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Elem - Adv math .

Reading ad writing proofs .
Like essay- structure

- ideas
.

Eng is not precise enough
.

so use predicate logic- .

And some set theory .



Def : A proposition is a
-

sentence which is true or false
(T) ( F)

(or has a truth value)
.

-
Examples : prop
It ! =3 Y it is F

①www.eisnotaprop/yProP#
②I am liar . N paradox



③Lysol can drill viruses . I Y

① If F then tuesutisa prop . V

If T fun not a poop x

① Call the sentence P ?

If P is True then P is not a propjets
so notTorF .

If P is Fuse teen sopis.it#IofPIhfot



Using steps from Tkm i.tl :
~PnQ

by Ch) ~ (An B) is ear NAVNB

•La) n@A) is er to A

repro. is eq@
to nf(nPrQ) ]



which is eq to

lb ) n ( nfp) v - Q ]
whoa is eq to

⑨ n [ P v - Q]



210106

Building new props from old :

~ Q (NQ) same .

Qnfpv R) equivalent

÷÷÷¥÷±¥÷÷÷÷:



Note : P⇒Q and are equivalent . as is

Eng fg.kecontraposatiue.n.pe#
P : My dog is hungry .
Q : My dog is inside .

P⇒Q : If my dog is hungry then it is inside .

Q⇒P : If my dog is
inside then it is hungry .

:*:: : :O: it:S: :÷¥i÷÷:



ii. 4 have the same meaning.
2 is different .

T210108



Today quantifiers:Complete . first order logic
notation

,

Ex :

Everyone I know
likes chocolate

⑧
or
dislikes coffee

.

Rewriting this in logic :

Rx) is x likes chocolate .



Qed is x likes coffee
.

Notation : A sentence like Pex).

is an open sentence
with variable

--
-

The above becomes ,

(the {people I know}) Pcx) v n Q Cx)
- in-

w

the set person I know .

forall of people
I know ,

or '
. In the universe ( of discourse)



{people I know} .
( tix ) Pix) v -Qlx)
-

Everyone I know who likes chocolate

also likes coffee .

equiv .

For everyone I
know if they like

chocolate

teen key a¥o like coffee

⇐c- {ppl I know} ) pix, ⇒ Q Cx)



-

Compare ( the ⇐ {ppl Ikner with Pad true)
( equivalent) ( Qun) .

✓
-

Thml . 3.1 : If Pix) is an open

sentence then in any
universe

⑨ ~ (thx ) Pex) is eg . to G- x) - Rx)

⑤ ~ (Fx) Pex) is eq to (th) upto)



Check example?
N (Ex e { ppl I know3) ( PGA V - Qcas)

(Tx El " ' ' 3 ) n ( Penn v -Qin)
) EE,
Jeter

(f , e - -
- - ) (NPH) A Q ")) Lembaga
-

Def: The truth set in a universe U

for an open
sentence Pex)

.

is all X in a far which Pad
is true



"""

progoefesj.gs/.qpgs64.65i69I
Examples?
Def : An integer a EZ is

e-venwifgu-thene.zisn.anintegernfcfnc-ZJ.ca-_2n)



An integer at# is

odd if ( Fn EE) ( 9=2nth)
-

Thin: If × is a real number

with XZEI then x
'-7*3-10

Proof : Assume x is a real number
with

xkl.

Hence shik of Eri -4<2 .



Hence Xc5
.

Hence CX -2) LO and CX -5) co

Hen (x-2) CX-5) * o .

Hence 112-77-110*0 -

Theresa X
'
- 7-xD - to . g. e -d .

-



Approach : x'+6 > TX
(X - 2) (x-3) = 7/2-5×+620

÷:÷x¥
IT
714

-



Proofs to grade? (bad example)

Thin! If a is an odd integer

then 941 is an even integer .

" P
②

Then by squaring an odd
we get an odd .

③ An odd plus an odd
is even .

So a41 * is even .



Problems: ① why is this true ?
② This is not a sentence

.

stand be
Let a be an odd integ .

③ is also not clear .



210113 proof structures :

Recall ! § 47 64-67 should be reread ,

From pg 67 '
.

To start working out a proof
consider:

Understand tee stacfement
Logical form .

A- assumptions and conclusion .

Ideas



steps ' . Understeer

Try an example: eg a=3 and b=6
.

and

⇐ a claim is that 3 divides {Itg
Logic: Pr Q ⇒ R

If ... then -- -

P is a div b

R is a d.
s. .
)
with quaffer:

Q is a doo
c (ta,b ,

c C- 27)

( fat#CUBEB)#EE)



Ass k Cornel
'

.

Ass:P. Q

adiuborffnln.az#AssaaivaorC3m)m.a=TAJCanal '- R

t-aas.diuwb-iina.is
. . as asu

have b-c - n . a- mace =
( n - m) -a

Tasty F÷aninto①



Contra position proof:

claim : Emmitt .in . daintier
then m is an odd integer .

Proof : Assume m is an integer.

Assume m is even.

Hence a tea with 2. E- m.

Hence 2E is also an integer.

Hence MT (242--45=212-4) .

Hence m2 is even .



Therefore ! If m2 is odd ten m is odd .

qed.
-

Example with cases and

proof by contradiction :
Idea of proof by contradiction :
To prove

P
, assume up

and show Q and NQ
.



