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Db(P"), the derived category of coherent sheaves on the projective space P,
was described in the papers of A.A. Beilinson [2] and LN. Bernstein, I.M.
Gelfand, S.I. Gelfand [5]. In the paper [2], two families of sheaves on P" were
distinguished : @(—1i) and Q'(j), i=0, 1, ..., n. Sheaves from each of these families
have no higher Ext’s between each other and are “free generators” of the catego-
ry D°(P"). That means, that D?(P") is equivalent (as a triangulated category)
to the homotopy category of finite complexes of sheaves, consisting of finite
direct sums of ©(—1i) (resp. (i), i=0, 1, ..., n.

In the present paper we describe, in a similar way, some more triangulated
categories. More precisely, the description proceeds as follows. If % is a pre-
additive category, then one can form a triangulated category Tr(2), which is
“generated freely” by 2. Its objects are finite complexes, consisting of finite
formal direct sums of objects of 2, and morphisms are homotopy classes of
morphisms of complexes. The description of a given triangulated category €
in the form Tr(2) is practical enough, especially when the functor & — Tr ()
is given explicitly. We represent in the form Tr(2) the derived categories of
coherent sheaves on flag varieties and quadrics, and also the derived categories
of finite-dimensional representations of parabolic subgroups in GL(n, C).

In the §1 we fix the notations and recall the formulation of some facts
from representation theory and homological algebra, which are necessary for
the sequel. Of importance to us is the notion of a convolution, or of a total
object of a finite complex over a triangulated category. This notion is needed
o make some sense to the words “resolution in the derived category” Such
a convolution is not canonical. Moreover, it even not always exists, the obstruc-
tions to its existence being the higher Massey compositions (or Toda brackets)
of consecutive differentials in the complex. In the context of topological spaces
0r spectra such questions were treated in [23, 24].

In the §2 we give a general construction of “dual families” (such as {Q‘(i)}ﬁ;o
for {0(—i)}n_), and resolutions of the diagonal. There is also defined a triangu-
lated category Tr(2) for a differential graded (DG-) category U and, under
Certain assumptions, a “duality theorem” is proved: Tr () is equivalent to
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Tr (), where U is the “cobar-category” for A. The consideration of DG-models
for Ext-algebras (and categories) is a natural generalisation of the Priddy duality
[18] between algebras with quadratic relations. This circumstance was indicated
to the author by B.L. Feigin and V.V. Schechtman, to whom the author is
sincerely grateful. The §2 was also influenced by recent papers of J.-M. Drezet
[7] and A.L. Gorodentsev, A.N. Rudakov [8], in which, for each n, a series
of pre-additive categories 2 was constructed with the property Tr ()~ D?(P").

In §3, the case of flag varieties is treated. In the particular case of Grassmann
varieties (as well as for quadrics below, in §4) the corresponding pre-additive
category will be a Koszul (in the sense of Priddy [18]) category with quadratic
relations. It is not the case for general flag varieties.

In §4, we consider smooth projective quadrics. Our approach is based on
the use of the graded Clifford algebra A, which is Priddy dual to the function
algebra on the quadratic cone. Besides, we consider flag varieties F(1, n—1, C"),
which are incidence quadrics. We give for them another representation of the
derived category of coherent sheaves in the form Tr (%), where the category
A is Koszul. An approach very close to the ours was developed in the paper
of R.G. Swan [19]. Author’s result, announced in [12], was obtained indepen-
dently.

Finally, in §5, the construction of §3 is applied to the category of finite-
dimensional representations of parabolic subgroups in GL(n, C). To do this,
we consider the homogenous vector bundle on the flag variety, corrresponding
to such a representation.

Acknowledgement. 1 am glad to thank Al Bondal, who suggested several improvements to the
exposition.

§ 1. Preliminaries

1.1. For general facts about triangulated categories, see [10, 21]. The bounded
derived category of an abelian category ¥ will be denoted D*(2). The i times
iterated translation functor in a triangulated category will be denoted E — E[i]-
On complexes (always supposed to be cohomological) this functor is defined
by the formula (C'[i]y=C'*. If E, F are objects of a triangulated category
€, then Exti(E, F) means Homg(E, F[i]). If % is an additive category, then
Hot () is the homotopy category of bounded complexes over A. If X is a
scheme, then the category of coherent sheaves on X is denoted Sh(X). The
category D®(Sh(X)) is denoted simply D*(X). We denote identically algebraic
vector bundles and locally free sheaves of their sections.

The category of covariant functors between categories € and D will be denot-
ed Fun(€, D), and of contravariant functors-Fun®(€, D).

1.2. Let € be a triangulated category and C° — a bounded complex over €.
which we can suppose to be situated in degrees from 0 to n:

4o dn-1

C'={C° »C"}.
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A (right) Postnikov system, attached to C', is, by definition, any diagram

VIRV
P Cn[ 1]

in which all triangles are distinguished and j,-i,=d". The morphisms j, have
the degree + 1. An object TeOb € is called a (right) convolution of C°, if there
exists a right Postnikov system, attached to C° such that T=B° The class
of all convolutions of C* will be denoted Tot (C"). Clearly the notions of Postnik-
ov systems and convolutions are stable under exact functors of triangulated
categories.

1.3. Remarks and conventions. a) One could also define a left Postnikov system,
attached to C" as a diagram

NINAS

< Dnl

in which d°= j, - i,, the triangles are distinguished and the horizontal morphisms
have the degree +1. Then one could define a left convolution of C* as an
object T such that T=D"[ —n] for some left Postnikov system, attached to
C. However, it can be seen using the octohedron axiom, that the class of right
convolutions of C* coincides with the class of left ones. We do not enter into
details here, since this will not be used in the present paper. Henceforth all
Postnikov systems considered will be right.

b) The class Tot(C’) can contain many non-isomorphic elements and can
be empty. The condition for its non-emptiness is the vanishing of all Massey
products (called also Toda brackets) of every sequence of consecutive differentials
in the complex. If one uses the definition of Toda brackets from [23, 24] (which
can be trivially adapted to the case of arbitrary triangulated categories), then
this fact becomes tautological. In the category Hot () this definition of Toda
brackets coincides with the other possible one, which uses the fact that Hot (2)
is the cohomology category of the evident differential graded category. A com-
Plex over a triangulated category with all the Massey products vanishing will
be called true.

€) We shall refer to the terms of a Postnikov system, situated in the lower
Tow, as its B-terms.

14, Simple examples of Postnikov systems in the derived category are provided
by filtered complexes; then C' are the filtration quotients and B’ are the terms
of the filtration. The Postnikov system, corresponding to the stupid filtration
C2ofa complex, will be referred to as its stupid Postnikov system.

Some filtered complexes give rise to Postnikov systems already in the homo-
topy category. These are so-called twisted complexes [25]. A (bounded) twisted
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complex over an additive category U is a bigraded object C**, endowed with
endomorphisms d;, i 0, of degree (i, 1 —i) such that () d;)*=0. We have d3=0,
dod,=—d,d,, ie. d, defines morphisms of complexes (C*", do) = (C'* ", d,).
Since —di=d,dy+dyd,, the morphism d} is homotopic to zero. Hence, {...
= (C"", dy) - (C'* ¥, dg)— ...} is a complex over Hot (). It is true, and admits
a Postnikov system. To see this, we consider the complex C°, obtained from
C™ by convolution of the grading and equipped with the differential d=Y 4.
It has a filtration “by the second grading degree”, which yields a Postnikov
system (in Hot (). This system realises C* as a convolution of the said complex
over Hot ().

1.5. Let @ be a cohomological functor from a triangulated category € to an
abelian category U. Set ¢P(E)=P(E[p]) for EcOb(€) and peZ. Let C be a
bounded true complex over E, and TeTot(C). Then there is a spectral sequence
E29=@%(CP)=>@?*4(T). It is constructed starting from a given Postnikov system,
realising T as a convolution of C’. We delete from this system the term B°
(in the setting if n.1.1; we assume that C' is situated in degrees from 0 to n
for some n). Then we apply to the diagram thus obtained the functor @". Since
@ is a cohomological functor, we get a bigraded exact couple, which yields
the desired spectral sequence. The details are left to the reader, since they are
entirely analogous to the case of usual spectral sequence of a filtered complex.

1.6. Lemma. Let K, I’ be bounded complexes over an abelian category W. Suppose
that Exty(K', I/)=0 for p>0 and all i, j. Then

HOme(Q‘) (K., I:) = HOII]HDI (m)(K., I;).

Proof. This can be seen using devissage and the fact that the functor Hom
in a triangulated category is cohomological with respect to each argument.

1.7. We shall always, except the beginning of §2, work over the field € of
complex numbers. In fact, one can replace everywhere € by any field of zero
characteristics. The sole reason why we do not do this is that €, being a proper
name, has a meaning which is less prone to be forgotten in a long discource.

1.8. Let W be an m-dimensional vector space and a=(a4, ..., ,) be a non-
increasing sequence of integers. We shall denote Z* W the space of the irreducible
representation of the group GL(W) with the highest weight «. We shall apply
the operation Z* as well to vector bundles. There are isomorphisms of GL(W)

modules:
(Zul, vees Ty W)* =Zu,, ""am(W*)=Z——a”" veuy _a‘(W)

(see [22]). If « is positive, ie. all a;=0, then Z* can be extend to a covariant
polynomial functor from the category of vector spaces to itself [15]. In 1!1}5
case a can be thought of as a Young diagram with o; as lengths of rows. W¢
shall denote o* the dual Young diagram and || the sum Xa;. If V and
are finite-dimensional vector spaces, then the Cauchy formula ([15], Chap. 2
§4), says that A*(V® W) is isomorphic, as GL(V) x GL{W)-module, to the su®
@ T VRI“W.

lel=i
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19. Let o, B be two Young diagrams. The Littlewood-Richardson rule [15]
for the decomposition of X*® X* into irreducible factors, prescribes to label
each cell of § with the number of the corresponding row. After that, all cells
of f must be added to « in such way, as to satisfy the following conditions:

1) for each i, the union of a and all cells with labels less or equal to i,
forms a Young diagram;

2) no two cells with equal labels lie in the same column;

3) order the added (i.e. the labelled) cells from the right to the left and
from the upper side down. Then, in each initial interval of this sequence, one
must have the inequalities: (the number of cells with the label 1) 2 (the number
of cells with the label 2)>....

