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» But what if rational functions are not allowed in the sos
representation and we want only sos of polynomials?
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2d =2 or (n,2d) = (3,4).

The arguments for the equality Ppod = >, 54 forn=2and d =1
were already known in the late 19th century (factorization theory of
binary forms and diagonalization theorem of quadratic forms).For
equality P34 = > 5 ,, Hilbert showed that indeed every psd ternary
quartic is a sum of at most three squares of quadratic forms.The
idea of Hilbert's proof is to associate to any ternary quartic a curve
and then use the classically well-developed theory of algebraic
curves.Choi and Lam in 1977, gave an elementary proof of the
equality P34 = > 5,4, by exploiting extremal forms. They, however,
did not show that only three quadratic forms suffice in such a sos
representation. A modern simplified version of Hilbert’s proof due
to Cassels, was given by Rajwade in 1993, this proof also shows
that three squares suffice. There are new modern proofs by Powers,
Scheiderer, Sottile and Reznick in 2004, and by Pfister and
Scheiderer in 2012.
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Examples of psd not sos quaternary quartics and ternary sextics:

» Motzkin, 1967
M(x,y,z) := 2% + x*y? + x?y* — 3x?y?22 € P36\ L35
» Robinson, 1969
R(x,y,z) = x% + ¥ + 2% — (x*y? + y422 + 24x° + x2y* + y224+
22x*) 4 3x%y22% € Pyg \ X3,
W(x,y,z,w) = X2(X — W)2 + (y(y —w)—z(z— W))2 + 2yz(x+
y=w)(x+z—-w)€Psa\Zsa
» Choi and Lam, 1976
Q(x,y,z,w) := w* + x%y? + y22% + 22x? — Axyzw € Paa \ La 4,
S(x,y,z) = x*y? + y*22 + 24x%2 — 3x%y?72% ¢ P36\ L36



3. Hilbert's 1888 Theorem for Symmetric forms



3. Hilbert's 1888 Theorem for Symmetric forms

> A form f € Fp 24 is called symmetric if V o € S
FO(Xts -y Xn) = F(Xo(1)s - - -5 Xo(n)) 18 €qual to f(x1,..., Xn).



3. Hilbert's 1888 Theorem for Symmetric forms

> A form f € Fp 24 is called symmetric if V o € S
FO(Xts -y Xn) = F(Xo(1)s - - -5 Xo(n)) 18 €qual to f(x1,..., Xn).
> = {f € Fpoq | fis symmetric and psd}



3. Hilbert's 1888 Theorem for Symmetric forms

> A form f € Fp 24 is called symmetric if V o € S

FO(Xts -y Xn) = F(Xo(1)s - - -5 Xo(n)) 18 €qual to f(x1,..., Xn).
> = {f € Fpoq | fis symmetric and psd}
> = {f € Fpoq | fis symmetric and sos}



3. Hilbert's 1888 Theorem for Symmetric forms

> A form f € Fp 24 is called symmetric if V o € S
FO(Xts -y Xn) = F(Xo(1)s - - -5 Xo(n)) 18 €qual to f(x1,..., Xn).
= {f € Fpoq | fis symmetric and psd}

vy

= {f € Fpoq | fis symmetric and sos}
> For what pairs (n,2d) we have SP,29 C S¥ ;47



3. Hilbert's 1888 Theorem for Symmetric forms

A form f € F, 24 is called symmetric if V o € S,
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For what pairs (n,2d) we have SP,29 C S¥ ;47
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A form f € F, 24 is called symmetric if V o € S,
FO(Xts -y Xn) = F(Xo(1)s - - -5 Xo(n)) 18 €qual to f(x1,..., Xn).

= {f € Fpoq | fis symmetric and psd}

= {f € Fpoq | fis symmetric and sos}

For what pairs (n,2d) we have SP,29 C S¥ ;47
Theorem (Choi and Lam, 1976): SP, 24 = S¥, 24 if and only if
n=2or2d =2or (n,2d) = (3,4).