U ! -understand .

eg at a
"
-z =- I v

9=2 a? 2 = 2
✓ ✓

a=4 182-2 = 14 V

L: Logic 's

high now : (Va) P

Plan : Cfa) up ⇒ (Q n -Q)
-

( to see thef%Tt: P



contrasts
TCQNNQ) ⇒ p

Eq .

ok Qu ⇒ P
T

Ass : up
cand : Q and -Q

Ideas! up is (4 divides AZ-z)
or f- t ) with 4t=aZ- 2

Cases :@a is even



⑥ a is odd

even : a> 25 so 4t= (2512-2=452-2

SO 2E = 252 - I

or 1 = 252-25-2152- t)

Q : I is even .

~Q as clearly true .

Need to shao Q



210115 Mon . No Lect .

Hw due wed .

Recall: claim ① : If a is an integer

and a' is even then a is even .

PS : Earlier .

Claim②! If a is an integer

then 4 does not divide
AZ-2

.

Proof : Note that I is not even.



Assume a is an integer and 4 divides at-2

Hence there is an int t with 4t=az-2,
Hence AZ = 212T - l) so 2T- I

is an intern .
so a

"
is even

and by clam ① a is even .

Hence here is an integer s with a=zs

and 5- t is an integer .

Hence 4 t= (2512-z
so 1=2152-t) is even.

Therefore I is even and I is not even

which is a contradiction - qed .



IA : no, or p is
even so p=zs

~ R or q is
even an q=zk]①

Conc) : up ar q is
not the smallest

possible denominator -

I : a=E=¥h=f ]②
and k sq and hence a smelly

denom .
so np¥



Proof: Assume a- Ee. with

P and g both even integers .

Hence tune are integers sad k with

p
-
- 25

, g- 2k so a.= Pq=¥z=Sz
Theatre q is not be smallest possible

denominator g.eat
-



U! eg
12+15=16
8.1=8 1648 oops ,

maybe sack else

L ! (Inez) (n't 1568 n)
.

A '. No ass . wont

cancel '. n2tl5C8h

I '
,

n'+15 - 8N so

or (n -5) In- 3) to



need h - 5 tu n -3

to hare different signs ,

so take n - 4



210120J Pythagorean's Thm
Them! JT is irrational .
Plan Proof?

U : try (F) 2=1.96

¥)
'
= 2.040816 -- -

L: up
P is Ma is rational

or (contradiction approach
)

(P⇒CQr~



Ass :L P f- Pz
Canet : Q and ~①

.

state not
had
to

I : I£fT③V
choose Qj

Aptos.su#*nssineJE*Compuk-z--fIor2q---pD4O~-
so p
' is evenalsoshoudbefwethis-T%ad.meansipeD.dggdd.co



and ④p=2Y=TTI ⑤
Proof: Node that I is not even .

Saythat if a is rational, PEE and gem
with a'- Pq and q as small as possible
then a-- Eg is in reduced form
-
-

.

Recall we proved last time that if a= Pq ,
is a rat. number in reduced form teen p or q .

is odd ,

Recall we proved before teat if u is an int .

and nz is even teen n is even ,

For contradiction assume tf is rational



and fL= Ig is in reduced form
.

Hence 2> If so 2qZ=p
'
so p
'
is even so p

is even so p=2k for some int . K.

Hence of must be odd so g- zmtl

for sane int. M .

Hence kIzmZzm
is an

integer and

-4k£ (2b)2=p2=2q2=2(zm+h2=8mZt8mt2
Hence 2[kZ - zmz- zm] =/ and I is even .

Therefore lis even and I is not even a contradiction
so IT is irrational . greed.



Recall LF ! x ) (Pan)
is equiv to !

@x3iPcxDAlV-u.vldRuIYI7.h,
find an example .
-

Ans:
① ③ has mane that I ] false



④ (x-212=0 ] true

⑤ 4tF notR ] false

no answers ]
⑥ ③ Find a different example .

and done .

④ Example for 7
More work fo tf .



Claim ; (Z ! XEIR) 712-4×+4=0 .

Proof! First show ( FXEIR) 72-4×-14=0

by taking x=2 so 22-4.2-14=0 V.

Uniqueness: Assume 42-44+4=0

and VZ-444=0 ,

Hence (u- 2)2=0 and (V-e) 2=0

So u-2=0
aid V-2=0

f-2 aid 0--2 SO UEU .
So

b- ^



If P then Q .

off or

p ⇒ Q

Bg cont'. eq.

[f ( P⇒ Q I] ⇒ ( R r n R)

true)



q : (PnrQ )⇒ (Rr -R)

↳
q : cpr

-a) ⇒@ andf://p.to#X↳
• maybe .info
( Para) ⇒ (Parp)

•
pence ⇒ up

enough to Shar -Q ⇒ up



210122 81.8 Number theory C for proofs) .

Next week Set theory C n -- S
,

Recall : If a and b are integers

then a divides
b iff there is an integer

c wits a.c=b .

If p is an integer ten p is prime.
iff the early . positive integers
dividing p are 1 and p .



Def ( pg77) : If a , b and d areeintegers
nonzero

then geol la,b) =D i f- f

① d divides both a and b

( say d is a common divisor of a and b)

every common
divisor of a and he

is at most d .

