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Overview :

Define (again) Derivative

.

Integral
study spaces of functions

- consider nice functions
- polynomials
- trig polynomials

- consider limits of tease to

get more functions



ex = It Xt Et # t - -
-

Useful as a so In to a diffequi
common in phys , #

Weierstrass fn :

Wha = cos Cx) t I cosGN t # cos ± . -

for extremely jagged ,

similar functions come up
in physics

as paths of porto des in a ligan .



Example :
① f. G) = x

'

fils, =
¥4

2. 3=6 ( rule) (xD '=2x

or using def ! f( his) -ft) (hist- 32

f.'ok him Thigh
into

= Iim
hZt6ht#

h-30
h

= him @ +
6) = 6



② find = { To
'

II: #I
3

:÷÷÷:c:ii÷i÷÷intervals
But at x=0 use the clef .

.

ficos-hlimofdhtd-fo-ni.no EY



Recall : him Fix) =L iff

h Find =L -- hey, Fan . )
here : Limo.

'
= hinso.hn#hfh=q

him. find = Limon 't;%o⇒



g.

cts at o

not diff at 0 since :

#

ga :#*±!
g'scos

= on 81hL



Use squeeze
thm :

O E ga
KD EXE 42

So gzChd L
O E - - h

h

Kiyo -- o entry 92¥ entryh⇒
V .
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Notation :
If f is cts in Ca ,b) write f- Eclair

=@Carb)

If f is diff in Carb) write fe B'Carb)

If f is atsly diff in laid wrote fecollqb)

Picture :
qq.tt deff 5817

Coca.DZ/5saidZC'laoDZDTaid . . .

*
fcxiatxl & Isin} &



Containment requires proof.

Proper content Grot equal requires examples .

Ex:① fcxttxl has fun E COR
but fan E D

' CR

Ex: fcxt-xzsihtxa.to has fade
D ' IR

② {o *o but ftx) # C' IR
-

In breakout rms :

① More examples to see



CFD'

D
'
# CA
R't D2 ] New

what are c- and D- ? .samF
-

[ not D
'

D
'
not C ' C

' not D?
.

.

E- DI¥±⇒¥Iig£.{92 x>o& o xso 1-

/ xn



I 1¥.
"es

-

whenedoesxssinxtl.ve
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If IR → IR (or f.ge Faulks)

and KER eg : Az g -_Sinixt

Linearity : Roof c- Funck
f - I

¥7:*:c:3.mn/s::÷:÷ :*.Composition : goof c- Funk ⇒ Sinan
= f. g

got = sin
1¥)

fog =
1-
sin Cx)



Canitinuisg '. If f. gets Cor f. go.co/dR).

then rof
, ftg , fog , g of are also

In particular if G is cts at food

and f is ets ate . then

lim (
'Go f) Cx) f- @of

) cc) = Goffin) slim Gly)
y→fee)

x.→a

goof cts at e

eg: dim, sin
= sin ÷ = yt.im. sing)



§ sinusJ
'

=3 sin
'

Cx) =3cos
Cx)

(sin ant txt
'
= coscx)

- tf
⇐ sin

. = -fi sink) + f-cos .

"✓

CmI
.

= xcosexl-i.sn
X
2

④ and]
'

= cost '⇒ .
,



Proof of chain Rule ;

Use

paratroopers
claim : iii.

s::7.¥s÷÷,
and this is also the slope ottatage.at/rhe.

(useful fr I
' Hap Ital rule .

if x. It) to



what are possible target the

slopes of x' Ctl
-o ?

Typically tee line
is vertical .

but any
value is possible g. if
y
'
ex to
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Defi If xttt , yet) C- Fun HR)

then {(XHI , ya'll THR }
E KR
?

is the curve def. parament . by x 4g .
Ex: cycloid : thx
If a wheel of radius Iis rolling

.

at l Fede
.

then ta posit . Plt) .
B of a point on te

edge is
MERE

pet) = ( t + cos Ctl, I
+ sin HI )

center



so the posit . is gian par by x Gg.
Lem : If xtthylt) E D

' IR

and CER whos x.
'
(c) to then

fins. HITTITE z'÷.
⇐ tudors
tee line Tang .

to The parm
.

curve
at

(xkl , god),
Ex: ② Find the slope of the motion
of tee point above when it is at tee
scene height as tee center



Derivatives of inverse functions :
switch roles of x andy .
Def : If fig C- Fun IR

and Lfo g) ex ) - X
then call g tee

inverse
to f or g=f

"

Lem : If g- f
" then (g

of) txt =X also

so f- g
-l
.

(Recall : fog is not usually got ) .
eg sin ¥ ¥ sine



Lear ! If f- g
" then to

graphs I f and g
differ

by reflection over te Ime xeg .

-

Example:
If fix, = f-

'

ex)

and ce IR has fco=c

find the possible values for f.Cd.



Hint! can approach curing graph
our computationally .

