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Abstract

By applying displacement maps to slightly perturb two ffeem surfaces,
one can ensurexactagreement between the imagesRA of parameter—
domain approximations to their curve of intersection. Ttaighe expense
of slightly altering the surfaces in the vicinity of theitémsection, a perfect
matching of the surface trimming curves is guaranteed. &kt agree-
ment of contiguous trimmed surfaces is essential to aaigewpologically

consistent solid model constructions through Boolean aijmers, and has
a profound impact on the efficiency and reliability of apations such as
meshing, rendering, and computing volumetric propertigkreover, the
control point perturbations require only the solution ofreeér system for
their determination. The basic principles of this approsetopologically

consistent surface trimming curves are described, and gearsults from

the implementation of a simple instance of the method arsemited.
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1 Introduction and motivation

At the workshop omMathematical Foundations of Computer Aided Destugld at
the Mathematical Sciences Research Institute, Berkeldéyne 1999, the problem
of formulating algorithms for topologically consistenpresentations of trimmed
surfaces emerged as a critical challenge confronting thgpater aided geometric
design research community. Although this problem is not m&Wiancements in
the efficiency of both hardware and downstream applicatiofte/are have caused
the lack of robustness and stagnation of trimmed surfaa@ittigns to become a
serious concern. Motivated by such considerations, thpeippresents methods
to achieveexacttopological consistency of trimmed Bézier/B—spline auds.

Current computer—aided geometric design systems relygoiliynon the use of
(piecewise) polynomial and rational parametric surfacesdetcribe “free—form”
shapes, such as automobile bodies, turbine or propelldeblaircraft fuselages
and wings, and ship hulls. Each “patch” of such a surface igtlage of a simple
(i.e., triangular or rectangular) parameter domain undectovenap taR3.

In certain applications, however, it may not be possible ézigely specify the
desired portion of a surface as the image of a triangularciangular parameter
domain under a polynomial or rational map. When solid modedsconstructed
by Boolean operations, for example, it is necessatyino surface patches along
their curves of intersection. Such “trimmed surfaces” asee in constructing
offset surfaces, blend surfaces, swept volumes of movingotdjand many other
contexts. Itis, in general, impossible to describe the eixdersections of free—
form surfaces by rational parameterizations, and algmsttior approximating
trimmed surfaces [19] often incur “gaps” or “overlaps” beéndrimmed patches
(see Figure 1). A common approach is to simply replace thenggmooth analytic
surfaces by polyhedral approximations: surface trimmig then be performed
without the need for fundamentally new algorithms or repnéesteons. It is widely
recognized, however, that such polyhedral models are @ifesettory for precision
engineering applications involving aerodynamic perfanoeg contact kinematics
or dynamics, detailed stress analyses, etc.

The absence of truly “robust” timmed surface algorithmd eepresentations
poses a critical impasse for the efficient and systematigaisACAD models in
downstream applications. Computational fluid dynamics ygpaal example [10]
— while surface and volume meshing algorithms typically mujust a few hours,
given topologically consistent input geometry, and the ftmmputations are also
very fast, they must be preceded by a laborious “geometygpation and repair”
phase. This involves manual intervention to identify anudedy the topological



Figure 1: The “Utah teapot” cut with a bicubic patch. The ingéetson is approx-
imated by surface trimming curves, creating a gap betweetrithened surfaces.

defects (i.e., unintended gaps or overlaps between adjacemed surfaces) of
the model, and may consume weeks or even months to render ther@aBl in
a sufficiently “water—tight” state for the meshing algonith

This imbalance of effort is especially intolerable in desogptimization, where
frequent alterations to the model geometry are invoked. Adesa in computer
hardware, meshing algorithms, and finite—element codébkeiface of a stagnant
state—of-the—art for robust trimmed surfaces, have ekatent this problem. The
economic impact of a solution to this impasse, in terms ofroved efficiency and
accelerated product development cycles, has been edtiteaten to hundreds of
millions or even billions of dollars annually.

Tensor—product bicubic patches are perhaps the most colyomed surfaces
in CAD systems. Unfortunately, the possibility of aracttrimming for such
surfaces is precluded [21] by the remarkably high degrebef intersections —
namely, 324 when regarded as algebraic space curves, andeathnvariable
when expressed in the surface parameter domains. Wheredgetnagc space
curve must be of genus 0 to admit rational parameterizat@intersection curve
of two bicubic surface patches is generically of genus 433e{§5].

