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EXAMPLE 6  Find 1111(1)%.
—>

Solution From the definition of tan ¢ and sec 2¢, we have

tan 7 sec 2t _ 1.1 sint 1

I T M3t cos 1 cos 21
_Lysing 11
3,50 I C€OST cos2t
_ 1 1 Eq. (1) and Example 11b
- §(1)(1)(1) - § in Section 2.2 [ ]

EXAMPLE 7 Show that for nonzero constants A and B.

lim sinAf _ A
9—0sin B0 B’
Solution
im sin A0 _ limSinAeAO Bo_ 1 Multiply and divide by A and B9
0—0 SinBO g0 A6 sin BO B ultiply and divide by A6 and 5G.
- sin A6 B é . sinu .
=M TA0 sinBoB Ay = L it = A4
= lim (1)(1) % fim <Y = 1, with v = 80
el_I)I}) B o Mosiny | VY=
_A [
B
AR 2.4
Finding Limits Graphically 2. Which of the following statements about the function y = f(x)
1. Which of the following statements about the function y = f(x) graphed here are true, and which are false?
graphed here are true, and which are false? y
2 °
Y y=f)
y=f®
1 1 —O—o
| | | | X
! " o > -1 0] 1 2 3
-1 0] 1 2
a. lirzlﬁ fx) =1 b. lin% f(x) does not exist.
a. lim f() =1 b. lim f(x) =0 . lim f(x) =2 d. lim f(0 =2
c. [lim f) =1 d. lim f(x) = lim_ f(x) e. lim f() =1 f. lim f(x) does not exist
e. }1_11% f(x) exists. f. )}E)J% fx) =0 g. 1111& flx) = m%i fx)
g. lir% fx) =1 h. lirr} fx) =1 h. lirn' f(x) exists at every c in the open interval (—1, 1).
i. lirr{ fx)=20 Jje 1in} fx)y =2 i. lim} f(x) exists at every c in the open interval (1, 3).

-

k. limr f(x) does not exist. 1. 111121+ fx) =0 xErEll’ fx)=0 k. Xlirgl+ f(x) does not exist.
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3—x x<2 6. Let g(x) = \/)_Csin(l/x).
3 Let f() = o

X
T I R B X
0 2 4
a. Find lim,_,,+ f(x) and lim,_,,- f(x).
b. Does lim,_,, f(x) exist? If so, what is it? If not, why not?
- . -1r y=—Vx
c. Find lim,_,4 f(x) and lim,_,4+ f(x).
d. Does lim,_,, f(x) exist? If so, what is it? If not, why not?
3—x, x<2 a. Does lim,_,( g(x) exist? If so, what is it? If not, why not?
2, y=2 b. Does lim,_,y g(x) exist? If so, what is it? If not, why not?
4. Let f(x) = i ] o
X - c. Does lim,_,, g(x) exist? If so, what is it? If not, why not?
= x .
2’ 3
, # 1
7. a. Graph f(x) = {x *
y 0, x =1
b. Find lim,_,;- f(x) and lim,_,+ f(x).
y=E3-aN [ c. Does lim,_,; f(x) exist? If so, what is it? If not, why not?
3
L 1 — x% x # 1
\;A 8. a. Graph f(x) = {2 g
L y= E N x = 1.
! _'2 ! 0 ! 5 ! X b. Find lim,_,;+ f(x) and lim,_,;- f(x).
c. Does lim,_,; f(x) exist? If so, what is it? If not, why not?
a. Find lim,_,+ f(x), lim,_, x), and f(2). . . . .
o 2 f0) o 2 f(0) 'fF ) Graph the functions in Exercises 9 and 10. Then answer these questions.
b. Does lim,_,, f(x) exist? If so, what is it? If not, why not? .
o . a. What are the domain and range of f?
c. Find lim,_, - f(x) and lim,_, ;- f(x). . . . .
) ) o b. At what points c, if any, does lim,_, . f(x) exist?
d. Does lim,_,_; f(x) exist? If so, what is it? If not, why not? . R .
c. At what points does the left-hand limit exist but not the right-
0 =0 hand limit?
5. Let f(x) = 1 d. At what points does the right-hand limit exist but not the left-
siny, x> 0. hand limit?
VI—-x 0=x<I1
y
9. fx) =41, 1=x<2
1+ 2, x=2
x, —1=x<0, or 0<x=1
10. f(x) =41, x=0
0 * 0, x<-1 or x>1

0, x=0
Y731
sin %, x>0

Finding One-Sided Limits Algebraically

—1F Find the limits in Exercises 11-20.
x + 2 . x — 1
11. x~>1£1&5’ x+ 1 12. xli>nll* x+ 2

a. Does lim,_,( f(x) exist? If so, what is it? If not, why not?

b. Does lim, o f(x) exist? If so, what is it? If not, why not? Gl ( x ><2x + 5)
* At 2
c. Does lim,_,, f(x) exist? If so, what is it? If not, why not? =2\ LA+ x
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14.

