Math 20A. Fall 2022,
Dec. 5. 2022,

FINAL EXAM
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Instructions: Each of the 8 problems has equal worth. Read cach question carefully and answer it
in the space provided. You must show all your work to receive full credit. Clarity of your solutions
may be a factor when determining credit. Caleulators. books or notes are not allowed. The proctors
have been directed not to answer any interpretation questions.

Make sure that vou have a total of 11 pages (including this onej with 8 problems.
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1. Please be careful: on each of the parts (a)—(c) below, you will receive little or no credit if you make
a differentiation mistake, even a small one.
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(a) Compute the derivative of the function y = . Do not simplify!

(b) Compute the derivative of the function y = In(4 + arcsin(z?}). Do not simplify!
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(¢) Find the cquation of the tangent line to the curve (22 + y)3 + xy? — y = 0 at the point (0,1). Give
the answer in the slope-intercept form.
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2. Compute the following limits, in any correct way you can. Give each answer as a finite number,

+o¢ or —00.
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3. Consider the function
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{a} Detcrmine the numbers a and b so that y = f(x) is differentiable for all z.
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{b) Assume the values of a and b obtained in (a). Sketch the graph of the function f using the frst

derivative.
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(e} Assuine the values of a and b obtained in (a). Is f one-te-one on (—oc, o)
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4. In all parts of this problem, the function f is given by f(r) = (TT2 ) =8z ! — 1622 Assume

the domain is x > 0, that is, the interval (0,00).

{a) Compute I1_1}1*(1)14_ f(z) and .:ll.Pgo f(2).
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(b} Determine the intervals on which y = f(z) is increasing and the intervals on which it is decreasing.
Identify all local extrema.
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{c) Determine the intervals on which y = f(2) is concave up and the intervals on which it is concave
down. Identify all inflection points. {Note: 332 =6-16.)

/4 — “‘39__|, -‘q’.-"- -L‘ "‘ =0
2(X) = lbx 232X Ao x™H(x - 4) -

|(o,8) (62




_9 _ )
(d) (Stall: the function [ is given by f(z) = 8(_mrl = 82~! — 16272, with domain (0, c0}.) Sketch

the graph of y = f(a). L—“-)"'P' ol b Pm\c}‘l r“, a'ﬂ-vrorhaﬂa N‘Md M\‘\ ,

A
X -—fmﬁ-

{e) Determine the domain and range of the composite function y = \/ f(x).
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5. A construction contractor needs to build a small rectangular storage box with a square base, flat
roof and volume 16 cubic feet. Every square foot of side walls costs $1 (that is. the cost of side walls
is the arca multiplied by $1). and every square foot of the roof costs $4. Assume that the base cloes
not need to be built, so it costs nothing.

{a) Determine the dimensions of the box that will minimize the building costs. Justyfy all your
conclusions.
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{b) Now assunie that the height of the box is restricted to be between 1 and 2 feet{ With this additional
restriction, what dimensions of the hox minimize cost?
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6. A runner is running on e straight trail of length 7 miles from point A to point B. Point P is located off
the trail; its closest point A on the line AB is 3 miles away. Point Q is also located off the trail; its closest
point B on the line AB is 4 miles away. At some time, the distance between the runner and A is 4 miles:
at the same time. the distance between the runner and P is increasing at the rate of 8 miles per hour.
Find the following rates at this instance.

(a) The velocity of the runner.
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(b) The rate of change of the distance between the runner and point Q.
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7. Throughout this problem, the function f is given by f(x) = _::2 - 2+~ 4+4. Assume the domain

of f is x > 0 throughout this problem.
(a) Identify the monotonicity and concavity properties of the function f, compute the relevant limits.
and sketch the graph of f.
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(b) (Still f(z) = ! -;;1 T —z?t+dandz> 0.) What is the smallest possible area of the triangle

formed in the first quadrant by the z-axis, y-axis, and a tangent to the graph of f7 (The first quadrant
consists of points (z,y) on the coordinate plane with z > 0 and y > 0.)
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8. Provide straightforward, and fully justified, answers to the following questions. In each of them,
assume that y = f(z) is a continuous function defined for all , and f'(z) and f"(z) exist and are
continuous for all z. (Note: assumptions in (a) apply only to (a); the same is true for (b) and (c).)

(a) f(—1) =0 and f’(z) > 1 for all z. Is it possible that f(2) =ﬁ 1 7,"
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(b) £(0) = 1 and f/(0) = 0. Is it possible that f has no z-intercept? (Either: prove that it is not
possible; or give an example of such a function as an expression in z.)

N :Fu\“-e,\(amt«a} ga)=4+x’7m‘(&)=w

3 ()= 4,
;?,’(0) =40 ,

(¢) The only solution to f'(x) = 0 is z = 2. Moreover, f(2) =3, Emm f(z) =0, and lergo flz)=1.
Identify the range of f.
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