In first order logic :

f- a. bid c- 27¥ ) (god laid =D]#



ftp.s.tea/d.s--a1nld.t=b)JftVee2HEtuveHleu⇒ feed))
-↳:÷÷. edi: :c:*

.

Brk Rm : Translate Lcm def .
into logic .



{10111,12, - - - Jclaims : -

⑨ (Va c- IN
>w ) (Z beIN) (godlaid

nlaeb)

⑥ (Fa E tNzw ) (Ab EIN) (gcdlaibttlvcasb

Proof sketch Sr ai.
Assume a 710 is an integer.

Choose b -- att .

Note that I and -I are the only
divisors of L .

Assume that d is a commander. of a



and b-att
.

Hence there are integers s and t .

with d. E- atl and d. s=a

so d. ( t -SJ - att-a -4

so d is 1 or
- l

.

Hence (a. dbb ) -1 .
qed .



210125 More number theory from § 1.8 .

Division and Euclid 's Alg .

Def : If a. b. x. g. n are integers
and n= a. Xt b.y then

n is a linear combination of a and b
.

Thin 1.8.1 ( Prove later by induction)

If a and b are nonzero integers.

ten gcdlaib) is equal to tu smallest



positive linear combine of a and b
.

Them 2.5.1 ( Division Alg) .

If a and b are nonzero integers .

there is a unique pair
of integers

G and r with
"

b - a. qtr
and Osr stat .



Notation Sir Euclid 's Alg:
b -- a. Cf , t r.--
a = r ,

• Gz
t rz

--
f , = rzo Gz

t r3

÷

rn-z = rn-i. Gb
+ rn

--
ra, = rn • Glatt



Thm: 1.8.2 : If b Za >o are

integers then gcdla,b) = rn
from Euclid 's algorithm .

Birk . Rm: Apply Euclid's Alg to
5- 256 Z a = 81 > 0

Find rn =L and k
,
and tee qi

's
.

k =3 § ,
-13 §z=3 {5-I



Qaim : ( 1.8.31
:

If a. b and p are
integers with p prime

and p divides
ab then p

divides a

or p divides
b
.

Proof : Assume a , b and p are
integers with

p prime , p dividing
ab but not a ,

Hence these only pos . divisors
of p are

L and p so god ( Pra)
= I

.

Hence by Thm i. 8.1 here are integers x

Tandy with I = x.pt g. a .

210127



Also here is an int . n with
ab - np and b - b.x.p-iy.ae-b
so b= b. X-p + g. nap

= [bxtyn] - p
and bxtyn is
an integer .

Therefore p divides. b. q.e.cl .
#

Set Notation examples :

{ 3,4, 5,63=6271×23 ,
XEG }

= { cc t ' fo l l cc }



= {XIXEZF , 3 Ex EG }

has 4 elements.
Write 3 E { 3,4 , 5,63
[ is an element of

2 4 " "

[ is not c-
' '

.

{3.43 E {3. 4. 5,63
[ is a

subset of

{33 ¢ [3.4 , 5,63



3 I { 3. 4. 5,63

{33 E {133 , {1.5.63} has 2 elts

Power sets ;
I

PK2i33)={II. 123,133, {2.33}
YT.et.ee subsets .
of > the empty set36

-

which are true :

I A. B. C sets with



⑥ BENA , BEC .
ando A- Ice

True µ
"I:¥eBg¥o]'s:p:S , and a 4- A

①THE EB, BIC, A E C

② A E B .

BEC , c EA
True A-BE

A E B ,
BEC ,

CEA④"iii. a. B&o
"

.
Aec④

False



210129J Set operations .

Related to operations on predicates .

Notation : If A and Bare sets write

① AUB = Ex Keehn ) v GEB)} union
B

intersection
#€

② AnB = {xlcxea) n HEB
)} A

{x / CXEA) n Cx# B)}
difference

③ A -B = ¥,gB
If A is a

subset of a universe U write..

④ A
'

= U- A complement #=-
-
-



=fxeU fix#A } Figaro B7

Example: A = [3. 8) EIR
- U

B = ( 6,10] EIR

Find ① AUB Ans : ① Caio]

② An B
② (G. 8)

③ A - B
③ [3,6]

④ A
' ④ C- a.3) U [8.a)

⑤ An B
' ⑤ this just A-B

•hoch is [316J
.



Dictionary : If Pena and Qcx) are

open propositions with variable x inall .

take A- TruthLPI-zlxeutpadc.IE?niwseOB=TrwthlQJ/xeU/Qcx
) his true) }

,

¥=AnB
Truth ( Prod = Au B

Truth Cup)
= Ac

Truth ( PANQ) = A - B



Truth ( P⇒ Q) = A
-

U B

TruthTable

= (A - B )
'

similar . Wenn Doaiagrm



210201 More set notation ?

Products then Families :

Def : If A and B are sets then

AxBy= { Carb) /
a e- A and be B }

.

the products
Exi {1.23×12,3}=41,2) , 1h31, 12.2113313

Ex : which one is true?
Prove one and find a counterexample.



fr he otu .

4. A.B.a
.

? sets! .lt "?""? ?""?"

Ahs : The first is true
.

of
•

u: III:c.no,
For a counterexample to 2



L ! Ifp or cxiySEk§
ten txiylE(ABD).