Proposition 3.1 [Reduction to Basic Cases] If
S5¥p4 C SPpaforall n>4and S¥36 C SPs6 ,then
S¥ 024 € SPpog forall n>3,d>2and (n,2d) # (3,4).
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3. Hilbert's 1888 Theorem for Symmetric forms

A form f € F, 24 is called symmetric if V o € S,

FO(Xts -y Xn) = F(Xo(1)s - - -5 Xo(n)) 18 €qual to f(x1,..., Xn).
= {f € Fpoq | fis symmetric and psd}
= {f € Fpoq | fis symmetric and sos}
For what pairs (n,2d) we have SP,29 C S¥ ;47

Theorem (Choi and Lam, 1976): SP, 24 = S¥, 24 if and only if
n=2or2d =2or (n2d)=(3,4).
Proposition 3.1 [Reduction to Basic Cases] If
S5¥p4 C SPpaforall n>4and S¥36 C SPs6 ,then
S¥ 024 € SPpog forall n>3,d>2and (n,2d) # (3,4).
Proposition [BCR]: Let R be a real closed field and p an
irreducible polynomial in R[xi,...,x,]. TFAE:
1. (p) =Z(Z(p)), where Z(A) = {g € R[x] | g(a) =0 Vac A} is
the ideal of vanishing polynomials on A C R" and
Z(p) = {x € R" | p(x) =0} is the zero set of p.
2. The sign of the polynomial p changes on R" (i.e. p(x)p(y) < 0 for
some x,y € R").
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» Proof of Proposition 3.1 “Reduction to Basic Cases”: If
fe 573,,,201 \ SZ',,,zd, then
(a+...+ Xn)z’f € SPnod+2i \ SXnod+2i Vi > 0.

» Symmetric psd not sos ternary sextics and n—ary quartics for n > 4:

» Robinson, 1969:

R(x,y,2) = xS+ y8 + 28 — (x*y? + y*2% + 2% + x2y* + 224+
22x*) +3x%y22% € SP36 \ S¥356

» Choi-Lam, 1976:
fas = 26 x2y? + 212 x?yz — 2xyzw € SPs4 \ SZ44. [‘the
construction of f,4 € SP,4\ SX, 4 (for n > 4) requires
considerable effort, so we shall not go into the full details here.
Suffice it to record the special form f; 4."]
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» Corollary 3.2: Let f € Ppoq\ Xp24 and p an irreducible indefinite
form of degree r in R[xi,...,x,]. Then p?f € Prod+2r \ Ln2d+2r-

» Proof of Proposition 3.1 “Reduction to Basic Cases”: If
fe 573,,,201 \ SZ',,,zd, then
(a+...+ Xn)z’f € SPnod+2i \ SXnod+2i Vi > 0.

» Symmetric psd not sos ternary sextics and n—ary quartics for n > 4:

» Robinson, 1969:

R(x,y,2) = xS+ y8 + 28 — (x*y? + y*2% + 2% + x2y* + 224+
22x*) +3x%y22% € SP36 \ S¥356

» Choi-Lam, 1976:
fas = 26 x2y? + 212 x?yz — 2xyzw € SPs4 \ SZ44. [‘the
construction of f,4 € SP,4\ SX, 4 (for n > 4) requires
considerable effort, so we shall not go into the full details here.
Suffice it to record the special form f; 4."]

> We will construct explicit forms f € SP, 4\ S¥,4 for n>5
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Timofte’s Half Degree Principle for Symmetric Polynomials :
A symmetric real polynomial of degree 2d in n variables is
nonnegative (> 0 respectively) on R” < it is nonnegative (> 0
respectively) on the subset A, s := {x € R” | number of distinct
components in x is < k }, where k := max{2, d}.

A form f € F 24 is called even symmetric if it is symmetric and
in each term of f every variable has even degree.

Timofte’s Half Degree Principle for Even Symmetric
Polynomials : An even symmetric real polynomial of degree 2d > 4
in n variables is nonnegative (> 0 respectively) on R"” < it is
nonnegative (> 0 respectively) on the subset Q, 5/ := {x € R] |
number of distinct nonzero components in x is < d/2 }.

Corollary : (i) For a symmetric real polynomial f of degree 2d in n
variables I x e R" s.t. f(x) =0 I x €Ny st. f(x)=0.
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Timofte’s Half Degree Principle for Symmetric Polynomials :
A symmetric real polynomial of degree 2d in n variables is
nonnegative (> 0 respectively) on R” < it is nonnegative (> 0
respectively) on the subset A, s := {x € R” | number of distinct
components in x is < k }, where k := max{2, d}.

