Efficient elasticity for character skinning with contact and collisions

Aleka McAdams-3 Yongning Zhi#
Rasmus Tamsto¥f

1 Walt Disney Animation Studios
3 University of California, Los Angeles

Joseph Terah!

Andrew Sellé Mark Empey
Eftychios Sifakig!

2 PDI/DreamWorks
4 University of Wisconsin, Madison

Figure 1: Our method takes a geometric internal skeleton (left) and a source surface mesh (not pictured) as input. Based on a hexahedral
lattice (center) it then simulates a deformed surface (right) obeying self-collision and volumetric elasticity. The example shown here has

106,567 cells and simulates at 5.5 seconds per frag@Bisney Enterprises, Inc.

Abstract

We present a new algorithm for near-interactive simulation of skele-
ton driven, high resolution elasticity models. Our methodology is
used for soft tissue deformation in character animation. The al-
gorithm is based on a novel discretization of corotational elastic-
ity over a hexahedral lattice. Within this framework we enforce
positive definiteness of the stiffness matrix to allow efficient qua-
sistatics and dynamics. In addition, we present a multigrid method
that converges with very high efficiency. Our design targets perfor-
mance through parallelism using a fully vectorized and branch-free
SVD algorithm as well as a stable one-point quadrature scheme.
Since body collisions, self collisions and soft-constraints are nec-
essary for real-world examples, we present a simple framework for
enforcing them. The whole approach is demonstrated in an end-to-
end production-level character skinning system.
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1

Creating appealing characters is essential for feature animation.
One challenging aspect is the production of life-like deformations
for soft tissues comprising both humans and animals. In order to
provide the necessary control and performance for an animator,
such deformations are typically computed using a skinning tech-
nigue and/or an example based interpolation method. Meanwhile,
physical simulation of flesh-like material is usually avoided or rel-
egated to an offline process due to its high computational cost.
However, simulations create a range of very desirable effects, like
squash-and-stretch and contact deformations. The latter is espe-
cially important as it can guarantee pinch-free geometry, which is
important for subsequent simulations like cloth and hair.

Introduction

Although the benefits of solving the equations of the underlying
physical laws for character deformation are clear, computational
methods are traditionally far too slow to accommodate the rapid
interaction demanded by animators. Many simplified approaches
to physical simulation can satisfy interactivity demands, but any
such approach must provide all of the following functionality to be
useful in production: (1) robustness to large deformation, (2) sup-
port for high-resolution geometric detail, (3) fast and accurate col-
lision response (both self and external objects). Ideally, for rigging,
it should also provide path independent deformations determined
completely by a kinematic skeleton. However, this is not possible
since contact deformations in general depend on the path taken to
the colliding state.

Whereas previous works have addressed many of these concerns
individually, e.g., robustness to large deformationliwipg et al.
2004, high resolution detailZhu et al. 201Q) and quasistatic simu-
lation [Teran et al. 200bwe present a novel algorithmic framework

for the simulation of hyperelastic soft tissues that targets all aspects
discussed above. Our approach is robust to large deformation (even
inverted configurations) and extremely stable by virtue of careful
treatment of linearization. We present a new multigrid approach
to efficiently support hundreds of thousands of degrees of freedom
(rather than the few thousands typical of existing techniques) in a
production environment. Furthermore, these performance and ro-
bustness improvements are guaranteed in the presence of both colli-
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sion and quasistatic/implicit time stepping techniques. We demon-

ible materials on irregular domains. However, their technique for

strate the impact of these advances in a complete production systentorotational elasticity uses a pseudo-Newton iteration that does not

for physics-based skinning of skeletally driven characters.

