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1. (25 points) Show that the following inequalities hold:
(a) (15 points) Prove that

"1
— < 2vn, VnéeN.
2 <

Proceed by induction on n € N.

Base case (n=1): Z\%— =1<2=2/1
Inductive step: Suppose there is some n € N st. zi: % < 2y/n. Then,
n+1
S Y
< 2¢/n+ \/n—+1'

by the inductive hypothesis. Then, observe the following equality:
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Thus, 2v/n + 1 —2y/n = m =2yn=2/n+1- m Plugging in this

equality to the above inequality yields:
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=2vn—+1-—
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Sincen>1, yn<vn+1l=—Vn+1l+yn<0and vVn+1(v/n+1++/n)>0
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—Vn+i+yn
Thus, T < 0. So,

n+1

1 —Vn+1+4++n
;ﬁ<2\/n+1+\/n—+l(\/n—+l+\/ﬁ)
<2vn+1+0
=2vn+ 1.

Thus by induction, kz::l \/LE < 24/n for all n € N.
(b) (10 points) For n > 6 and n € N, show that
5n +5 < nZ.

Proceed by induction on n € N st. n > 6.
Base case (n = 6): 5-6+5 =35 < 36 = 62
Inductive step: Suppose there is some n € N st. n > 6 and 5n + 5 < n?. Then,

5n+1)+5=5n+5+5
< n?+5.

by the inductive hypothesis. Since n > 6, 2n+1 > 2-6+ 1 = 13 > 5. Thus,
plugging in for the 5 in the above inequality yields:
5(n+1)+5<n*+5
<n?+(2n+1)
=(n+1)>%

Thus by induction, 5n + 5 < n? for all n € N st. n > 6.
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2. (25 points) Solve the following two parts:

(a)

(10 points) Consider the sequence (x,), € N given by the recursion
Tpt1 =Tp+(n—1), x7=19.

Find T2020-
Since 2020 is a large index, we should find a closed formula for the sequence to find
To020. Observe the following pattern:

=19

ry=r1+(2-1)=19+(2-1)=19+1
r3=x2+3—-1)=19+14+3—-1)=19+1+2
ta=a3+4—-1)=194+14+2+4—-1)=194+14+2+3

n—I1
Ty =194 ) i
=1

k
From problem set 2, we know that for any k € N, > i = @ Thus,

i=1

. (h=Dmn-1+1) (n—1n

1= = .
; 2 2
1=1

Thus,
-1
2019 - 2020

= Tgp20 = 19 + — = 2039190.

(15 points) Consider the sequence (x,,),, n € NU {0} defined recursively as
Ty ="TTp_1 — 102,90, xog=2,21 = 3.

Find a closed formula for z,,.

Recall that for a recurrence relation of the form z, = bx,,_1 + cx,_s, the closed
formula is of the form x, = c,r?} + c_r", where r,r_ € R are the roots of the
polynomial equation 22 — bz — ¢ = 0 and ¢y, c_ € R are constant coefficients deter-
mined using the initial values of the recurrence relation.

The roots of 22 — 72 + 10 =0 are x = 7i“;9740 = HZ*/@ = % So, let

ry:=25and r_ := 2.
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Then, our closed formula is of the form z, = ¢, 5" 4+ ¢_2". Plugging in the initial
values, we get:

2=x9=cy5'+c 2 =cy +c_

3=x1 =c b e 2" =5c, + 2.

To solve this system of equations, note that 2=c, +c. = ¢c. =2 — c,. Thus,
3 =dcy + 2c_
=b5cy +2(2—c¢y)
=3cy +4
= —1=3cy
= —1 =c+.
3

Also,c. =2 —cL =c_ =243 = % So, the closed formula of the sequence is:

1
3

1 7
.5 Lo
. 52 T3
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3. (25 points) Solve the following two parts:

(a) (10 points) Show that the coefficient in front of z1y'? in (z + y)* is 8855.
The binomial theorem states that: if a,b € Z and k € Z>, then

(a+b)f = mi:o (:1) a"pmr,

Thus, the coefficient 24y is (%)), since

23 23 23
(z+y)% = (0>x0y23+-~-+ (4>x4y19+---+ (23)x23y0.

23\ 23l
4 ) 41(23 — 4)!

~23-22-21-20-19!

4! 19!
©23-22-21-20
- 4.3.2
=23.11-7-5
= 8855

Then,

is the coefficient of x4y in (z + y)?.

(b) (15 points) Consider the expression (x 4 y)", show that the coefficient in front of
2Fy" % is the same as the coefficient in front of z"*y*.
From the binomial theorem, in (z + )", the coefficient in front of z¥Fy"=* 2" =*y* is

(”), (nfk) respectively. Then,

(1) =

n!
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4. (25 points) Solve the following two problems:
(a) (15 points) Show that there exists no integers x,y € Z such that

4a® — Ty = 2003.

Suppose for contradiction that there exists integers z,y € Z st. 4a® — Ty = 2003.
Consider the equation in Z:

42* — Ty® = 42® (mod 7)

Note that for any equivalence class a € Zr,

0 ifz=0 (mod7)
a*>=<1 ifx=1,24 (mod7)
(6 if 2 =3,5,6 (mod 7)

(0 if 2 =0 (mod 7)
=4a> =44 ifz=1,2,4 (mod 7)
3 ifx=3,56 (mod7)

Thus, 423 is equivalent to 0, 3, or 4 modulo 7. But, 2003 is equivalent to 1 modulo
7. Since every integer is assigned exactly one equivalence class in Zr, it cannot be
the case that 423 — 7y® = 2003. So, by contradiction, no such xz,y € Z exists.

(b) (10 points) Show that the last two digits of 62 are 96.
To find the last n digits of any integer, find the equivalence class modulo 10™. So
in this case, take 62*® mod 100.
Start by noting that 62%% = (60 + 2)*%. Apply the binomial theorem,

48

48
62 = (60 +2)" =) (k )60’“248_"3.
k=0

Observe that 60 = 3600 = 0 (mod 100). Then, for any k > 2,

60" = 602602 = 0 (mod 100).
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Then,
18748
62%% = (60 + 2 ( )60"‘248"“
( ) ; L

4 48 48
= (08>600 2% 4 (1)601 247+ (2>602 240 4

4 48
= (08) 60° 2% + < ) )601 247 40 (mod 100)

= 2" 4+ 48-60- 2% (mod 100)

= 2%7(2 448 - 60) (mod 100)

= 2""(2 +80) (mod 100)

= 2"7(82) (mod 100)

5 2%.82 (mod 100)
(112)® 4 - 82 (mod 100)

= (12)° 4 - 82 (mod 100)
( 2
(

Il
~—~
— N
—_ el
o —

)2 12 -4 - 82 (mod 100)
144) 12482 (mod 100)
= (44)% 12 - 4 - 82 (mod 100)
= 1936 - 12 -4 - 82 (mod 100)
=36-12-4- 82 (mod 100)
=32 4-82 (mod 100)

= 128 82 (mod 100)

= 9882 (mod 100)

= 928 . (—18) (mod 100)

— 504 (mod 100)

= 96 (mod 100).

So, the last two digits of 62 is 96.