R

C: Assume: P and conclude R .

and Assn Q cud concludeR.se#amiieswcoectFefs.
Ex !①
= ( { 1.2.33, {4343, {3,4153}
¥#I

-Halko}



①
D= {a , b, c } ] indexing set.

D= { Ex . x-13] / o Ex s 2]
= { 13*1 Leo }
if B

,
= [4.21-3]

and O = Co , 2) ) indexing
set



Exo
a?aA= .?.ae?ij- 133

② BIBB > *? .?j=C2i3]



210203J Last proof technique :Induction.

Example:
claim: For every

new = {42,3, . - . 3

it is true that
NZ= It 3+5-1 - - - +Czn- l)

Proof : check the base case
of n=I

which is 12=1 which is true .

Assume for induction that



n2=143-15-1 -
- - t (2h-D

.

Hence (http = n't 2h41IF:3: in:P's .

÷÷÷÷÷÷"
"¥"

is the odd numbercould add [
following 2h-' '



Proof Plan ,
U! n=I It 345 - I ✓

n=3 i , 3-13559 ✓

L: (knew) Pcn)

use induction .

C'
.
. prone Pci) (base case)

.

• Assume Pln) ) induction



IS how Ponti) I step ,

I : base case n> I see above
.

ind - step :
Assure : h-1355dg

Check! (htt) -13=4+311-1 C 5h41
-⇐

5h41 s5n71ont5=5LntDZ

Generalized Pirin .
of Math ,

Indi



Show (Eutin) Pcm .

bgi . Show Pll) (base case) .

• Assume for every NEM
- have Pcn)

.

Show Pcm-11)
.

Example :
Claim: Tf is irrational .



F x q
Az . . .-

"

F X

÷. ¥!! ¥:b.



riots Midem next Wednesday :① n web is an old exam
,

covers Chl & ch 2 ( except 2-6)
,

-

More induction proofs :
Def: ( Fibonacci numbers) !
Inductive definition:
f
,
=L

, fz =/ and fn+z= fntitfn
if n 20 .

Ex : f
,
= 2

,
f
,
=3

,
fs=5 , fo,=8 , ff!?



Claim① '. If fh are the Fibonacci numbers

then for every n 31 have gedlfn.fa.it/
claim② If

Gn me tu Fibonacci numbers.

tun fr eaeg
ntl hare that 3 divides

fun .



if:{s sgd.fi?.!.scdlb-ag.
This a Lemma f ,
and prove ,

-
Focus on tu Lemma

'

.

check : HIDY :L.tk?ndela3./
,

check: E : If dlb and dla
want to show dlb-a and dla .

but if b=sd and a=td
teen b-a-- sd - tdtsttd



So dlb -a r .

I 2 : similar .

Claim.IE#IonaccinumbersY
then for every natural

number n we have

god ( fn , fruit =L .

Proof : Use the following Lemma
:

Lemma: If b. Za so then gedlb.ee/=gedlb-a.a).
proof of Lemma: It suffices to show that that barda

have fee same common divisors as b-a aid a.



If d divides b and a teen b=sd and

g- td so b -a = G- t) d .

If d divides b - a and a tie b€a= ad

and D= vbd so b > Cb-alta =@tbd .

hence the lemma holds
.

Prove the alarm by induction .

For the net base case need gedlh.DZ/
which is true

,

For induction assume god ( fu , fmri) =/

Hence aged ( fretful) = gcdlfntiifn.fm ) .
Hence by de lemma gcdlfn-iz.fr#)=gcdCfnfn+I



which is 1 by tu choli hyp .
qed.

.

-
Claim② : If fn are the Fibonacci
numbers then every fan is divis . by3 .
Proof ! For induction consider tu base

case n't which is f-4=3 is die .

by 3 .

For ind
. assume fun is div . by 3.



Hence fun, = fun-13 + f-4h-12
= f- yw , t 2 fan-12
=3 fyntl t 2 fun

which is divisible by 3 since fun is .

Therefore by PMI - the gahg!ds;
¥I!?:%I.*+2.3os=3ff4niT



Horses are all the same color :
• ✓

Case I -

color . 4.) sane coinprobtegiingduztm.IIotn.is



Example? Nim: . . . .

more i remove any
numins fra ae Pil.

Start aorta a eqed piles :

and plgan has a wining stroke .

-
win: take last coin ,

Proof .. by Enea . ind
'

.

Abase case? one coin in each pile!



'For ind . assure teen is a

wiring
and plyr stent . for any

number ok coins at most n

in 2 equal pins
-

Show: if here are a pike with
nel each . been after plyr
taker r from one pile .

The second can take r Iran
took .

and by tee ind . hyp .
tone is a wiring

stent . Gr z plihs at Intl-r ) ,



G.Ind! Assume then hae Pcbs .

Prone P (ne)



210208J Wednesday; Midterm
I sheet notes, l both sides) ,

Chapt I
.
2 C except 2.6) .

Regular zoom
location .

Instructions up this afternoon ,

Cameras:
Point at your work.

Try out during quiz tomem .

Uploading similar to ttomewak
.

Arrive - co min early to cheek ID. . .



Exam: Both on screen

and vice chat box link .

50 min exam .

Old exam and practice exam on

web page . (answers today) .

Upload after 50 min n

-
ged proofs

Fanti Yoon:& . ) induction .



Proof sketch ! ⑧
und " .EE#9I8-y.oAn '
Logic: (a C- Udar Aa ) ⇒( C- Yeo AL ) .

