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1. (25 points) Let X = {z € R:3<2° < 5,0 <z} = [V3,V5).
(a) (10 points) Show that inf(X) = /3.

Solution. By construction, x € X satisfies V3 < z and so v/3 is a lower bound.
Since v/3 € X, it is the greatest lower bound and thus inf(X) = v/3 as required.

(b) (10 points) Show that sup(X) = /5.

Solution. By construction, z € X satisfies z < v/5 and so v/5 is an upper bound.
Let us show that v/5 is the least upper bound. Indeed, suppose that u = sup(X)
was a smaller upper bound, i.e. u < v/5. (By (a) we also have v/3 < u.) Then the

midpoint “*2‘/5 would satisfy

u <

5
u+2\/_ <5,

Therefore, the midpoint %5 € X belong to X: this is a contradiction with the
fact that u is an upper bound. Hence it must be that the assumption u < v/5 is
wrong and thus any upper bound u must satisfy V5 < u. Thus /5 is the least
upper boudn, as required.



Second Midterm Exam - Page 3 of 8 November 25 2024

(c) (5 points) Prove that sup(X) = v/5 ¢ Q, i.e. it is not a rational number.

Solution. By contradiction, suppose that /5 = p/q for some p,q € Z and
ged(p,q) = 1. The equality v/5 = p/q implies that 5¢> = p? and thus 5 divides
p?. Since 5 is prime, 5 also divides p and therefore 52 divides p?>. Given that
p? = 5q?, this implies that 52 divides 5¢? and so 5 divides ¢?. Again, this implies
that 5 divides ¢ and so ged(p,q) # 1. Therefore we have reached a contradiction
with ged(p,q) = 1 and thus the initial equation v/5 = p/q cannot hold, so v/5 is

irrational.

(d) (Bonus 5 points) Is the set X countable or uncountable? (Justify your answer.)

Solution. It is uncountable, as it contains the interval (\/g, \/3) which is in bijec-
tion with the interval (0, 1) thus uncountable (as it bijects to R, e.g. via z — In(z)).
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2. (25 points) Solve the following two parts:

(a)

(15 points) Prove that

5n* +3n + 1
Tp=——F—"—
" n?+ 2
is a convergent sequence with limit lim x, = 5.
n—oo

Solution. Let € > 0 be given, we want to show that there exists an N € N such

that
5n% +3n+ 1

n?+2

—5'<&?, Vn > N.

This inequality is equivalent to

3n—9
<e, Vn>N.
n? + 2
Since i’;;g < 3’;9, this inequality will hold if we can argue that there exists an N’
such that - 3 0
n J—
———|= | <& Vn>N.
n o n n

This is itself implied if we can argue that

3
=+
n

<e, Vn>1.

n2

Since # < %, the above inequality is true for n > 1 by Proposition 10.4.

(10 points) Show that the sequence y, = (—1)" does not converge.

Solution. The subsequence y,, = 1 is constant and converges to 1. The subse-
quence ¥s,.1 = —1 is constant and converges to —1. If y,, converged, by uniqueness
of limits, all subsequences should converge to the same limit. Therefore ¥,, does not
converge since the limit of y,, is different than the limit of vy, 1.
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3. (25 points) Consider the recursive sequence (z,), n € N, given by

(a)

Tpe1 = VT2, +6, x1=235.

(10 points) Show that (x,) is bounded below by 3, i.e. that 3 < x,, for all n € N.

Solution. By induction on n. The base case n = 1 holds because x; = 3.5 > 3.
For the induction step, assume that x, > 3. Then

Tpp1 >3 <= VT, +6>3 < Tr,+6>27 < 1z, > 3.

The latter inequality x,, > 3 is true by induction hypothesis, and therefore so is the
first inequality x,+1 > 3, as required.

(5 points) Prove that (z,,) is decreasing, i.e. that z,,,; < x,, for all n € N.

Solution. We must show that z,,; < z,, ie. that /7x, +6 < xz,. This is
equivalent to showing
0<a 7w, —6.

For that, consider the function g(z) = 2* — 7z — 6 = (x + 1)(z + 2)(z — 3), which
intersects the z-axis at © = —1,—2,3. Therefore g(z) > 0 if x > 3 and thus
0 <22 — 7x, — 6, since (a) guarantees that z,, > 3.



Second Midterm Exam - Page 6 of 8 November 25 2024

(c) (5 points) Show that (z,) converges.

Solution. The Monotone Convergence Theorem guarantees that a decreasing se-
quence bounded below converges. By (a) and (b) above, z,, is a decreasing sequence
bounded below, and so it converges by the theorem.

(d) (5 points) Prove that the limit is lim z, = 3.
n—oo
Solution. By (c), the sequence converges. Since z,.1 = /7z, + 6, uniqueness
of limits implies that the limit L must satisfy L = /7L + 6, so L is a zero of
g(x) =23 —T2—6 = (x+1)(x+2)(x—3) and thus the possibilities are L = —1, -2, 3.
Since x,, > 3 by (a), it must be that L > 3 and so the only correct choice is L = 3.
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4. (25 points) Solve the following two problems:
(a) (15 points) Consider the map

1
241

f:R—R, f(x)=

Show that f is not injective.

Solution. It suffices to note that f(1) = f(—1). Since 1 # —1, f is not injective.

(b) (10 points) Is f surjective? (Justify your answer.)

Solution. No. Note that f(x) > 0 and so there are no x such that f(z) = —1, for
instance. Therefore f is not surjective.



Second Midterm Exam - Page 8 of 8 November 25 2024

(¢) (Bonus 5 points) Show that the set

X={zeR: f(z) e Q}

is countable.

Solution. Since Q is countable and the equation

1

Tre2 @ 159

has at most two solutions, the set X is itself countable as well.