For many applications, exactitude of the surface trimmimye is not critical
provided we can guarantee that an approximation is (i) “gaffity close” to the
true intersection, and (ifpopologically consistentProperty (ii) refers to the fact
that, for surface trimming, we requitereerepresentations of the intersection —
one in each of the two surface parameter domains, and dR&.iffo avoid gaps
and overlaps between the trimmed surfaces, these distipeisentations of the
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intersection must definexactly the same curve

We propose a surface trimming procedure that incorporaittsthe features
(i) and (ii) above. Whereas the accuracy of intersectioneapproximations has
been addressed by previous authors (see [18] for a review) vdd¢hat the
scheme proposed herein offers the first explicit embodiroétite “consistency
property” (i) for the Bézier/B—spline surfacesommonly used in computer aided
design and geometric modeling. The key idea is that, givéficently accurate
approximations of the intersection curve in the surfacepater domains, we
take the liberty ofperturbing the surfacem the vicinity of their intersection, so
that the mappings of the curvesits agreeexactly— in terms of both geometry
and parameterization. Prior work [2, 9, 13, 14] has failed toieeh this elusive
“holy grail” of topologically consistent trimming for Bézr/B—spline surfaces.

This idea was first suggested at the WorkshopMathematical Foundations
of Computer—Aided Desigr- a follow—up to the SIAM Workshop olmtegration
of CAD and CFD held at UC Davis [10] in April 1999, at which the impact of
inconsistent trimmed surfaces on meshing and computafioihdynamics was
recognized. We show here that the perturbations requiradhi@ve consistency
can be obtained by solving system of linear constraints the surface control
points in the vicinity of any smooth, monotone intersectsagment. Moreover,
we can use subdivision or degree elevation to ensure theabilay of sufficient
degrees of freedom to simultaneously satisfy the constegjuations and achieve
an adequately accurate approximation of the true intemect

Our plan for this paper is as follows. To apply the perturbatioheme, it is
necessary to first perform a topological analysis of thergatetion curve in the
surface parameter domains, and to dissect it into “simptedath segments: this
process is briefly summarized §2. The basic principles governing the selection
of control point perturbations, in order to achieve comsisy of the trimming
curves, are described §3, and the approximation of intersection curve segments
is discussed i§4. For brevity, we present results from only a simple illusiea
implementation of the method §b, in the context of linear intersection approx-
imations in the parameter domains of bicubic surface patchethis case, only
five control points need to be perturbed, and the pertumbatian be found in
an uncoupled manner. Finall§6 concludes with an assessment of the potential
for practical use of this perturbation scheme and a briafudision of topics for
further study. The appendix summarizes some key algoritbnBBernstein—form
polynomials, that are extensively used in the perturbatimcedure.

1See [1, 17] for related methods on the trimming of free—foutmdvision surfaces.



2 Pre—preprocessing the intersection

Before invoking the surface perturbation scheme, we subijedrue intersection
curve to certain pre—processing steps in order to resa@uejitology and to split
it into “simple” smooth monotone segments, amenable to@appration.

Suppose the given surfaces are tensor—product Bézidrgsadiefined in terms
of the Bernstein basig!(t) = (7) (1—t)"t" in the form

p(st) = jiéopjkb?(smﬂ(t), (st)€[0,1]x[0,1],

q(u,v) = é)éoqjkb?(u)bﬂ(v), (u,v) €[0,1] x [0,1].

For brevity, we focu$ on tensor—product surface patches, although the method
can be readily adapted to B—spline surfaces, triangulapat etc. To identify
segments that are monotone with respect to both the paraoeterach surface,
we dissect the intersection at &lirning points which may be identified as real
solutions to the systems of four equations in the four unkrsqs, u,v) € [0,1]4
defined by the vector condition

p(S,t) = Q(U, V)

and each in turn of the four scalar conditions
[(Psx Pt) X (Quxav)]-Ps =0, [(PsxPt) X (Quxqv)]-pt = O,

[(psxPt) X (Quxav)]-Au =10, [(pPsxPt)* (Quxqv)]-qv = 0.