-

Geometrically: fast or ,L¥
slope I slop - I

computationally :
If f- f

-I



Lemma! If g- f
"

so Cgof )Ga=CM
Compute : l=DCxI= Dcgof)

= g) of] . f)
so ④ f) =
1-
⑥ g) of

or g-
'IH ghg"")

cg.im;
'

- Egil



so IA (g-
' L' cc) -I

g.(g-
'ca)
-

Now if f=f
"
teen

(f)
'

ca = f-
"t't " = fa¥a)

and if f-
' ld=ftd=c

teen f' ca - so d)It

so f' (c) =/ or - I



Spaces: CTR = DTR
÷
CRR faith gzktltx)
at

Dk IR gusto
m.
;

ht
CYR fzlx) grlx)
ht
DRR geld
ht

c' IR fix) 931N



at

DR gund
rtThumb OR fix) gawd WH)

→Enl

Ne#D°R gold

Eg.ca/geD4Rl.NFuuRfocxIgo4x1
- -

not a
derivative.
Pfonwed.
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Then I 8.27) ( Fermat)
( 5. 2.6 LAI)

( Internal Extrema)
If f E D

'

carb)
and fan)= max ImCf) (or monIMAD

XEiacb.IM

then f-
'

em) = O

Pfaff, '÷;mmfkm It⇒x-m
ED't ', D.

has mon at 0

but no max



f- (x)- fan)

flank ¥751 Im §µof'cmkof-(x)- fan)" 'x'

÷:÷but If x >m

since fcm) is a max so fed -fan) fo

similarly If x #m m fix) - fins
< Fm Zo



Then I Mean Value thin) (8.33 H) (5.3.2 A) ,

If f E co carb]
n D

' (a. b) then

Fee carb) with f
'

cc, =
B-flat
- b
slope of slope of secant
+ang Ine line at aib
at c f

Prog:÷E:: s
- linear .

Check g satisfies te hyp of Rolle ,



ge Coca,b) n
P' Carb) I 9

Since both are closed under⇐gains :&.
'tan:S ::*:c... V

'

Compute g ca) =
feces to = feel

gcb) = fcb) - (b -ay
flbtfat[

= #f#flab floes

Hence by Rolle's fam here is a

with g.so =0 so f'ca=gkc, +Dfx-asftbt.IT



= O t C - o)
b -a

-

%:&
.

o :*::c.wth g

claim :

go
= { "on ÷ Y, eD%B

.

This means : I fed
' IR with f's good.



Idea: ① gicx ) = {zxsmtx
- cost a#

ogO XIO

g.cxrfxjsm 'I:3
or I "H¥I Efa

":# ""

= {2×1054,170} + gocxl = hlxltgol'D
Thm: COURTE Dock) (12.6)
-



hlx) is cts .

So by (12.6) hlxI= K' Cx)

fer sane Sn K
-

( Hint : knit fjhhitdt )
so go

- { 30- had = Ik
'

-
- KG - k )

.
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Notes ! From MAT 67 or MAT 22A Luh Alg.

Fun Calls] or Fun
Laib) are IR vector spaces,

( so can add functions or mutt - by reals) ,

Also ! Every Dmca,b) , C.
"carb) , C

"Carb]

and their intersections are
vector subspaces .

-

Recall MVT :

f f E Coca,bTnD'Carb
) F e e carbs

with fig = t.to?-aI q¥#e



- [fcb) - fla)] gear -feat Egad
-glad]
- =I

b-a .

-

Examples with MUT :

Ex: If f- E D
'

(IR)
•

and fool

and txt
IR

,
f-
'
tx) S3 .

.
- - oasnhsoihdssum.si?on::aictrnfiI#

frat f 12776 . O z



Hence by MUT :

Sma ft D
' have flew,EC%M

hence Iceland with
NP'M)

f
'
= fhLd=f¥ > { =3

which is a
contradiction



210120✓ Consider as cadets

write if f- c-FunCaio) then

coed)
Im lftcaay ) = (flat cexsd } .

Thms: ( 7.35) t fan E Club) have Imfca.dz
closed and boarded

(IVP) (7.44) n r '
as

a ' connected
.

Hence Imfcqdy = [fan) , f- CM )] a closed interval
or a point .

(new)

Than:@T-fcx3ED0Caib7withImflcc.org
not bounded

.

③ or . -
- i

' ' not closed

Darboux@ tf fun C- D%ib) have 'Im flood] is connected .



First examples and then tie proof of ②.

See Hw for @ &⑧ .

Using② : If Inflame, has exactly two

values then it is not connected so

f I Do aid .

Eg: -ai
-

= {o' II:3 # Dock) .
-

ooo- =L: ¥¥o3 ¢ Dock).



In this case M=c Compute!
GLX) - Gcc)

Os -644 = lim-
*→ at

x- c

so He>o Ide> S so I * exacts
has

G' Ce) - Glx
) - Gcs

have I L E

choose E= IG'd so so (th) G
'
cc) (x-c) S Glx)

-Glo

u
0

hence GCH > God = Gems tee contradicting;red
,
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Them 18.541 ( E L' Hospital Rule)
tf big E D

'

laid ,
ace ab

,

kid =of god and kin kg÷f, =L
then I;mckgc¥ =L

Proof : Note : Kan - ked = Kwa
gud# g cc) = g

Cx)

V-E>o F Soo tf Ix-d s S have IL-kgt.IT/sE
9



hence g.CHAYalso glxto [For contradiction
if gcxt-o-g.cc)

teen by Rolle's then IE

÷:÷:!
a. ⇒

and by GMVT I 5 C- [ax]

with Kang
' CS) = b'CS) gud

so FIT .- kg:s so khgIce.



