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Newton 1666 undergrad at canebrake .
while away from

school due to plague .

Computation from MAT 21
.

-

Analogous space : plane or 1122
Nice pts.

Rational pts II. Ee) Bt;Tl
Approx (Ti = (3.1415 . . - i 3.1622 - - )



(3,31 , (3.1 , 3. D ,
- - - -

Both are examples of

Banach Algebras .
(Ch ID .

( Many more examples in Functional Analysis
coarsed .



Def : 8.1 If as cab

and f : carb) -7 IR then fix, -fly

wrote food fled -Limo Hh"n¥imE
-
f x-hee

%b0slopeofsecwtt.MX#&slopeoftagt .
If f'Cd exists say f is differentiable



at a .
If f is diff . at every value in Carlo

)

say f is diff in or on Laub)
,

#
③ q⇒=q;sm± ::
Compute fi Cx) using chain atnd

product rules away from Ho



and tee des. at x=o

f! Cx) = (2x
sink -1×4 Tacos 's ) x to

f's# him. t.tn#hnnoh'
= Ling hsin

's = o

[ Squeeze
or sandwich then.



Try in breakout rm :

g. txt
sink x#0 odd

gzcx)
= { 42

x.IE?
° X # ④

even ,

① where are hey cts ,

⑤ whine differently .



g.
' lo) = him 9inch

If him hs÷
'

-HE g.
ch) s h

= a'If
sink exists,

*÷nµi si: a:*.

Sandwich teahnva
.

and lazy sin's

fails .
=¥zsin¥= I

if yi = a



teen sung, -_ sin i -IITs]

= - I

and him sink = - t
WTO



210106

Def : 6.1 If f :(a.b) t IR and ahcab

then finna fend =L
if

V-E >o IS> o V-x.ua,bI with Ix-448

it is true that Ifan - fecit < E-

Def : If f : carb)→ R and as cab then

(7. D f is continuous ( ets) at e if yli→mfaa=fcd.
(8.D f is differentiable (diff) ate it f%=¥}yf¥Y

exists ,
Newt



8.180 f is continuously differentiable Cathydiff)

at c if fcx) is diff . in an interval

around c and f • is cts at C .

Notation
-

Work required to check the examples:
① Check : txt is cts .

*
⑨ *o ]÷÷÷÷:
% Ya is not diff at x=o]



Need lying = align ¥ does notexist .

Use tie definition .
-

② cheek : fcxt-fosintx.IE"'s di
sink, - cost *tofrom last time f'cx2={o ×⇒

:*:¥÷:÷:÷÷÷÷.÷÷÷÷÷9



Assume for contradiction that fist'hd=o
hence : Ve >o 7870 tix with 1×158
it is true that lftcxllhE.CO
"÷÷÷:÷i÷÷¥÷÷÷÷÷÷.

that X c f
Now compute : #> If

'
Cx) )



=/ ¥n Sihlznn)- cost 2K h) )(= I 0 - I I
oops-

which is a contradiction .

Hence
,
!i→mfkx7F0=f'co)

so f.
'
ex) is discont . at o .

So fond Et C' IR .



Them 8.17 : If f
'

Cd exists then

f- is cts at c . /
Proof :
Recall properties of limits

:

If lxisma gun=L and Inga Kan -M

ten #anlgcxstklxs ) =
LTM

Iga lgcxi
- kiss)=L°M



Assume : ftp./imfcx7-fCDxsacx= exists.

whant to show fish fan
I f- us

.

Compute: lying Cx-c) = O

fig -_ fast ÷n,
t"I . 1%1*4

= hinge@cat f'I'I ox-c ]
= lying fix) done

.



Ck means f
'" f.sexists't;D

" Farm . Jdiffcr.ua
Dk means foot exists .

C- means for every
b f

'" iscts . son
.

11

De: ::*: :.÷÷e¥÷ .

'stil.



210108-
Algebraic operations on functions

,

and how they relate
to

127A : Limits1 continuity
.

Today : Derivatives
.

IunuR
'

Z COUR) Z D
'

CIR) ZCYRJZ DID
.. .

all function

f. Th→R
ko , t , • , O



Differentiation:

Thin 8.1918.21 : If f and g
are diff . . KEIR.

(so fig e DVR)) . then:
" DCkfI=kLDff)

i:÷÷÷÷÷÷÷÷÷:÷:p.si:*:*:*:*.(f)
'

co
-
-
f'Hgg%fHg' D. (Eg) =LDffDg

)

g-
(if gusto)

\



(gofJ4az@g.ofIccD.f.ca/D(gofIffDgLofIoLDf
)

-

Hence : If f.geDYK)
then b -fifty, fog , fog E D

-

( IR)

by tee above
rules

,

-

If fig E C' CIR) so fig " E CER)
DYK) hooter cts.).

c.4AdciTd=p*CR)



SDT #

Fun 7- COCK) ? DUR) 2EUR12 y - - -

Us#¥ 2k. . -1

Q kit
D
kit o.o z CDG I

' °

IF ' , 41 •
,
O o

,
O

• , O

-

Proof of chain rule :

consider . g. FED
' IR .

Write Gaan - {8¥76
'

x-tag.ca) F-a

which is cts at a iff g is diff at a



Also fED'CIR) is diff. so fisots

So by above :

lying (Gao f) G)
= yhjmfee, Gly)

take a= f- Co2 .

Now compute : gff, .⇒) - glfeei)
(got)

-
cc) = him -7

9 Xosa
def .

gffcx) ) - glfcci) fan
-fu)

= Irm
--

*→c
fan- fcc)

x- c



=hm adf.it#D.k;m.EE"
*→ c

x-c

= him 8lY)-gtf . . .
c ,

y>fool
• y- fu)

= g. ( fu)
. f'cc)



To show D- CIR) = c- CIR)

Def: FE D- CIR) if

for every k f
't' exists

.

Hence if f- c- Dd CR) ! teen fck")exists .
so f

'"
is diff

so f
'"
is cts.

So f- ECHR)



2101 " Today : Rules ' ,
Parametric.
Timers functions .