These may be solved by root—finding methods for Bernsterm-fmlynomials —
e.g., [23]. Figure 2 gives a schematic illustration of the preeessing procedure.
A topological analysis must also be performed, to estabigstithe monotone
segments identified in this manner are connected — see, éongle, [8, 11, 12].
It suffices, in the present context, to note that the outptih@topology analysis
is a set of paired rectangular sub—patches of the origimtdipatches, each pair
being characterized by the property that their common $etetton component is

2We shall also confine our attention to “generic” intersaetsiodegenerate cases, such as the
presence of singular points or coincidence with a surfageaisometer curve, can be handled by
suitable special-case procedures.
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Figure 2: Left: two intersecting bicubic patches. Righte fhre—processing of
their intersection in the two surface parameter domainsintH is a vertical
tangency in the parameter domain of the yellow surface, armgl &horizontal
tangency in the parameter domain of the blue surface. A ank Drl patch
boundaries. The subdivision into sub—patches, within whiehritersection curve
IS monotone with respect to each surface parameter, isrdhast.

a smooth, monotone segment traversing these sub—patdiaeehediametrically
opposite corners.

For convenience we also assume that( t) andq(u, v) are two sub—patches
satisfying these criteria, they are parameterized on theadtof 0,1] x [0, 1] with
the intersection segment connecting the opposite coli®e® and(1,1). Each
sub—patch is represented by its own Bézier control net. Mae we assume that
the portion of the sub—patgi(s,t) that is to be trimmed away is bounded by the
intersection curve and the sides- 0 andt = 1. Likewise, the portion ofj(u, V)
to be trimmed away is bounded by the intersection curve amgittesu = 0 and
v = 1. These stipulations are easily satisfied by suitable ranpeterizations of
the sub—patches.

3 Outline of perturbation scheme

Perturbation schemes have previously been invoked [22hftoree topological
consistency of geometric models, though primarily in trecpivise—linear realm.
Recently, these methods have also been extended to suddisigfaces. Our
present intent is to describe their application to the ubigps Bézier/B—spline
representations of computer aided geometric design.

Given two tensor—product Bézier patches, suppose we ptsiutdynomial



parameterizations (with common paramefeof their intersection segment in the
surface parameter domains, of the form

€)= 3 ). 1) = 3 ). @
and . .
E) = 5 ubf'E). viE) = 5 ibl'E), @

for & € [0,1], with s(0) =t(0) = u(0) = v(0) =0 ands(1) =t(1) =u(1) =v(1) =

1. The exact intersection does not ordinarily admit suchrarpaterization (since
itis not, in general, a rational curve). However, by takingltberty of perturbing
the surfaces slightly, we cdliorce such a parameterization to be exact for the
intersection of the perturbed surfaces. To determine theired perturbations,
we define an “error curve” by taking the vector difference ad thnages of the
curves (1) and (2), defined in the surface parameter domaiaer the mappings
p(s,t) andq(u,v) — namely,

&) = j;k;pjkb?(s(i))bﬂ(t(i)) — 0jkb] (u(€))bR(v(&)) -

Using the arithmetic and composition algorithms for Berimstiorm polynomials
(see the appendix), this can be expressed as a univaridte petynomial

2mn

&) =3 &abf™(€)

of degree thnin &. Our goal is to make(§) = 0O, for which we must have
g =0, i=0,...,2mn. 3)

Now the coefficientsy, ..., eomndepend linearly upon the 2+ 1)2 vector control
pointspjx andqgjk of the two surfaces, and non-linearly on then4+ 1) scalar
coefficients ofs(§), t(§), u(&), v(§). Our strategy is to compute the latgepriori
to satisfy geometrical interpolation or smoothness gateand perturb only (a
subset of) the surface control points to achieve the cotiigticonditions (3)
for the intersection curve in the spadsg), (u,v), andR3.

The required perturbations are found by solving a linearesgof constraint
equations. Furthermore, we can maintain a prescribed ofdmmainuity (C* or
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nearly-C1) of the perturbed (trimmed) patch with contiguous patchés@parent
surface. The feasibility of this scheme is predicated orueng a “sufficiently
accurate” initial approximation of the intersection segine- as a measure of
this, we may use the quantity

A= max |p(s(§),t(§)) — a(u(&),v(&))|-
£c[0,1]

This can be computed with standard methods [16] by expresisexguantity on
the right in Bernstein—Bézier form. Although formal sotuts exist even for large
A values, the surface perturbations they incur may be unnade for practical
purposes. The need to subdue the efytwelow some prescribed tolerance is not
an unduly onerous requirement — it can generally be achibyesubdividing
the patch into smaller elements, over which the intersedsi@menable to more
accurate approximation.

