Math 21C Midterm III Solutions Spring 2024 You may use
one page of notes but not a calculator or textbook.
Please do not simplify your answers.

1. (16 points: Partial Derivatives) Consider the function f(z,y) =
a* + 23y + 22y? + x® + y*. Compute the following partial deriva-
tives:

(a) fa
ANS: f, = 423 + 32%y + 22y + ¢

(b) fay
ANS: f,, = 32* + 4zy + 3y>.

(€) fyae
ANS: fj 0 = foye = 62 +4y.

ANS: fryye = fyaay = 4

2. (18 points: Gradient Vector)
Consider the function f(x,y) = 2? — 3zy + >

(a) Find thigradient vector V—ff(l, 2).
ANS: Vf(l, 2) = <2Q§' - 3y7 -3z + 2y>|(x,y):(1,2) = <_47 1>

(b) Find the directional derivative (D f)(1,2) in the direction
of the unit vector U = (2,4).

ANS: Dy f(1,2) = V1(1,2) - (3. 4) = (-4,1)- (38) = -5,
1

(¢) Find the largest possible value for the directional derivative
(D+f)(1,2) in the direction of any unit vector .

ANS: [V(1,2)] = [(~4,1)| = VIT.



3. (15 points: Extant Limit) Evaluate the following limit: lim, ;) 2.2) vory—rty

IQ yQ
.1 a?—wy—wty (z—y)(z—1) _ z—1 _
?NS- g )22 252 = M) 5 09) tonery) = 1My +22) 5y =
Z.
4. (15 points: Nonexistent Limit)
Verify that the following limit does not exist' lim, ) 0,0) g§i§y)

ANS: Along the line y = 0, lim, ¢y (0,0 x3+03 = 0. Along the line

y = x, limg 40,0 xigi:f) = % = 1 # 0. Since the limits along

these two lines are different the limit does not exist.

5. (16 points: Chain Rule)
Consider functions with z = f(z,y), z = u(s,t) and y = v(s, t).

(a) Write a chain rule formula for 2. (A branch diagram might
help.)
Bz _ 0z0x 9z 0
ANS: — Jxz Ot + oy 8?

(b) Two of the functions are z = f(z,y) = 2*> +y? and = =
u(s,t) = e**3. Consider the point s = ¢t = 0. At this point
y =v(0,0) =3 and y; = 22(0,0) = 7.
Find 2z, = 8Z(O 0) at the point s =t = 0.
ANS: Atthlspomtx:eozl, %:2x:2, 2—2:2y:6
and 2 = 3e**3! = 3 so by the previous part % = (2)(3) +
(6)(7) = 48.



6. (20 points: Critical Points) Consider the graph of the function
fx,y) = 22% — 22%y + 42

(a)

Find the three critical points for this graph.

ANS: V—ff = (4x — 4xy, —22% + 2y) which is (0,0) if f, =
fy = 0. To solve this system of equations use the second to
get y = 22 and substitute into the first to get 0 = 42 —4a® =
4x(1 — z)(1 4+ x). Thus the critical points are (0,0), (1, 1)
and (—1,1).

Use the second derivative test to identify which (if any) of
these critical points are saddle points.

ANS: f.. =4 -4y, foy = fye = —4x and f,, = 2. Thus
among the three critical points f. f,, — fz, < 0 only at (1, 1)
and (—1,1) which are hence the two saddle points.

7. (10 points: Extra Credit... you may skip this problem)

Consider the function f(x,y) =

Determine whether the following limit exists: lim,

LY

Vg

— _ —
ANS: Vf(z,y) = (22 + %) 2 (1, 2%) so [Vf(z,9)| = /il
Along the line y = 0 the limit is 1 but along the line y = x
the limit is % so the limit does not exist. As an asside note that

limg,

900 f(z,y) = 0 so the function is continuous but not

differentiable at the origin.

2

x,y)—(0,0) vf(xvy)l :