Bestiary : which spaces are examples
in .

Which functions are derivatives ?

eg : f. na
- { I ¥:3 = a-

Is there any g
with g

' = f ?



OF
Ahs! slope- qj.LI?=costtII - sink)

at t with yHI=1= ltsihltt
so SMH)=0 or E- O or Tl,⑥Gr2To

= ht .

So slope -_Coscn
1- sincerity

= Costner) = If



In Br . Rm : Prove ①

Recall quot . rule for limits .

t.i.m.fi#=F7Ezd .
-
try: fins. 7. = '

'II"¥÷.
=
HI
¥i¥

=
!!? It

"

t



= ¥, r .

c-"" ¥



Bestiary:
Functions :
Mittal ! Xk

,
Sinha ,

ex

fnhn={¥k¥four-I fan -_ { E'¥:/
f. an = -of
\

find=L not



gmxi-fxoksint.IE:}
goad = MANN

/ Wha -- very jagged.
g. cat vwf her

gala) frequent Weierstrass8h ,



210113 Mean Value theorem .

(8.33 Hunter or 5. 3.2 Abbott) ,

Ideal . If f E D
'
carb) n Coca , b]

(so f :[a.b) → R continuous at every

point and diff . at interior points) ,

then. information at a tab give
information about sore interior point,

÷¥E



Applications ( Next t.ms :
Darboux Thmi eg →

←

¢ Do

Inv .
En Ttm: If f'Cotto Tun

f
-' existsneoc.fi#.AntideriuiIfDg=Dftceug=ftC

Thay - Lag: How well do polynomials
approx a function?

L' Hospital's Rude .



From 127A '

.

Thin 17037 It or 4.42 CA )
I.f f E Cola,

b) then there are mM

win Effi : Lia: EITI' .¥m=o1=1 or - I
f-↳I⇒L



Then (Rolle) ( 8.32 A) ( 5.31A)
If f c- stab] a D. Carb)

and flat - f- (b) then

F ceca, b) with f-
"

(e) =o
.

- Tpeof
slope ok be secondproof: By 7.37 choose treat line taint

m , M with ' 'he a. b

f- Cm) = mon Inf , f-(Mt max Intf)

case I either mor
M is in Carb) .

then by 8.27 take c --mor M and
flee)=0



Case 2 : If both m and M are @nd pts . '

teen fans -_ fca) = f- lb) = f- (M)

so f is a constant function 0¥
so DH) =O so any c c- Carb)

has f-
'
CAIO,

Thin ( 8.53) (5. 3.2 )
( Generalized or parametric

or Cauchy) MUT

If f. g E D.
'

ca,b) ncocaib) teen

•

Fc with Cflb) -flat ]g'ca - ftp.fglbl
-glad
I



Picture: parametric versionat nut .

:*:*:X .
... :¥i÷÷÷:¥¥÷

and X Cb)-Matto

" ÷÷÷:÷÷÷÷÷:
slope of tag In



Proof Plan : consider :

h (x) = fflb)-fed] gun + fix) [ gcb)
- glad]

claim: this sat - tee hyp of tu MUT.

nexttrmi can:3; t.is:92?hatunIoas .



210115 No Lecture Monday (MLK) .
Hw assigned today due wed .

Todyqfag ! Applications
of the MUT.

Recall :
Thmlaenlparmkauchy MVT) (

8.53 It) ( 5.3.5A)

tf f. g
e Coca,b) n D

-

carb) F c c- Carb)

with [fad- flat] g' ca = face) Cg
Ccb) - glad]

Proof : Take had = Cfb) -flat] gtx)- fcxsfglbl
-glad



Apply MUTTS go prove Eran MVT.

In Brk Rm: use

check : h is
cts and diff .

but : f and g are cts is
,
diff-

and both props. onepas by
liar cab

( or Carb]n D
' Cab) is a rect. sp) .

Hence: by Mut get
e c- carb) with

h.cc) = hlb) - hca)

n
Fa

and compute :

Cf Eb)-faDg' Cx) - fix) [god -glas]



and RHS: k¥4? [flb)
-flanges)- fctdfgcbhgcayy
-

b#

Useful : L' Hospital's Rule
and tee Inv . Sn .

Thin
-

Example:
If f E DTR) and fool -0 and f'coho

and ttx ,f" Cx) E3 .
Show that fu) E 12



Ans: Ideas
'

Try 2 steps :
First bound f.Ca)

if XECOCZ] .

Claim : Axe coil] have f' Cx) f G

similar to before : if f'ca
> 6

teen f%e) =f'of = ftd > 3 .

Similarly since flex) to

get flat 12



Applicator :
How close is D to being injective ?

Thin 153.33/8.34) -

Ker (D) = {constant functions,
T

{fl Df =o function} .

Proof : For contradiction assume

f E D
' CR) with Dcf) -o

and sane xay hare f- Cx) #fly)
-

Hence by MUT : Ice c*③
.

.

wit f 'ca=fI¥t"' to *,



Cor ( 8. 3.4) ( 8.35)

If f, g EDYR
) and

if '=g' fun f=gtC
for sane anstutc .

PS: If f '=gk then f
'
- g
'
-0

4

Cf-g)
"

so f -g=C is a constant fu .



t÷*i÷÷÷÷÷n÷



210120 Using the MVT to

understand diff . functions ( D
' )

and derivatives . ( Do]

Compare 127A information about
.

images of
continuous 8ns ( co)

to those of derivatives C. Do)

Recall : Gana -_ { "o
"h¥ 7¥! }eD%RIEC%R7

g:c, - L""!
-cost ¥183 c- Dock)

⇐ c' CR)



Cor : If fig E D. Carb) and Kate

have f-Cx) = gcx) then foe)=gCe) .

Proof : For contradiction assume

fees # gce) then. f - g c- Diab)
since f. GEDO Carb) but .

tf -g) an = %,.ge,
''Ie ) w*ED%id§
- -
to a contradiction



eg : f
" ¥ -cost 'II} # DTR) .