To obtain the linear dependence of the compatibility coodg (3) on the
surface control points explicitly, the composition of thelymomialss(§), t(§)
andu(§), v(§) with each of the Bernstein basis functions is written as follows

B1(s(8)) = mznos,-ab&“”@), B(L(8)) = Bmzn tgbI"(E),
a= =0

and

DP(u(E)) = iujab&”"@), OR(V(E)) = Bmzn Yighf"(®).
a= =0

Then, by the product rule [7] for polynomials in Bernsteimfp we have

n n
6§ = )\"kp'k—lii'kQ'ka i:Oa"'72mn7 (4)
j;kgo 1JKM] JKH])
where gy (o)
min(i,mn _
Nijk = g Y Sivtii-y,
y=max(0,i—mn) ( in)
and

min(i,mn) (mn) (_mn)
y / \i—y.
Wik = > —mm UiyVkioy-
y=max0,i—mn) ( i n)
After trimming, p(s,t) is bounded by the trimming curve and the original patch
boundaries = 1,t = 0. Since, in general, we wish to retain at leag%or C!
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connection of the trimmed patch with the parent surface atbege boundaries,
we cannot perturhll the control pointp j of p(s,t). For exampleC? continuity
will require that the B+ 1 distinct control pointgn, for k=0,...,n andpjo for
j=0,...,nare fixed by the neighboring patch, and if we de€iteontinuity, the
control pointgpp_1x for k=0,...,nandpj; for j =0,...,nare also fixed.

Thus, forC° continuity, onlyn? of the control points op(s,t) are available
for perturbation, while fo€* continuity only(n— 1)? of the control points can be
perturbed. Since the same is true dgu, v), we have B2 or 2(n— 1)? perturbable
control points altogether, consistent wil? or C continuity, respectively. To
satisfy the compatibility conditions (3), the number ofefreontrol points must
equal or exceed the number of these conditions, namely

2 2_
mSZn 1 and mSZn 4n+1
2n 2n

for C? andC? continuity, respectively. Table 1 indicates the largeasfisle degree
Mmax for various values of, and the number of left—over (vector) degrees of
freedomp for this largesm.

[N [Mnax| P | [N ] Mnax| P |
1 * * 1 * *
2 1 |3 2 | * | *
3] 2 |5 31 |1
41 3 |7 41 2 |1
5] 4 |9 5] 3 |1

Table 1: Maximum approximant degree and the number of ratifieedoms,
p=2(n—1)%— (2mmaxn+ 1), for C (left) andC* (right) continuity.

Thus, for example, bicubic patches=€ 3) allow quadratic approximations to
the intersection curve in the parameter domains with 5 residector freedoms
if we wantCP continuity with adjacent patches, and linear approximatioith 1
residual vector freedom if we wa@t continuity. If we want intersection approx-
imations of higher order, it is not necessary that the oapatches be greater
than bicubic in degree, since we can use degree elevatiogreasen (and thus
the number of control points), and perturb the degree—tdeweontrol points.

Whenp(s,t) is represented as a degrée—+ 1, n+ 1) rather than a degree—



(n,n) patch, the control points for this degree—elevated reptatien are

o _ ik o[, k]
n+1n+1p“1"“1+n+1[1 nr1|Pi-ik

L j k 1
" [1 n+1] N1k [1 n+1] [1 n+1] Pik
for 0 < j,k < n+1, wherepjx = 0if j orkis less than 0 or greater than(4].

This process can be iterated, to elevate the degrpésdf) to (n+r,n+r) for any
r > 1 — the resulting control points may be expressed [7] as

N _ minn) min(Bn) (?)(aij) (E)(Bik)

(
p Pik (5)
o j=max0,a—r) k=max(0,f—r) (ngr) (n—é-r)
for 0 < a,B < n+r. The control points
pglr’k, pglr_l,k fork=0,...,n+r (6)
and
p%), pﬁrl) for j=0,...,n+r (7)

are then fixed if we requir€! continuity with adjacent patches along the bound-
ariess= 1 andt = 0 — the remainingn-r — 1)2 control points may be perturbed.