Ex; fcxte
" f 'n' cxseq = ex

so B.cake't e- ex-ate
' 'II't ee EEP

eg :P. .ol
-D=

.
375

Ry
.or,
- et - .375 is between ÷ and IIe

actively Le z . 368

Pyo 127=7 Ryo.ie?7bedeenIa.e,IseZ=7.37-
Tryforfha=I,n=4,c=Iox=Iadx=3#



4=12 works well .

x⇒ terriobe.att=

Ex : n=2 y
'# =[f- felt) -IY-tf-fktIEII-T-0-fttttfhtl-hkttcx-t.IE

'HKx-t) - f-
"'all.tt

¥2, ¥ w
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Examples : express e as a limit of
rat . numbers :

C = 2.71828 - - - -
T limit .

= It It It I. t # t - - -

=2+-
It 1-
It¥

. -



Ex : Fix) = 2X E Fun [oil]
e -

ffnhlx) = @1- In) Xen . .¥11Fndllsap = 2
Itfnhdtlsup-2th-JH.IE//sep--ntHFhnHi

= I
Htfnlx) hi = , + In]Hfn-FILE and



HEH) Hai = 2+2 ] Hfn- Fhm - 3-
It fncxlllcl = 4-1 In ]

Also fur ptwihe
ad unif !

Infix)- Foxy =nHxl

Q: fn F Yes : that here haha→ O

fu fs F Yes :
noooo

fu"
m F Yes

.
In → o

neo

Su F Yes In -0



fn 5F Yes I → o
-

① fun -_ an Faa =L! IT,
② fan -_TEE Farhat I
③ fnW¥n FH!!!

.

¥↳ts
.

④ fun - Eon
din} 1¥

n- a or n→
-o ln



Fox) -- O

⑤ In sihlnxJ-fncxsflxkof-vE.IE

⑥ I srntonxf-fnlxsffxkol-E-ni.az
⑦ txt'En-f÷=fnhn Flake

" R- es IIIT
.

⑧ (txt -- - xx
"
-_ fnhd Fan

210127



Then 3.46 : A sequence cant in IR is

lol - Cauchy iff it is convergent .

Thin 9.13 : A sequence
(fnma) in Fenland

is unit - Cauchy iff it is unit- converged.



every
Def : Ifn (fncxs) isna sequence

of

functions in a function space
with

a norm
"" then call the space

irmI=ete . itscanuergesiffit.sk/l-Cauch#



210129De¥Bddlqb) -- bounded functions on Ca,

= [fefenca.by/FBElRsoV-xecaid
have Ifcx) Is B }

.

= E " " I llfllsup g.FI#Inikl }
Thin : If Ifn) is a sequence on Bddcais)
which converges uniformly to f- Efuncarb)
then f- E Bddlaib)



Equivalently : Bddlaib) is Holl
sup
- complete .

Proof : ( see book for a proof not mentioning Allsop)

Note : Hftgllsaep Ellfllsuptllgllsup .

(always required of norms
It . "

and called tee triangle inequality) .

(check this also
holds for Halle )

.

If Ifn) come . unif . to f

then ffn) com .
in Hull sup to f .

so V-E >o 7-Nc th ?Ne have Hf - fnllsup.SE
If also each fu is bold .



then Un have Hfnllsup < D .

Combining : Hfllsup E Uf
- fN.k://fn.tl sup

< 14-11 full s
--qf
By: 9.14: Hwcxsllsgp Loo.

AnsHsupELtL2
sine Hfa halls EE 2-i sights ,

② Consider fnu.it#nEFunlo.oo)



so Hfnllsep = = n µ
fn IE Funcom)
but 11¥11 =P ( does not exist) .



210201J
Thin; If (fh) is a sequence in

D
' lab)

,
ceda,b) with Cfnccs)

converging (in IR)
.
and

(fan ) converges uniformly to gird .
then :(Hw) (fn) converges uniformly to fix)

and:(9.18) gcxk fix) .
Proof :



I
Note :
① Since ft Els g know

too 1- Me Hmm ? Me
, ape

carb)

have I f-
'

nips - go / c F
and I fnlp) - fmcplf L EE

② Since f- n → f uniformly and hence pointwise

V-E> o ,
X. p c-Carb) I NE.x.pt/nZNan.p

have I f-nlp) - ftp) / s Elp -xl



and lfntx) - that s Ezfp- x /
-
claim: tf petain -

E>° IS>§me
,
pie

from④ From⑤
check: VIX-pls 8 have ⑧
compute : If - gcp)) ⇐
Th:÷ - fm:÷nHkHY÷m" -

'I



+ ffnYIP
'
- fntcpyf-fffcp-gh.pl/

with n = Me and m - Ne
, xp .

so If B
-gcpl / s

ffiyy.fm/efflPIIfI4t/ffn-fmYl5n.m...pl/fro#0
+ If - ftnlpll + If'ncp)-glpil C #FIE

-'Etf
=E

.