-

even thought satisfies tie IUP.
(coanecbedimag#
Proof of Darboux's theme. Les above!

The thin is equivalent to: If a scads b
and flxse Do carb) so far= F'Cx)

wise Fan c-Dekalb) and if 2 is

between FMC) and F'Cd) teen here is



e C- Cad) with F'Ce) -2

In this case:

either F' Sc) ca s F' Cd) ] very similar

or ② is 2 " S
' ' ] consider this case

write f②Gtx) = Fha - 2X so G'lxk Flexi - L

G' ca > o > G' lol) into
• d

Goal : Find ee dad) with G9ej÷%
Since F- is diff and hence cts so is G .

and by 7.37 have Me [c.d] withGlMkmaxuTmGlqcg.Soccese@Me6e.d) hence by teeint.ext.thm.J-8.tthave G'LMKO



so tube e= M
.

⑥ MIC ] consider this case

⑨ M=D ] similar .[will show thus is not possible by finding ×
with aeEE.it#:ngteraa1ntv
-

Taylor Polynomials and Lagrange error term .

(will another type of error label

Notation ! If f E D
"
Carb) and c e- Carb)

write Pn
,
e
Cx) = fed + fiesta-c) + fz (x-c)'+ .-



-
. .

fence,
t-n.ly- c)

n

and remainder or error is

R =Rn
.
. ,×

= fix) - Pmelxl .

Thin :(8.46) : If FED
"
ca. b) , fix c- Carb)

then I 5 between x and a with

Rn
.
. . .

= f'
"'Yg )
Thx

(x- c)
htt



Try: flxs=e× ,
fix = I = x" .



210122 Today 's Using Gen MUT .

start limits of functions ,

Recall : (Gen MUT) ;

Them 18.53) : V-k.ge D
'
carb)

,
asccxeb

F SE C. x] and

[ kcxi-kuifg.IS/=bil5IfgCxi-gce5f



That is :
e >o FS>O f Ix

-d SS

hauelh-F.IT#
Back to Taylor - Lagrange them .

(another app. of the G MUT),



Thml 8.46 ) Vf E D" lab) ,
as can b

F SE [c. x] with fad - Pn,ixI=f'T's't
'Eff

.

"

-

Rn
.c.x

Pn
. .
Cx) = f- (c) tf

'

ca Cx-est . . - - + FYI, Hj
-

proof : choose for GMVT ?

kH= Rn
. ...

' gltt-Rn.tn
kind- kid = - Ben .c.x gtx)-gu) - fflxtfhd)- Rn.



tilt) = Rn
.

(nulth htt
"

(x-c)htt

claim : g
'#= FYI} HIMn!

Now using GMVT
: F SE [⑧ ox]

with Chun-k¥3 g
' = bits) ( gun -guy

so gk5I=kk5)

so
- Rn

..#
int" '¥i¥=fY§

"

, kind
"

f 'T's) ex-an
"

so Rn.at = Tnt. qed
.



210125 Chai. Limits of functions :

Defts.io) If canine ,µ= Can) is a sequence

and A a number both in IR teen

an A if He >o FN th >N hae lan
-AKE

T.TT#iose-E.
-

- llfn- FA ssHow to modify for Valais) Ione in, - there -24%19
.

Def If (firm) is a sequence and Find

a function both in Fun (aub) teen

9. I fu F if V-xeca.by have fund FW

n→oo

or earn! tfxelaib) , Eso FN Un >N have Ifnlxl-Funke
.



9. 8 fu YE if -V e> o FN th>Nixetaid
" ' '

.

13.45 fn "÷ij"E if He >o FN un
>N hare Hfn-FA - E

.

where: Holl :(some
functions) -7 IR,

is a norm ( Def 13.20)

Examples: Hgcxillsup-llglxsll-f.jp, too
"'t

→ 11g kill u = S! lghnldx
11 gentle, = Again, +118%311 sup



Note: Two of :① pointwise are tree same

⑧ uniform
④ II. llsup- norm

⑤ It . Ile, -norm

Questioning
does fnFF in each of

the senses ab ve



ptwuse unif.IN/lsu-pnormH-Hoinorm
-

① C- I , I] Eitan] flee , I- E?

② IR IR foe .
-9. as

for any E

③ IR- Eo} C-a .-4,40) 3- same,

④
no-
R R IR

ns -a IR ETO]ukP) -same
.



⑤ IR IR nowhere.

⑥ IR IR R

⑦ IR C-a. b)Haan's too. k]

⑥ C-hi] EHE, I-c] →same .

Amuck more study later .

2101277 Fn convergence and Cauchy sequin-



Def :
3.45 A sequence can) in IR is

itchy if

HE >o F NEH Hmm > N have

Ian - aml ' E
.

.

⇒

9. 1.2 : A sequence (fix) in Fun lab)

is uniformly-Coetechy if



HE > o FN c- 27 Hmm > N have

ttxelaib) have lfncx) - fmlxll LE

13.49 : A sequence
( fnhn) of functions

is Holl - Cauchy of

✓ E > o FNEZ Hmm >N hare

Hfn- fmll s C .
-

Lemma: If HH is a sequence
in Fun Laub) then it converges



unit . to Fox) iff it conerges to

Fix) in Il - llsup- norm .

iff

Proof : An - F uniformly then
Ift

V-E>o Z NEE t
n
>N have Vx Edb)

have I face)
-Funke

iff V-E > o 7-NEE
th>N harefypa.bg/fnhn-FhalcEiffV-EsoJ-NGZ-V-n>N he llfnlxl - Fhdllsup'E

its fu- F in II. Hsup- norm .



Note : Similarly:
( fnlxl) in Fun tails) is ltllsapnorm-Candy
if it is uniformly - Cauchy .
-
Berk . Rm Find sequences of functions

that are -Cauchy .uniformly
② Find a seq .

which con v. phase
but is not cents-Cauchy.

