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8.2. Integration by parts

Product formula:
(uv) =Uv+u/,

or in differential form

d(uv) =udv+vau,

then rearranged
uadv =d(uv)— vdu,

and finally integrated

/udv:uv—/vdu.



8.2. Integration by parts

Integration by parts formula:

/udv:uv—/vdu

This formula is useful when you integrate a product of two
functions:

@ the first (u), simplifies by differentiation; and

@ the second (dv) does not get overly complicated by
integration.



8.2. Integration by parts

Example. Compute

xe>* dx



8.2. Integration by parts

/ xe® dx = ()
Take

so that



8.2. Integration by parts

Example. Compute

X2 In x dx



8.2. Integration by parts

Example. Compute

/lenxdx: (%)

Take

so that

1 1
X3 Inx— /x3 — dx
x3. Inx—/x dx

nx — —
nx 9x +C
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8.2. Integration by parts

Example. Compute
:
/ arctan x dx
0



8.2. Integration by parts

Example. Compute

;
/ arctan x dx = (x)
0

Take

1

T

U= arctan x,du =
av=dx,v=x

so that

(*) = x arctan x

x=1 1 X
[

x=0 o 1T+x

1

™ X
—4—0—/0 T &



8.2. Integration by parts

1

The remaining integral can be done by using substitution (it is

preferable to not use the letter u again in the same problem):
X |t
t=1+x2, dt =2xadx, xdx = sdt, 0| 1

112
T 1 [21
=53]
w1 t=2
= _
2 2
T 1
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8.2. Integration by parts

Example. Compute
/ X2 sin x dx
0



8.2. Integration by parts

Example. Compute

/ x2sin x dx = (%)
0

Take
u = x2,du=2xdx
av =sinx dx, v = — cos X
so that
> X=m ™
(*) = —x“cos x +/ 2X cos x dx
x=0 0

s
:7r2+/ 2X cos x dx
0



8.2. Integration by parts

(%) = 72 +/ 2X cos x dx
0

The remaining integral can be done again by using integration
by parts:

u=2x,du=2dx
adv = cosx dx,V =sinx

so that

() = 7% + 2xsin x

X= m .
— 2/ sin X dx
x=0 0

X=m

=724+ 0+2cos X

x=0
=74



8.2. Integration by parts

Example. This is a famous tricky example. Compute

/exsinxdx



8.2. Integration by parts

Example. Compute

/exsinxdx = (%)

U = sin x, du = cos x dx
dv =¢e"dx,v=¢e*

(x) = € sinx — [ €"cosxdx
U =cosx,du= —sinxdx
dv =¢e*dx,v=¢e*

(x) = € sinx — € cos x — /exsinxdx
We have an equation for [ &*sin x dx, which we can solve:

]
/ex sinx dx = Eex(sinx —cosx) + C.
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8.3. Trigonometric integrals

Example. Compute
w/3
/ sin X - sin 5x dx
0
For examples like this, we use the formulas:

sin Asin B = %(cos(A — B) — cos(A+ B))

sinAcos B = %(sin(A — B) +sin(A+ B))

]
cos Acos B = E(cos(A — B) + cos(A+ B))

So,
, : 1
sin X -sinbx = E(cos4x — cos 6x)

16



8.3. Trigonometric integrals

Example. Compute

w/3
/ sin X - sin 5x dx
0

1 w/3
= 2/ (cos4x — cos 6x) dx
0

1/71 . 1.
= > <4 sin4x — ésm 6X>

LI LR
—2 4SIn3 6Sln7'('

1 o V3

=——sins = ——+

8 3 16

x=7/3

x=0



8.3. Trigonometric integrals

Example. Compute
/sin5 X - cos? x dx

In integrals [ sin x - cos” x dx, when one of the two powers m
and nis an odd positive integer, substitution works.

Write sin® x = (sin® x)2 sin x = (1 — cos? x)? sin X.

The integral becomes

/(1 — cos? x)? - cos? x - sin x dx



8.3. Trigonometric integrals

The integral becomes
/(1 — cos? x)? - cos® x - sin x dx
Now u = cos x, du = — sin x dx, results in
_ /(1 —v?)2Pdu = — /(1 —2uv? + u*)uP du
:—/(u2—2u4+u6)du
= —;u3+ §u5 — ;u7+ C

and substitute back u = cos x.



