yourself that you
didn't backtrack during your trip. How can you check this?
Assuming that your trip takes 5.5 hours, find the distance between
Geradedorf and Straightville,

(b) Find the velocity v(t) and the acceleration a(r).

(¢) Use a graphing calculator to graph s(r), v(t), and a(1). In (a),
you used the function s(¢) to conclude that you didn't backtrack
during your trip. Can you use any of the other two functions to
answer the question of backtracking? Explain your answer.
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Denote the size of the population at time ¢ by N (1), and
assume that
dN b4
7 =57 K =N =Ty (4.13)

where K and T are positive constants,
(a) Show that

wt
=K+ A —
N() + Acos 3T

is a solution of (4.13).

(b) Graph N(¢) for K = 100,A =50,and T = 1.

(¢) Explain in words how the size of the population changes over
time,

36. Radoactive Decay We denote by W(1) the amount of a
radioactive material left at time  if the initial amount present was
WOy =W,
(a) Show that

W) = Wye™

solves the differential equation

d_W = —-AW(r)

i

() -AsSumtng thatyou sfow down going uphill and speed up going
downhill, how many peaks and valleys does this road have?

34, Distance and Velocity Suppose your position at time ¢ on a
straight road is given by

s(t) = cos(mrt)

for0 < ¢ <2, where t is measured in hours.
(a) What is your position at the beginning and end of your trip?

(b) Use a graphing calculator to help describe your trip fn words.
() What is the total distance you have traveled?

(d) Determine your velocity and your acceleration during the
trip. When is your velocity equal to 0? Relate this velocity to your
position, and explain what it means,

35. Population Growth Inone very simple population model, the
growth rate at time ¢ depends on the number of individuals at
time s — T, where T is a positive constant. (That is, the model
incorporates a time delay into the birthrate.) This assumption 1s
useful, for instance, if one wishes to take into account the fact that
individuals must mature before reproducing,

—_— ) .
(3) Those who are curious may look up the words gerade and Dorfin a
German-English dictionary,

(b) Show that if you graph W (¢) on semilog paper, then the result
is a straight line.

(¢) Use your result in (b) to explain why
dinW()
dt

Determine the constant, and relate it to the graph in (b).
(d) Show that

= constant

din W ()
= constant
dt
implies that
dw
— x W(t
a7 X

37. Allometric Growth In Example 17 of Subsection 4.4.3, we
introduced an allometric relationship between skull length (in cm)
and backbone length (in em) of ichthyosaurs, a group of extinct
marine reptiles. The relationship is

§ = (1.162) 09

where § and B denote skull length and backbone length,
respectively. Suppose that you found only the skull of an
individual and that, on the basis of the skull length, you wish to
estimate the backbone length of this specimen. How accurately

must you measure skull length if you want to estimate backbone
length to within an error of 10%?

P oo