Egfamples :



① NL Sinon x is Unif Cauchy . ?v

② ¥a not unit. Cauchy? ✓

-

Proof of Them 9.13
one direction !
If (fun) converges

unit . to Fox) .

ten Vc >o F Nez tf n > NEX here Ifncxtfbxke

hence He>o FM=Nq Hmm
> M

lfnexs-fmYxst-ffnixi-FWFH-f.ua/



I Ifncx) -Flxlltlflxtfmlxsl E E+E=E
Otar doer !

If Cfnlxi) is unit- Cauchy :

tu VE >o IME t him
>Me
,

hare lfncxtfnhdkez
So tf x have ( fncxi) is l - l- Cauchy in IR

so by thin 3.46 converges . to Lr .

Define
Fox)-_b .

Compute : lfncxl ) g Fox) .

[Finish next true .



210129

Than 9.13 ( Now Hw 6. 2.5 eds)
If Cfn) is a sequence in Fun Laub )

then Lfnl is uniformly - Cauchy
iff it is untruly - convergent,

Equivalently ! Fantails) is llollsupcomplete
-

Break oat Room:
g y

① Find abound llgwllsup o

define next .



② Find Cfn) com . ptwise to f .
with each Hfnllsupbbutftflf.jo.
-

The Weierstrass function Cs)
.

Desi 9.24 :

fixe ¥n2-Jcos(six )
Claim: fnlx) converges in

Il- llsup- norm .

Gall te limit. W Cx) .



Pf : By 9.13 it suffices to check that

( fn) is llollsap- Cauchy.
that is we need!

He > o F Nlc V-n.in
'
- Me hem

llfn- fmblsup LE .

To do this : choose Me with 2-Me < g

and compute :Hfn-fmtlsup-llf.mn. 2%13%111 sap
⇐ I Eir't so



qed .

Then 9.16 :

If (fn) is a sequence in Cocaub)

contr . unit . to f- C- Funladgb) teen fecocaob).

Equivalently: cocaib) is llollsup - complete .

Proof : Note : fecocayb) iff

tf e e-Carb) ,
E > o FS> o VIX- class hare

fix)- fools E .

Assume fu are cts so

thin ,E I 8am,%, V-H-ckf.n.ee, have



I f-next - fncdl 25.4
also f-

n
is f so

✓ E F Me In EM
,
have

14
µ #n - f Il • < Eh

,

combining :

factoid, E>o F Q. . -_ Snc. E, UH-48..
have ffcxl-fcaklfcxs-fme.hn/t/fme.hd-fm..co/



+ I freak) - foot
S E

,
+ I t Ey l E

.



210201

P.ro?::t:.esPoint;::#ni;menormContinuity .

X gn 9.16 ✓

Differentiability x X hn 9.18
(today)
-

fncxy =L fun=L
Attn nets

,

×

in Funke , l) ✓- notbdd .

bdd



gncxt-xn-EE.sgoxt-E.IT,

in Funcom] -
- motets .

cts

hnha=TxE. hcxtlxt
not
in Ilona,✓
- not diff .
diff



③ fhlxl is differentiable so fu- fm is also

so by MVT
have

FYI ' !÷.io,
3- Snm

. .
with
-

between X
and p

ffn-fmllxf-plfn-fmlltd-ffn.fm/Bff)
④ Again friend is differentiable.



" tinny . ,
e" I 8n.p.etlx.pl's

have I "I÷nH - f:p!
5
-Use ①→④ to show ? f '=g or

V-pelaiDaE20F8V-Ix-plsShave@1fhIIpttI-gcpslg.E.

-



Recall! Wlx) = Weierstrass fn .
is a unit . limit

.

of

g.Enix,
= €0,2

- J costs x)

Claim: Wix) C- Do R) .
Fact I Prone later) ! Cts

fins are all

derivatives and wcxs is

cts by 9.16

Use 9.18 to show W Cx) is a deriv .



using : fix, = ;§2÷ sin (Ix )
= £ 6-5 sin Bix )

j=o

so gnlx) = f! Ix)
by 9.18 In W and TvEw .



2*0203-1 Notation: ( ch 13)
,

§ 13.2

Def: 13.20 : A norem on a IR - vector

space X is 11.11 : X - Rso with
① 11×11=0 iff x=O

② llkxll = lklllxll if
KEIR .

③ ilxxyil Ellxtltllyll ( triangle ing) ,

Ex : lol is a norm on IR
.

Holl sup is a norm on Bdd Carb]

(but not on Fun Carb] some :



eg Htxllsup is not defined)
.

Holla is a norm on
c' Carb]

.

(where Hftlcillftlsupt It fallsup which

is defined since : f
' vsctsoncaib]

so by a thin in ch 's f
' has

a max & mon so Ilf'llsup exists

and f is differentiable so f is cots .
and again achieves its may admin.

So Ilfllsup exists .

see llflld = llftlsuptttf'llsup exists )



Def! 13.45J A sequence (xn) in a normed

prop 13.21 vector space (X . It
- H ) is

Des : 3.10 ⑨ 11.11- converged to XEX if

Vaso IN tin ?N have Han-XIKE

⑤ All- Cauchy if
✓ E>o IM V-n.in?MhaulHn-XmKE

Def: 13.54 A normed vector space CX, H - H)

is a Banai space if every Holt Cauchy
sequence is ll.tt- convergent .



Them : ( D Taib] n Bdd Laid , 11 . Hsup)
is a Banach space .

Thin: ( C
' Carb]

,
It - Hai ) is a Banach space,

Example ! Construct a function

UK) E Dolor ) n B Con]

as a
limit of



g.next
= ;€ 4-J ( ex-a;) ' cos ¥) -

and check : Ulx) is discts at

every aj .

Choose a,
= I 94=4

Qz = I 95=1
as = Iz y aj runs through

all rationals in
(oil) ,

check : U is dicont. at tea
,



210205 Midterm next week ;
see 2020 exams on web page .

Example Seo Banach

Then power series
:

-

Recall ' . ( Coton] , Hall sup) is a Banach space.