The multiplicity of X” in Z*® X? equals the number of admissible ways
of adding cells of f to «, which have the type y and differ by positions of
labels. There is also a dual form of this rule, where the cells are labelled according
to the number of the corresponding column, rather than row.

It follows from these rules that the number of all rows (resp. columns) in
each diagram y such that 27 < 2*® X can not exceed the sum of such numbers
for « and B.

1.10. Let G be a reductive algebraic group, B< G —a Borel subgroup, PoB—a
parabolic one. The vector bundle over G/P, corresponding to a finite-dimension-
al algebraic representation ¥ of the subgroup P, will be denoted V. When V
is one-dimensional, i.e. is given by a character y: P - C* we shall also use
the notation @(y) for V. If V is an irreducible representation, then it can be
factorized through the Levi subgroup K< P: P— K - GL(V). The lattices of
integral weights of G and K can be identified, so V determines a dominant
weight y: T— €C*, where T« B is the maximal torus. By the Borel-Weil theorem
[13], denoting p: G/B — G/P the natural projection, one has:

R°p, O()=V; Rp,0(0=0, i>0; H'G/P,V)=H'(G/B,0(y)), i20.

§2. A general construction of dual families and resolutions of diagonal

2.1. Recall that a pre-additive category is a category, in which Hom-sets are
endowed with abelian group structure such that the composition is biadditive.
A differential graded (DG-) category is a pre-additive category U, in which
abelian groups Homg(E, F) are equipped with Z-grading and differential d of
degree +1, d?=0, such that for the differential of the composition one has
the usual graded Leibnitz formula, and also deg(idz)=0, d(id;)=0. We denote
H{%) the cohomology category of A:ObH(W=ObA; Homye,(E, F)
=H'(Homg(E, F)). An important example of a DG-category is provided by
the category C?() of bounded complexes over an additive category 2 (the
morphisms are not supposed to commute with differentials). The corresponding
cohomology category is Hot ().

2.2. Let % be a DG- -category, A®- the DG-category, obtained from U by adjoin-
ing formal finite direct sums of objects. Define a new DG-category, Pre-Tr (),
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whose objects are systems {(E)icz, q;;: E;— E;}, where E;eOb(U®), almost all

E; are zero; g;; are morphisms in A® of degree i—j+ 1, satisfying the condition

dq,.j-%-Z(qkj ¢:)=0 for all i,j. Suppose given two objects of Pre-Tr(), ¢
k

={E,, g;;} and C'={Ej, q};}. The complex Homp,, @ (C, C') has, by definition,

the components Hom*= & Homgye(E;, Ej)). If feHomis (E;, E}), then its dif-
1+j—i=k

ferential in Pre-Tr (%) is defined by the formula

df =dye(f)+ X (@m [+ (=1 """ fq,,),

where dye is the differential in Hom-groups of A®.

Define Tr(¥Y) to be the category of 0-th cohomology of the DG-category
Pre-Tr (). It has a natural structure of a triangulated category. In fact, Tr (%)
is a full triangulated subcategory in the homotopy category of contravariant
DG-functors A — {complexes of abelian groups}. To define this embedding, de-
note by h for EeOb ¥ the corresponding representable functor: F - Hom(F, E)
and hg the functor with values in the category of graded abelian groups, obtained
from hy by forgetting the differential. An object {E;, C;;}€Ob Tr () can be iden-
tified with the DG-functor, sending FeOb¥ to the graded abelian group
@ hg,(F)[{], equipped with the differential d+ Q, where Q = ||g;;]|, d is the differen-
tial in @ kg (F)[{].

If ' is another DG-category and F: ¥ —-W is a DG-functor, then one
has a DG-functor Pre-Tr(F): Pre-Tr(U)— Pre-Tr(W’) and an exact functor
Tr(F): Tr(U) - Tr(W). If A is a pre-additive category with trivial DG-structure,
then Tr(A4)=Hot (A®). The following proposition goes back at least to [2].

2.3. Proposition. Let U be a full subcategory in an abelian category B such
that for all E, FeOb¥ and i>0 one has Extiy(E, F)=0. Then the inclusion Ac'B
extends to an embedding of Tr()=Hot(A®) as a full subcategory into D*(B).

24. Let € be a triangulated category. We shall denote &* the graded category,
made from € by the rule: Ob & =Ob E, Homg,.(E, F)= @ Ext}(E, F). If Uc €
is a full subcategory, then we shall denote (), the smallest full triangulated
subcategory in €, containing . It is not clear, to what extend ()¢ is defined
by A itself with its structure of a “category with Massey products” In particular,
it is not clear, whether one can replace in Proposition 2.3. D?(8B) by an arbitrary
triangulated category.

2.5. Henceforth all DG-categories are supposed to be C-linear. Vect denotes
the category of finite-dimensional vector spaces over C. _

Call a DG-category U ordered, if Ob¥ is a set, endowed with a pamal
order < such that Hom (E, F)=0 unless E< F and Hom (E, E)=C (in the degreé
0) for all E, FeOb . Call a DG-category ¥ finite, if Ob¥ is a finite set, and
all Homg(E, F) are bounded complexes of finite-dimensional vector spaces.

2.6. Proposition. Let A, W’ be finite ordered DG-categories, AU —a DG’
functor such that H(f) is an isomorphism of categories. Then Tr(f ): Te(20
- Tr (W) is an equivalence.
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Proof. First show that for all C,, C,e0b Tr(¥) the morphism

(Tr f),: Homy, @(Cy, C3)— HomTr(Ql’)((Trf)(Cl)’ (Tr f)(C,)

is an isomorphism. By our assumption, it is true when C, and C, have the
form E[i], EeOb¥. It follows from the orderedness and finiteness of 2, that
every object of Tr(2l) can be constructed, starting from the simplest objects
E[i], EeOb¥, by applying successively the operation of taking mapping cone.
Hence, the devissage yields the isomorphicity of (Trf), and Im Trf is a full
triangulated subcategory in Tr(2l'). Again using the devissage, we find that
this subcategory is in fact equivalent to whole Tr ().

27. Let U be a finite ordered DG-category. Define a new DG-category, U,
whose objects are symbols E for EeOb . Denote the complexes Homg(E, F)
simply [E, F]. Set Homy(E, F)=0 unless E<F, Homg(E, E)=C, and for E<F
(ie. ESF and E+F) define Homg(E, F) to be equal to the total complex of
the double complex

[E, FI*> @ [E GI*®[G, F]*~
E<G<F

- @ [EGIT*®[G,G,I]*®[G,, FI* ... (2.1)

E<G{<Gy<F

which is a kind of bar-construction [16]. The horizontal grading of this double
complex assigns to [E, F]* the degree 1, to the next sum — the degree 2, etc.
We omit the obvious formulae for differentials in (2.1), as well as in the similar
complexes below.

9 is also a finite ordered DG-category; there is a natural DG-functor
i A->9A, sending each E to E, which is a quasi-isomorphism (on Hom-com-
plexes).

2.8. Remarks. 1) Since Homg(E, F) is the total complex of a natural double
complex, the spaces H' Homg(E, F) have an additional grading.

2) If A is an ordered category with trivial DG-structure, and the poset
Ob 9 is ranked with rank function r, then one can introduce a grading into
Mor (), ascribing to Hom (E, F) the degree r(E)—r(F).

3) Suppose, in the setting of 2.7, that the differentials in U are trivial. Then,
with respect to the bigrading of Remark 1.

Hi' ‘ Hom‘fl(Ea F) = Ex‘;‘un (u, Vecl)(q:Es CF):

where €, is the functor, sending E to €, all other objects-to 0 (see also n.2
below). If one has only H*' non-vanishing, i.e. Ext' has, with respect to the
additional grading degree i, then we shall, following [18, 24], call the category
U Koszul. The proof of Theorem 1.2 from [14] applies as well to this case
and yields that Mor () is generated by morphisms of degree 1, and relations
between such morphisms follow from quadratic relations. Examples of such
Categories are provided by full subcategories in Sh(P"), whose sets of objects
are “triads” of Drezet [7] or “bases of helices” of Gorodentsev and Rudakow
(8]. Other examples see in § 3, 4 below.



486 M.M. Kapranoy

4) Let R(A) be the square matrix, indexed by the set ObA with matrix
elements R(A)g, ¢ = x(Homg(E, F)) (Euler characteristic). It is an upper-triangu-
lar (with respect to the given ordering) matrix with units on the diagonal. One
has the relation R(¥)=R(A)™?, since on the level of Euler characteristics the
complex (2.1) gives the geometric progression: (1+N)"'=1—N+N?—.... Here
N=R)-—-1.

2.9. Let U be a finite ordered DG-category, A°P-its opposite category; we shall
think of objects of AP as symbols E* for EcObA. For E=0b¥ consider
the object ¢ (E) of the category Pre-Tr (2°P), defined by the complex

o= @ I[EE]I®[E E]®E}~> @ [E EJ®Et > E*

E<E1<E:z E<E;

-2 -1 0

which is also a kind of bar-construction. The notation of the type [E, E;]® E*
means that we have chosen bases in all [E, F] and consider the corresponding
direct sums of objects.

2.10. Proposition. The correspondence E — ¢(E) extends to a DG-functor ¢: Pre-
Tr () - Pre-Tr (AUP). Its cohomology functor H($): Tr () - Tr(UAP) is an equi-
valence of triangulated categories.