15.

16.

17.

18.

19.

20.

Use the graph of the greatest integer function y = | x |, Figure 1.10 in
Section 1.1, to help you find the limits in Exercises 21 and 22.
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nm ()
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3—x>

VR A 4+5-V5
m

1
hLO* h
V66— V5 +11h+6
lim
h—0" h
) \x + 2|
a. Xll)r{lr(x + 3) T2 b.
V2@ = 1)
a. lim ———— b.
x—17 |X — 1|
| sin x|
a. lim — b.
x—0" Sinx
a 1 — cosx b.

lim ————
0" |cos x — 1]

in 6

Using (l)irr%)sT =1
—

b.

b.

Find the limits in Exercises 23-46.

23. 1

25. 1

27.

29. lim

31. lim

33. lim

35. lim

37. lim

im sin V26
-0 \/20
sin 3y

m
y—0 4y

tan 2x

lim —

x—0

X csc 2x
x—0 COS 5x

X + xcosx
¥—0 Sin x cos x

1 — cos @
sin 26

sin(l — cos )

6—0

—0 1 — cost

sin 6
6—0 sin 26

24.

26.

28.

30.

32.

34. lim

36. lim

38. lim

|x+2\
x+2
V2x(x — 1)

[x =1

lim (x + 3)

lim

x—1"

| sin x|

m .
x—0" SIn X

cosx — 1
=0 |cosx — 1|

lim @
0—3" 9

lim (¢ = [£])

sin kt
t

liII(l) (k constant)
11—

hli)n(} sin 3h
2t

lim ens

lirrg) 6x%(cot x)(csc 2x)
X—>

2

X — x + sinx

lim
x—0 2x

X — XCOSX
x—0 sin? 3x
sin (sin /)
h—0 sinh
sin Sx

im =
x—0 sin 4x

39. lim 6 cos 6 40. lim sin 6 cot 20
6—0 6—0
sin 3y cot 5
41. lim @03% 42. lim 202
x—0 Sin 8x y—0 ycot4y
43, lim 200 44, lim —fcot4d
6—0 6> cot 360 6—0 sin® 6 cot? 26
_ 2. _
45. lim 1 — cos 3x 46. lim COS“X — COS X
x—0 2x x—0 x2

Theory and Examples

47.

48.

49.

50.

Once you know lim,_,,+ f(x) and lim,_,, f(x) at an interior point
of the domain of f, do you then know lim,_,, f(x)? Give reasons
for your answer.

If you know that lim,_,. f(x) exists, can you find its value by
calculating lim,_, .+ f(x)? Give reasons for your answer.

Suppose that f is an odd function of x. Does knowing that
lim,_,y+ f(x) = 3 tell you anything about lim,_,o f(x)? Give rea-
sons for your answer.

Suppose that f is an even function of x. Does knowing that
lim,_,,- f(x) = 7 tell you anything about either lim,_, , f(x) or
lim,_, ,+ f(x)? Give reasons for your answer.

Formal Definitions of One-Sided Limits

51.

52.

Given € > 0, find an interval I = (5,5 + §), 6 > 0, such that if
x lies in 7, then Vx — 5 < &. What limit is being verified and
what is its value?
Given € > 0, find an interval I = (4 — §,4), 6 > 0, such that if
x lies in 7, then V4 — x < &. What limit is being verified and
what is its value?

Use the definitions of right-hand and left-hand limits to prove the
limit statements in Exercises 53 and 54.

5S.

56.

lim ——= =1

54.
x—2" |x - 2‘

lim - = —1
x—0 ‘ x‘
Greatest integer function Find (a) lim, 4 [x] and (b)
lim,_, 40 | x |; then use limit definitions to verify your findings.
(c) Based on your conclusions in parts (a) and (b), can you say
anything about lim,_ 4, | x |? Give reasons for your answer.

26in(1/x), x <0
One-sided limits Let f(x) = {’i/i"‘( /9, x o
X, X .

Find (a) lim,_,y+ f(x) and (b) lim,_,o- f(x); then use limit defini-
tions to verify your findings. (¢) Based on your conclusions in
parts (a) and (b), can you say anything about lim,_,, f(x)? Give
reasons for your answer.
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FIGURE 2.34 Connecting plotted points.
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When we plot function values generated in a laboratory or collected in the field, we often
connect the plotted points with an unbroken curve to show what the function’s values are
likely to have been at the points we did not measure (Figure 2.34). In doing so, we are
assuming that we are working with a continuous function, so its outputs vary regularly and
consistently with the inputs, and do not jump abruptly from one value to another without
taking on the values in between. Intuitively, any function y = f(x) whose graph can be
sketched over its domain in one unbroken motion is an example of a continuous function.

Such functions play an important role in the study of calculus and its applications.
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