Notation: llallsup - II. Hanif = Halle.
e- It . Ha

Thin:( c' Carl? Holla) is
a Banach space .

if llftlcz-llflla.pt/lf9lsuptIHf-
"

Hap



Fun note ( Banach algebras) :

Note? If fig E Coco ,
I]In Hfgllsap I Hftlsupllgtlsup

If f e C.
' co, D

then ltfglla, =Hfglls.pt/lf'gtfg4/supElTfplgTsaptllfHsupllgllsup
using above / + llfllsupllg'llsup
and triangle met

⇐ (* Asap+ Hf'll sup) ( llgllsuptllg'llsup)



= IS Fka llgllci
Claim: If faye c' Coil]
④
teen Afghan 's Hftlaallglke )?{¥Also if H-fllei-llftls.pt/lf'llsaptL.llfYlsap, check -

⑤ten if f- =g=X ten Hfgller I llfllerllglto
-

⑤ If f- = X
= HI

11 X11 ez = 11 Xllsup t 11161 sup TEH okay

11711oz = ttxllswp + 11111,up t Roll sup
-_ HI



urine = " Y'"sup
' " Y'sup

"

II!!:p? I
11×41%-50117%2 = 11×115

11×41=>11×143
-

Notation ' .
A power

series about a with

coeficients an is written



⇐ 9h (X-c)
n

-
meanSN

iii. E
a

Examples: ① Ex
" related to ¥

had

a

⑧ E related to ex
n=o



210208-1 Midterm Friday :
Old exams on web page .
I sheet notes ,

Couirig through today tch lol .

In regular zoom session.

Use cameras .

Instruction sheet onwebpage
by tomorrow .



Computing Radii of convergence:
Recall from ch 4 .

4.19 (comparison )
12"I IS Eat - EE?

4. 24 (Ratio ) Ean converges if

tinsel . l l l

(Integral) If fad
is inc .

and f?fcxldx to

ten 7£
,

fend converges .

ey EEE com . since S?# = Ego
.



Example power series : find
R .

① EX
" ¥ if xe f-1. 1) =L-RR)

neo
bztayllag

② I.f÷ = e
" if x e IR CRE)

③ E n ! X
" = I if 7=0 and andef else . (Rao)

der .

④ S cnn.mx
" Eo. Tix if xel

- lit )
, 12=1

⑤ q in an
Eta" Infix) if xethl) 12=1

⑥ E CEI " = = ÷ if x.C-2.21 , 12=2



⑦ EEC In = # ifxefl , 3) 12=2
⑧En-x

" TEE,

f- I
⑨ 22ns inch X

"
2

R2 's
-

Comparison -1
retro test

.



210210 will post practice answers ,

-
More power series

:

Thin 10.22 •

If Scx) = { an Cx-e)
" is a limit of

n=o

a power series
with radius of Oona. Rg>0

then s.cat?Fann'""÷Eam:L:" Rs
.

Proof : Bg than 10.3
( Snow = E. anuran ) fg

- quo,
in Cc- r ictr] for any r SRs .



and compute ( will skip) :

if I anlx - c)
n converges and lyniklxel

Ch4
. § gann (g. cyn

" converges -

hence { annex- c)"' convo unit . by 10.3
to some Sn Tex)

.

in [e- r, Ctr] .

So ( Iu ) S and ( Sf) 'T
in [C- r . ctrD

So by 9.18 51×1=17×1 .



Cori
.

Functions which are limits of

power series
are completely determined,

by any neighborhood of a .

This will show many
functions are

not limits of poem .
series .

-

Thin 10.25 : If for -0 and

flex, -_ f-Cx).

then fix)
= ( ex



Proof : e''= E IT

comped Lexi
.
-
- E =

=D
.

Note ex to .

Compute ! (feJA = fixsex-fc.nl@
× ) '

= ÷=0
so by Thin 8.34 have k¥-6 a

coast
.



So f-CHI Cee × .

210217



started with derivates
.

defined as a limit of difference quoted.
or geometrically slope .

Next ! Inverse of
derivative:

Integral .
defined using area

:

figs>y -

Eg: ↳€¥!-I.it?IAra--origneefn .



Explore next . which functions

can be integrated .
( not looking for a formulae) .

Look at 511.1 for basic properties
of sacu.pe flat and iahffca)



Example : Partitions of co , 33 .
UKIP)

7=10 .
I
,
2
, 33
-

x:# "

"

e
:±¥tEYF"

I . -- ca . I ]
÷ "¥¥

I =L's
,
2] e. =3

/ LLAP)

Is
=[2, 33 e, = I

QQ = {0 . I , 1,2, 332 P

QQ is a
refinement of P

.



Def : If f e Bdd carb]

then ⑨ UH = pinnata,byUHiP)=f÷aadx
⑤ L tf) =pseu%a,

L HIP) =L,!afhDdx
Def ! If f- c- Bddcarb] and Ulf)=L(f)

ten f is call (Riemann) integrable .

and write f e RInt cab]

and Cliff LHJ=Jf=ff= ⇐afcxldx



Break out Rooms:

consider Caio] = [on]
fan = X 'zeztn
Pn = { out . E . . - . . ,

I} "

. n÷nEI
Find : ⑥ Ii = Cin

'

,
in ]

..

⑤ Li = I
② Hlf,B) = £ In flintI's In -t.fi

i' i

⑨ Lcf, ⇒ ng en fl = II. I
⑧ UH) = 's ⇒

= ⇐ Eiji -- I- In



① For which a 4 m

is Pa a refireout at Pm ?! saitiplef
nln

of m

Helpful fact: €7 i =
it
,

i =/-12+3=6



Thm 11.20: If fe Bdd Carb]

and PEQ c- IT Carb] teen

⑥ Ucf ; Q) s Ulf; P)

⑤ Lcf; Q) Z L Ifip ) .

Them 11.21 : If f- e Bdd Carb] and

P, Q C- Taub] are any two partitions .

teen Lff ; P) Eulfi Q)

prop 11.22 : If ft Bdd
Cabs then LLFIEUCF)

.



proof of 1h21 Using It . 20
.