Proof. First, we construct a functor ¢o: U — Pre-Tr(AU°?), sending E to o(E).
The desired morphisms of complexes Homy(E, F)® ¢(E) - ¢ (F) will be defined
from morphisms ¢(E) - ¢(F)® Homg (E, F)* by partial dualisation. To define
these, note that the complex ¢(F)® Homyy (E, F)*, if regarded as vector space,
consists, like ¢(E), of summands corresponding to chains E<E, <..., which
start from E, but, unlike ¢(E), necessarily pass through F. Also, in the formula
for the differential in ¢(F)® Homg (E, F)* the summand corresponding to the
subchain with F omitted, is not included into summation. Define a morphism
¢(E) > ¢(F)®@Homg (E, F)* componentwise, sending the summand correspond-
ing to a chain E<E, <... to itself, if the chain passes through F, and to zero,
otherwise. The functor ¢, is constructed.

If C={E,, q;} is an object of Pre-Tr (), then applying the functor ¢, t0
each component, we obtain a complex of objects of Pre-Tr (). Taking its natural
convolution, we obtain an object ¢(C). This defines the desired DG-functor
¢. Consider its square

¢2: Pre-Tr (d1°?) - Pre-Tr (91) - Pre-Tr (A°P).

There is a natural transformation ¢2 — Pre-Tr (i), where i: 9P — AP is the natu-
ral quasi-isomorphism. This transformation sends each object ¢(E*) to E* and
gives the identity on the cohomology of Hom-complexes. The proposition fol-
lows from this.

Henceforth, we shall denote ¢(E) simply E, identifying Tr (%) and Tr (%)

2.11. There is another triangulated category connected with a DG-categorY_“'L
namely, the derived category D?(2). Let us recall the construction, supposits
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for simplicity that U is finite. First consider the homotopy category of contravar-
iant DG-functors %A — Vect, which will be denoted Hot? (). Then localise it
with respect to the family of quasi-isomorphisms, i.e. those natural transforma-
tions of functors ¢ —y, which give a quasi-isomorphism of complexes
$(E)— y/(E) for every object EcOb(¥). For example, if the DG-structure in
9 is trivial, then D?(2A) is the bounded derived category of the abelian category
Fun®(2, Vect).

2.12. Proposition. Let PeObD? () have the form & hg®Cy, where hg are

EeOb¥
the representable functors and Cy are bounded complexes over Vect. Then, for
any object y € Ob D® () the natural morphism Homyaw @y (P, ¥) = Homps @y (P, ¥)
is an isomorphism.

Proof. It is similar to the case of trivial DG-structure in 2 (then the representable
functors are projective objects in Fun® (2, Vect)). It suffices to consider only
the case P=h;. As in the “classical” case, the proposition follows from the
following lemma, whose proof is left to the reader.

Lemma. Any morphism from hy to an (objectwise ) acyclic DG-functor is homotopic
to zero.

We have natural exact functors
Tr (W) —— Hot® (QI)TD” (),

where o is the functor, spoken of in n.2.1.

2.13. Proposition. If U is a finite ordered DG-category, then the composite functor
Ba is an equivalence between Tr (Y) and D? ().

Proof. It suffices to show that any contravariant DG-functor y: U — C*(Vect)
is quasi-isomorphic to a DG-functor, admitting a Postnikov system over
Hot? (%) with “factors” of the form @h,® Cj. To do this, consider the bar-
resolution of the functor . It is a DG-functor, sending an object EeOb¥
to the total complex of the following double complex

o= @ [EFRIQLF, BE1®Y(FR)~ @ [E FIQY(F).

E<Fy<F3 E<F

It is easily seen to be quasi-isomorphic to . On the other hand, each functor
E-[E, FI®[F,, F,]®...®y(F,) satisfies the conditions of Proposition 2.12.
Taking the filtration of the bar-complex by the horizontal degree, we obtain
the required Postnikov system.

2.14. Now suppose given a smooth complete algebraic variety M. Suppose that
2 finite ordered pre-additive category U (with trivial DG-structure) is given
as a full subcategory in D*(M)* and objects of 2 are locally free sheaves. In
other words, Homg (E, F)=Homy(E, F), Exti,(E, F)=0 for i>0 and all E, Fe
Ob¥. Then we can consider complexes £ for EeOb®¥ as objects of D*(M),
Understanding * as dualisation. In this situation we have the following orthogon-
ality relation for hypercohomology.
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2.15. Proposition. For all E, FeOb

0 forallp, if EXF
H* (M, EQF)={0 for p+0, if E=F

C forp=0, if E=F
Proof. E® F is the complex

..o P EQF*®[F, F]-E®F*.

F<Fy

Hence, there is a spectral sequence, converging ho H'(M, EQ F), whose first
term is the sum of summands [F, F;1®...®[F.-, il ®[F,, E], corresponding
to chains F< F, <..., F, £ E. Define in this first term a homotopy, sending each
such term to zero, if F,=E, and by identity to the summand corresponding
to F<F <...<F.<F,,=E, if F,+ E. This homotopy shows that our spectral
sequence degenerates in the first term and we obtain the claimed result.

Example. Y M =P", Ob U ={0(—1i),i=0, 1, ..., n}, then @(i)" is quasi-isomorph-
ic to Q'(i)[—i].

2.16. Consider, in the setup of n.2.14, the following complex B°= By of sheaves
on M xM:

w» @ ERE3Q®[E EIQ[E,, E;]-

E<E{<E;
- P EREI®[E E ]~ @ ERE*
E<E; EeOb¥U

where [X is the “external” tensor product of sheaves. There is a natural morph-
ism B°—(,, where AcM x M is the diagonal. It is, of cource, not always a
quasi-isomorphism. Nevertheless, this construction covers the resolutions of di-
agonal, considered in [7, 8, 11, 12].

For each complex ¥0b D*(M x M) denote ¥ the functor

L
Rp14 (0 (=) Q¥): D" (M) - D*(M).
Here p;: M x M — M are the projections.

2.17. Proposition. For all #*cOb Tt (A)< Ob D*(M) the morphism %(F )7
induced by the morphism B* — 04, is a quasi-isomorphism.

Proof. 1t suffices to consider the case # = EcOb 2. We have a spectral sequence.
converging to the cohomology sheaves of the complex ¥,(E), whose first term
consists of summands of the form E; ®[E,, E,]®...®[E,, E] for E<E, <.
< E, S E. The homotopy, similar to that of 2.15, yields the result. [

2.18. Suppose, in addition, that the poset Ob ¥ is ranked with rank function
r. Then we can consider the following complex over D*(M x M):

.- @ ERER]-> @ ERE[N]-> @ ERE

r{E)y=ro—2 r{E)=ro—1 r(E)=ro
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where 7y is the maximal value of the function r. This is a true complex. It
admits a Postnikov system due to the fact that By is in this case a twisted
complex. This Postnikov system realises By as a convolution of the said complex.

§3. Grassmanians and flag varieties

3.1. Recall the description of the derived category of coherent sheaves on Grass-
manians, since this particular case will be needed for consideration of general
flag varieties. Let ¥ be a n-dimensional vector space, G = G(k, V)~ the Grassman-
jian of k-dimensional subspaces in V. ScV ~ the tautological k-dimensional
vector bundle over G, S'=(V/S)*c¥* - its orthogonal complement. Then
HYG, S*)=V* H°(G, V/S)=V. The section seH°(GxG,S*RV/S)=V*Q@V
=End(V), corresponding to the unit operator, vanishes exactly along the diago-
nal 4 < G x G and defines the Koszul resolution

{ . > A2(SESN >SS > Og 6} =C

of the sheaf @,. Its i-th term is the sum @Z*SXK 2™ S, where « runs through
Young diagrams with i cells. This resolution yields the generalised Beilinson
spectral sequence

Ey¥= P HY(G, F RZ"SH®I*S=H*(F")

lei=—p

where #°eOb D?(G) is an arbitrary complex. The following lemma is proved
(perhaps, not for the first time) in [11].

3.2. Lemma. a) Suppose y; 27,2 ... 27, = —(n—k). Then the sheaf X' - "*(S¥)
on G(k, V) has no higher cohomology groups. It can have non-trivial H® only
when all y,20. In this case H°(G, 271> -+ (§¥)) = Z¥3+ -~ (V%)

b) If m—k=za;=...24,20 and k=2p,=...2B,_x=0, then, denoting «
=(xy, ..., o), B=(B1, ..., Ba—r)» One has

0 foralli, if as+p*
H(G, 2*S®2PS")={0 for i+|a|=|Bl, if a=f*
C fori=|a|=|B, ifa=p* O

33. Denote X (k, n) the set of sheaves X*S on G, where a runs over Young
diagrams with no more than k rows and no more than n—k columns. It follows
from the Littlewood-Richardson rule that if *S, Zf Se X (k, n), then each irre-
ducible summand X" S =Hom (2*S, Z* S) satisfies the conditions of n.a) of the
lemma. Hence sheaves from X (k, n) have no higher Ext’s between cach other.
It allows us to construct, following [3], not merely a spectral sequence, but
a4 genuine (two-sided) resolution of arbitrary %'eObD(G) by means of
2"Se X (k, n), which is canonical up to homotopy equivalence. Namely, denote
Pi: G x G — G the projections, i=1, 2. Then # " is a convolution of the following
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true complex over D?(G)

{...> D RIG,F RE"SHR®Z*S—>...}. (3.1)

fal=i

This complex comes equipped with a canonical Postnikov system, realising #*
as its convolution. Namely, we start from the stupid Postnikov system of the
Koszul complex C*, which realises @ 4 as its convolution (in the derived category).
Then we tensor this system termwise with the object p¥ #° and after that apply
to the obtained Postnikov system the exact functor Rp,,. We take in (3.1)
for RI the graded spaces of hypercohomology endowed with zero differentials.
The i-th term of (3.1) thus understood will be denoted Z'.