It is necessary, however, to first express the coefficientgn(#grms of the
degree—elevated control points, in order to enforce thestcaimts (3). For this
purpose, we need to revert the relation (5). Since the coptriolts of a degree—
elevated representation are not linearly independerst réviersion is not unique
— the original control points can be recovered from just 1)2 of the(n+r +1)2
degree—elevated control points. The form appropriate ¢optiesent context is
defined for 0< j,k< nby

n+r ok ] (
Pik = (_1)1+k+a+B r-1

a=]+r =0 (T)

a—j—1y (ntry (K=B+r—1y ntr
)( a ) ( r—1(2))( B ) p((}(r[%.

Note that this makes no reference to the control points (6 @navhich are fixed

by theC?! continuity requirment, and are not subject to perturbatidius, ifrgrk)aﬁ

3This hoIdsonIywhenpg% for0< a,B < n+r are in fact the degree—elevated control points
for a tensor—product surface of true degfegm).
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denotes the coefficiehof pgé above, the constraints (3) can be written as

n4+r n

g = Z z)\laBpaB mean 0, i=0,...,2mn (8)

where
a—r n

a-r n
|0(B = % Z )\llkrjkGB’ H((;)B = ];kgBMJkrgrk)aB

(we invoke the same approach to degree—elayéatg/) and assume€? continuity
is enforced along the sides= 1 andv = 0). Thus, if we write the perturbed
control points as

pgé + Apgé and qgé + Aqgé

forr <a <n+r and 0< (3 < n, the perturbations must satisfy the linear system

-\ (n
ZrBZO)\i(a)BApaB Hopdlag = Z XHanaB NebPap

fori=0,...,2mn Inthe case&= 3,m= 3,r = 2, for example, the above amounts
to 31 linear equations in 32 (vector) unknowns, and one mandition is needed
to close the system — we may take

n+r n (r) n+r n (r)
2 2P =3 5 Ad
=T =0 d=r =0

i.e., themeanperturbation is the same for both surfaces.

The above method first approximates the intersection curvied parameter
domains of the two surfaces, and then seeks surface pdrturbghat will cause
the images of these approximationsR# to agree exactly. Another approach is
to first approximate the intersectioniR¥, and then find surface perturbations that
will cause curves of appropriate degree in the surface pdesrdemains to be
mapped to this curve iR3. The latter method offers fewer degrees of freedom,
but is easier to implement in simple cases — an example igidesdn§5.

“Note that, for givern andr, these quantitites are “universal constants” that may lee- pr
computed in rational arithmetic and stored for future use.
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4 Approximating the intersection segment

As noted above, the coefficients that define the parameterida@pproximations

(1) and (2) of the intersection segment should be deternpriedto applying the
surface perturbation scheme. The most basic requiremethwan be satisfied

by linear (m = 1) approximations in the surface parameter domains, is that of
end—point interpolation:

So=tgo=u=v=0 and Sn=tmn=Un=Vm=1.

To obtain aG! piecewise approximation of the intersection, we may intextgol
end tangents. 1§(€), t(§) andu(g), v(¢) define the exact intersection, it has the
spatial parameterization

r(E) = p(S(E),t(E)) = Q(U(E),V(E)), & € [0’1]'

Denoting derivatives with respect &by primes, we have
' = pss + pit’ = quu’ + g, (9)

and taking the dot products of the above expressions pgth p; andqy x qy,
respectively, we obtain the ratios

St = —(quxaqv) Pt (QuXxqv) - Ps,
UV o= —(PsxPt) Qv : (PsXPt)-qu-

Substituting these expressions into (9) and using stangectbr identities, we
have

' = c(psx Pt) X (Qu X Gv) (10)

for c# 0, i.e., the direction of the curve tangent is the cross proolutte surface
normals. The parametemay be used to fix the magnitudes(sf,t’) and(u/, V')
as follows. Let

L= [r(1)=r(0)f = [p(1,1) = p(0,0)| = |q(1,1) —q(0,0)]

be the chord length of the intersection curve segment. Thmkealues of s, t')
and(u,V) at€ = 0 and¢ = 1 are determined by requiring that