220203 ③-
Note: Triangle ineq . holds

for Kitsap

since if fig e Bdd carb]
tee , ⇐g

Hftgksup-fffa.gg/fHHgCH/ f#jg
⇐ ftp.sgflfixiltlgexsl]
← xEYEggtfwltfffa.by/gexl/
= llfllsup t llgllsup ✓

.



Prop 13.21 :
The metric cess to a norm 11.11 on

a
vector space X is dn.nbxiy-dcx.gs

if x. yell .
= 11×-811 C- Reo

.

Ex: dn.ms.ph/ix4=Hx-x4lsap--sId?pdx-x4xix2eBddCoi
] =L 's-41=4 ,



Examples :
Thin 3.46 ( IR, 1.1 ) is a Banach space .

Then 9.13 shows : ( Bdd carb] , Hollsup) is
a Banach space .

Them (7.37 , 9. 13.9.16)

(confab] , II. Il sup) is a Banach space .

Proof sketch :

first check (Golub] , H - Houp) is a
normed space.

Since Cocaub] E Bddcaub] (byThen 7.37)



it suffices to check llillswp is a norm

on Bddcaub]
.

properties ① easy .
② easy .

③ triangle ineq .
done above

.

Second check every ltltupcauchg seq is ltllupconu
(to another fn in Colato] . ) .
By 9.13 if ( fn ) is II. llsup - Cauchy
it is II. Hap- convent to fade FunCarb]

,

and by 9.16 fad is cts so fecocaib]
.

qe.at. .



Examples:
Recall : WH) is tee pteoise limit of

f-next = ¥02
-J
Eos (six)

and figured out !
WADE C° and bald .

Note! W Cx) is not differentiable .

even though f-next all are .

Check: W'lo) does
not exist .

Assume Ser contradiction W'
lo) exists .

Note: W Cx) = dishy ¥22-Jcoscsix)



E kiss ;Eoa→=2 .

and Wco) = i '
' ' = 2.I nfax WG) .

so W'co) = O

but : consider x=

so W =

;

a-icoscsixIEE.si -2-2"

but w÷tf=-÷÷=-÷- o
a
contradiction

,
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Proof :
wed - c Earl] is a IR- rect . space from before
" ed ( linearity ofderivatives) .

"

¥÷n÷÷÷÷: iii.in:::"::*::i's:
so f CHIO

• If KEIR ten llkfllcz - Iklllftlsuptlklblf 'H§
+ IIKIH ftp.lt-lklllfkcz.

Since derives are linear .



• If fig Eaton] ten\ llftgtla -tlftgllsup.tl/f'tg'llsupttHfYng4lsap-fHfHsuptHgtlsup-Hftlgyptllg'llsup
since t 'zHf" ftp.t/l8''llsuP
II. llsopisanorm '

=HfHa -11181102

÷÷.fi#u:::'aiit:::siic:::a.::s:::ai:A

llfn - fmllsaptllfhrffnllsaptlzftf"n- f"mllsup
so eaThteTmTIE

.

hence (fu) is Holl sup - Cauchy hence llllsup- coffee?!



also (ftw) is l' il

÷:÷÷÷÷÷÷÷÷÷:÷÷
:*

Hence : V-E >o T-N.M.LV-nzN.mZM.lk have

ltfnfllsupc 's
,

Ilf'm -f-
'

Hsueh 's , Hf"if"HE,
so Vas IR-maxtNMBV-r.pe have llfiifll, SE

and Cfn) is Holly- convergent, q.e.cl.



Power Series :
Thin 9.21/9.22: Cauchy for series ?

If (X, Il-ID is a normed
vector space ,

and Cfn) is a sequence
in X

and Fn = Eg fn then

⑨ ( Fn) is II. It-Cauchy iff
✓ Cso FM th ,m2M

have Hjnmnfjfls E

⑤ ( Fn. ) is 11 'll - Cauchy if
( not only if)

him. NEH full exists to:o)
.



Question! Find x for which

⑧ cow . ldiv .

⑤ convildiu .

Each)
"
- 2 exists x=k

E l
" does not exist x=,

]⑦



q 't. . In = e x't ⑧
always converges J



210208N power series k
, IR-analytic 8ns .

Review IR- series in
•
Ch 4, boys

side '

Thin 610.31 : If Shaq San had
"

dy
n=o for

pointwise limit , in

then there is D= Rg the radius of con v (Deficit)
-

with ⑨ If Ix - al > R ther Sha diverges .

③ If Ix- Cls R ten SCH conveys absolutely.

( hence Six) converges ptwrse in (c-R , CTR))

⑥ If re R
then SCH converges uniformly
in [c- r , Ctr]

⑨ Sloth ,Slc- R) are mysteries and usually



avoid
.

Proof:(Recall Ex4u2
'

if ocbsl( teen Eib" = Ib )
For simple notation assume c=o .

Set Rs = sup {tall six) converges
}
.

⑨ is immediate from the
definotm .

⑤ If Scx) converges any lylctxl
then by 4.6 sup Elan xnl } =Ms

and II.any" I SIT lanynf Ianxn 1171
"

S M which is finite .



① III.nanynllsup SEnkanyms.pe?IMEh--mz:
By Them 9.21 . Sn com. unif . in C-ri r] → o ,

-

Ans: ① Use Ratio test :

If him. I
"

/ al
"
Lim X =X
NSA

so R 31
and El diseases so 12=1

,



② Use Retro test:

If his. I t al
k
"is. I #1=0

for any
value

of X
.

