
48 Chapter 1 Functions

Equation (5) holds for the other values of x in 3-1, 1] as well, but we cannot conclude this 
from the triangle in Figure 1.69. It is, however, a consequence of Equations (2) and (4) 
(Exercise 80).

The arctangent, arccotangent, arcsecant, and arccosecant functions are defined in Sec-
tion 3.9. There we develop additional properties of the inverse trigonometric functions 
using the identities discussed here.

arcsin x

arccos x1
x

FIGURE 1.69 arcsin x and arccos x are 
complementary angles (so their sum is p>2).

Identifying One-to-One Functions Graphically
Which of the functions graphed in Exercises 1–6 are one-to-one, and 
which are not?
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In Exercises 7–10, determine from its graph if the function is one-to-
one.

7. ƒ(x) = e3 - x, x 6 0
3, x Ú 0

8. ƒ(x) = e2x + 6, x … -3
x + 4, x 7 -3

9. ƒ(x) = d
1 - x

2
, x … 0

x
x + 2

, x 7 0

10. ƒ(x) = e2 - x2, x … 1
x2, x 7 1

Graphing Inverse Functions
Each of Exercises 11–16 shows the graph of a function y = ƒ(x).
Copy the graph and draw in the line y = x. Then use symmetry with 
respect to the line y = x to add the graph of ƒ -1 to your sketch. (It is 
not necessary to find a formula for ƒ -1.) Identify the domain and 
range of ƒ -1.
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f (x) = 2

3

17. a.  Graph the function ƒ(x) = 21 - x2, 0 … x … 1. What sym-
metry does the graph have?

b. Show that ƒ is its own inverse. (Remember that 2x2 = x if 
x Ú 0.)

 18. a.  Graph the function ƒ(x) = 1>x. What symmetry does the 
graph have?

b. Show that ƒ is its own inverse.

EXERCISES 1.6

M01_HASS9020_14_SE_C01_001-055.indd   48 05/07/16   3:47 PM



1.6  Inverse Functions and Logarithms 49

Inverses of Lines

37. a.  Find the inverse of the function ƒ(x) = mx, where m is a con-
stant di«erent from zero.

b. What can you conclude about the inverse of a function 
y = ƒ(x) whose graph is a line through the origin with a 
nonzero slope m?

 38. Show that the graph of the inverse of ƒ(x) = mx + b, where m 
and b are constants and m ≠ 0, is a line with slope 1>m and 
y-intercept -b>m.

 39. a.  Find the inverse of ƒ(x) = x + 1. Graph ƒ and its inverse 
together. Add the line y = x to your sketch, drawing it with 
dashes or dots for contrast.

b. Find the inverse of ƒ(x) = x + b (b constant). How is the 
graph of ƒ -1 related to the graph of ƒ?

c. What can you conclude about the inverses of functions whose 
graphs are lines parallel to the line y = x?

 40. a.  Find the inverse of ƒ(x) = -x + 1. Graph the line 
y = -x + 1 together with the line y = x. At what angle do 
the lines intersect?

b. Find the inverse of ƒ(x) = -x + b (b constant). What angle 
does the line y = -x + b make with the line y = x?

c. What can you conclude about the inverses of functions whose 
graphs are lines perpendicular to the line y = x?

Logarithms and Exponentials

 41.  Express the following logarithms in terms of ln 2 and ln 3.

a. ln 0.75 b. ln (4>9)

c. ln (1>2) d. ln23 9

e. ln 322 f. ln 213.5

 42.  Express the following logarithms in terms of ln 5 and ln 7.

a. ln (1>125) b. ln 9.8

c. ln 727 d. ln 1225

e. ln 0.056 f. (ln 35 + ln (1>7))>(ln 25)

Use the properties of logarithms to write the expressions in Exercises 
43 and 44 as a single term.