') = [r'(1)] = kL
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wherek is a factor, somewhat greater than 1, allowing for the greetegth of the
intersection curve segment than the chord between the entspuVe obtain

kL
© = [pex PO x (Qux ) (11)

and hence the desired values of the end—derivatives are

Ny (=(Quxay)-pt, (Qux qv) - Ps)
(1) =kt |(Ps X Pt) X (qu X qu)|

I

and

(V) = kL (=(PsxPt) - Gv, (Ps X Pt) - Gu)
[(Ps % Pt) X (0u X Q)|
where the surface derivatives are evaluate@datu,v) = (0,0,0,0) if £ = 0, and
at(sit,u,v) = (1,1,1,1) if £ = 1. Whenm= 3, for example, the coefficients of
s(§) in (1) are thus given by

Y

&):07 51:0+ﬂ7 52:1—&, 83:1
3 3
Analogous expressions hold for the coefficients(&f, u(g), v(&).
One may, in principle, use higher—order approximationsIpafd (2), taking
advantage of the additional degrees of freedom to intetpdlather geometrical
properties of the intersection curve. Second-order @iffeal properties may be

derived by considering the expressions

" = pss’ + pit” + pssS? + 2psSt’ + put’?
= QUUH + QVV” + C]uuul2 + 2C]uvul\/ + QVV\/Z-

Itermediate point data may also be interpolated or apprateohby a least—squares
method. See [20] for further details on approximating is¢etion segments.

5 lllustrative implementation

Implementation of the perturbation scheme, as describedegalis a substantial
task that should be supported by a careful analysis of thditton of the linear
system and optimal strategies to best utilize the residegiaks of freedom. A
thorough treatment of these issues is deferred to a futudystve confine our
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attention here to implementation of a simple instance op#rturbation scheme,
using bicubic displacement maps. This example illustrdiesbasic principles,
and admits a simple closed—form solution for the requirethse perturbations.

The context for this implementation is the intersectionvad bicubic surface
patches, defined by

3

3
p(st) = % Z pikb; (bR(t), a(u,v) = l; Zoohmbf’(u)bsm(v)

for (s,t) € [0,1] x[0,1] and(u,V) € [0,1] x [0, 1], respectively. The method can
also be generalized to rational bicubics by working in proye 4—space.

We assume the pre—processing step§2oliave been invoked, so thafs,t)
andq(u,v) intersect in a single curve segment, extending fi@y0) to (1,1)
in the parameter domain of each surface. The portiop(sft) bounded by the
intersection curve and the patch sides 0 andt = 1 is to be trimmed away.
Similarly, the portion ofj(u,v) bounded by the intersection ang-= 0 andv=1is
to be trimmed away. In the surface parameter domains, we wsmlhe simplest
possible approximation for the intersection curve — namtilg diagonal line
segment defined by

SE =t =F and U = V() =&. (12)

Note that the images of these approximation®munder the vector mappings
p(s,t) andq(u,v) are polynomial curves of degree 6.

Formally, we only requir€® continuity of the retained portion @f(s,t) with
adjacent patches along the sides 1 andt = 0, and likewise for theg(u, V)
along the sides = 1 andv = 0. In practice, however, we usually obtain neat—
continuity — discrepancies in the tangent—plane orienitedire usually 1°, and
this error can be further reduced by increasing the numbet @ecreasing the
size) of the displacement maps.

To obtain a simple closed—form solution for the controlapguerturbations,
we use an approach slightly different from thats8f Namely, we first construct
an approximation of degree 6 to the true intersection segmét?, and we then
force the images of the parameter—domain approximatidt)st¢lagree with this
curve inR3 by perturbing the surface control points. This has the aidggnof
decoupling the perturbations for the two surfaces, andavallgs to ensure that the
approximation satisfies a prescribed geometrical toleraBappose the approxi-
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mate intersection is given by
6

r€) =3 rib’(&). (13)
2"
By construction, we have(0) = ro = poo = qoo andr (1) = rg = p33 = (33 as
end points. For end tangents, we use (10) evaluatésitat= (u,v) = (0,0) and
(1,1). Thus, for suitable choices &fin (11), the first and fifth control points of
r() are given by

r'(0) r'(1)
6 6

The intermediate control points, r 3, r 4 are typically fixed through a least—squares

fit of r (§) to several (typically 10) points sampled along the truerBeetion curve.