Now we shall pick nice representatives in Hot (Sh(G)) also for the B-terms
(see 1.3) of our Postnikov system, i.e., for the partial convolutions of (3.1), starting
from the left. To begin, we consider the differential Z7 ! — Z% It is already
represented by a genuine morphism of complexes, and we define the complex
B! to be the cone of this morphism. Since we have done nothing but chosen
a nice representative for a term of already existing Postnikov system in the
derived category, we dispose with a morphism Z~%— B~ ! in D*(G). The terms
of these complexes are direct sums of Z*Se X (k, n) and therefore have no higher
Ext’s between each other. Hence, by Lemma 1.6, the morphism Z “2,pB!
can be represented by a genuine homotopy class of morphisms, and we define
a complex B™? to be the cone of any morphism from this class. Again, terms
of B~ 2 are direct sums of elements of X (k, n) and we dispose with a morphism
Z~ 3B~ ? in the derived category. Thus proceeding, we obtain a complex of
sheaves, quasi-isomorphic to & °, whose p-th term equals

P P HG FersHS.

i—j=p lal=j

While its terms are defined by " in a canonical way, its differentials are not
canonically defined by % °; only the homotopy equivalence class of the complex
is canonical.

These considerations lead to the following description of D?(G). Denote
A(k, V) the full subcategory of Sh(G(k, V)) on the objects from X (k, n).

3.4. Theorem. D*(G(k, V)) is equivalent to Tr (W (k, V) as a triangulated category-

3.5. A(k, V) is a finite ordered pre-additive category: Hom (2*S, 2*5)=C and
Hom (2°S, 2?8)#0 only if «;= 8; for all i, what will be denoted a = f. Hence
as noted in n.2.13, Tr(A(k, V)) coincides with D®(Fun®(2A(k, V), Vect), and we
obtain a non-standard t-structure (in the sense of [4]) on the triangulated catego-
ry D¥(G(k, V)) with the heart Fun® (2 (k, V), Vect).

Identifying G(k, V) with G(n—k, V*), we find that D*(G(k, V)) is equivalent
to Tr(WA(n—k, V*). The poset X (k,n) is ranked with rank function |«|. If_E
=X*SeObAU(k, V), then the complex E, defined as in §2, is quasi-isomorphlcv
due to 3.2.b), 2.15 and the generalised Beilinson spectral sequence, to the sheaf
Z=* S* shifted by |«| places to the left. The resolution C is therefore a particular
case of the complex from 2.18.
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Denote 2, (k, V) the graded category, obtained from Uk, V) by assigning
to Hom (2 S, 27 S) the degree |«| —|B|, Then the DG-category U, (k, V')*, defined
according to n.2.7, is quasi-isomorphic to W(n—k, V*). Since all higher Ext’s
between objects of W(n—k, V*) also vanish, we obtain by [14] the following
fact.

3.6. Corollary. U, (k, V) and U, (n—k, V*) are Koszul categories with quadratic
relations, Priddy dual to each other. [

37. Let V be a rank n vector bundle over an algebraic variety Y, G=G(k, V)
- the relative Grassmanian, n: G- Y, p: GXx G- G, i=1,2 - the projections,
Y

A< G x G - the relative diagonal. The previous considerations are easily global-
Y

ised, giving for each # €Ob D*(G) a true complex over D*(G):

oo P (R (FRESH®Z*S > ...

fa] =i
equipped with a canonical Postnikov system, realising % * as its convolution.

3.8. Now we turn to the case of general flag varieties. Suppose given 1 <i; <...
<iy=n and let F=F(i,, ..., i, n) be the variety of flags of type (i}, ..., i}) in
an n-dimensional vector space ¥, S;, =...<S; =V - the tautological flag of bun-
dles over F. Denote X =X(iy, ..., i, n) the set of sheaves 2% §; ®...QZ* S,
over F, where a;, j=1, ..., k—1, runs over Young diagrams with no more than
i; rows, and no more than i;,,—i; columns; &, runs over Young diagrams
with <i, rows and <n—i, columns.

39. Proposition. Sheaves from the set X (i, ..., iy, n) have no higher Ext’s between
each other.

Proof. We have to calculate the cohomology of sheaves
Hom(2* S, , 2% $,)®...®Hom (2*S, , £ S,)

on F, where Young diagrams «;, §; satisfy the above conditions. From the Lit-
tlewood-Richardson rule we have that every irreducible summand X7tS; in
Hom (Z= S:» 2f1S;) has components y, ; satisfying the inequalities —i,+1i,

v, ;Si,—i,, every summand X72§;, in Hom(2*§,,, ZP2§, y satisfies the in-
k

equality —iy+i, <y, ;Siy—i,,etc. It suffices to prove that every sheaf X ZS,,
j=t

on F(iy, ..., i, ¥) such that the components y; , (possibly negative) satisfy the

inequalities y,, ,<i,—iy, V2, ,Si3— iz, o5 Vi, pSNH—Ii, has no higher cohomo-

!Og)’- We shall prove this by induction on k, considering the (higher) direct

Images of this sheaf in the tower of projections

F(il,iz, teey ik> V)—’F(lz, i3, ...,ik, V)—’...—')G(ik, V).

We claim that at each step only the O-th direct image R°® can be non-trivial.
For the first projection (to F(iy, ..., i, V)) this follows from Lemma 3.2a) and
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R® equals to
YTV T 1(S:)®272 Si;_® "'®kasik

(if —yy,,Z...2Z — 71,1 20; otherwise, R®=0). Decomposing this into irreducible
summands, we obtain a sum of bundles of the form 272 §;, ® 275, ® ... ® 27§, |

where y,, again satisfies the inequalities 7, , < (i3 —1i,). Thus proceeding, we obtain
the desired result. [

Denote W=AUA(i,, ..., iy, n) the full subcategory in Sh(F(iy, ..., i, V)) on the
set of objects X (iy, ..., iy, n).

3.10. Theorem. D®(F(iy, ..., iy, V)) is equivalent to Tr(A(i,, ..., iy, V)) as a trian-
gulated category.

Proof. From the Proposition 2.3, we have an embedding Tr(W)<D*(F) as a
full triangulated subcategory. It is enough to prove, therefore, that each
F°cOb D?(F) admits a resolution belonging to Tr(). We shall consider for
simplicity the case k=2. The general case can be considered similarily, by induc-
tion. Denote p: F(i;, i, V)= G=G(i,, V) the projection. For each «, the com-
plex Rp, (F " ®Z4(S,,/S;,)*) of sheaves on G has a resolution consisting of direct
sums of 2*2S; here a; has =(i,—i,) columns, «, has <(n—i,) columns). The
terms of this resolution are sums of summands of the form

H{(G, Rp,(F @ Z(S,,/S; @I (SL) @ 2 S,
=H!(F, " ® Z9(S,,/S,,)* ® Z2(SL) @ £ S,,.

We can identify, in the derived category, Rp,(F ® Z°1(S,,/S:,)*) with this resolu-
tion. Now, since F is a relative Grassmanian over G, F=G(i, S;), F is 2
convolution of the following true complex over D°(F):

oo D PFRp(FRZSL/S )NRL S, — .. (32

lart=i

which is equipped with a canonical Postnikov system, realising & "as a convolu-
tion. We can substitute here in the place of each Rp,(...) its resolution. Du¢
to the vanishing of higher Ext’s between elements of X, we can then form
the convolution of (3.2), using only genuine homotopy classes of morphisms
of complexes. This yields the desired resolution. []

The resolution thus obtained has terms, which can be explicitly expressed
through #°. Denote for short o a whole sequence (¢4, ..., @) of Young diagrams,
and set X
la|=2'aj|a Eu=®ZajSij’ ¢a=®zaj(sij+1/sij),

j=1
=V, In this notation the p-th term of the resolution has the form

D P HEF FRP)QE,. (3.3)

i-j=p lal=j

where S;

e+t

One cannot construct an analogous resolution by means of @, instead of E.
since @, do have higher Ext’s between themselves. We shall construct belof”
a spectral sequence with the first term H'(F, #'® E,) ® &, converging to H(F)
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3.11. Example. A resolution of the structure sheaf of a point on F can be obtained
as a Koszul resolution. Choose linear subspaces Vv, Vo iti-1 yn-ith
in ¥, dim V7 =j, which are in general position. Then the subspaces

Vi Vi itie-s A YrTRYY D P A YrTiste
form a flag of type (i, ..., i), i.e. a point of F. Consider the bundle
(SERV/V* 2 I@SEQV/V" B )@ ... B (SER V/VY
over F and its section ¢=(0y, ..., g;), where
o;,€HO(F, St@V/V it iy=Hom (V, V/V"~li+1th)

is the natural projection. This section vanishes exactly in the described point
and generates the Koszul resolution. Due to the Cauchy formula terms of this
resolutions are direct sums of elements of X. In fact, this resolution is a particular
case of (3.3). One cannot, however, construct a resolution of the diagonal in
Gx G in this way, since it is impossible to choose a family of subspaces with
desired properties, which depend analytically on the point xeF.

3.12. Let us introduce on the set X =X (i, ..., i, n) a binary relation =, setting
E=F iff there are bundles E;, ...,E,eX such that Hom(E, E,)
#+0, ..., Hom(E,, E)+0. We shall identify X with the set of corresponding k-

tuples of Young diagrams and write a=f if E,=E,; and a<1f if fr=a. Set
k

also l(@)= Y (k+1—j)|o;]. The notation y<zQ@u, where y, z, u, are Young dia-
i=t
grams, will mean that 2¥ = 2*® Z*. Considering the direct images of the sheaf

Hom (E;, E,)=®Hom (2% S, , 2% §; )
in the projections
F@,, ..., VI F(iy, ..., g, V)= ... 2 G(iy, V),

we obtain the following criterion for the non-vanishing of Hom (Eg, E,):

There are Young diagrams x,, x,, ... such that x, has <i, rows, X,;
and x,;, , have Sirows(j=1)and x, @ 20, X, @B 2x2, X3@ 0 DX,, (%)
X3@ P35 x,, xs®a3 D x, etc.