Consider The PUQ
which is a referent of Sota

PaalQ
.

hence LHP) ,÷oLlfiR) E Ulf;D) sulfa
,

def 11-20

proof of 11-22 using
It -21 - Next t.sn .



210219

F.28Thin: Coca,b] E R Int carb)

( A step toward the fact that C%ib3EDIqbD
.

Thin :(Next week)

If little = f! ffcxsldx
then ( Coca,b) , Holly) is a normed linear

space but not Banach :

Recall : This proof requires:
- If fe Cab] and

Stfldxo then f=o .

- Slcfldy = let Slfldx
- Slfegldx s Slfldxt

Slgldx

- Find Cfn) which is If .lk.- Cauchy but



not blotto- convergent .

eg fun =
'

-

Approach to proving ii. 28 :
Cauchy criteria:
Def: RIutca.br#ffeBddEaiD/UHI=LCfI} .

{feBddEaid/tk >of Pee#aid withUlf
;D-Llfipke}

lfebddcaidfFCQnlnan.Qnc.TW] with
It'→mIUlfiQn)

-LLfjQnD=§



Proof of 11.28 using it-23

Recall Than 7.42 ! If ft
Cocoob] then

f is unify. continuous .
ctsi Ve so, xesaib] IS,> so tf ly-xk8 here Huffy;D
Uehff! V-E> o FS, so ttxelalb] ,

" ' '

.

Ass . f is anif . cts in Carb] and Hao

auf take m >
b and
Sza

compute: Ucf; Rm) - Lff; Rm)
< E

.



Computing: For Rm=E9tmE,=i#
each Ii has IEEE

{ aratb'T ,at2bIq.- ab}

BI S SE
M

b-q

so V-x.geIi have Ix-yl 's 8£
,

so Ifan-fly) ) s Eg
so ÷±?

fix) - I:#if'D < Ea Els
a b
m

so Ulf; Rm) - L (firm)
eque port .

=
,

dits.EE?.fhd-ignfifYDsm.bmI.Ea=e.



zion Algebraic Properties of integrals,

CEE RInt co .B -3 IR
- fi . dx
vector space linear

monotone

Recall : Definitions :

If f e Bddso ,
D

and P E TI Coil]



Ulf; P) = EE
,
dishy? fu)

( ( f j
-P) = . ' n n int n .

.

U Iff igf Ulf ,
- P) = Jfdx

L (8)= spp LCS,
' P) = ffdx

so Llfjp) E Lff) s Lif;
P) t E

J C

- u.
i. a. ÷:* :c . ].



Prop 11521 : If P , Q E TIGHT , f- c- Bddlaeb]

teen Ulf ,
- P) 2 Lcf; Q)

Proof : Ulfjp)
,,¥UHiP0Q)

ZLHIPUQ)oUfiQ]

Prop 11.22 If f C- Bdd
carb]

they Uff) Z
Lcf) .

Proof ! AssumeditHI
((f) = Ucf) -12

E C> 0 . is

£,Ulf;
Q) +E SUH)-12g

Compute : Lcf) L (
Cfi Plt E *
* VAQ FQ

a contradiction , zp



Thin 1h33 : If f. g E R
Int carb]

then ftg E RInt carb )

and fo
'

(fcxixgcxildx = fotfcxldxtfolgcxdx
Proof : compute:

Tilftgldx = ipnfulfxg.PJ-ipnf.E.li#y?lfhdtgcx
))

sift E?lifs¥? + g:#is
'd]

= To' fcxidxtsjgcyldy fifcxidxtfogapdg
-
-



Similarly. fellftgldx Z d
so Ulftg) I Llftg) E Ufftg)r

11.22

so ucftgl= Llftg) and ftge-RIntca.br

and both inequalities above are equalities.
So Soiftgldx = fotfdxt Sol gdx .



210224J More about the space RIntCaib3
of Riemann - integrable functions .

Already found
R Int Eads] is a vector space oh321 it-33

Co carb] E R Int
carb] 11.28 .

Inc Carb] E
- i n

11.30

fun -- E: Eike } E Rincon]
not listed above .

-o: ( fo
' fcxidx = O)

Def: If f- e RInt Carb]
then

Hf Hq = fablfcxlldx



Recall : ( X ,
Holl) is a normed lin sp (Def 13.201

.

if X is a IR- rect - sp . fails but holds

zero : If Hfll=O then f=O .

for cocavb]

scat : If ce IR teen HefH= let llfll . ✓ holds

triangle :
If f.GEX teen llftgllsllflltllg

'd
,

r holds

fire::c:" :c:i÷÷÷÷:¥÷÷÷:"
has 115-14=0 but f- fo,

so ⑤ property does not
hold



Find more integrable functions .
Already know:
RIntca.hr] - is avector space

- contains Cocaeb]

-
contains Inc carb] ad Decked]

-
contains -8-

Claim 11.44 ' . A bounded Sen f- c- Bddcaib]

is R - Integrable iff Hor e e- Carb]

flea
.,

c- Kintaro] and flee,gyERIntGb] , ;~
NO

lawd fabfcxidx-fafkntd.at febfcxsdx ) ←e
a k s



Proof : ⇐ : Assume flea, & flee.by are Iuteg .

and show : L (f) = Ulf) = iafdxt fab fdx

Compute : for every E>o

L't flee.es/ELlflca..,.QiItELlfta.bg) E ( (fla
.

Qa) + E

so Lff) Z LIF ; QOQZ)
- Llfkaa, iQ ,)tL(flaws .-Q)

Z fflauogdxt Sfl, DX
- 2 E

similarly Ucf) E
"

' ' t z E



So Ulf) - Lcf) 14C so ACHILLE)

= ffk.jxtsfcggy.dk

⇒ is similar



210226-1 More R . Integrable functions .
And Fund. Thin

.
of Cale

.

Know: 1h28 Co carb] E RIntcaib]

11.30 IncCarb] E Rtntfaib ]

X exit { 'o 2%93 f- Rentcarbs .