The method of [24] is used to assign parameter values in thigffprocess.
Consider now therror curvesdefined for each surface by

&(&) =r€) —pE&), €& =r() —alg (14)

— i.e., the differences between the approximate intersectioveq(13) and the
images of the parameter—domain curves (12&3n In order for the latter curves
to coincide with the former, we must hagg(¢) = 0 andey (&) = 0. Note that the
two error curves (14) are of degree 6 — we shall denote theitrabpoints by
€00, - - -, Epe ANdEq, - . -, Egp.

Now the control points of the error cureg(§) are given by
in(i 3y( 3
) (1) (i—j)
6
j=max(0,i—3) (.)

and similarly forey (&), with pj i—j replaced bygj.i—j. In particular,gyo = € =0
by construction, and the remaining control points are

and g =rg—

rn=ro+

Q‘Ji:ri_ pj,i—ja i:07"'767

+
1 = 1 — I0012p10’
+3p11+
&2 = 2~ Po2 %11 pzo’
_ Po3+ 9(P12+ P21) + P30
€3 = I3 — )
20
+3p22+
s = 4 — P13 [;22 I031’
&5 = s — I023+2—p32‘
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Similarly for the control points o (£).
The image inR® of the parameter—domain cur¢s(€),t(&)) defined by (12)
will match the approximate intersection curve (13) exadtlye can ensure that

€1 = €p2 = €3 = Epg = 5 = 0. (15)

To satisfy these consistency conditions, we use perturbettatgointsp =
Pik +Apjk. The same approach is also used for the suréfogev). Under the
appropriate perturbations, the perturbed surfaces witifgat

P(s(8),t(8)) = A(u(€),v(€)) = r(2).

Now since the consistency conditions (15) amount to five fr@constraints, we
perturb only the five boundary control points

Po1, Po2, Po3, P13, P23- (16)

These points have least influence on the retained portioneofrimmed surface
along the sides=1,t = 0 adjacent to other patches of the parent surface. Thus,
although we formally impose onlg° continuity along these sides, in practice
the departure front! continuity will typically be quite small. The control point
perturbations fog(u,v) are treated in exactly the same manner.

On replacingojx by pjk +Apjk in equations (15), and assuming that the only
non-zero perturbations are those associated with the boucaiatrol points (16),
we obtain the required perturbations explicitly as

Apor = 2r1— (Po1+P10),

Apoz = 52— (Poz2+3p11+P20),

Apoz = 20r3 — (Po3+9p12+ 9p21+ P3o) ,

Ap13 = 5r4—(p13+3p22+P31),

Apz3 = 2r5— (p23+P32)- (7)

The required perturbations for the control points)@d, v) are given by analogous
expressions. Note that, if one surface is planar and the aippate intersection
curve (13) is also planar, these perturbations will not cammse the planarity.
The strategy for determining the unknown coefficients of @3j the control
point perturbations is as follows. The perturbatidpg, andAp»3 (and alsadAqo1
and Ago3) depend on the unknown scallain (10). Values are chosen for this
parameter to minimize the discrepancy in surface normalsgathe sides =
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1 andt = 0, where the trimmed patch is contiguous with other patchesef t
parent surface (likewise along the sides 1 andv = 0 of the other patch). Once
appropriatek values are found in this manner, andrs are known, and we can
obtainApp1 andAp»s from (17); likewiseAqo1 andAgos for the other surface.
Knowingro, r1 andrs, rg the intermediate coefficients, r3, r4 are computed by
the least—squares fit, and the remaining perturbatiqms, Apos, Ap13 can then
be found from (17); likewise foAQo2, AQos, AJ13.

DIGITS OF ACCURACY

Figure 3: Results from applying the surface perturbatidreste to the patches in
Figure 2 over the domain rectangle CD. Colors indicate the #tatfismeasure of
the perturbation error.

.3
DIGITS OF ACCURACY DIGITS OF ACCURACY

Figure 4: Results from splitting the surface perturbatiomdins of Figure 3 in
half (left) and in quarters (right).

Results from an implementation of the above scheme are showigures 3
and 4. This example employs the patches of Figure 2, overdheaoh rectangle
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CD. Figure 4 illustrates how the approximation error can biuttber subdued by
splitting the perturbation domains. The solid blue regiaresnot perturbed at all.
By using a greater number of smaller perturbation domairesHausdorff error
diminishes rapidly. For computer graphics applicatiohg, single perturbation
shown in Figure 3 will probably suffice.