It follows from this criterion that =1 is a partial ordering. Indeed, we must
only verify the property (¢=<1f and f<ta=>a=p). To do this, we prove that
fa<ip (ie. a<1f and o+ f), then /() <I(B). We can assume that Hom (E,, E,)+0.
Let x, be the Young diagrams, given by (*). Then

<Py, Ixg=1Bsl—=loyl,  1xal=1Ba0+1Bil—ledl,  xpZas.
Hence | B21+1B,1= a5l + e, ]. Thus continuing, we obtain for each v the inequali-
Y ¥ 18]z Y |2;. Summing them up, we obtain that [(f)21(«). If B+, then
i=1

i=1
at least one of these inequalities in strict, hence I[(8)> l(«).
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So, =2 is a partial ordering and [ is a monotonous function. Also, it is
clear that Hom (E,, E,)=C. Hence, W=A(i,, ..., i, n) is an ordered in the sense
of §2 pre-additive category. The complex By from n.2.16 is a resolution of
the diagonal on F x F. However, this resolution is very cumbersome. The aim
of the remainder of this section is to construct a smaller “resolution” (3.4)
and corresponding generalised Beilinson spectral sequences.

3.13. Proposition. The poset X is ranked with rank function l.
Proof. Let D be the set of k-tuples a=(a;, ..., o) of Young diagrams such that
k

a; has <i; rows. For aeD set E,= @Z“J S;, and introduce a relation <1 on
ji=1

D similarly to n.3.12. The criterion (x), the fact that <lis a partial order and
k

the monotoneity of the function I(a)= ) (k+ 1—j)|«;} remain in force. The inclu-
sion X = D preserves the order. J=1

3.14. Lemma. D is a ranked poset with rank function l.

Proof. It is enough to show that if a<af is an elementary pair (i.e. there is
no y such that a<ay<a ), than I(8)=I(x)+ 1. This statement is obvious for k=1.
Consider next the case k=2. Let (x,, a,)<1(f;, f;) be an elementary pair ,
Xy, X,-Young diagrams such that x;®a,>f, (in particular, a;<p)
x,®B,>x,2a,. Then we have (ay,a)=ay, xz)<2(B,, f,). Since
(oty, a)<a(B;, B) is an elementary pair, one of these non-strict inequalities is
in fact an equality. If @, =f,, then the fact that I(f)=I(@)+ 1 is obvious. Hence
we suppose that a, =x,. So, x; ®a; > f,, x; ® f, D ,. In particular,

lag|+laz|=B1[+1B2] and U(B)—I(0)=[B:]|—|as]=]x,]-

Suppose that |x,}> 1. Then x, has more than one row or more than one column.
Consider first the possibility that it has more than one row. Write in cells
of x, numbers according to the Littlewood-Richardson rule 1.9: in the cells
of the first row we write numbers 1, in cells of the second row-number 2 etc.
The diagram g, is obtained from a,; and «, — from x, by admissible (i.e. satisfying
the conditions 1)-3) of n.1.9) adjoining of cells of x,. Let y denote the diagram
x, with its last row deleted, and z-this last row; denote v the number of this
row. Deleting from B, all cells with numbers v, we obtain a Young diagram
7, such that y®a, >y, and z®7y, > ,. Since the tensor multiplication of repre-
sentations is commutative up to isomorphism, «, can be obtained from f§, by
first adjoining the cells of z and that by admissible adjoining the cells of »-
Denote 7, the intermediate diagram: f,®z>7,, y,®y>a,. Then we have
(ay, 23)<a(71, 72)<2(B1, B2)- This contradiction shows that x, cannot have mor¢
than one row. The use of the dual Littlewood-Richardson rule shows that X1
cannot have more than one column, and our statement is proved for k=2.

For k>2 the statement is proved by induction. Suppose that
(%, ..., %)<t(By, ..., By) is an elementary pair. The criterion (x) gives Youns
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diagrams X, ..., X5, -, such that

X, @281, X ®PrDXz, iy X 3® 0 DXgpy,

Xop—3@BrD X322
From these relations we have
(@15 ooy )0y, ooy B g5 X2-2) =By, -, Bi):

If the right non-strict inequality is in fact an equality, then the statement is
obvious. Suppose therefore that oy, = x,, _,. This entails the equality

Z Iaj|= Z; iB;l

Also, we have

(alr o ak)g(alﬁ ey X 25 X2k -4, :Bk)g(ﬂla sy ﬁk)
Hence, either (o - 1, 2,)<¥(X,, -4, Bi) 1s an elementary pair of sequences of length
2,01 (y, ..., 0xp, Xak—a)<t(B1, ..., Br_1) is an elementary pair of sequences

of length k — 1. In both cases the statement follows from the induction hypothesis.
Lemma 3.14 is proved.

H a<1f is an elementary pair in D, we shall say that a is obtained from
B by modification. Lemma 3.14 tells us that one can take from f; one cell
in such way that the rest were a Young diagram; then, this cell is to be added
to f;4, in such way that the result were a Young diagram (in the case j=k
the taken cell is to be thrown away). We can consider this as a “game”, which
takes place on k “boards”, the j-th boards has the form of a rectangular semi-
strip, infinite to the right and having the width i; (the cells are thought of
as squares 1 x 1). One can play also on finite boards. Suppose given finite rectan-
gular boards T}, j=1, ..., k, of integer sizes and let T;" be the boards of the
form of rectangular semlstrlps obtained from T; by 1nﬁmte continuation to
the right. We shall call a position any arrangement of cells on a given set
of boards, which on every board forms a Young diagram in its left upper corner.
Proposition 3.12 is now a consequence of the following lemma.

3.15. Lemma. Let o, B be two positions on a set of finite rectangular boards
T, j=1,...,k If « can be obtained from 3 by means of a set of modifications
on the set of extended boards T;*, then o can be obtained from f by means
OTf( possibly ) other set of modifications, which display themselves within the boards
L

Proof. Consider the poset of positions as a category I1. Modifications are then
Mmorphisms of this category. We shall say that a modification has type j, if
a cell is taken from the ] -th board. Let m;, m; be modifications of types j, !
and the composmon mym; is defined. It is immediate to see that there are modifi-
Cations m;, m; of types 1, j such that mym;=m;m;. Hence each composition of
mOdlﬁcatlons equals in Mor II to a morphlsm of the form M,...M,, where

j is some composition of modifications of type j. Now, if « is obtained from
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B by means of such a sequence of modifications (on the set of extended boards
T;*), then all intermediate positions lie in fact within T}. The lemma and with
it the Proposition 3.13, are proved.

3.16. Since X=0b ¥ is a ranked poset, we can apply the remark of n.2.18,
obtaining the following true complex over D*(F x F):

..> @ E,KE,[i]-... (34)

Ha)y=i

and a canonical Postnikov system, realising By, hence (,, as a convolution
of this complex. Observe, that the complex E, has only one non-trivial cohomo-
logy sheaf, in degree —|a|. Indeed, by homogeneity, the sheaves HY(E,) are
locally free. Their fibres (bundle-theoretical) over some point x equal to
H/(F, E,® P°), where P is any locally free resolution of @’,. Using the Koszul
resolution (Example 3.10) and the orthogonality relations 2.15, we obtain the
claimed fact.

Below we shall show that H~*/(E,) = ®,. Meanwhile denote this cohomology
sheaf by &,. The complex (3.4) can thus be rewritten as

i P ER,Li—|af] - (3.9)

Ha)y=i

It generates generalised Beilinson spectral sequences converging to H'(# ) for
F eOb Db(F):

Efi= @ HPEI(F FQE)SE,
)= —p
'E2i=@H! P*I:(F, F'QE)R D,.
To obtain, say, the first one, note that the argument with pull-back of #°

to F x F, tensoring with (3.5) and then pushdown in the other direction yields
a true complex over D*(F):

om @ RIF, F QDY [i—|a[]QE,~ ...

l@)=1i

and a canonical Postnikov system, realising & as its convolution. The desired
spectral sequence follows now from n.1.3.

3.17. Lemma,. ¢,=&,.
Proof. 1t suffices to show that @, satisfy the orthogonality relations
0 foralli ifaxp
H'(F,E,®@®Pg)=10 fori%la|, ifa=p
C fori=la|, ifa=p

(then the statement will follow from the spectral sequence 'E). But these relations
are easy consequences of Lemma 3.2b). []

Let us restate our result in its final form.
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3.18. Proposition. For each & € Qb D®(F) there are natural spectral sequences

Eff= P H ?M(F, FQP,)RE,,

Ha)=p

Bjt= @HPU(E, F QE)® O,

converging to H?*4(F). Here o runs cover k-tuples (a4, ..., o) of Young diagrams,

k
E,=Q)Z9S,),  P.= QLS. ./S)*

i=1

§4. The case of quadrics

4.]. Let E be an N-dimensional vector space (N =3), endowed with a non-
degenerate symmetric bilinear form {, », @ = Q(E) = P(E) — the quadric of isotro-
pic 1-dimensional subspaces in E, B=@®H%(Q, 0(i)) — the projective coordinate
algebra of Q. Define the graded Clifford algebra 4= A(E)=® A4,(E) to be gener-
ated by écE,degé=1, and by a letter h, degh=2, which are subject to the
relations En+né=2<& ndh, Eh=h¢ for all & neE. The algebras A and B are
Koszul quadratic algebras, Priddy dual to each other, ie. A=Exty(C, T),
B=Ext;,(C, C). The corresponding generalised Koszul complex

> A*@B>A*®@B>AY®B @.1)

coincides with the Tate resolution [20] of B-module €. The differential in (4.1)
equals to ) r¥ ® I, where &,eE, x,eE* are dual bases, I,: B B for xe E*=B,
sends b to xb, rs: A— A for (e E= A4, sends a to al.