2 Related work

Skeleton driven skin deformation was first introduced by
[Magnenat-Thalmann et al. 198&ince then such techniques have
been used extensively, especially the “linear blend skinning” tech-
nique (aka. “skeleton subspace deformation” (SSD) or “envelop-
ing”). However, the limitations of such techniques are well-known
and have been the topic of numerous pap®varig and Phillips
2002 Merry et al. 2006Kavan et al. 200B Despite improvements,
skinning remains, for the most part purely kinematic. It has proven
very difficult to get more accurate, physically based deformations
(e.g., from self-collisions and contact with other objects). Instead,

guarantee convergence on the large deformations typical in skele-
ton driven animation. Dick et al. 2011 Georgii and Westermann
2006 Wu and Tendick 2004also examine multigrid methods for
rapidly solving the equations of corotational elasticity. However
these techniques are based on the warped stiffness approximation
to corotational force differentials and demonstrate similar conver-
gence issues as Zhu et al. Multigrid has also been shown to pro-
vide excellent parallel performance (e.g., on the GPWick et al.

2011 and on the CPU inZhu et al. 2010). [Otaduy et al. 2007
consider FAS multigrid methods for solving implicit dynamics on
unstructured grids. Our multigrid approach is the first to robustly
provide near-interactive performance for non-linear elasticity mod-
els with hundreds of thousands of degrees of freedom.

such phenomena are typically created through a variety of example3 ~ Elasticity and discretization

based approachekdwis et al. 2000Sloan et al. 200[L Although

example based methods are computationally cheap, they often re-The demand for high-resolution simulation with optimal perfor-

quire extreme amounts of user input, especially for contact and col-

mance and robustness motivated the development of our novel co-

lision. Recently, authors have also considered automatic means ofrotational elasticity discretization. Followinghao et al. 2010we

fitting skeletons and binding their movement to deformation as in
[Baran and Popo&i2007.

use an accurate treatment of force derivatives to yield a more robust
solver than the simplified warped-stiffness techniques. We show
that these careful linearizations can be done both cheaply and sim-

Si_mula_ltion (ecently enabled significant advances to character ré-ply and are essential for our desired robustness and efficiency. We
alism in [irving et al. 2008 and [Clutterbuck and Jacobs 2010 perform the discretization over a uniform hexahedral lattice (rather
albeit with the luxury of extreme computation time. Nevertheless than an unstructured tetrahedral one) to facilitate performance on
these approaches demonstrated the promise of simulation. Manymnodern hardware. Although standard methods for hexahedra re-
techniques reduce the accuracy of the elasticity model to help gy ire 8 point Gauss quadrature per cell for stability, we develop a

improve performance and interactivity.Tgrzopoulos and Waters
199Q Chadwick et al. 198dirst demonstrated the effectiveness of
comparatively simple mass/spring based approacl®&gda et al.
2009 add interesting anatomic detail using the tendons and bones
in the hand, but use simple surface-based si8hi ¢t al. 200Buse
simplified surface-based spring forces to provide dynamics given an
example skeleton and deformed poséd&ry[et al. 2002 use prin-
ciple component analysis of off-line elasticity simulation to pro-
vide interactive physically based SSECdpell et al. 2005Capell

et al. 2002 Galopo et al. 200]7used a skeleton based local rota-

much more efficient one-point quadrature discretization (sedjion
In section3.2we begin with a quasistatic method, but we extend our
technique to dynamics in sectién

3.1 Fundamentals

We represent the deformation of a 3D elastic body by a function
¢ : Q — R? which maps a material poinX to a deformed
world-space point sox = ¢ (X ). Subsequently, we useandg¢

tional model of simple linear elasticity. Muller et al. 200% in-
troduced shape matching, a technique that uses quadratic modal
elements defined per lattice cell, allowing realtime albeit less ac-
curate deformations.Rivers and James 20p&xtended the accu-
racy of this method while maintaining high performance with a fast
SVD. Warped stiffness approachédijller et al. 2002Miller and
Gross 2004Mdlller et al. 2004are a more general example of the
techniques developed by Cappel et al. and use an inexact force dif-
ferential to yield easily solvable symmetric positive definite (SPD)
linearizations. However(hao et al. 201J0recently demonstrated

the importance of a more accurate approximation to rotational force
differentials lacking in warped stiffness approaches. We illustrate
this important robustness limitation of the warped stiffness approxi-
mation in figure2 (see also sectiob). The instability of the method
hinders its use in skinning applications. Unfortunately, the more ac-
curate linearizations yield indefinite systems and thus require more
expensive linear algebra techniques (e.g., GMRES). In the present
work, we demonstrate a solution procedure that rivals the efficiency
of warped stiffness, but without the robustness difficulties.