I
DIGITS OF ACCURACY 3 4 5 6 7 8

Figure 5: A “watertight” plane section of the Utah teapot.

K 1]
DIGITSOFACCURACY 3 4 5 6 7 8

Figure 6: Results from splitting in half the perturbatiomtins in Figure 5.

The example in Figure 5 shows the teapot sliced by a plane, hattoly of
the Hausdorff error again painted on the patches. The ergions indicate the
boundaries of the teapot patches that are intersected Ipfahe. Figure 6 shows
what happens to the error when the perturbation domains are katf. Observe
that there is no Hausdorff error on the plane: itis perturbgaane. The example
in Figure 7 shows the teapot sliced by a bicubic patch with thiaiperturbation
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domains. The error can be reduced below any prescribeditaetby refining the
perturbation domains.

L
DIGITSOFACCURACY 3 4 5 6 7 8

Figure 7: A “watertight” intersection between the Utah teapuat a bicubic patch.

The perturbation method can also be adapted to accommadiateal bicubic
surface patches, with the intersection approximated byi@natcurve of degree
6. Interpreting the control points and their perturbatiassvectors irR*, one
can avoid the degree—doubling that usually occurs in thé&raction of rational
functions with different denominators. It is also necesgargnatch the weights
of the common sub—patch corner control points; this can beraplished by a
suitable re—parameterization of the surfaces.

6 Closure

A general scheme for the topologically consistent repriagiem of trimmed free—
form surfaces has been presented, based on finding suitafblelations of the
surfaces that ensure exact matchin@Riof the images of the parameter—domain
trim curves. These perturbations can be found by solvingeali system.

An implementation of a simple instance of the scheme, destiig5, offers
very promising results. In this case, the displacement raspbicubic, and can be
derived in closed form. Furthermore, planes remain plandstthis perturbation,
and if one surface is ruled and the other surface is a plaaéntarsection is exact
and the Hausdorff error is zero. As can be seen in Figure 4, openee under
subdivision is relatively fast. Also, the algorithm runs addy. The examples
shown take less than a second of compute time.
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Higher—order versions of the procedure have the potentiaffeo accurate
approximations of the intersection curve with fewer patchesrturbations that
areCl andC? are also possible, using suitably high degrees. Howeveialinit
investigations suggest that careful pre—conditioningtegfies may be needed to
solve the linear system. We hope to report on these methatiseicourse.

Appendix: Bernstein basis algorithms

All our algorithms are formulated in terms of the Bernsteisiba

bl(t) = (E) 1-t)"%k,  k=0,...,n.

The Bernstein form is numerically very stable [6, 5] and ffgeometrical insight
into the graph of the function or locus defined in terms of jt We review here a
few basic algorithms for polynomials in Bernstein form thed used extensively
in the surface trimming procedure — more complete detaild @ftware) may
be found in [7, 25].

Products of polynomials

The product of two Bernstein—form polynomials
i m A n
p(t) = i; pib(t) and q(t) = j;Qij (t)
can be written as a polynomial of degnee- n,

m4-n
pH)At) = 3 adb™N(Y)
K=0
with Bernstein coefficients given by

(D))
")

min

—~

PrOk—r k:Oa"'am+n'

o)
™M

r=ma

X

0,k—n)
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Composition of polynomials

We are concerned with computing the Bernstein coefficienth@fpolynomial
w(t) = q(p(t)) defined by substituting a polynomial= p(t) into a polynomial
g(u). If p(t) andqg(u) are of degreen andn, respectively

m n
pt) = 3 pibl'(t) and  q(u) = 3 akbi(u),
j; J kgo
thenw(t) is evidently of degreenn

szmwnzimwmy

The product algorithm([3] offers an elegant means of computing the Bernstein
coefficientswy, ...,Wmn. This algorithm populates a tetrahedral array of numbers

hi(’sj) as follows. In the first levek = 0, we set

hi(’oo):qi fori=0,...,n.

The entries for successive levedss 1, ..., n, are then computed recursively using
the formula
min(j,ms—m) (ms—m)(.m
k - —1 —1
he =y e |- pioh Y ek
k=max(0,j—m) ( js)
fori=0,...,.n—sandj =0,...,ms Once the array is populated, the last level
s= n contains the desired coefficientswft):
wj = h(nj) for j=0,...,mn.

)
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