If £eE is an isotropic vector, then £2=0 in A. If M=@®M, is a graded
left A-module, then the sequence of sheaves on Q

LM)y={...>M_ (=1)»M;-> M, (1)-..}

Is a complex (see also [5]).

Consider A* =@ A} with grading deg A} = —i, equipped with the obvious
structure of left A-module. The complex & (4*) is exact, since the corresponding
(by Serre) complex of graded B-modules is just the Tate resolution (4.1). The
complex £ (A) s also exact, since it is dual to £ (4*), which is (due to homogenei-
ty) fiberwise exact as a complex of vector bundles.

Set ¥=Ker {A* —» A* (1)}, i20. It is a locally free sheaf, which has a right
tesolution {A¥ - A;* (1) - ... > A ()}

If W is an orthogonal vector bundle over a base variety ¥, then we define,
as above, a sheaf of graded algebras A(W)=®A;(W) over Y; 4,(W) is a vector
bundle, isomorphic to @) A'~2?(W); the corresponding isomorphism sends

pzo0
AW first to A;_,,(W) by means of antisymmetrisation of product, and
then multiplies the result by h?. Denote S'/S the orthogonal bundle over Q,
whose fiber over an isotropic Ic E, dimI=1, is I'/l, where I' is the orthogonal
Complement.
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4.2. Proposition. There is an exact sequence of bundles over Q:
0 A, 1 (S1/8) (= )— H—— 4,(S1/$) ~ 0

Proof. We shall identify A*(E) with its image in 4,(E) under the antisymmetrized
product map, so that A,(E)= 4"~ ??(E) h*. Introduce on A; a scalar product,
pz0
setting the summands in this sum to be mutually orthogonal, and introducing
on each A’ 2P(E) the scalar product, induced by ¢, > on E. Having thus identi-
fied A; with A¥, we obtain for each {cE maps I}, r¥: A;— A;_,. For each {€E
denote ?_1 &: A°(E) - A°(E) the convolution with &: for ne A (E) naé={n, &);
for homogenous Wy, O, (g Awy) 1= A w18+
(—1)%e2(; 1 &) A w,. Then for we AP(E)c A, £ E we have (Wick’s theorem):

E(@h)=(E A o) i +(wa &) BT, Hoh)=(wa & F+@A &1 42)

The fiber of ¥ over CveQ is Ker {I*: 4,—A4; ,}. Let &, ..., & _ ev'/Ty,
¢;ev'-their arbitrary representatives. Set a(&,...&_)=v¢;...¢;—,. It follows
from (4.2) that we obtain a well-defined map o: 4;_,(S'/S)(—1) > ¥. In order
to define B, define p*(—1): 4;(S'/S)— ¥*(—1)=Ker {4, - 4;,,(1)} by
similar formula g*(—1)(&,...&)=v¢,...&;. We claim that fa=0. To see this,
consider CveQ, acA;_,(v'/Cv) and suppose that af{a)=I¥(x) for some
x€A;,;. We must show that {x, f*(b)>=0 for all be4;(v'/Cv). It suffices to
consider a and b of the form a=(W, A...AW) K", b=(W, A ... AWk, where
w,, w,ev!/Cv and the expressions inside the brackets are antisymmetrized prod-
ucts. Choose representatives w,, w,, of w,, w,. Then a(@)=@Aw, A...Aw)H
=1I*(x), where x=(w,; A...Aw)h**!. The scalar product {x, f*(b)> can be
non-zero only if s=k+1, r=j—1. In this case <{WyA.. AW, VAW
A ... AWj_1>=0, since w; Lv. So, Ba=0. It is clear that « is injective and Bis
surjective. The exactness follows now from dimension count.

4.3. Let Cl=CIl(E)=A(E)/(h—1) A(E) be the usual Clifford algebra of E, with
its Z/2-grading: CI(E)=CIly(E)® Cl;(E). If N is even, then the algebra CI(E)
is simple. The irreducible left CI(E)}-module M, being restricted to Clg(E), is
decomposed canonically into the sum of two irreducible summands: M
=M,®M_. One can form A-modules #_={M_,M, M_, ..}, M
={M,,M_,M,, ..}, in which h acts by identity and the grading starts from
zero. The complexes . (# ) are right resolutions of some vector bundles over
Q. If N=0 (mod 4), we define the bundles 2, and Z_ over ¢ as dual to the
bundles, defined by complexes L(#,) and £ (4_), respectively. If N=2
(mod 4), we define X, and X_ in the other way: 2% is quasi-isomorphic t0
(M) and vice versa. If N is odd, then CI(E) is a sum of two simple algebras.
To an irreducible module M over any of its simmands corresponds A-module
M ={M, M, M, ..} (the grading starts from zero). This module does not, up
to isomorphism, depend on the choice of the summand. The complex £ (-4
is a resolution of some bundle over Q, whose dual we denote X. In this notatiots:
we have: for N odd, Z*=Z2(—1); for N=0 (mod 4), 3% =3 (—1); for N=2
(mod 4), Z% =X . {—1), as follows from the behaviour of spinor representations
under dualisation [6].
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For N=3, 0=P!, the bundle X is @p:(1). For N=4, Q= P* x P’, the bundles
5, and X_ are Op.,pi(1,0) and Op, 4 p:(0, 1). For N=6, Q is the Grassmanian
G(2, €*), the bundles X, and X_ are $* and €4/s, where S is the tautological
2-dimensional bundle over the Grassmanian.

The bundles X or X, , X _ are the spinor bundles for the orthogonal bundle
$'/S over Q. In other words, we have the following fact.

44. Proposition. CI(S'/S) is isomorphic, as a sheaf of algebras on Q, to
End(Z, @ X _) for N even, and to End ()@ End (X) for N odd.

Proof. Let €CveQ and wLlv. Then w anticommutes with v in 4. Hence, for
N even, w defines a transformation Ker {v: My > M;} >Ker{v: Mz > M},
ie. a map from the fiber of £, over Cv to the fiber of X;. This defines the
required isomorphism CI(S'/S)— End (2, @ X _). The case of odd N is consid-
ered similarly. []

45. Consider on Q x Q the following complex of sheaves C". Its terms C~* equal
¥RO(—i) (so C is infinite to the left). The differential YK O(—i)— ¥_,
KIO(—i+ 1) arises from the morphism of complexes

(AF ——AF (H)——...} RO(—i)

(A | ——Ar ,()—— . JRO(—i+1)

which on each term equals 2%, ® [, , in the notation of n.4.1. Since the structure
of left A-module on A* is dual to the structure of right A-module on 4, and
the multiplication from the left commutes with the multiplication from the right,
d is indeed a morphism of complexes.

We are going to show that C" is a resolution of the sheaf ¢, where A= Q x Q
is the diagonal. This fact is valid in more general context: for an arbitrary
projective variety Y < P" such that its projective coordinate algebra €[Y] is
Koszul (as shown in [1], there are “very many” such varieties). Until the end
of n4.6, By will denote the algebra C[Y], A=Exty (€, C)-its Priddy dual. To
each graded left A-module corresponds, as above, a complex # (M) of sheaves
on ¥, and £ (A*) is exact. The definitions of sheaves ¥ and of the complex
C" also extend literally to this case.

46. Proposition. If Y= P" is a projective variety such that By=C[Y] is a Koszul
algebra, then the complex of sheaves on Y x Y

[ BRO(—2) > BEO(= 1)~ Oy} =C
is a left resolution of 04, A=Y x Y being the diagonal.

Proof. We shall write B for By. Set B>= @ B; ® B;, M (B?) the category of graded
B :modules, Qsh(YxY) — the category of quasicoherent sheaves on Y
XY, L: M(B?) - Qsh(Y x Y) — the localisation functor of Serre [9]. It is exact
and compatible with infinite direct sums. Making use of Serre’s theorem, which
Connects coherent sheaves on a projective variety and finitely generated modules
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over its coordinate algebra, and considering the resolution ¥~ {4¥ — A* ( 1)

—...— A%(i)}, we find that the complex C’ is quasi-isomorphic to L(D"), where
D is the total complex of the following double complex D** of BZ-modules:

—"@ B;_,®B;.,

--——"@Bi—2®AT®Bi+1"‘—*—’ @Bi—l ®B;+1

f ,.

...‘—_‘—*@ Bi_2®A§®Bi _—*C—BBI—1®AT®BI—_}®BI®B1

There is a natural morphism of complexes ¢: D*— @B,;, compatible (under
the identification L(@ B,,)=0,) with the morphism C*— ¢,. We want to show
that ¢ is a quasi-isomorphism.

The terms of the double complex D™ have themselves a grading. According
to this grading, D™ splits into a direct sum of double complexes D", ieZ. To
specify D;" exactly, we can define it to be the summand, containing the summand
B;® B; of the term in the right od D™. Then, each D;" has only finitely many
non-zero terms and rows of D} are just graded parts of the generalised Koszul
complex

{Bo® A¥ — B, ®A}_,>...—»B.®A§}

tensored with some vector spaces. Hence, they all are exact except those, which

contain only one non-zero term, i.e. By ® A§ ® B,; (for D;"). This term maps

identically by ¢ to B,;. So, ¢ is a quasi-isomorphism. The proposition is proved.
We return now to the case of quadrics.

4.7. Proposition. The kernel of the differential C™N*3 - C~V** is isomorphic to
Z(—DRZ(—N+2) for N odd, to

Z2,(-DRZ (~N+2)@®X_(—1)KE_-(—N+2) for N=2(mod 4),
and to
2 (—1DRZ_(=N+2)®Z_(—1)XZ . (—N+2) for N=0(mod 4).