So R= A .

③ R --



④ Least ⇒ txt at ✓ .

⑥ 12=2

Algebraic properties of power
series :

If SCH and Text are power serves

both about a with radii of converges

Rs and Rt
.
win Rs E Rt

Then !
. If ke Rl -Eo's tan

k Sox) has Rns = Rs .



• scatted has Rs.it ? Rs

prop 10.15 . Send -Tix) has Rs, Z Rs

prop law . Slap has Rs. = Rs
fsexsodx has Rss = Rs.

Cor : If Scx) is a power serves
with

radius of contr . Rs
.

fun fr ang r s Rs

have Sox) E CA [c-r , ctr]



210210 p

Cor : If Sad = Ean Cx-d " is a

n=o

limit of a power
series with Rs >O

ten {an Cx-e)" is te

Taylor series of sad
about c

.

( hat is E. s*n ex-a " ) ,

PS : Need to show : since, I aww !



00

but
,
57*5 = Joan pin- is-- Cn-ka) Cx-4

"-k

by 10.22
n=k

so Smu, = an k! c- 0 to . . .

FIfscxi-Eancxcn.RO
1-(x) = E bn (x-ed

"

,
RT>O

and SCxI=TCx) in any neighborhood
of a ten every an=bn

.

Pf: an = Swcc) n ! = Times n ! = bn .



Example : Find a rational approximation

to TI
is .

Find a power
serves for arctos Cx) .

Recall : 68.23) !

(aradanai) = tantara.ua)=se¥↳)
get =L Gotit }- itxf-E.pe,

R - I [#⇒txt- =Ex"



hence : faretanks)' =I c-isn *
an

A

arctancx) = { fish %YTnR=I
n=D

use aretan
= ¥ af

2.htt
so

= EL- D
"#/2htt



Estimate ⇒ = 2 & n

Iso
E -- E. "" Finn

so AT = E n ]
⇐
⇒

so Ig = 2 [I - ÷ -÷
- Fos



+ ÷. - ÷.]
E. I . 8136

proptosis
has clad E C

- IR
.

and P'"co) = O f
#

so Toiglw serve. So PGD ayato is o#PED
.



So Axl is not te f ,mAata

pour
series whereto

.

210217



Notation fer Riemann Integrals (Areas) .
§H -2 :

Def! If Carb] is an interval

and P scab] which is finite

and contains a od b
.

then call Pa partition of carb?

write ; D= {a sx.cn. . . sxn=b}

with associated intervals Ibi (Xm ,Xu ]
with lengths lk= Xm- Xk-I



Write Tlcaib] for the set of

all partitions of Caleb] Go PE TIGHT)
.

Call Q a refinement of P if
PEQ and both are partitions at cars] .

Def : If fixe Bdd carb] and PE
Ttaib]

then ② Ulfipk Eye:&:P,!
"]

⑥ Llfjp) = Egli feint. Hay



Ideas: compare Rtntcavb] to Docaib]
-

De D
'

derivatives
,⑧

Integral
Compare: f!f%pdy to fix) CFTC).

Compare ( Rent carb] , fabloldx ) . ato
Banaghpace .



as aboveExamples:
m

fix .ch/=-zzf*poLoiBT-② So'fcxsdx= fan -- fo I:{
③ So

' gwdxe-oslywkdxztgof.PE/g3einachj=o
O X 70

④ So
'

hhddx = Doesenxoitst hug = { to XEQ
XE

Ttohlxsdx = I Jd . . #
. . .

{
'

ohhh"' O
so herent¥¥
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Cauchy criteria examples:
consider Rm c- TIGHT

with Rm -_ Eoin, I, . - - immt , I } .

Find : Ulf; Rm) - LIF; Rm)

① fcxI=x ( last time) :

found Ulfi
Rm) -Hfi Rm)=

+En) - (Z - Im)

so by Cauchy criterion
= Im EF o

fe×y=x is
R . Integrable , uh can] ,

I.s=X,.in -- E: II :3 .
③ fan '-Xc÷jxi=E! III. I



④ fan -- X cxl={to IIe:3..se } .
Aus:

m- terms

-
Ulf; Rm) =

0+0-1 . . - ttm ]u{I;Rm) - Llfirm)②
↳ If j Rm I

= o -104
- i -to = Im

③ yessing:p
'
' III sina.ua.rs

w- = 'm

Uefi Ry) = O t ft# thy

[ (f; Ry)
I 0 to t # t # I

•-
- l

U ( fi Rs) =
0 to t's +It -5
o to

.
.

to -115+15 . I, I I, o
L (f j Rs) = Tho i 1

- o l



So both ② and ③ are R - Int - fas .

since my;motm=o .