8.3. Trigonometric integrals

Example. Compute
sin* x dx

In integrals [ sin x - cos” x dx, when the two powers mand n
are even nonnegative integers, use the double-angle formulas:

sin? A = %(1 — cos(2A)),

cos? A = %(1 + cos(2A)).

The integral becomes:

/ %(1 — cos 2x)? dx
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8.3. Trigonometric integrals

/1(1 — cos 2x)? 4/ (1 — 2cos2x + cos? 2x) dx

1 1
4/ (1 —2cos2x + 2(1 + cos4x)) dx

1 1
4/(2—2c052x+2cos4x> adx

1/3 ) 1 .
= Z <2X—sm2x+85|n4x> +C
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8.3. Trigonometric integrals

Example. Which substitutions would work in

(a) / tan® x dx, (b) / tan® x dx.

29



8.3. Trigonometric integrals

Example. Which substitutions would work in

(@) /tan5 X dx.

Write

The substitution u = cos x works and leads to:

_/(1 _u5U2)2 du
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8.3. Trigonometric integrals

Example. Which substitutions would work in

(b) / tan* x dx.
Write
. 1 tan? x 1
tan* x = tan® x - sin® x - S — tan® x S ——
cos® X 14+ tan®x cos® X

The substitution u = tan x works, but leads to integral

T

1+u2du

which can be solved by long division:

/ u* du—/ uw?—1+ 1 du
T+uw ™ w2 +1

We will do such integrals in detail later.
24




8.3. Trigonometric integrals

Example. Compute

/ V1 — cos x dx
We observe X
1 —cosx =2sin® =
2
so that the integral equals

/ V2 sing‘ ax

—T

= 2\@/ sin X adx
0 2
X=7
=42

x=0

= —4+/2 cos g
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8.3. Trigonometric integrals

Integrals of sec and csc:

1
/ dx =In !
cos X cos
1
/ —— dx = —1n
sin X

+C

+ tan x

X

+C

+ cot x

sin X
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8.3. Trigonometric integrals

Proof of:

+tanx|+ C

X

1
/ dx =1In 1
cos X cos

Write

1 sin X
/ 1 dx :/ cos? X + cos? X dx
cos X 14 tanx

cos X

1 i 1
u= + tan x, du:<smx +X> ax

cos X cos2 X = cos?

so we get
1
/du:ln]u+C.
u

27



8.4. Trigonometric substitutions

We can get rid of square roots va2 — x2, Va2 + x2, Vx2 — a2,
by using substitutions below.

va int. for x subst. 6 int. for 6 v/ becomes dx
Va2 — x2 (—a, a) x=asind | (—n/2,7/2) 2% — x2 = acos 0 dx = acos 6 dO
a2 + x2 (—o0, ) X = atanf (—7/2,7/2) Va2 + x2 = asech dx = asec® 0 d6
x2 — a2 (a, 00) X = asec (0, 7/2) V/x2 — a2 = atan 6 dx = asec 6 tan 6 dO

28




8.4. Trigonometric substitutions

Example.
va | int.forx | subst.o | int. for 6 | v/ becomes | dx |
@ —x2 | (-aa) | x=asin8 | (—w/2,7/2) | V& —x2 =acosf | dx=acosfdf |

2
/\/aZ—XZdX:/azcosthdH:az/(1+c0520)d9

2
_2 <0+1sm29> +C

T2 2
2

*%0+—25ln9\/1—sm 0+ C
2 2
a X a x X
Earcsm;%—fg 1—(5) +C

2

a X
:—arcsm5+§\/a2—X2+C

2

29



8.4. Trigonometric substitutions

a2 + x2 [ (—o0, 00) [

[ int. fore | +/_becomes | dx |
| (=m/2,7/2) | V@ +x2 = asecd | dx = asec’6d6_|

/WST

cos 6 1
/ cos2 0 af = / cos @ af

=In|secd +tand| + C

=In

=In|V1+tan26+tanf|+ C

1+ (3) +3

In‘\/4+x2+x
N 2

+C

+C

n( 4+x2+x>+C
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