Proof. The multiplication by h induces isomorphisms 4;—> 4, , for iZN ~1,
and the projection A4; - Ck(E) is an isomorphism for such i. Here and below
7 means i modulo 2. Correspondingly, we have ¥~¥,.,, i2N-2, c?
~Ci0, —2), i< —N +2. Denote the kernel in question by R. Then R is the
cokernel of the “stable” differential C~¥*1— C~V*2, Hence, one can construct
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a left resolution of R as the total complex of the following double complex:

| ,

voieo—CTlE (=2, —N+1)—— CT(—2, —N+2)

@.3)

|
oo CTE(—1, —=N+1) ——CTE-3(—1, =N +2)

The differentials in (4.3) are maps, dual to the operators of left or right Clifford
multiplications by isotropic vectors in E. From the structure of CI(E) as a
bimodule over itself, we find that for odd N the complex (4.3) is isomorphic
to Z(MV*(— 1)KL (A)*(—N+2), for N=2 (mod 4) - to

LM (- DRL(AM*(-N+2)@ L (M) (- )R L (A, )*(—N+2),
and for N=0 (mod 4) — to

LM (~DRL (M) (-N+)D L (A ) (1)
XL (M) (—N+2). QED.

48. We shall use the unified notation 2, , meaning that for even N both bundles
2., 2 _ are considered, and for odd N — the bundle X. Consider the following
sets of sheaves on Q:

X={Z)(— 10, %3 ... =0}  Y={Z4(~N+2,0(-N+3),...,0},

endowed with indicated here partial orders (for N even, X, and X _ are incompa-
rable; the spinor bundle(s) is (are) less than all others).

49. Proposition. For each two bundles F, % of the set X (resp. Y), Ext/(%, 4)=0
for all i>0, Hom(%, 9)+0 only if F <% and Hom (%, #)=C.

Proof. First consider the set Y. Only Ext (£, %), where & or ¢ have the form
Zi4,(~=N+2), demand calculation. We proceed as recalled in the end of §1.
Let F be the space of complete isotropic flags in E (one component of such
space for even N). It is the quotient of Spin (N) by the Borel subgroup. Integer
weights, i.e. characters of maximal torus in Spin (N), are determined by n-tuples
of numbers (a;, ..., a,), n=[N/2], which are either all integers, or all half-integers,
but not integers. Corresponding invertible sheaf on F will be denoted
Clay,...,a,). Denote also p:F—-Q the projection. Then 2y
=R°E 0((1/2), (1/2), ..., (£)(1/2)). The calculation of Ext*(0(—j), Zi+,(—N+2)
18 reduced therefore to the calculation of the cohomology of the invertible sheaf
0((1/2)+j—N+2, (1/2), ...,(£)(1/2)) on F, where j=0, 1, ..., N—3. It is done
by using Bott’s theorem [13]. Consider, for example, the case of even N =2n.
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The half-sum p of positive roots is (n—1,n—2, ..., 1,0). A weight (a,, ..., q,)
is dominant, iff a,>...2q,_;=la,]. The Weyl group W acts on weights by
permutations of components and changes of signs in an even number of places.
Adding p to the weight corresponding to the invertible sheaf in question, we
obtain the weight

1=(=n+G/2)+j,n—(3/2),n—(5/2), ..., £(1/2)).

Since | —n+(3/2)+j| £n—(3/2), there are two components of y having the same
absolute value. This property will remain in force after action of an element
we W, sending x to the dominant Weyl chamber. When after that we shall sub-
tract p, we shall obtain a non-dominant weight. This, by Bott’s theorem, signifies
that O((1/2)+j~N+2,(1/2), ..., £(1/2)) and hence Hom (O(—j), 2 . (—N+2)
has no cohomology. The sheaves Hom (2, ,(—N+2), O(—j)) for j=0,1,...,N
—3 are R%p,, of ample invertible sheaves on F and hence have no higher coho-
mology. To end the proof for the set Y, it remains to calculate Ext’s between
Z(+). Suppose N to be, say, even: N=2n. Then End (Z,) D End (2 )= Cly(S/8)
is isomorphic as a bundle to the sum @®A4*(S"/S), and
Hom(Z,,Z_)®Hom(X_,X,) - to @4%*1(S%/S). The Hodge operator *
induces an isomorphism of vector bundles 4/(S'/S)— AN~27J(§1/S), and for j
<n—1 we have that 4/(S'/S)=R%p, 0(0, 1, ..., 1,0, ..., 0) (j units). The details,
as well as the case of odd n, are left to the reader.

Turn now to the set X. Tensoring the resolutions of sheaves ¥* and ¥,.
we find that Hom (¥, ¥) is quasi-isomorphic to the total complex of the follow-
ing double complex:

LA —— A®Ar,1) > Zi@Tng
1 1 1
Ao @ A¥(—)—— A, ® AX ((—i+1) — A, ® A% (—i+))

graded so that deg (2i®1}‘)=(0, 0). Denote this double complex R™ and its
total complex R'. Considering the rows of H°(Q, R™), we find that H°(Q, R)
is quasi-isomorphic to 4;_; in the O-th place (and to zero, if i—j<0). Consider
first the case 0<i,j< N — 3. Then the terms of R™ do not have higher cohomology
and we deduce that Ext?(¥, ¥)=0, p>0, and Hom (¥, ¥)=0 unless i2j. To
calculate Ext’s between 2 4,(—1) and ¥%,0<i<N-3, note that for N even
and i= N—2 the bundle ¥ is a sum of several copies of Z* or Z* (depending
on the parity of i), and for N even and i=N—2, the bundle ¥ is a sum of
several copies of Z*. By scrutinizing the double complex R™ once again W¢
find that Ext? (%, ¥)=0 for p>0 and all i, j. Indeed, Terms of R™ can, in general,
have also HY~2. But terms with non-trivial HY ™2 are situated in such places,
that they can contribute only to H”(Q, R')=Ext?(¥, ¥) for p<0. (of courss,
contributions to negative Ext’s must eventually vanish in the spectral sequencc)
Also, from the form of R** we find that Ext?('¥;, ¥)=0 for all p, if 0<iSN -3
and j= N —2. The proposition is proved.

Let A=A (E) and B=B(E) be the full subcategories in Sh Q(E) with the
sets of objects, respectively, X and Y.
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4.10. Theorem. D*(Q(E)) is equivalent to Tr W(E) and to Tr B(E) as a triangulated

category.
The theorem follows in a standard way from Propositions 4.6,4.7 and 4.9. []

4.11. Proposition. Consider the correspondence between sheaves Fe€Y and 4cX
defined by the property: H/(Q, # ® G)+0 for at least one j. This correspondence
defines a bijection a: Y- X, sending O(—j)— ¥, 0£jSN-3, Z(—-N+2)
-»Z(—=1) for N odd, Z . (—N+2)—»25(—1) for N=0 (mod4), Z,(-N+2)
-2 (—1) for N=2(mod4). Sheaves F @ a(F) for FeY have only one non-
trivial cohomology group, and this group is isomorphic to C. Its number equals j,
fF=0(—)),and N=2,if F=24,(—N+2).

The proof, similar to that of proposition 4.9, is left to the reader. []

4.12. The posets X and Y are clearly ranked. Let | be the rank function on
Y such that [(0)=0, and hence H ™ '¥)(Q, # ®a(F))=C, e Y. From the gener-
alized Beilinson spectral sequence corresponding to the resolution of the diago-
nal, constructed in propositions 4.6 and 4.7, we deduce that for ¢ Y the complex
#, defined according to §2, is quasi-isomorphic to a(%#)[ —I(#)]. Denote A,
and B, the graded categories, obtained from W and B by assigning to
Hom (%, %) the degree [(#)—1(%). Then U is quasi-isomorphic to B,, and B
~1o A,. In other words, we have

4.13. Corollary. U, and B, are Koszul categories with quadratic relations, Priddy
dual to each other. [

The finite resolution of the diagonal, construct as in this section, is also
a particular case of the complex from 2.18.

4.14. In the rest of this section we describe a modification of the previous con-
struction to the case of incidence quadrics in PY~!x PN~ !, which is also the
flag vartety F(1, N—1, €"). This modification allows us to give another, different
from given in § 3, description of D*(F(1, N—1, €")). The necessary proofs are
similar to the case of projective quadrics and are therefore omitted.

So, let E be an N-dimensional vector space, N 22, L= P(E)x P(E*) - the
incidence quadric, defined by the equation Y x;y;=0, where x,€E*, y,€E are
dual bases. The bigraded Clifford algebra A is generated by e E*, deg £ =(1, 0),
nek,degn=(0,1), and h,degh=(1,1), which are subject to relations
CO+EE=0, n +0'n=0, {n+né=<E&n>h, Eh=hE, nh=hn. Here ¢, E€E,
1, n'e E* are arbitrary.

A bigraded left A-module N=@N;; defines a double complex Z(N) with
terms % (N)i =N, ® O(, ).

4.15. Examples. a) Truncations of the module A*.
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deg A} ;=0. The total complex of the double complex .#(4%; ) is a right resolu-
tion of a vector bundle on L, denoted ¥;.
b) Modules of superfunctions.

Generators £€E act on .#; by Grassmann multiplication, and neE¥* act as
Grassmann derivations. If we identify L with F(1, N—1, E) and denote lcn
the tautological flag on L, then the total complex of £ (.#)) is a right resolution
of the bundle A~ (/) ® I.

4.16. Consider on L x L the following double complex of sheaves C*":

ooy T %00(—1.0) —> @LXL

Y RKO(-1, - 1) —— %, KOO, 1)

where the horizontal differentials equal to Y /¥ ®I,, and the vertical ones -
to YI*®I,. Here & is a base of E=A,o,x; — the dual base of E*
=HY%L, 0(1,0)), 5; — a base of E*=A4,,, y; - the dual base of E=H°(L, (0, 1)).