Asked '

.

Assure a c- yep Ah

tog weer) @ c-Aa)
.



Conal : a ← Yeo AL

or (Faso ) ( aeta) .

Ideas: If der and a ←As
teen sine RED Be also LED ,

as needa -



Prod sketch:
Und! eg m= 5, n= 13

13=2051-3
w w

q
r

Logic : want F !
which requires Frigate

② any 2 Solus Tante!)



ten;"¥m:÷h*i:ic
Might use induction

'
- In ← IN ) Pcn)

Afsslconcl : Assume Pcm) for eueymg
conclude Pcn) . 1

Generalized
inductee .

Ideas : Uniqueness :



Assume there are two Solus

Shae be same:

n= g. mt r oErand n= if . m tr o EF cm

Hence ; a- n- n= qomtr
- qiom - F

s .
i .

'III::"
'

÷.w
Also -mt@
Hence F-r =osoF=r_n



So o -F- r = (q - off om

so o = g-of so g-of '
-



210212 SetTheory and the rest of math!

300 BC on ( Euclid ) . Geometry
as foundation .

1800 's shift to set theory .
Next : Relations 7- functions

f 3. I 4

Set Products.
( 221 Equity:{aces 3- Modular ArithmeticRelated to ged.

3. 4



Example: A- {443,43
B. = Exiyiz 3

,

y !vR = { Chg ) , ( 2. y) , 14,213 example

eg : 2Ry and 2R/x
Digraph associated to R climate.TL?ahjbkJ

I a-7 Ice d

z .?T''3 e-7
#F c

4 °

A R B S C



eg ! Dom CR) = [42143

Ring CR) = Eg . Z }

E" Ign
.,µg=

{4%1421,133164141} .

Kihara. ! :¥÷ !
R" = { Ly. I I , ly. 2) , Hit) }



Ex: R as
above and 5 a rein .

from B to C= { a.b. e 3
.

eg S = { ( x , a) , ly, a
)

,
(Ziel }

teen so R = { ( 2. a) , Ilia) , 14,43
-

Claim: If A and B are sets and

R is a relation from A to B ten

IB o R = R .
Here IB is the

identity relation on B
.



Proof : Assume carb) C- IBO R .

Hence tere is b- c- B with ART and

5 IB b .

Hence 6=5 and AR b .

Hence ( aub) ER .

Assume carb) E R . Hence if 5=6

teen AR 5 and 5 IBB so laid EIBOR .
geo r



210217 Equivalence Relations.

Recall : A relation from A
to B

is a subset R EAXB .

Example: IA
= Ecxixllxet ?

directed graph

£× .

.

D=
' i' ti " "" "m}

,

for a relation

on Eli?



i :
→

same
relink

Ex : Relations on
IR = real numbers .

graph
T-- {Cx.gl/xZ=y3

a #



a- Ecxyllx 'd } a ¥#
✓={cxp/x=yorx=-y} *



sYIgYj.R-Ecx.ys1xRy3@RtIElxyYgRx3.Do
MCR") and Ring CR) are

sets so E are 2 .

try together :



DO Ring CR) = {yl (FHA x Ry} .
= Ig I 12¥ y R

"

x}
.

"

DomCR
") - { ylGxeA ) yR

"

x }



Properties of some relations;

Def : If R is a relation on a set A .

① This reflexive if (theA) x Rx

② R is symmetric if Ctxyett) xRy⇒yRx
③ R is transitory if (thay,zeA)

(x Rg) n @ RI ⇒ x Rz

④ R is an equivalence relation if
it is reflexive , symmetric and transitive,



Claim: A relation R on A is

symmetric iff R = Ri!

2io Proof : Assume
R is a symmetric

relation on A and !a , b) E R .

Hence

aRb so bra by symmetry of R
so att

' b so Ca , b) ER
"
.

Therefore R E R?

Assure R is Sym on A and Caister?



Hence a R
-'

b so b Ra so a Rb

so cab) ER .
Theatre R - '= R .

For ⇐ assume R=R
"
and

a Rb . Hence Laib)eR=R
"
so

ca , b) ER
"
so AR"b so b. Ra .

Therese R is symmetric . q÷d .



Examples : p
R = & Ig

2

,

a relation on A-ftp.33

(equiv ) Q
B

s = t.TK! c -
"

c.not equiv) Q

Alr = I .



Als = { sis , ai 3

✓ = { ( x. yd C-272/42=53 a rein. on27 .

÷
.
.

Q Q Q Q Q Q Q

24=4:3 . !: ' ' '÷¥ .
- - - - 3

= { In .
- n} In C- 27}



= {so}} u {En. -n31 n C- IN }

U = { (x , y) E 274 3 divides X-y }
a reIn on #

Fu - I ' ' "÷÷
. it's:÷÷:

3U3 Y
't 'I

3 Ll O
3U G { 2.5, 8 ,

- l
,
-4
,
- - - }}

>U 9 ¥ ¥
'f
' '

. .
-

zUl -3 y



24=18 ,
T

,
I }

= { 13hL NEE}, {3mi/h
EE} 3h44 WEE}}

,

= { {3h + s/he27} ) s c- {on . 23)
.

Note: U and U are both equiv . relns .



Proof sketch :
Uri . See above examples ,

Logic : EE (R is eq.) ⇒ ( AIR a pit).