A form f € F 24 is called even symmetric if it is symmetric and
in each term of f every variable has even degree.

Timofte’s Half Degree Principle for Even Symmetric
Polynomials : An even symmetric real polynomial of degree 2d > 4
in n variables is nonnegative (> 0 respectively) on R"” < it is
nonnegative (> 0 respectively) on the subset Q, 5/ := {x € R] |
number of distinct nonzero components in x is < d/2 }.

Corollary : (i) For a symmetric real polynomial f of degree 2d in n
variables I x e R" s.t. f(x) =0 I x €Ny st. f(x)=0.

(ii) For an even symmetric real polynomial f of degree 2d in n
variables 3 x € R" s.t. f(x) =0 I x€Q, 4/ s.t. f(x) =0.
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2
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Consider the following symmetric quartic in n > 4 variables,
2
Ln(x1,...,%n) := m(n— m) Z(x,- —x;)* - (Z(x,- — XJ)2> ,
i<j i<j
where m = [n/2].

» Proposition 3.3: L, is psd for all n.
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2
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For m > 2, consider the following symmetric quartic in 2m variables,
Gm(x1, -y x2m) := Lomy1(x1, - - -, X2m, 0).

For m>2, Gm(xi,...,xom) is psd.
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Consider the following symmetric quartic in n > 4 variables,
2
Ln(x1,...,%n) := m(n— m) Z(x,- —x;)* - (Z(X,‘ — XJ)2> ,
i<j i<j
where m = [n/2].

» Proposition 3.3: L, is psd for all n.

» Theorem 3.4: If n>5is odd, then L, is not a sos.

Proposition 3.5: L, for even n is a sos.
2
[Lam(x) = 320 = %02 (= (xu+ o+ %om) + mxi + ) )
i<j
For m > 2, consider the following symmetric quartic in 2m variables,

Gm(x1, -y x2m) := Lomy1(x1, - - -, X2m, 0).

» For m>2, Gm(xi,...,xom) is psd.

Theorem 3.6: For m > 2, Com(x1, ..., X2m) is not a sos.
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3.1. Symmetric psd not sos n—ary quartics for n > 5
» To prove: L, is psd for all n.

> QCR"is a test set for f if f is psd iff f(x) > 0 for all x € Q.
> Theorem: Let n > 4. A symmetric n—ary quartic f is psd iff
f(x) > 0 for every x € R" with at most two distinct coordinates, i.e.
N2 ={xeR"| x;€{r,s};r#s,r,s € R} is a test set for
symmetric n—ary quartics.
» Proof: Enough to prove: L, >0 on Aj».

Now for x € Ao ={(r,...,r,s,...,s) | r#seR; 0 <k <n}:
——

k n—k
+(r —s) #0, for k(n— k) terms,
Xj — Xj = .
0 , otherwise

$0, Ln(x) = m(n — m)k(n — k)(r — s)* — [k(n — k)(r — s)?]?
= k(n—k)(r — s)*[m(n — m) — k(n — k)]
= k(n— k)(r —s)*[(m— k)(n—m— k)] > 0. O



4. Version of Hilbert's 1888 Theorem for
Even Symmetric forms



4. Version of Hilbert's 1888 Theorem for
Even Symmetric forms

= {f € Fpoq | f is even symmetric and psd}



4. Version of Hilbert's 1888 Theorem for
Even Symmetric forms

= {f € Fnod | f is even symmetric and psd}

= {f € Fpoq | f is even symmetric and sos}



4. Version of Hilbert's 1888 Theorem for
Even Symmetric forms

= {f € Fpoq | f is even symmetric and psd}
= {f € Fpoq | f is even symmetric and sos}

For what pairs (n,2d) will SPy,, C S¥7,,?



4. Version of Hilbert's 1888 Theorem for
Even Symmetric forms

= {f € Fnod | f is even symmetric and psd}
= {f € Fpoq | f is even symmetric and sos}
For what pairs (n,2d) will SPy,, C S¥7,,?