④ UlfjRm)= tmttmt - - - tmf
( ( fjRm)= Ot Ot - -

- -10=0
. .
. .
.
. -

- - . f

wtf ;Rm)
-Hfi Rm) -1 - ii.i

- - o

'min, I
=L #O -



Than 11.30 increasing functions
are

Riemann integrable :

Proof ! If f- E Bddcaib]

and increasing ten :
/

Ulf,-Rm) - Llfj
Rm) x.¥.xi

= Emeli (f- Hi ) - fcxi.it]
= BMI (fcb) - f- ( xm.iltflxm-D-flxm.de

- -

- .
. f-cab



= bema [fad -fear]

which approaches 0 as m →*.
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Think . 20 : If

PEQ c- IT [aib]

and ft Bdd carb]
then

⑨ Ulf; P) Z Ulf,
' Q)

⑤ L Cf,
-P) E L Cfi Q)

Proof ;sketch of @

Since Paced Q are
finite it suffices

to assume Q
has only one more point

←

then P - #h
x y z



Since only one interval in P is sub doo .

in Q it suffices to take

P= Ex , -23 E Q = {x. y , Z }

grata's's.⇒ ::*:" ¥3714.+ Cz -yssapftf) p
Belgae)

Sey-x) gzff.zfjb-k-ylguf.z.PH)
= Lll fi P .



print [oil] is a IR . uecker space .

5 : RIntCoiD → IR is linear .

Need: Recall ! Sjfixdx = I'flxldx = fo
'

faddy

prop 11.32 :
if ft Rincon] .

If f c- Rant Cold and ce IR
then c.f c- RINCON) , and fifixldx- cfotflxsdx

Proof : If a> o

compute: I'sfe*d×=§nfUkfiP) - riff ?÷fi¥¥£H
=c. ipnf Eli

fad = a Jo'fhddx .

Ince FERINTEGD



similarly fioefexdx = a fjfcxldx ⇒ fotfcxdx

Hence also cfc-RIntco.IT .

Check what happens in a < o .

get Jodfcxsdx = a f.otflxldx
-

f is monotone:

prop 11.39:
If f- Eg pointwise

both in Bdd carb ] then

⑨ Jfaadx s 5

⑥ I!f⇐, ±

a' Gaddis
f! gcxsdx



Proof of ⑨ (⑤ similar)
,

compute : n

y
.Tffwdx=iqf€,
. {¥? fun ,

E. ipf.E.li 84=1!gcxsd×

Cori. If f , GERInt calls]
and ffgptwis.

ten fabfcxsdn.ie Sbaghddx ,
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Claim ( scaling) : If
a c- IR and f e Riutcaub]

then Kafka = lol Hflli
.

Proof: Use 11.32 : fagcxsdx = c.Sgcindx .

Compute : Hc fth. = flcllfcxildx klflfoxsldx
= lol Hfthe .

Claim( triangle) : If fig c- Rent cabby
Get

then llftgllh. S little + Hgh,

Proof: Use 11.33 SET g) = 5ft Sg

and 11.36 if ffg tu Sf Efg



Hftgllu = fabfftgldx E fabflfltlgl )dx11.36

⇐ fabtftdxtfablgldx-llflh.tl/glk.

Claim (11.42) : If fEC°Caib] and

µfHi=o then f- =0 -

a, - q
proof : Assume for contradiction z4¥¥y ,fEC°[qb] , f- Cato and

,

HFHLIIO . E- g

write Ifcal = 2E



since fis ets : Fos f f 1×-4 s s

have llfccltlflxlll LE so I final 3 E

so if D= {a, c- S, c, b} or { a, acts , b} ,

then L ( lfljp) ? post g. Expos
38-e>o

T

=L'llft ) contradicting HfHi=° ' g. ed.11ft,

cos : ( c. Taib],
Ito Hu ) is a normed linear space .

Z l

Recall ? ( Cocaib] ,
Hollsup) is also a ' '

,

Claim : If fe RIH Carb] then



It f- Hi E (b-a) llftlsup .
ontitm Peak?Proof : consider the P ¥9,Hfll, ' falbfixldx EU # lab])

= lb - a) ¥!.bg#xH=lb-a)llfHsup
Use this later .
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Than 11.50 : If fe Bdd Coil]

and V-E>o have ftp.qgc-RIntce.l]

then fe Rent Cool] .

Hence : fun -- E
¥ E Renta].

Proof : write M= Hfllsup
He > o F P c- IT [Em

.
I ]

with UC flea,] ; P)
- Lifton

,
,gjP) < E



Hence Polo's =p c-TIED

and Ucf)-LH) { Ulfjp )-Llfjp)ECE-olf.si?..a,fH:ieifsafHD#Ei
# 3

9 + E
-

first all others ,
interval

£ In 2Mt E=3E
Hence f e RIntco.is .



Chi 12: Point of integrals : Fund them ofcalc.

Example : fCxs=X'

Notation: If FERInt
Carb] write

⑥f) (x) = f! fly)dy
a

Note: f) Gd exists since by 1144 flag,¥Int¥
Note : (Tf) la) = 0

Note: Jf E Bdd
carb]

since I fix) ) E (x-a) llfllsap
which is finite since ftp.ddaeib?



Examp fan- X
'

⇐f) Cx) = 3×3
so ⑥ Jf)c×, = ( Ix

)
" =XZ=fc⇒

,

and ⑥f) Cx) = 2X

and LTD f) Cx) = X
' fox)

Question : For which functions f do

we get : Dff = f
J D f = f .
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Thin 12.4 If feRInt Carb]

and f is cts at a
Efaib)

then fed = fool .