( Presti Bgm? Rams)⇒ CQrQTQs )

I : Qi : 0 ¥ AIR
.

Qi
,
Qii

,
Qiii

if I c- AIR then : need 5¥01
.{but xRx since poof:* #¢
.



Qiii If x EA then

✓[ X E U 8- since XEI
jet

BY
Qii : V I. je AIR have E-f) v

equiv :(Ing # ¢) ⇒ ⇐=p)
" d



Assume Ze 5nFC."÷:S:÷'s:::÷¥:
Assume ZEE , 2- Eye , u c-I And she atf .

A

⇐ x "Ez y
"Tzz Ipu gru

by Sym: 2-Rx



so by trans here yRx ano y Ru
so done and I Eg .



210223 Next § 3. 4i Modular Arithmetic .

Proof of Thin3.3. I

Assume R is an equivalence relation

on a nonempty set A .

If XeA then EE AIR and since R
is reflexive have xRx so x EI

.

Hence if XEA then x EI E .¥AFp hence

¥Aq5=A .

Also if IE AIR teen x EI so I # ¢,



If z E j n I and WEE

then yRz ,
xRz and x Rw

so by symmetry 2- Rx and using transitivity
twice have g.

Rx and y
Rw

so we g- . Therefore I EJ .

Similarly g- c. I so j
-I

. greed.



Examples: In 7-z :

Find : or find he remainder after IN

by 7 of:
Ansi

⑨ 3+5=8--5 ①
⑥ 3 -5 = is -_ T ①

⑥ 53 = EzP= -5--5=5 ⑥

⑤ 215-1698 = Et -5=5 ③

② 215.698 = E . I
= -5=5 ④
I-11
-3



⑤ 215698 = 5-698 = ←zg-
698
-

611156) -12

he
= c-z,

fzT=F = T
''s
. #

=4EzP=-8=5 ④
⇒ = GI .cI=T

Try the same ⑨ ⑤ i⑧ in 27g
Ans:@ 8-1-5=15--5 ④

⑥ I.E =-7=5 ④
⑦ Ebb = T ①



RSA is the main public key
cryptosystem ,

encrypt:pabksh69②
f encoders - i data 215→ zygote

④

decade : 45-9



Sketch : Examples above: m=7

8=1 Cured 7)

-2=5 Comdt)

6=6 ( m 7 ) .

Logic: Pn Q ⇒ R .

Assume P
,
Q show R .

A Imc or a- c is div . by m .

or here is k with mk= a - c



and met = b -d

so mkt mf = ( a - c) + lb-d)
= @ +b)- cud)



210224 Function : in a set theory framework .
Ex : formula for a function from IR to ④ .

① fun = X'- 4

graph : 8714.it?peiRYy=x43

Ex : A sequence is a
function from IN

② to some set .

eg : from
IN to IN might be?



Pcn) = the nth prime number -

( so pale , pal =3, pts)-5 - - - )
.

÷.LI?=*pphh-- "im!:"!!⇒.
Vertical line test :
The graph of a relation

is tee graph
of
a function if it meets every vertical



line in exactly one point.
-

proof : Assgme x EIR . Hence y=xZ- 4 ER.

and fix) =y so domamlf) HR .

Assume ftx7=y and find = z .

Hence y=xZ4 = Z . greed .

Claim : The inverse too ① is not afunction ,

g.
I fly.ae/RYy=xZ- 43 .



Sketch: either show ( - iz , t ) has no

solves so -12 ¢ Dom ( g) .

orsn;÷÷:÷÷:i:÷
Proof : (0,2) and Coo - 2) are both in g .

( since 0=22-4 and Oz (-25-4) Feed'



Claim: If f is a function from

A to A and f is an equivalence
relation on A ten f - IA .

Proof : Assume A is a set, f is a

function from A to A and f

is an equivalence relation .

If AEA teen since
f is reflexive

ca , a) E f so IA E f .

If ( b. c) Ef with btc



then ( b.b) Ef also so

by property of functions .

c=b a
contradiction

hence f E IA .

agreed .
-

Examples: IE Es LOTTE ?

Ex] E EG {Eo) ,G] ,
④ 273 ft 276 [33,047,613

f- ( I) = @x] f={II. kill xezt}.



② 273-8276 g- { 65 ,)/xEE} .

get)= [×] coz -- cos

Eef. "3TO Cos

① I o g
[33

*
'II,

5

i
' cos

② Totty: cos

Joy:
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Write I e Zz = {EITI }
3- -

-
-

Ex] E 276 = {cos
,
as , , ,

IT}
11

⑥ -
- -

claim : the relation fat)=[x)

is not a well defined function

from 273 to 276
.



Proof : From tie definition

( J , @T) and CJ , [33) are
in f-

but 5=5
-

and Co2 # [37 . q.e.ee.

Claim : The relation g (Cx] ) =I

is a (well defined) function from

276 to 273 .

Proof :
① If [n] c- Is then laid. ni ) c-go
If ([KI . B) and (El], t) are ing



and [k ] Ice] then there is E with

k-L = let = 3. at

so b- =D . g.e.
d
.

-

Inverse function :

If f is a
function from A to B

then sometimes f-
'
= {(floes , a) IAEA)

is a
function from B to A

.

