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1. (25 points) Show that the following formulas hold:
(a) (15 points) Prove that

Z2k:n(n+1), Vn e N.
k=1

Proof. Let P(n) denote Z 2k =n(n+1).
k=1

1
Base case: Observe Z 2k =2(1) =2=1(1+1). Thus P(1) holds.
k=1

Assume P(n) holds for some n € N. Thus ZQk = n(n + 1). We want to show

n+1 =
Z 2k = (n+ 1)(n+ 2). Observe
k=1
n+1 n
2%k =) 2k+2n+1)
k=1 k=1
=n(n+1)+2(n+1) by the inductive hypothesis
=(n+1)(n+2) by factoring.
Thus P(n + 1) holds.
Therefore, by induction, Z 2k =n(n+1), VneN. ]
k=1
(b) (10 points) Show that
= 2 1)(2n + 1
2(2@2 = n(n + ?2( n ), Vn € N.

k=1

Proof. Let P(n) denote i(?k)Q = 2n(n +1)(@2n + 1).

k=1 3
Base case: Observe that >, _,(2k)? =22 =4 and $2(1)(1 +1)(2+ 1) = 34-3=4. So
S o1 (2k)2 = 12(1)(1 + 1)(2 + 1). Thus P(1) holds.
Assume P(n) holds for some n € N. That is, >;_,(2k)* = w We want to
show

s 2+ D)+ 2)2n+ 1)+ 1)
> (2k)* = ; .

k=1
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Observe

§<2k)2 = Zn:(zkf + (2(n +1))?
. _ ];Ll(n +1)@2n+1)
2n(n + 1?;(271 +1) 4+ 12(n + 1)?
2(n + 1)[n(2n +3 1)+ 6(n + 1)]
2(n+1)[2n? —|—3n + 6n + 6]
2(n + 1)[2n2?—)i- n + 6]
2(n + 1)[(23;1 +3)(n + 2)]
2(n + 1)(n—§2)(2(n+ 1) + 1)‘
3

+ (2(n +1))? by the inductive hypothesis

Therefore, 751 (2k)? = 2(n+1)(n + 2)(2(n + 1) + 1) as desired. That is, P(n + 1)
holds.

Therefore,
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2. (25 points) Solve the following two parts:
(a) (10 points) Consider the sequence (z,), € N given by the recursion

Tpy1 = 2T, — 1, x1 =3.

Find the first 5 terms of the sequence.
T =3
Tg=2(1)—-1=23)—-1=6—-1=5
r3=2(xy) —1=2(5)—-1=9
wy =223 —1=2(9) —1=17
w5 = 2wy —1=2(17) — 1 = 33
(b) (15 points) For the sequence in (a), find a closed formula for the nth term z,.
T =3
rg=2(3)—1
23 =2(2(3) —1)—1=22.3-2-1
2y =2(223-2-1)—1=2".-22-2-1
2y =2(28 -2 -2 1) —1=21.3-23-922_2_

Observing the pattern, we see

n—2
T, =2""13 =) o
k=0

— 2n71 A 3 o (27171 o 1)
=2"13-1)+1
=2"+1.

Note we find S = S"7—2 2% = 27~1 — 1 by the following:

n—1 n—2
25—5:2%—22’“:2"*1—2022"*1—1.
k=1 k=0

Answer: Oor closed form is z,, = 2"~ — 1.

Double checking our closed we see, this does match: #; =2' +1 =3
Ty=22+1=5

13 =224+1=9

ry=2"+1=17

r5=2°41=233
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3. (25 points) Solve the following two parts:

(a)

(10 points) Let = € Z, prove that we must have one of the following three options:
either 23 =0 (mod 9), 2> = —1 (mod 9) or 23 =1 (mod 9).

Proof. Let x € Z. We know x = 3¢+ for some ¢ € Z and some integer r € {0, 1,2}
by the division algorithm. By the binomial theorem,

2 = (3q+r)?

- (3) (3m)* + G’) (3m)r + @ (3m)? + (2) e

= 9(3m®) + 9(3m>r) + 9(mr?) + 3.

By the above, we see

2> mod 9 =13,

Since r € {0,1,2}, r® € {0,1,8}. Thus r? is equivalent to 0 mod 3, 1 mod 3, or
8 = —1 mod 3. Therefore, either 2* = 0 (mod 9), > = —1 (mod 9) or 2* =
(mod 9). O

(15 points) Show that there are no solutions x,y, z € Z to the equation

2% 493 + 2% = 2029.

Proof. Assume, for the sake of contradiction, that are are integer solutions to the
equation 3 + 3® + 23 = 2029. Thus there exists integers n,m, k such that n3 +
m? + k3 = 2029. We know by the above that n®, m3, and k? are all respectively
equivalent to 0, 1, or -1 modulo 9. So n®+m?3 +k?is 0, 1, 2, 3, -1, -2, -3 modulo 9.
Further observe that 2029 = 4 mod 9 (or likewise equivalent to —5 mod 9) since
2029 — 4 = 2025 = 225 % 9. Thus the equation does not hold modulo 9. This is
a contradiction. Therefore, there are no no solutions z,y,z € Z to the equation
23+ 4 2% = 2029. O
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4. (25 points) For each of the sentences below, circle the unique correct answer.
(You do not need to justify your answer.)

(a) (5 points) The residue of 70071° divided by 7 is

(a) 0. (b) 1. (c) 2. (d) 6.
Answer: b
70071° = (71)® mod 7
=1% mod 7

(b) (5 points) The equation 2% + y? = 1, z,y € Z has

(a) No solutions.  (b) Exactly two solutions.
(¢) Infinitely many solutions. (d) None of the above.
Answer : d

has four solutions (x,y) € {(0,1)(1,0), (0,—1),(—1,0)}
(c) (5 points) Let z = 1298, then z = (mod 5) is

()0 (b)1
(c) 2 (d) 3
Answer: d

since 1298 — 3 = 1295 which is a multiple of 5
(d) (5 points) Let z, = 3z, with z; = 1, then x3 is

()1 (b)3 ()9
(d) 27 (e) None of the above.
Answer: c since x3 = 3(z2) = 3%z, =9(1) =9

(e) (5 points) If z € Z, then x'? divided by 13 has resiude

(a) Always 0. (b) Always 1. (c) Either 0 or 1. (d) 0,1 or 2. (e) 2.
Answer: c
because either 13 divides x or the corollary of Fermat’s Little Theorem applies and

2371 =1 mod 13 as 13 is prime