Known:
> SPfay = SY; .y ifn=2d=1,(n2d)=(3,4)
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4. Version of Hilbert's 1888 Theorem for
Even Symmetric forms

= {f € Fnod | f is even symmetric and psd}
= {f € Fpoq | f is even symmetric and sos}
For what pairs (n,2d) will SProg C S5 047

Known:
> S’Pr? 2d — Szi 2d if n= 2,d =1, (na 2d) = (374)' (na 4)n>47 (378)
) ; >
(by Hilbert’s Theorem) (C-L-R)  (Harris)
> SPrag 2 ST} g for (n,2d) = (n,6),>3,(3,10),(4,8).
) , >

(C-L-R) (Harris)
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Even Symmetric forms

> To get a complete answer to O(5°) it is interesting to look at the
following remaining cases:
> (3,2d) for d > 6,
» (n,8) for n>5, and
> (n,2d) for n>4,d > 5.

» We will

» give a “Reduction to Basic Cases” by finding an appropriate
indefinite irreducible even symmetric form

» construct explicit forms f € SP5,, \ S¥¢ ,, for the pairs
(n,2d) = (3,12), (n,8)n>s5 ' '

» deduce that for (n, 2d) = (I776),723, (n, 8),124, (3,2d)d25,
(n,2d)p>4,4>7, the answer to Q(S5°) is negative.
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» Lemma 4.1: If 2t = 4,6, and n > 3, then

n
. 2 2t—2 2
he(xi,y ... xn) = le-t — 102xit X;
i=1 i#j
is an indefinite irreducible even symmetric n—ary form of degree 2t.
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4.1. Degree jumping principle

» Lemma 4.1: If 2t = 4,6, and n > 3, then

n
he(x1,...,xn) == Zx,?t —10 le_zt—zsz
i=1 i#j
is an indefinite irreducible even symmetric n—ary form of degree 2t.
» Theorem 4.2 [Degree jumping principle]:
Let n > 3. If f € SP;,, \ SI} 54, then
1. for any integer r > 2, the form f h3° h3® € SPg, .4 \ ST5 g 4
where r =2a+3b; a,be Z,.
2. (- xn)f € SP;agion \ S5 2d2n



4.2. Answer to Q(S°) : for what (n,2d) SPr,, C S¥7,,7

> Proposition (Reduction to Basic Cases:) If we can find psd not
sos even symmetric n—ary 2d—ic forms for the following pairs:

1. (n,2d) = (n,8) for n > 5, and
2. (n,2d) for n > 4,d = 5,6.

then the complete answer to Q(S5¢) will be:
SPrad © S¥poq ifandonly if n=2,d =1,(n,2d) = (n,4)n>3, (3,8).



4.2. Answer to Q(S°) : for what (n,2d) SPr,, C S¥7,,7

> Proposition (Reduction to Basic Cases:) If we can find psd not
sos even symmetric n—ary 2d—ic forms for the following pairs:

1. (n,2d) = (n,8) for n > 5, and
2. (n,2d) for n > 4,d = 5,6.

then the complete answer to Q(S5¢) will be:
SPrad © S¥poq ifandonly if n=2,d =1,(n,2d) = (n,4)n>3, (3,8).

» Psd not sos even symmetric n—ary octics for n > 5
» Theorem: The form

B(Xla s ;XS) = LS(X127 s 7X52) € SPSe,S \ 5238,
2
(recall that Ly, 1 = m(m+ 1) Z(x,- —x)* - (Z(x,- - xj)2) is a

i<j i<j
symmetric psd not sos (2m + 1)—ary quartic form).



4.2.1. Psd not sos even symmetric n—ary octics for n > 6

» Theorem: For m > 3,

1. M2m+1 = L2m+1(Xf, e ’X22m+1) S 57)28m+1’8 \ Ssz+1,8’ and
2. Dom = Gom(xXE, ..., X3,) € SP5 s\ SE5 5,

Set My(xy,--- ,Xn) :=x{ +---x},. Use it to construct psd not sos even
symmetric n-ary dedics and dodedics.



ie.

4.3. Hilbert's 1888 Theorem for Even Symmetric forms
Theorem:
1. SPpoy = SZ},q iff n=2,d =1,(n,2d) = (n,4)n>3, (3,8).
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THANKS BRUCE !