 43. a. ln sin u - ln asin u
5
b  b. ln (3x2 - 9x) + ln a 1

3x
b

c. 1
2

 ln (4t4) - ln b

 44. a. ln sec u + ln cos u b. ln (8x + 4) - 2 ln c

c. 3 ln23 t2 - 1 - ln (t + 1)

Find simpler expressions for the quantities in Exercises 45–48.

 45. a. eln 7.2 b. e-ln x2
 c. eln x - ln y

 46. a. eln (x2 + y2) b. e-ln 0.3 c. eln px - ln 2

 47. a. 2 ln 2e b. ln (ln ee) c. ln (e-x2 - y2
)

 48. a. ln (esec u) b. ln (e(ex)) c. ln (e2 ln x)

In Exercises 49–54, solve for y in terms of t or x, as appropriate.

 49. ln y = 2t + 4 50. ln y = - t + 5

51. ln (y - b) = 5t 52. ln (c - 2y) = t

53. ln (y - 1) - ln 2 = x + ln x

54. ln (y2 - 1) - ln (y + 1) = ln (sin x)

Formulas for Inverse Functions
Each of Exercises 19–24 gives a formula for a function y = ƒ(x) and 
shows the graphs of ƒ and ƒ -1. Find a formula for ƒ -1 in each case.

 19. ƒ(x) = x2 + 1, x Ú 0 20.  ƒ(x) = x2, x … 0

x

y

1

10

y = f (x)

y = f -1(x)

  

x

y

1

10

y = f -1(x)

y = f (x)

21. ƒ(x) = x3 - 1 22.  ƒ(x) = x2 - 2x + 1, x Ú 1

x

y

1

1- 1

- 1

y = f (x)

y = f -1(x)

  

x

y

1

10

y = f (x)

y = f -1(x)

23. ƒ(x) = (x + 1)2, x Ú -1 24. ƒ(x) = x2>3, x Ú 0

x

y

0

1

- 1
1- 1

y = f (x)

y = f -1(x)

  

x

y

0

1

1

y = f -1(x)

y = f (x)

Each of Exercises 25–36 gives a formula for a function y = ƒ(x). In 
each case, find ƒ -1(x) and identify the domain and range of ƒ -1. As a 
check, show that ƒ(ƒ -1(x)) = ƒ -1(ƒ(x)) = x.

25. ƒ(x) = x5 26. ƒ(x) = x4, x Ú 0

27. ƒ(x) = x3 + 1 28. ƒ(x) = (1>2)x - 7>2
29. ƒ(x) = 1>x2, x 7 0 30. ƒ(x) = 1>x3, x ≠ 0

31. ƒ(x) = x + 3
x - 2

 32. ƒ(x) = 2x

2x - 3

33. ƒ(x) = x2 - 2x, x … 1 34. ƒ(x) = (2x3 + 1)1>5

(Hint: Complete the square.)

 35. ƒ(x) = x + b
x - 2

, b 7 -2 and constant

 36. ƒ(x) = x2 - 2bx, b 7 0 and constant, x … b
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50 Chapter 1 Functions

78. If a composition ƒ ∘ g is one-to-one, must g be one-to-one? Give 
reasons for your answer.

 79. Find a formula for the inverse function ƒ -1 and verify that 
(ƒ ∘ ƒ -1)(x) = (ƒ -1 ∘ ƒ)(x) = x.

a. ƒ(x) = 100
1 + 2-x b. ƒ(x) = 50

1 + 1.1-x

c. ƒ(x) = ex - 1
ex + 1

 d. ƒ(x) = ln x
2 - ln x

 80. The identity sin− 1 x + cos− 1 x = P ,2 Figure 1.69 estab-
lishes the identity for 0 6 x 6 1. To establish it for the rest of 
3-1, 1], verify by direct calculation that it holds for x = 1, 0, 
and -1. Then, for values of x in (-1, 0), let x = -a, a 7 0, and 
apply Eqs. (3) and (5) to the sum sin-1 (-a) + cos-1 (-a).

