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1. (25 points) Solve the following parts:

(a)

(10 points) Show that the set

1
X={— neN, n=4 (mod
{3n4+7n2+5 nel, m=4 (mo 5)}

is bounded (i.e. it is bounded above and bounded below).

Proof. Consider n € N where n =4 (mod 5). Then n is always positive. As such,

1 . o, .
3nd 17215 1S always pOSlthG. Thus

1
I — )
3nt+Tn2+5 —

and X is bounded below by 0.
Since n > 0, we have 3n* + 7Tn? +5 > 5. Thus

1

— <
3nt+Tn2+5

1
3
Thus X is bounded above by % O]

(10 points) Let Y =[2,5)NQ={yeR:2<y <5,y € Q}.
Find sup(Y) and inf(Y’) or show they do not exist. (Please prove your answer.)

Proof. We will show that the inf(Y) = 2. First, observe 2 is a lower bound since
forally € Y, y € [2,5) and as such 2 < y. For the sake, of contradiction, assume
there exists some lower bound ¢ such that 2 < ¢. Note ¢ < 3 since 3 € Y. Since the
rationals are dense in the reals, there exists some x € Q such that 2 < x < ¢ < 3.
Thus x € Q and x € [2,5). That is, z € Y where x < £. This contradicts that ¢ is
a lower bound. Therefore, 2 must be our greatest lower bound.

We will show also that sup(Y') = 5. First, observe 5 is an upper bound since for all
yeY,ye[2,5) and as such y < 5. For the sake of contradiction, assume there is
some upper bound u such that © < 5. Note 4 < u as 4 € Y. Since the rationals are
dense in the reals there exists some rational number g such that 4 < u < g < 5. So
q €12,5) and ¢ € Q. Thus ¢ € Y with u < ¢. This contradicts that ¢ is an upper
bound. Therefore, sup(Y') = 5. O

**Note: be careful using midpoint here as u, ¢ are not guaranteed to be rational.
So the midpoint may not be in the set!
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2. (25 points) Solve the following parts:

(a)

(10 points) Consider the recursive sequence (x,), n € N, given by

Tpt1 = V3x, +10, =z =1.
Show that (x,), is bounded above by 5.

Proof. We will use induction to prove this.
Base case: Observe 1 < 5. As such 7 < 5 and our base case holds.

Inductive Step: Assume z, < 5 for some n € N. Observe n + 1 > 2. As such,

Tpy1 = V3x, + 10

<+/3(5) + 10 by Inductive Hypothesis

=25
= 5.

Note the above inequality works since |/ respects inequalities. Thus z, 11 < 5.
Therefore, by induction, z, <5 for all n € N. n

(5 points) Prove that (z,,) is increasing.

Proof. We will use induction to prove this.

Base case: Observe o = v/3+ 10 = v/13 > /1 = 1 = x;. Thus 27 < x5 and the
base case holds.

Inductive Step: Assume for some n € N, we have z,, <z, 1. WWTS 2,1 < x,9.
Observe

Tnt2 = \/3Tpq1 + 10
>3z, + 10 by the inductive hypothesis

= Tn41-

Thus x,11 < Tpp0.

Therefore, by induction, x,, < x,.; for all n € N. As such, (z,) is increasing.  [J
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(c) (5 points) Show that (z,) converges.

Proof. By part a, we know (z,,) is bounded above by 5. By part b, we know (z,,) is
increasing. Therefore, by the monotone convergence theorem, (x,,) converges.  []

(d) (5 points) Find the limit lim z,.

n—oo

Proof. We know by part ¢ that the limit exists. Call it

lim z,, = z.
n—oo

Since x, > 0 for all n € N, x > 0 Since the limit exists, lim,,_,. 3z, + 10 exists.
Observe, because the limits exits, we can do the following.

r = lim x,
n—oo

= lim 2,1,
n—o0

= lim v/3z, + 10

n—o0

=,/ lim (3z, + 10)

n—oo

=,/3 lim z, + 10
n—o0

=3z + 10.