Composition function:



If g is a functor from Bto C

and f ' ' ' '
' A to B

then g. of
-_ (Ca.cl/(T-beB) with

feasts and glbt?



210301-1 More conditions on functions .

Sketch : u : gof={car) c-Axel#EB)
r egg)

feasts gCbI=c since both are functions

↳ want :@ a c- A) G- 1. eec )
(a. c) E g of

equivalently. ftp.fca.ge?eda.eIegof



L need c= E .

I : Try I first
:

E. ÷÷÷÷÷÷:¥.

For ! if card ,@ ,
E) are in gof.

§ a bib wiaahgg.by:9?aiinngt .



but since f is a function :

have 6=5
so (b. c) , Cb , E) in g .(so :&

.
a. simington
-

Ans:
① Not onto since range

lx4=Rzo # R
.

Not one to one since 6-25--123=4
,



② Not onto some range KIR
>OAR .

Is one
to one since

if e×=e8

then ln(ex)= Inlet
)

Andrew
[ it

"

y
u .

proof
.

Since ex is increasing if

my teen ex e e
't so ex#et.

③ Is onto since range
= FR

.



IS one to one
since

if y
3 =y3

ten
,

= gyp -- y
x

Def : If f is a function from Ato B

which is both one to one and onto

call f bijective or a bijection .
Ex: ③ above hlxtx' is bijection



from IR to IR
.

Claim 4. 3.2 :

If g a fn
. from B to C

and f "
' ' A to B

and got is an onto fu from A- too

then g is also onto G .

Proof ; If a is in C then



c = gof) (a) for sane a in A since got is onto

and if b. = fca) then g(b) =gCfcaD=c .
q.e.cl .

claim:tg÷B÷:÷.÷a⇒g.
then f : A- → B might not be onto .

Proof : consider tee example
'

.

A- { I} , 13=92,33 ,
C= { 43 .

fCD=3 , gcm=gC3I=4 ,

check : @of)ld=4
so got is onto



but f- C. is =3 ¥2

so f is
not onto .



zoo303 § 4,4

Def: A function f from A to B is

abjection or bijective or

One to one
correspondence
-

if f is both ione and onto
injective surjective.

and if A- = B f- is called a

permutation-
(55.1) will use bijection :



Def : If A and B are sets

then A 2B or A is equivalent
to B if there is a bijection from

A to B
.

-

sketch :
L : A reh f from A- to B

is a
function ;

if ① HaeA) ( Fb EB) carb) c- f



and a EA) (Vb ,GEB) da,b) c-f) n
csaiblef) ⇒bets

or equiv:(fast) ( I !beB)
laib) Ef

A function f from A- to B

is a bijection :

if ① contd (VBEB ) fFaeA)
Caiblef

( ti) ( V- bets ) ( tariff)
llaidefts

and ( Camb) Ef)

or equivalently :(Vb EB) (I !aeA) cahdef
⇒aei



I : If f
has

f- n: d- a) (F!b) caibJef

bij : ( Kb) (Ffa)
Caidef .

then : f
" has :

bij : since
f is afn so

⑦a) (II. b)
la, B) tf so (b.a)Ef

"

f-n : since
f is a bij so

(Gb) (F !a
) (a.b) Ef so (b.aloft

.



Thin 4. 4. 4. a :

If f is a fn . from A to B

and g
n

i - i B to A

then f- g-
' iff

,

go f-
= Is. and fog - IB

A
+f

claim : There are fans : got g)
A
.

I



f from
FA to B fighter

ang g
frm B to A

with gof = Is but fog # IB .

Proof of claim : Take A- ED
,
13=12,33 .

and fu)=2 , gCz)=gC3I=t .

Hence goff D= god =/ so got =IA .

But fogK3) = f-( 1) =2¥3
So fog # IB ,

Bea ..



Proof of thin :
⇒ Show got E IA .

Assume land)
E got so tune is b. EB

with carb) Ef so ( b.a) Eg .

and (b.AT Eg so
a=a~ so goff IA .

Show got ZIA .
Assume a is in

A

hence there is b in B with
carb) in f so Cb , a) is in g .

and lard is in got .

Similarly fog - IB .

Remains to check ⇐ . ( Leave to you)
.



Sketch
① Compute : o-tf-co-5-oti-fci5-TEf-czf-IJI-E5-g-s.FI
Proofof ① : ftz) - 4- = f- (5)

So f is not one to one .

Treat .

② Compute:



f-
ET J

T#T

I 1>-5--5

JI
27=2

5=5-5=5
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Sketch for claim ③ :
5 9

Lfc,
IN XIN

4 7 14 28

3 5 10 20 40is.i
%µ I 2 3 4 5 G

ff

f is a bijection if every
number in IN



appears exactly once in te grid .

L : Is a
function :

so need : bijection :
a.b

n

- FREIN F! (Xd) C- NNN
with fu = * n

acts
or
-

exists: tu EN tiene i3 laid
with f-( (aid)=h&!÷÷e : If f-Claim)=fHaibT)

turn a-- E and 5-5 .



I :(onto) : If n c- IN

then n= 2dB
with Lao and CPH and odd!
eeg 12=22.3

SO LIZ ) is in IN

and Batt is in
IN

and n -- flat , PIKE
":(IFI -D



IT Zap r.
( I- l) : If fda,bD= facing)

"

za-' cab-D Ici-425- o)
For contradiction assure ata

may assume
a > I

divide both sides by 2£"

get za
-E
(2b - D = (

2b - t)

so even = odd -4
.