⑥maefn : Text - [ I ifejxen} ERIntcaib)

↳ disc (f)= Ex I f is not continuous
atx} .

disc (X ) = Con]

disc CT ) = Qr can]
Question: Is far in Hx) x#03 #



( o x=o }
I disc (f) = [o}

in RInt Cool] ?

Is gas = { sin
(s÷) if son 's to

and x# O
o else

.

dise (g) =ExlfhD=o3
= 0203

.

MM

-in Renton] ?

Cor 11.53 : If fEBdd[aib] and

disc H) is a finite set ten feRIntGb?



Skip Proof: (Uses 11.50 and 11.44)
,

Bono Rm ! Show gcx) C- Rent cool] .

using 11.50 and 11.53

Proof : Use thin : 11.50 :

consider glam, but dis.ly/ce.nd=fnta/nt-n3./--EnkntnsEe3
.

which is finite .

Hence by Cor 11.53 glee ., C- Rent
6413

Therefore by thmll.ro g. GRINT coal] ,



Them 11.61 : There is a collection Z

of subsets of carb] so that. a bounded

function f is in RInt cab] iff

disc Cf) E Z .

Call : elements of Z
sets of measure O
-

-

Them 12.6 : If fe Print carb]

then Jf E Cocarb] .

Proof : check {ing, Jfcx
) Jfk)



I me. Jfk) 7. Jfccj

compute : Ying, Jfcxkxhjm, fifty) dy

so fishy, JFGD
- Jfk)

= bing.CI -sift !;m, Sindy .

E him (x-c) Hfllsup =D
Foot



210301 Recall : {fEECaub7l flat-03%43D 9%5 "

R Int Eaib] -7C%aibi.÷eetiK⇒C!Caio]
. A

Boca.byD-
D! Caio]

onto
by def .

⇐f) lxtfaftyldy.
so JflaJ=0



(or of 12.4
: C°Eaib] E D°CazbT .

Proof : If fecocaib] ten f-= Ft

whcoe Flail.= If # = fax fcysdy .

hence f is a
derivative and in DeKalb]

.

Cos of htt :
D:C:[aib ] -

Carb]

is a bijection
Pf: From 8.35 if D f- = Dg teen

F- gtc but if flat - gelato
aid flat = g Cal -16

teen C=o so f -g and D is injective .

By 12.4 D is onto since DJF If ,



210303J
Product rule 8.19 ⇒ Integration by parts Rio
-Fri used later (next class)

for weak derivatives .I
Integ . by substitution .

Chain rule 8021 ⇒
iz. iz

-

Recall :
Thin 12.1 : If f

is diff in Laib)
cts in carb]

and f
'
is R . Int . in Carb]

then fab f-
'

Ctdt = f- Cbl-flat .



Them 1210 :
If fig E D. laid n

Cocaib]

and fig's Rent
cab] ]¥I

"

I Zo
l

then Jabfthtlgcttdt = - fabfltlg
'#Idt

+fftblglb) - fledged?
Proof : Recall : (fg)E f-

'

gtfg
' ( 8. la)

check fg satisfies hyp. for 12.1

f-GED
"

by 8.19 , fgEC° from Ch 't .



f'ge RI since
: f

' and g are B. Int- by hyp .
and by Hw z.by?Emegisctscn.zgg ,

get fog B. Int.

similarly fg' is R.int.
and R . Int Cubs is a vector space so

f-
'gtfg ' is R . Int ,

Apply 12.1 : S!#
'

dt-falfgtfgldtflhdglb-f.gg#=Sabf'gdttSabfgadt
so Sabf 'LHgHdt= - fabftttglttdttfflldglbt

- fledged)



-

Try: fglba
Find a weak der .

for @ find = Ind V

or ⑤ hairs =L : II:} .-

Only one exists .
→

Ans :
For g as above .



⑨ Sittig'Ctldt = -fit gectdtt So't gactdt
Ents * Silo glttdt - So

'

1. gcttdt
= - S !

,
kltgttdt if Kitt

= £! If:}
.

⑤LihltIgttIdt-JolgtHIdt-gH-glol-oglo7@o.k
HI is a wk deriv .

of Itt
.



Thin 12-12 : If g
as diff in carb)

Cfs in carb]

and go is R .
Int in carb

and f is cts in Image(g) ,

then fifty its) g.HIDE
- s
.
:*.. )

in



Proof: similar to 12.10 .

Integrals and sequences
of functions

,

12.3 and 12.4 (add more fns to integrate
,

Re
.

call : A sequence
of R . Int . Ens . fn

is L
'
- Cauchy if

in Caio]

HE > o IM tf n .mZM have

Hfn - fall, = fblfn-H-fn.lt/dtcE
A



and L
'
- convergent to f- ERINA Canby

if t.gg?nI=YiIIa.sIEatc !
Note : If Cfn) L

'
- converges

to f

( Cfn)↳ f ) .

then tim if It = Sahflttdt



210305J
Example : If fERIntEaib3

war:L :*'s:÷¥*÷.".it#i*..M
f- Las ifx=a

Note : fabfp.ulxt-E.li?uIf..fhd=iUlfjP)
and fault) Z fix)
so llfpne- ftp.i-flfp.ucxt-fixs/dx



= ftp.ulxldx-fflxldx
= Ulf ; P) - Ulf)

Hence : If Lpn ) is a sequence
in

TTEAIBT with lung,Ulf,
- protract)

then ( fp,w) is L'- convergent to f .

Similarly for ftp.L .



Thin 12.17 :

If Cfn) com .

unit to f

teen (Snl convo in L
" to f.

( Also
if ( fnl is unif- Cauchy

trees (fu) i 's L
'
- Cauchy ) .

Proof : If Cfn) fetsddcapieb?

V-E >o IN VNZN have llfn- f- He
E-

so
V-E>o FN

Kntv here
sup b -a

llfn-ftp.i-fbalfnhd-fha/dxSUffn-fjEaio3)



= (b-a) suplfn-ft-cb-allfn.FI/gwp
< a

Cauchy proof is similar
.

Recall :

(9.24 ) (Weierstrass
fn)

.