Proof ; since f is Cts ate :

V-E>o JS >o tf tht tf have

f Cath) E [feel
-E
,
f- (c) TE]

So up fccth) E
' '

' s

tht IS

and yjyfgfcceh) E
" s,

fake



Cth (Uff, {e. cth} )-h -sup fo - ~

so I
c. flyldy ' fate

£ Lff; { c. cthD-h.int - ¥¥h
and. I hfcyldyefhffcel- e) , h (

feats)]
' '

•§mgPf¥j÷ "m Jf¥h→0

= thing Sa"hfiysdyydy
h

so Djfc, =p,? th! th C [
"

flyldy] Effects
, fuzz

qeft. .



Examples : Riz-H)
Using integrals to define

functions .

Desi Luca = I ? ÷¥
Claim : Inlay? duad thinly)

Proof : lmao + Inly)

÷¥÷÷÷÷÷÷¥



= Inky)

( iz.is)
Erfixt-F.se#dt

Ex: t how that here is a uniqe

function fend with

F-
"
Cx) = e

- ×
'

and Flo) = F'a)
= Fa>

=D
.

Proof : Since e-
×
"

is
ets so a derivative.

and Ce'T S! e-
"
at

his g
'
-
- E
"

and only gte humidor
.



so hi:X)= Jtg) tx) only heat cxtd
havee-"as

k ly) = J (h)
(X) second clerk.

So b'
"
Cx) = e

- t'

and only khat
zcx4dx+b=Ftd

have e-
"
as third alert .

Use intitial conditions :
"
F
"""

Flo) = Klos + I c.
Ot d.Otb = O

FICO) = b'co) t e. o + d to = O

F- CD = bus
-t Ic - I + d.Itb

= O



So b = - Eto!

d = - k
' co)

÷ a = - ku)
- *Hb

"

- b. CD + b'lol tklo)

and there is only one choice fr Fca) .
-

consider 421¥ 'II }
fix) E DK-in ] but fun ¢ G' E-In]



and Dftx) = {Zxcosotx
- sink III}

.

which is not continuous .

Question : is f? D. fly)dy I fix)- flo) .
= fix) .

Yes:
T.hn 12.1 : If fans D

'
Carb)

and fix)
Eckels) and ftcx) C-Dint Laib) .
then JDftb)= f- Cb) - flat

proof : Ve A PET Carb]
wish Lf ' s LIF

'

; P) TE



and Idf" Z Ulf'jP) - E

Compute :JDfhd=f!*' Idt

=L f's Ltftjp)tE=€.li in!÷f%
'
+ e

f Ee, f¥÷¥÷ + e

p ia

Mut = f- ( x ) - floe) te

s
telescopes



similarly U f' Z fix) - foal
- E

.

anddone#
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Cor : If f- = f
"

then V-gec.cat] with gcaI=gcbl=o
have f!fCHg' Hdt =-fabftttgtttdt

to

Def : If F. f- E Rintcaib]

and tf g C- C
' Cath] with gCaI=glbl=o

have fab flag'LHdt=
- f! Fcttgltdt

call F a weale derivatively f .



Example : FC't) = { ! I }eRIntEtB
is a weak deriv. of:

f- HI = I ? I 3 c- " "

•-

F: → f : I

Nose: f
'
HI = {utodef ¥÷o)

.

Cheek : compute: for any g as alone



f! flag'HI at = fo
'
t g
htt dt

''
- So

'

ight at = - I,Fut gHdt .



Proof :

I fabfnttdt - f! fcttdtt

=/ fab (tutti - fits) d tf

s f! I fact - fun Idt
= Il fn - f Hu → 0

since Cfn) I f ,
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Ex : 12-22

?

⑥ fix) = {
'

o

° :[ E)c- RIwtco.rs
I o_0

( fu) com . ptwise to O
o • .-

does not .
com .

anif. In

[contr . in L
' to 0 .

G Nfu - Olly = SHE
'- oldx = th Ego



⑥ fnlxl = { to 0175! } c- Renton?
(Sw) con . ptwise to {o

'

Iff) o_O

does not con. unif. .-

Con v .
in L

' to O

cono.initult.EE#
⇒ unif.com ⇒

Pointwise con,

¢ cow
Tf⇒u- cow .



Example 12.19:O
If Scxs = Sana

"

neo

is a power series
about 0

with radius of cow .
R

.

and lahlbls R

then Send cow .

unit. in Carb)

hence ol '
' in L

' in Carb]

hence fabscxtdx-I.am Sabxndx



= E.an lab

n.sn
(E. an.. It :

Ex : Inez) = £7 nat = It gttzht . - .
converges fast .

since : Inca = S ,
"

dye
so dull- t) = si

-t da
r y



take *= t-t - t

= f -ds_
o l - s

take g== - got Isn ds
na O

= - E. n' to
so -lull-then# =

' '
' '

so if E-
'
z en (2)

= II n÷



Add more functions to integrate:

Using L
'
- Cauchy sequences

which

only converge pointwise to unbounded fins ,

From MATH : Improper integrals ,
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Example : 12.25

si :# Etim..IE#a=tinso..C'II
.