Hence a- an auth then
2
"-' (2b-D= 29-425-1)

so 2b-I =~ 25 -I

so b = b V
.

-

Notes :
f : A-→ B is a bijection

i ff CThm4.tt#)CHw 4.4. 6)

Fg:B→ A with fog -IB and got -Ia



iff Chun 4.4.41

Fg:B→A with g -
f'

iff (Cor 4-4.3)

Fg :B→A
with g=f

"

and g
is a bijection .



Ahs :
[too) →E a.a) cool)

tic
(onB

f ,
F

b-'few ⇒D= I
-

2-

-
I
3



f- (E) = IT
f- ( i) = 12

fix ' -- E
i

:



210308J Chs: counting and set cardinality ;
Def : If A and B are sets then

A 2B or A is egu.IO B
if I A. Is B

with fa bijective function.

IN's
+

Ex : {1.2.33 = {aibic} =/ { 1,2 , 3)

Def: INK = {1,2 . .. . . ,
k }

=

No = of
Def: If Ann Wh write A==k=laiac3



and say A has cardinality k .

eg 5=0 ,
a=3

If A- = IN write F = Xo

{If A recon) write =§Eh\t
(

and say
A is denumerable

or countably infinite .(
and say A haste cardinality
of the continuum .



If F- =k or To call A countable .

If E=k call a finite and
otherwise infinite
--



210310 Inequivalence of gets :
Inductive step in proof that.
Pen) : then I f : Nn→ Nr

which is injective .

Use : HW problem '

-I[f xe INK 7 g : Nk! own?-I

Assume Pcn)
Use contradiction to show Pentru)

.

Assume for contradiction ripened -



so F f : Anti- Nr og injective
with r anti

hence : ft
,µn
: INN→ Nr - 1×3

if x.= f-(nil) since f is injective .

and f- 1µm is injective .

and by HW F g: Npn
' →Nrt
injective .

so gofliwn : INN→ Are, injective .
and r -I s n so

I gofl,µn : NosWry ins - and r-Ian



contradicting Pond . g. ed .

Thin 5. 2.4 : IN # Com)

Proof Plan : show D- f. IN → Cgi) surjective .

Assume f : IN→ (oil) and find

X c- Coil) with x of Imlf) ,

clever diagonalizatian trick ,

consider decimal expansions
of each f-Ch)

and write an for the nth digit

of the decimal exp of
fcnT- diagonal,



=
•
032154 - -

- ⑨ 95-3 b ,=5

eeg :
fu) arts bz=3
fu, = •

55051 122 -
qz=6 bz=5

ffs) I •
356013 -

-

ay -5 bye 3

fly) = .
33550111 )

as-565=3
fig) : .gg 8750443

-
- -

,

'

, 5 if
-

an -45

chooses bn #an eg bn={ 3 if an=5
Check D= obibzbz - - . . .

Et Imlf).

eg : = . 53533 . . .



Then 5.4.3 : If A is a set

then A H RAI
'

ER Proof sketch
u! for A do finite:

if E -- n then RATI 2" #n

eg F --o ad PIT -_ 20=1 to
{I =/ ad PITT ⇒1=2*1

L : for any f: A- PCA
)

show f is not onto



and so not bijective .

Trickledoe: Given f
build .

B={aeA/ act flat )

eg: f :{
1.2.33 → PC Elvis}} .

f- (D= { 1,23 ,
ffz) = {33 , fC3)={1,433 .

D= 123

Key : B ¢ Im Cf)



Note : com H Pdo . it ) H P( P ( const)
H Pfp (P ( com) - - .



210312

First order Predicate Logic 's

Propositions; Truth Tables

⇒ a ⇒
)

'II:
back

^
i
V

,

N
.

⇒
,
#

Universe

Sets : Venn Diagrams

^ '
U ' inauniurse ' family . Hamm

.

.
"
'

-
'

9
,
PCA) .

E
,
I



Relations : RE A- x B

XRy or Cxiy) C- R

R
"

,
Ros ,

dom.CN , rang
CR)

.

Equivalence relations
'

3. properties ,
I

, AIR (set of sets)
,

eg Zfn = 24,2 for the right R .

Functions : thx 7 ! y with ix. g) tf writhe ftxty

bijective functions '. thy Flex with Hoyt Ef .

2. properties



Example Problems :

Find god ( 182, 21)

Ans : Two approaches :
① Euclid 's Alg :

182 = 8.21 t 14

21 = I • 14 +17T -_ ged

14 I 2.7 ⇐ god .

② Factor both : 23.477£13 ¥28,2



Problem :
⑨ Prove that S={lx,y)ERyeQ}

relation on IR

is an equivalence relation
.

⑥ Fund x. gazer with 5=5 # E

② Show that it is denumerable .



⑤ I = {yl ix. g) ES}

eg I=j
if x=g

eg 0=5
Proof? E if a c- 8 then comes so

fi":÷ig÷:÷÷ 's.ae.



↳
and I t TT

since : T E TT since (Tut) E S

since S is
reflexive

(or The OEUQ) ,

but Toto since

for contradiction assume
Tico

80 (o , Ti) C- S SO O -TIE .

but - T le Q . a contradiction.
go.gl.



÷