So 2% = |3z + 10| = 3z + 10 since x > 0. Thus 0 = 2? — 3z — 10 = (z — 5)(z + 2).
Thus & must be either 5 or -2. Since x > 0, x # —2. Therefore,

lim z, = 5.
n—o0
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3. (25 points) Consider the map

(a)

f:R—R, flz)=2*—n2.
(15 points) Prove that f is not injective.

Proof. Consider —1,1 € R. Observe f(—1) = (=1)> = (—=1) = =1+ 1 = 0 and
f(1)=13—1=0. Thus f(—1) = f(1) but —1 # 1. As such, f is not injective. [

(10 points) Prove that f is surjective.

Proof. First observe that f is a continuous function. So if f(z) < f(y) for some
x,y € R, then by the intermediate value theorem all values between f(z) and f(y)
must be obtained. We will know show that {f(z) : z € R} is not bounded above
and not bounded below.

Consider some M € N. We will show that we can always find an x such that
f(x) > M. If M =1 then f(2) = 2%—2 =6 > 1. Now consider when M > 2. Then

f(M)=M?>—~M>2°M— M >3M > M.

Thus {f(z) : € R} is not bounded above.

Now consider —N where N € N. We will show that we can always find an x such
that f(z) < —N. If =N = —1 then f(—2) = -84+ 2 = —6 < —1. Now consider
when —N < —2. Then

f(=N)=-N°’+N=—(N*=N) =—f(N)

where N > 2. Thus by the above f(N) > N as N > 2. Thus f(—N) = —f(N) <
—N. Thus {f(z) : x € R} is not bounded below.

Recall f is continuous and f(0) = 0. Since f is not bounded above, by the inter-
mediate value theorem every positive number can be obtained for f(z). Likewise,
since f is not bounded below, by the intermediate value theorem, every negative
number can be obtained for f(x). As such, f is surjective. O
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4. (25 points) Solve the following two problems:

(a) (15 points) Let m € N be a fixed natural number and the set [m| = {1,2,...,m}.
Consider the set
X =A{f:[m] — N}

of maps from [m] to N. Show that X is countable.

Proof. We will recursively define a collection of sets. Consider the set
X ={f : Im] — N: f(1) = 1}

where i € N. Note if iy # iy then X;, N X;, = 0. Then

i=1

Define
X(il,iz 77777 i) — {f € X(i17i27-~-7ik—1) : f(k> - Zk}
where k € {2,...,m} and i, € N for all n. Thus we have

Kiryizysin_y) = U Xir iz in)

in=1

where this is a union over pairwise disjoint sets. Therefore,

X = U U U U X(ir,insernsim) (1)
i1=lig=1diz=1  im=1

Observe

Xirsingoim) = 1 1 [m] —> N f(1) =iy, f(2) = dg, -+, f(M) = im}.

Thus X, 4,,...i,,) Only has one element and is a finite set. Thus it is a countable
set. Therefore, by (1), X is the countable union of countable sets. As such X is
countable. O

(b) (10 points) Show that the set T = {(x,) : n € N,z,, € {—1,0,1}} of ternary
sequences is uncountable.!

IThat is, an element of T is a sequence (), indexed by n € N, where each value x,, can be —1,0 or 1.
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Proof. We consider a subset of of T" defined as
S:={(z,) :neNuz, e{-0,1}} CT.

We now define a function f : S — P(N) where f((z,)) = {m € N : z,, = 1}.
Consider the sequences (a,), (b,) € S when f((a,)) = f((b,)). That is,

{meN:a,=1}={meN:b, =1}

So the sequence (a,) and (b,) must be 1 on the same indices. However, everywhere
else, they must both be zero. Thus (a,) = (b,) as sequences. Therefore, f is
injective. Now consider A € P(N). That is, A C N. Define the sequence (a,) as

1 ifne A
a, = .
0 ifngA

Then f((an)) ={meN:a, =1} ={m e N:m e A} = A. Thus f is surjective.
Therefore, f is bijective.

Since f is bijective, the cardinalates of S and P(A) must be the same. We know
cardN < cardP(A). Therefore, P(A) must be uncountable and as such so to must
S be. However, S is a subset of T'. So T" has an uncountable subset. We know all
subsets of countable sets are countable. So T' cannot be countable. Therefore, T is
uncountable. O



