
Math 17A, Fall 2023
Solutions to practice problems for Midterm 1

1. Consider the functions:

f(x) =
x2 + 1

x2 − 1
, g(x) = ||x+ 1| − 1|, h(x) =

1

lnx
.

For each of them:
a) Find the domain
b) Determine the intersection points of the graph with the coordinate axis
c) Find all vertical and horizontal asymptotes (if any)
d) Sketch the graph
Solution: 1) The function f(x) is defined for x2−1 ̸= 0, so that x ̸= ±1.

The domain is
(−∞,−1) ∪ (−1, 1) ∪ (1,+∞).

The intesection with the y-axis is at f(0) = −1. The intersection with the
x-axis is where f(x) = 0 which is not possible since x2 + 1 > 0. Note that
f(x) > 0 for x > 1 and x < −1, and f(x) < 0 on (−1, 1).

At x = ±1 we have x2 + 1 → 2 and x2 − 1 → 0, so there are vertical
asymptotes at x = ±1. For the horizontal asymptote, we have

lim
x→±∞

x2 + 1

x2 − 1
= lim

x→±∞

1 + 1/x2

1− 1/x2
= 1.

Therefore we have a horizontal asymptote y = 1.
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2) The function g(x) is defined everywhere, so the domain is (−∞,+∞).
There are no vertical asymptotes. We can write

g(x) =


x, x ≥ 0

−x,−1 ≤ x ≤ 0

2 + x,−2 ≤ x ≤ −1

−2− x, x ≤ −2.

So there are no horizontal asymptotes either.
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3) The function h(x) is defined where lnx is defined (so x > 0) and
lnx ̸= 0 (so x ̸= 1). Therefore the domain is (0, 1) ∪ (1,+∞). To find the
vertical asymptotes, let us compute the limits at 0 and at 1:

lim
x→0

lnx = −∞, lim
x→0

1

lnx
= 0;

lim
x→1

lnx = 0, lim
x→0

1

lnx
= ∞.

To find the horizontal asymptotes, we get

lim
x→+∞

lnx = +∞, lim
x→+∞

1

lnx
= 0.
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2. For which c the function

f(x) =

{
sinx, if x < c,

cosx, if x ≥ c

is continuous?

Solution: The function is clearly continuous for x ̸= c. At x = c, we
have the following one-sided limits:

lim
x→c+

f(x) = lim
x→c+

cosx = cos(c), lim
x→c−

f(x) = lim
x→c−

sinx = sin(c)

The function has a limit at c (and is continuous at c) if these one-sided limits
agree:

cos(c) = sin(c), c =
π

4
+ πk, k integer.

3. Compute the limits:
a)

lim
x→0

(sin3 x− cosx)

Solution:

lim
x→0

(sin3 x− cosx) = sin3(0)− cos(0) = 03 − 1 = −1.

b)

lim
x→0

√
x+ 1√
x
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Solution: We have limx→0

√
x+ 1 =

√
0 + 1 = 1, limx→0

√
x = 0, so

lim
x→0

√
x+ 1√
x

= ∞.

c)

lim
x→3

x2 − 2x− 3

x2 − 3x
.

Solution: We have

lim
x→3

x2 − 2x− 3

x2 − 3x
= lim

x→3

(x− 3)(x+ 1)

x(x− 3)
= lim

x→3

x+ 1)

x
=

4

3
.

d)

lim
x→0

7x3 + 8x2 + 9x

11x+ 12x2 − 13x3
.

Solution: We have

lim
x→0

7x3 + 8x2 + 9x

11x+ 12x2 − 13x3
= lim

x→0

x(7x2 + 8x+ 9)

x(11 + 12x− 13x2)
=

lim
x→0

(7x2 + 8x+ 9)

(11 + 12x− 13x2)
=

9

11
.

e)

lim
x→+∞

e−x2

Solution: If x → +∞ then x2 → +∞, −x2 → −∞ and hence limx→+∞ e−x2
=

0 (since limx→−∞ ex = 0).

f)
lim

x→+∞
(ln(x+ 1)− lnx)

Solution: We have

lim
x→+∞

(ln(x+ 1)− lnx) = lim
x→+∞

ln

(
x+ 1

x

)
.

Now limx→+∞
x+1
x

= limx→+∞(1 + 1
x
) = 1, so

lim
x→+∞

ln

(
x+ 1

x

)
= ln(1) = 0.
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g)

lim
x→+∞

7x2 + 8x+ 9

11 + 12x− 13x2
.

Solution: Let us divide the numerator and the denominator of this frac-
tion by x2, which is the highest power of x here:

lim
x→+∞

7x2 + 8x+ 9

11 + 12x− 13x2
= lim

x→+∞

7 + 8/x+ 9/x2

11/x2 + 12/x− 13
=

7 + 0 + 0

0 + 0− 13
= − 7

13
.

h)

lim
x→+∞

2x3 +
√
x4 + 7

3x3 − 5

Solution: Let us divide the numerator and denominator by x3:

2x3 +
√
x4 + 7

3x3 − 5
=

2 + 1
x3

√
x4 + 7

3− 5/x3
=

2 + 1√
x6

√
x4 + 7

3− 5/x3
=

2 +
√

1/x2 + 7/x6

3− 5/x3
.

Therefore

lim
x→+∞

2x3 +
√
x4 + 7

3x3 − 5
=

2 +
√
0 + 0

3− 0
=

2

3
.

4. Find limx→1 f(x), where

f(x) =

{
x2 + 3x+ 4, if x ≥ 1,

7x2 + 1, if x < 1.

Solution: We find one-sided limits:

lim
x→1+

f(x) = lim
x→1+

(x2 + 3x+ 4) = 8,

lim
x→1−

f(x) = lim
x→1−

(7x2 + 1) = 8,

so limx→1 f(x) = 8.

5. Plot the graph of the function

sgn(x) =

{
|x|
x
, if x ̸= 0

0, if x = 0.
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Is it continuous?
Solution: The function equals 1 for x > 0, −1 for x < 0 and 0 at x = 0.

It is not continuous at x = 0.

6. For the function

f(x) =

{
x2 + x− 9, if |x| ≥ 3,

x, if |x| < 3,

find one-sided limits at x = −3, x = 0, x = 3. Is this function continuous?
Solution: We find one-sided limits:

lim
x→3+

f(x) = lim
x→3+

(x2 + x− 9) = 9 + 3− 9 = 3,

lim
x→3−

f(x) = lim
x→3−

x = 3,

lim
x→(−3)+

f(x) = lim
x→(−3)+

x = −3,

lim
x→(−3)−

f(x) = lim
x→(−3)−

(x2 + x− 9) = 9− 3− 9 = −3,

so the function is continuous both at x = 3 and at x = −3. Since it is clearly
continuous for x ̸= ±3, it is continuous everywhere. The limit at x = 0
equals 0.

7*. Use the Intermediate Value Theorem to show that the equation

x3 + x− 3 = 0

has a solution on the interval [1, 2].
Solution: Let f(x) = x3 + x − 3, then f(1) = 1 + 1 − 3 = −1 < 0,

f(2) = 8 + 2− 3 = 7 > 0. By Intermedate Value theorem, there is a point x
on [1, 2] such that f(x) = 0.
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