4.17. Proposition. The total complex of C* is a left resolution of the structure
sheaf 04 of the diagonal Ac L x L. If we truncate C*, deleting all terms excep!
those belonging to the intersection of the first N—1 rows (from 0-th up to N—2-
th) and the first N—2 columns, then the total complex of the remaining double
complex will have, apart from H°=0,, only one non-trivial cohomology shedf,
and namely in the last term. This cohomology sheaf (i.e. the kernel) is isomorphic

to
N-1
@ A/~ LORAL @/D*(—N+2, —N+1). O
i=0

Hence we obtain a finite resolution of the diagonal on L x L.
Consider the following sets of sheaves on L:

Y'={0G,j), —~-N+2=i,j<0, A(n/*(~N+2, —N+1),08iSN-2},
X'={¥%;, ~-N+2<i,j<0, A(n/h(—1,0),0<i<N-2}.

J?

Introduce on Y’ a partial order, setting O(i, )< O(k, ), iff izk and j= I, and
setting the sheaves A*(n/l)*(— N +2, — N + 1) to be incomparable with each other
and less than O(— N +2, — N +2). Similarly introduce a partial order on X".

4.18. Proposition. If %, 9 are elements of X' (resp. Y'), then Ext’(Z, %)=0 for
p>0, Hom (%, 9)=0 unless ¥ <%, and Hom (#, #)=C. [
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Denote U’ and B’ the full subcategories in Sh(L) on the sets of objects
X and Y.
4.19. Theorem. D?(L) is equivalent to Tr (') and Tr (B') as a triangulated catego-
ry. OO
4.20. The poset Y’ is ranked with rank function I: (O, )=i+j, I(A (n/])*
(-N+2, —N+1))=—2N+3. Denote « the bijection Y — X', sending
0(—i, —j) to ®;, A'(n/lj*(— N +2, —N+1)—to A'(n/l)(— 1, 0). Then the follow-
ing orthogonality relation holds:

0 for all i, if 9+a(F)
H(L FR%={0 for i+ —I(#F), if $=a(F)
C for i=—I(F), if ¥=a(F).

Hence for #e Y’ the complex & is quasi-isomorphic to «(#)[ — I(#)]. Introduc-
ing, analogously to n. 4.12, the graded categories U, and B, we find that they
are Koszul categories, Priddy dual to each other.

4.21. Examples. if N=3, then the set Y’ contains only invertible sheaves:
Y’={0(i’j)}’ where (l,])E{(—l, _2)’ (_23 _-1)3 (—'13 ‘1), (_1, 0)5 (09 _1)’
0, 0)}.

§5. Representations of parabolic subgroups in GL (N, ©)

5.1 Let P=P(i, ..., i, n)c GL(N) be the parabolic subgroup, the stabilizer
of a flag of subspaces V, =V, c...cV, <V, dimV,=j Consider the set X

i i2

=X(,, ..., i, n) of representations of P, consisting of
Zalvil ® DA Vi; ® ® 2% Vlk® %t s Vm

where a;, j=1, ..., k, runs over Young diagrams with no more than i; rows
and no more than ij,, —i; columns (we set i, =n), and o, is an arbitrary
non-increasing senuence of n integers. Denote P-mod the category of all finite-
dimensional representations of P as an algebraic group and A=N(iy, ..., ik, n)
- the full subcategory in P-mod on the set of objects X. The aim of this section
is to prove the following fact.

5.2. Theorem. D*(P-mod) is equivalent to Tr () as a triangulated category.

The proof relies on the consideration for each WeOb P-mod of the corre-
sponding homogenous vector bundle W on the flag variety F(ij, ..., iy, n, CV),
where N is sufficiently large. We shall use the following well-known fact.

33. Lemma. An algebraic action of GL(N, €) by affine transformations on an
affine space has a fixed point. [

The canonical resolution (3.3) of the bundle W does not, in general, yield
2 complex of representations of P, and by two reasons. First, the spaces
HF, W® &,) can have a non-trivial structure of GL (N)-module. This non-
triviality, however, will be extinct for N sufficiently large (Lemma 5.5 below).
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Secondly, the resolution (3.3) is canonical only up to homotopy equivalence,
and the possibility to choose a homogenous resolution for a homogenous com-
plex is yet to be proved.

5.4. Lemma. A homogeneous complex ¥ on F=F(iy, ..., i, n €") has, in the
homotopy class of its canonical resolution (3.3), a homogenous representative.

Proof. In § 3, we have constructed a true complex over D°(F)

o> D RINEF QD) [i—|a|]]QE,— ... 1)

la)=i

and a canonical Postnikov system in D?(F), attached to this complex, which
realises & as its convolution. Take for RI” the graded space of hypercohomology
with zero differentials and denote Z' the i-th term of the complex (5.1) thus
understood (i<0). Each Z' is equipped with a natural GL (N)-action, and we
have to choose equivariant representatives for B-terms of our Postnikov system.
To do this, we proceed as explained in n. 3.3 (on the example of Grassmann
varieties), but a bit more carefully. At the i-th step we have a well-defined
homotopy class of morphisms Z ! — B~ This homotopy class is an affine space.
If we assume by induction that B~* is already represented by a homogenous
complex, then this affine space acquires a GL(N)-action. By Lemma 5.3, this
action has a fixed point. We define B~'~! as the cone of the morphism, corre-
sponding to this fixed point. Thus proceeding, we obtain a desired homogenous
resolution. [

Now, suppose given a finite complex W*'eOb D?(P-mod). Consider the com-
plex W* ® (det V,)®™, where m is large enough (with respect to W~) and consider
the corresponding homogenous vector bundle (W' ® (det V,)®™)~ on
F(iy, ..., i, n, CV), where N is large enough with respect to W* and m.

5.5. Lemma. For every W*eOb D?(P-mod) there exists mqeN such that ¥m
2mg AN,eN such that YN =N, the homogenous resolution of the complex
(W' ® (det V,)®™~ on F(iy, ..., iy, n, ) originates from a complex of representa-
tions of the group P which we denote R'(W',m,N). The complex
R'(W', m, N) ® (det V,*)®™ does not depends, modulo the homotopy equivalence,
from the choice of mZ=mqy, N = Ny, nor from the choice of equivariant differentials
in the resolution.

Proof. First consider some N >n. The terms of the canonical resolution of the
complex W* are sums of summands of the form H'(F(i, ..., i c,
W'®®,)QE,, where a=(x,, ..., %) is a sequence of Young diagrams; %
has <(i,—i,) columns, &, has <(i,—i,) columns, ..., a, has <(n—i,) columns,
o+, has <(N—n) columns. If we ensure the circumstance that all arising ’1H'
have trivial GL(N)-module structure, then the homogenous resolution, consist-
ing of such terms, must originate from a complex of representations of F. To
ensure this circumstance, consider the hyperdirect images of W' ® @, in the
projection on the Grassmanian G(n, C"). From the structure of the bundles
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¢, we see that they are direct sums of some 27 S, ® Z*+1 St where y are some
dominant (not necessarily positive) weights. The multiplicity, with which such
a summand enters into a given hyperdirect image, does not depend on the
choice of N>n. If we change W* to W*® det (V,), then each y changes to (y,
+1, ..., y.+1). Now, let us perform a twist by (det(V,)®™ so as to make all
7; positive. After that, choose N >n so large, that all obtained Young diagrams
were contained in the rectangle nx (N —n). Then, from the Lemma 3.2b), we
find that in the cohomology of all the hyperdirect images the group GL(N)
acts trivially. Using Leray spectral sequence, we see that the GL (N)-action in
H(E (W @(det (V,)®™)~ ® &, is also trivial, due to semi-simplicity of represen-
tations of GL (N).

Lemma 5.4 gives now a complex of representations of P, consisting of direct
sums of elements of the set X and quasi-isomorphic to W*® (det ¥,)®™. Since
the transformation (det (V,))® ? preserves the set X, the twist can be inverted,
and we obtain a resolution of W". A different choice of differentials in the
homogenous resolution would lead to homotopy equivalence at the level of
representations of P The independence (modulo homotopy equivalence) of the
obtained complex from the choice of m and N is also clear. []

5.6. Given a morphlsm ¢: W, — W, in D?(P-mod), we can represent the morph-
ism ¢: W, » W, by an equivariant morphism of homogenous resolutions, using
Lemma 5.3. Indeed, let U; be homogenous resolutions of W; (N being large
enough), given by Lemma 5.4. The morphism in question defines a correct homo-
topy class of morphisms of complexes U, — U,. This class is an affine space,
in which acts GL(N). A fixed point in this class is the desired equivariant
morphism.

It follows that higher Ext’s between elements of X in the category P-mod
vanish. To see this, consider a diagram W, PELIE JEN W, [i], in Hot (P-mod), repre-
senting an element of Ext!(W,, W,) (here q is a quasi-isomorphism, W'eX).
Tensor it by (det (V,))®™ for m large enough and consider the corresponding
diagram of equivariant morphisms of homogenous complexes on
F(iy, ..., i, n, C¥) for N large enough:

(W, ®(det V)®")™ « (J ® (det V,)*™)~ — (W, [{] @ (det ¥,)®7)".

Choose homogenous resolutions for all these complexes. The resolutions for
(W, ® (det ¥,)®™)~ will be themselves; denote U the homogenous resolution for
the middle term. Now, represent the morphisms by equivariant morphisms of
the resolutions. If N is chosen sufficiently large, then all the terms of the resolu-
‘tions considered will belong to the set X(i,, ..., i, n, N). Since the left arrow
18 a quasi-isomorphism, U must coincide with (W, ® (det (V,)®™~. Hence, the
right arrow must be zero, as well as the element of Ext’ represented by our
diagram,

So, we obtain, by Proposition 2.5, an embedding Tr (%) into D*(P-mod) as
a full triangulated subcategory. It follows from Lemma 5.5, that every object
of D*(P-mod) is isomorphic to the image of some object of Tr (). Hence, our
¢mbedding is in fact an equivalence and Theorem 5.2 is proved.
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