'

={I
- Lima EI =L if a>o

d.me .
if dfo

,



Example 12.27

s.ie#.aF+sEdf=sig.*y=tax=oy--Tl
=/ } a>o

XII y'-I

x=ty d-me . 210
,

dx=
-did
g.
2



Tnm : 12.33 :

If Ifl Efgl with fig c- Fun carb]
,

V-E20.EE/2Int5a-Eib3y (Thanks Rahul) ,

and g is
abs . imp . int . on Laib]

( 7

then ⑨ f ' '

and ⑧ fab fix)dx exists.

Proof :
⑨ tflslgl so lgjm.SI?ldxElinon+fa.!gIdx

TL



L exists by hypothesis .

and as E → ot Ja!!fIdx is increasing.

so by monotone convergence 63.29)

fablfldx exists .

⑧ Def: fix = { to" it:L"" } .
and fix, = {

- foul ifetfxffo ?



so fun = f-+ Cx) - f- Cx)

and f-+ an =/ f-+ Gal

f-Cd =/ f- Gal .

b b

hence : faiefcxidx - ftfcxfdx- ftfcxldx
L
am

and by ⑨
d and [exists

limits exist .

so fabfuddx = fablfthdldx - fablfexsldx
which exists , god.

.



Note: f has an abs . com .

impr.
int. on carb]

iff ( flea..±.by) is L
'
-Cauchy .

7¥ :÷: t
and f- C- Fun ( carb)

- Ed)

and V-E > o have feRInt(Cab] - G-Gets]



then write

p fabfcxidx-l.info//aIIadxt1!gandaJ
principal
value

if he limit exists
.

Example : ¥ is not abs. imp - int .

oh [oil] or £1,0]12.38

and also not imp- int .

on [oil] or E
- 1,0]



but Pav. f !
,
# = O
-

Example: #
p.u.si. does not exist ' .jp#x
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Asside:D fjEdt
= king. Si Edt

ZEE.. Se
'

Edt

= Ezo, laHII! diverges .

Eo



Aside② ↳ I Hide
= tins. Ei at

⇒in. Sii Edt
-dis.IIE

= convergent - ing, Elnlnstlnhl
]

diverges .

Ls

=
S 12 . 7 :

Recall : Thin 8.46 Taylor with Lagrange Error



If f is cts on carb] and fume funCarb]
and as cab the write

Pncxi = Io f"r (x -or
and Pn hat Rnlxs =

fix)
.

and tix 3$ with Rnhi-fhnji.LI/sx-cin
"

New : Thin 12.48 Taylor with integral Error .
If also f-

'ht"
E RInt Carb]

then Rncx, = n÷f!f"Its ex-tsndt



Proof of 12-48 : Indeed onn;

Base case no use FTC 12.1

( If f ctsm Carb] with f 'ERIut
Carb]

then Sab f'Hdt= flab )
.

Induction step use parts 12 - lo

(If f.gets on Carb
] with fig' ERIutca.bz

fbaflttg'cHdt=efabf'HIGH)dt
ten

+Lfltglt) )!)
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Properties of factions;

continuity. at a point .
Differentiability at a point

-

Integrability on an
interval ( finite

labs) improperly integrable
on

cap!, ftp.fntitel .
Properties of sequences

of functions :

convergence : Holler or Cauchy in any of
to a function I the three hill 's ,



Hallunit
⇐ ⇒ Holliepointwise

Banach spaces :
( Coco, I] , II. Hanif

) (c'Cori ,holla.)

(Bddco.DND.com] , "
"'m't) f.go.A.gs?iff.fEuneo.is1CBddCod3

,
l " " unit)

zany f

and Cfn) is Holly- Cauchy
Normed Lin - spate :

and free Rental#( econ . """ !%.fi#Ignfii9naYE
.



( L
' Corb

,
II. He)(

is Banach

Taylor example:
Find a

bound on g. lol
if :

gud = Two fun .
= 1%! . .

' fctsdtldx.dz - -da. .

f-Cx) = { Co
# HIEI

and ⇐ f) Cx)
= f! fltdt

Answer : why is this aTaylor series
?



Recall : fml-4=0 (HWI ,
n

-is r

so Pnlxl = E
x = O

Fo r !

⇐-I so Rnlx) = fix) - Pnm =fc×)

so bounds an R leg Lag board)

is a Saad an f .

Similarly gin't-11=0
so for g

also PG if c=- I tu
Pntxto

aid Rnlx)= gud .
glloo
) ( 5)

c (x - c)
'I ¥500

and Rioolx) =L I ¥1
Lag .



I toooo
cool !

so ga) E 2cry
Problem :
⑧Show that
a

{ 4-nan cos "
x) = f- Cx)

neo

converges pointwise to fcx, E CAIR

if an -_ nth digit of it.



C- {oil ,2 , - - i 93
,

⑤ Find other an's for which f- of GR .

Ahs : ⑥ Need uwif . convergence
of the partial sums and

tee derivatives of
tu partial sums

( Hollo. - norm convergence)
,

Derivative : f4*=-{ ¥1
"

an Sinfonia)



Converges uniformly since an f 9

so If 'CxH E Eff)? g. I
bdd .

which converges since IT Lf
⑤ Use an =

n