'

a

Wha = SIN cos ( 3
"

x)
neo

converges uniformly to



acts , nowhere diff - fu Ihor
Hence f¥WGdd×-q ⇐In coslsnxldx

since the
sum conv

unit and
hence in L

'

⇒
to -3

= E.Eh sin 15×3/0
neo

= 20¥ [sin - sinus] t £70 = son }
= I
2

.



Ey ; Pointwise com -
to O

n
-

en.
!;÷÷÷÷¥:÷. #

'ink

④is is not I a:{Enact to any
function

.

So no

↳ since:

L'- Cauchy means :



HE IM thin ?M here Hfw- fully < E

so hot L'- Cauchy means

¥41 It?
with llfn - funk, ZE

EH for any
M

tee@ny2Mim-Maud.dgomputellfn-fnHu-folfnfxt.l-mlxildx

:L ?
'

I;E¥fdx=2 >Kee



210308J Integrals of non- integrable
functions .

Improper integrals :
Def 12-24

If f- E Fun (a, b) and too

have forint Cate, b]

then write faT-cxidx-leingo.la?fixldx
and call this the improper integral
of f on Carb) .



(this limit may or may not exist . )
Def : 12.26 :

If fe Fun Ca, O) and Hn

have fe R Int Cain]

then write Sad funds, = things I !fWd×
and call this be improper int-
of f on [aid) .



Def : 12.32: If f C- Fun fails] and the so

have fee Kint Cate, b]

and dim.la?elfanldx=leimo+Hflca+e.ssllu
exists then call f-

absolutely improperly integrable on cab?

and similarly ( analogous to 12.261

far ⑥ aid) .



Example : ÷ is abs . imp .
int .

on
Cort] if a > o

and on [ 1. a) if d so .

Example : So's;%'÷dx with a >o
.

This improper integral exists since

I"I÷k #4¥



•
his is abs . imp . int - in [out] by 12-25 .

So softly is imp. int - on Coo 'D by 1233,

similarly : I ?sI7 dx with doo

exists . leg change variables y= ¥

( Dirichlet) ,
from previous example).

Example: 12.36 : ffsindx = If



exists but STI "IIdx does not.

so call stand conditionally .

improperly int . on Coco) .

Example:p.v. f!ae÷dt
=S.IE#p.u.SiEdst--hinsoS.-iEdt-y.;molEEat-isiEaf



Claim : both limits exist
.



210310J practice final on web page .

Recall Ex 12.41 :

show
-

p. V. ftp.#dtfHI=z
- -
at E-0 improper

= f fieldftp.v.fjfetldts.io#dt=hi.m.sigIn.:;qnm..Iietdt
Note : EI is cts in =L - lunge

"

=L



I¥EetiftcEn.-#
For p.v.fi#dt '

,
it # IIE't . . .

Recall : et = EI tnn: com . with Rs as

t
e

so I = It E. I÷:
ironies with R= -

so ets in C-1. IT .

write Eat {¥ - E III} is cts



( or compute : limo - E)
' '÷oe÷.¥

.

'im.
i )
.

so p.v.fi Edt = !;mo[ sie Eat -is!Edt)

⇒im.IE#t-isiEdt-fS.i'E+siEI]-
O since ¥ is odd

.



= elim [S.it#dt-iSIEcadt ]
= I , I HIDE which exists since

I is ots hence integrable
on C-tis] .



Example of Taylor Errors :

fan = e
" and o_0

so Pncxl = €orx÷
Rnlxke't - x

-→¥?
net

and 8.46 : Rinko)=fn¥p
.

ion
" get

Chell !

and ii. 48 : Radio) -_n÷
.

So"e4io-that

a- a.+
.

hits
o -ssnd ,



E ht
.

So"e"snds=e"
(htt ) !-

also
(
s ¥. Some

"-sands
"
IT
n > 9

='÷.k
sharper

if n
<g



Base case : n=o

Roca) = fan - Pour
= fix) - fee)

= ft? I f!f'
"

Hdt

since
f-
"'ERIntcacix

]

and FTC
.

= o÷ Sff
"It, Lx-tsodt

so done .



Induction step :
Assume Rnlxt IT

. f.
''

f
"

(*zyndt
-

and compute:

Rn
..
Cx) = fix)

- Pm , Ix)
- =fcxncxi_ fYnIn. ex -an

"]
= Rn Cx) - "

"
.

usetfaay@FfTIx.I'm'dt'⇒.
-

d



✓ = (x- c)
htt +7 I

and parts
I
cancel

= RH . S. from Thur .

g.ed .



210312J office Hrs : class time Monday .
(or email)

studied spaces :
D

Dolo .DK D.
'

Canis

j X J N - - -

Ena,
Coco.is C'GOD

u
p d Ceri

RIntco.DE Coil] w

bijection
-

powerf-Lol -0 serres
real analytic .



Useful examples ;

sequences
of functions functions ,

a. 6 fnlxt-II.mn V 7- txt ✓

013.89fund -! ,

T-8

msn.si Train:* do :-&'
il . 15 tfnlx) = {to fieggmauruahe} -7

ii. 16 similar
,

-1 Thome {I ITE )



lol [an X"

e
"

,
smart , ¥, ] analytic .

9.24 Wan -- E.a-ncoscsnx)
7- W Cx)

8.91g.io rxeesintx

10.33 smooth , not analytic ,
c.potty Supp-

" fix) = {eox÷
1×151

1- else
u I , i

2

¥ which have improper integrals . .12.25
g! and ST



Problem : Find all functions fun

with ; f
"'

ex) = ke
" for some constant k .

and flo)= f' (d) =
O .

Ans : Integrate :
(f"cxD• - kex

so f
" end = kex

+ a for a castrato ,

ay flexi
=
be" t axtb

' ' ' ' a.b

and f- Cx) =
ke" t axletbxtc

' '
' '
a.b.c



hence f- ( o) = k + a =o so c. = - by

f-
'
co) = ktb =o so be -b

so fCxI= bextax
'
- ka- k

(a 2- dim . space
of functions :

all 1in . comb . of X
' and e

"
- tax-k )

.


