Schubert problem solution

October 18, 2020

Fix n,k and let A = A® denote the ring of symmetric functions in k
variables x1, ...,z with coefficients in the integers. Recall that the Schur
polynomial is defined as

S#(‘rb 7Il€) - Z I

T—p

where T' ranges over semistandard young tableaux filling the shape of 1 with
the numbers {1,...,k}, and zr is the product over all ¢ € T of ;. Then the
Schur polynomials s, (1, ..., %) for [(u) < k form a basis of A. Let I C A be
the additive subgroup spanned by all Schur polynomials s, with @1 > n —k,
which can be shown to be an ideal. Then the classes of the Schubert varieties
[X,,] are a basis of H*(Gr,(C")), and the map

H* (Gry(C")) = A/, [X,]— s,

which sends the class of the Schubert variety [X,] to s, is an isomorphism
of rings.

1. Check that in any number of variables, say k = 3, we have
89,1821 = S42 + 841,10 + 833 + 28321+ S31,1,1 + S222 + S22,1,1-

We’d like to calculate that coefficient of 2 using Schubert varieties.
By the duality theorem on page 149 of Fulton, Young tableaux, the
coefficient of 2 is the same as the number

[X21][X2.][X0,1] € H*? (Gr3(C%)) = Z,



Since 9 is the dimension of the Grassmannian of 3 dimensional sub-
spaces of C® and the complementary partition of [3,2,1] in the 3 x 3
box is also [2, 1].

Straightforward, just use the formula to check

Let
a1 1 0 0 0 0

U21: 921 0 as3 1 0 0
a3y 0 as3 0 a3s 1

be the Schubert cell, where the matrix is identified with its row span,

and let
a1 1 ais 0 a1y 0

‘/21: 0 0 as3 1 aos 0
0 0 0 0 ass 1

Show that there is a matrix C' € GLg(C) so that Us; - C' = Vay, where
the product means the set of all A-C for A € Uy;. In particular, we
have that [Ug] = [V21]. Check that

a1 1 0 0 0 0
U= Ugl N Vél = 0 0 as3 1 0 0 s
0 0 0 0 ass 1

where the intersection is taken in the Grassmannian.

The matrix is the permutation matrix of (5,6, 3,4, 1,2) in one-line no-
tation. This doesn’t take the representative matrix in Us; to the one in
Va1, but it does if we multiply on the left by the permutation matrix of
(3,2,1), which doesn’t affect the row span. Then both sets of matrices
are in the chart

a;; 1 a3 0 a5 O
Uy = azpr 0 azs 1 ags O
asy 0 ass3 O a3s 1

and the intersection is precisely the matrices we are looking for.

. Describe equations in the coefficients a;; of a 3 x 6 full rank matrix A
that determine when the vector space spanned by A is in the Schubert



variety Xo; with respect to the normal flag F; = (e, ..., ¢;), using de-
terminants of certain minors of A (see the proof of Proposition 3.2.3 in
Manivel, or class notes from Friday for an answer).

It’s the minors of of the matrices from the book that determine the
ranks of each subspace. In the case where A is 3 x 6, and p = [2,1],
there are 8 of them:

[al5 a26—al6 a25,al5 a36—al6 a35, a25 a36—a26 a35, alj a25 a36—

alq a26 a35—ald a4 a36+ald al6 a34+alb a24 a35—alb a2 a34, al3 a24 a35—
al3 a2b a34—alq a3 a35+al4 a2d a33+ald al23 a34—ald a24 a33,al3 a2 a36—
al8 a26 a34—al4 a23 a36+al4 a26 a33+alb al23 a34—alb a24 a33,all a25 a36—
al3 a26 a35—ald a23 a36+ald a26 a33+alb a3 a35—alb a2 a33, al4 a25 a36—
alf a26 a35—alh a2 a36+alb a26 a34+al6 a2 a35—al6 a25 a3}]

4. Unfortunately, our open set U from the last part may not intersect
this Schubert variety in exactly two points, since the points could be
in the closure U, or might not be transverse. The theorem of Kleiman
says that we should be the right number of transverse intersection if we
simply rotate the Schubert cells by multiplying by random elements in
GLg(C) on the right.

Take the following matrix, chosen basically at random:

_ O = NN =
[ e e B NI N R \V)

_ o O O =N

2 1
21
10
0 2
2 1
2 0

S O N O =N

Using the last part, find the points in the intersection X9 N (U - C).
There should be two of them.



The matrix A - C, where A is from the second part, is given by

211 +1 2all +2 all +1 2all1+1 all+2 2all +2
2 a3 2 0 1+2a23 14+2a23
0 24+ 2a35 a3b 1 1 1+ a85

The equations from the second part on this matrix are

[—2al11a23 — all,alla35 — all + 2a35,2a23a35 + a35, 4alla23a35 —
2a11a23 + 2al11a35 + 2a23a35 — all + a35,4alla23a35 — 2alla23 +
2alla3b + 2a23a35 — 3all — 2a23 + a35 + 1,4al1a23a35 — 2al1la23 —
2alla3542a23a35—all —2a23 —a35+1, —2alla35+2a23a3542all —
3a35, 4alla23a35 — 2al11a23 + 2al11a35 + 2a23a35 — all + a35].

Solving these equations gives exactly two answers,

{all =0,a23 =1/2,a35 =0}, {all = 1,023 = —1/2, a35 = 1/3}

So the two matrices are

01 0 000 11 0 0 0 O
00 1/2 10 0|, 00 —-1/21 0 0
00 0 O0O0T1 00 0 0 1/3 1

. Show that this intersection is transverse at both points. Taking the
two matrices above, just check the rank of the Jacobian matrix at each
point, using the equations in the variables a2, as3, ass.