 81. Start with the graph of y = ln x. Find an equation of the graph 
that results from

a. shifting down 3 units.

b. shifting right 1 unit.

c. shifting left 1, up 3 units.

d. shifting down 4, right 2 units.

e. reflecting about the y-axis.

f. reflecting about the line y = x.

 82. Start with the graph of y = ln x. Find an equation of the graph 
that results from

a. vertical stretching by a factor of 2.

b. horizontal stretching by a factor of 3.

c. vertical compression by a factor of 4.

d. horizontal compression by a factor of 2.

 83. The equation x2 = 2x has three solutions: x = 2, x = 4, and one 
other. Estimate the third solution as accurately as you can by 
graphing.

 84. Could xln 2 possibly be the same as 2ln x for x 7 0? Graph the 
two functions and explain what you see.

 85. Radioactive decay The half-life of a certain radioactive sub-
stance is 12 hours. There are 8 grams present initially.

a. Express the amount of substance remaining as a function of 
time t.

b. When will there be 1 gram remaining?

 86. Doubling your money Determine how much time is required 
for a $500 investment to double in value if interest is earned at the 
rate of 4.75% compounded annually.

 87. Population growth The population of Glenbrook is 375,000 
and is increasing at the rate of 2.25% per year. Predict when the 
population will be 1 million.

 88. Radon-222 The decay equation for radon-222 gas is known to 
be y = y0 e-0.18t, with t in days. About how long will it take the 
radon in a sealed sample of air to fall to 90% of its original value?

In Exercises 55 and 56, solve for k.

 55. a. e2k = 4 b. 100e10k = 200 c. ek>1000 = a

56. a. e5k = 1
4

 b. 80ek = 1 c. e(ln 0.8)k = 0.8

In Exercises 57–64, solve for t.

57. a. e-0.3t = 27 b. ekt = 1
2

 c. e(ln 0.2)t = 0.4

58. a. e-0.01t = 1000 b. ekt = 1
10

 c. e(ln 2)t = 1
2

59. e2t = x2 60. e(x2)e(2x + 1) = et

61. e2t - 3et = 0 62. e- 2t + 6 = 5e- t

63. lna t
t - 1

b = 2 64. ln(t - 2) = ln 8 - ln t

Simplify the expressions in Exercises 65–68.

65. a. 5log5 7 b. 8log822 c. 1.3log1.3 75

d. log4 16 e. log323 f. log4 a1
4
b

66. a. 2log2 3 b. 10log10 (1>2) c. plogp 7

d. log11 121 e. log121 11 f. log3 a1
9
b

67. a. 2log4 x b. 9log3 x c. log2 (e(ln 2)(sin x))

68. a. 25log5 (3x2) b. loge (ex) c. log4 (2ex sin x)

Express the ratios in Exercises 69 and 70 as ratios of natural loga-
rithms and simplify.

69. a. 
log2 x
log3 x

 b. 
log2 x
log8 x

 c. 
logx a
logx2 a

70. a. 
log9 x
log3 x

 b. 
log210  x
log22  x

 c. 
loga b
logb a

Arcsine and Arccosine
In Exercises 71–74, find the exact value of each expression.

71. a. sin-1 a-1
2
b  b. sin-1 a 1

22
 b  c. sin-1 a-23

2
 b

72. a. cos-1 a1
2
b  b. cos-1 a -1

22
 b  c. cos-1 a23

2
 b

73. a. arccos (-1) b. arccos (0)

 74. a. arcsin (-1) b. arcsin a-  
1

22
 b

Theory and Examples

75. If ƒ(x) is one-to-one, can anything be said about g(x) = -ƒ(x)? Is 
it also one-to-one? Give reasons for your answer.

 76. If ƒ(x) is one-to-one and ƒ(x) is never zero, can anything be said 
about h(x) = 1>ƒ(x)? Is it also one-to-one? Give reasons for your 
answer.

 77. Suppose that the range of g lies in the domain of ƒ so that the 
composition ƒ ∘ g is defined. If ƒ and g are one-to-one, can any-
thing be said about ƒ ∘ g? Give reasons for your answer.
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