Our Method
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Typically elastic simulation requires the solution of large sparse
systems. Conjugate gradients is a popular method for solving such

systems by virtue of simplicity and low-memory overhead; how-

v
ever, itis plagued by slow convergence (especially with high resolu-

tion models). Multigrid techniques potentially avoid these conver- Figure 2: Inexact methods of computing force differentials lead to
gence issues, but can be costly to derive for problems over irregularinstabilities, even with moderate Poisson’s ratio (0.3), unlike our
domains. IZhu et al. 201pdeveloped a multigrid approach that Method. In this example, instabilities occurzat x stretch, which
achieves nearly optimal convergence properties for incompress-IiS COmmon near joints in skinning applications.
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interchangeably, i.e. we identify(X) = ¢(X). For hyperelastic At each nodal positior := (z1,...,xn) we compute the forces

materials in general, the response can be computed based on the¢ (x) := (f,(z1),..., fy(z~)) and we might additionally have
deformation energy: external forceg. For quasistatics we solve the resulting force
balance equatiofi + g = 0 using Newton-Raphson where thth
E = / U(X,F(X))dX (1) iterate requires the solution of the linearized system:
Q
(k) (k) _ (k)
For simplicity we will here consider the energy densitys a func- K(@™)dz™ =g + f(). (®)
tion of the deformation gradiedt;; = 9¢;/0X ;. Specifically for , of
corotational elasticity we have Here K(z®) := — 3£ ol and 6z = g*TH _ (),
A
U= p|F - R|F+ §tf2(RTF -1 @) 3.3 Differentials of force and stress

whereu, \ are the Laré coefficients, an® is the rotation from the Equation 8) requires solving at every iteration. However, form-
polar decompositiol = RS. ing the matrix explicitly would incur significant performance losses
from the 243 non-zero entries needed per node. Instead, we define
a procedure that directly determines the prod&iéte (wheredzx is

a displacement), allowing the use of a Krylov solver. The product
Koéx=—4f is the force differential induced by the displacements.
Applying differentials on equationstl and (7) we can write the
differential of each nodal force @, =>"_df;, where:

We discretize our model domaif? into cubic elements?. of
step sizeh so 2 = U... The degrees of freedom are world
space samples af, = ¢(X,). The discrete version of equa-
tion (1) then becomes a sum of energies from each element
Ee. Using just a single quadrature point for the voxel center
¢ gives E. ~ h®U(F°) where F¢ =~ F(p°) is computed
W|th central differences about the cell center from averaged faces.

e e e _ 3 e e
This approximation can be written ( of1 0f3 0fs ) = —h"3[P(F%)] G". ©)
Z Gzl @) = e Taking differentials oR” R=I we get(R"sR)"+R*§R =0, thus
ope the matrixdR” R, is skew symmetric. ConsequentlfdR”F) =
L tr(JRTRS) = (JRTR) : S =0 as a contraction of a symmetric
where 1:(2) is the i-th component of the | /= * M and a skew symmetric matrix is zero. Using this result, we take
three-dimensional vectoz;, (see right) 7 T ’ differentials on equatiorgj to obtain
and we have discrete gradient
L/ -1 1 -1 1 -1 1 -1 0P= 2u(0F — 6R) + A {tr(éRTF) + tr(RTdF)} R
f=—| -1 -1 1 1 -1 -1 1 1 |.
ah < -1 -1 -1 -1 1 1 ) +Ar(RTF — I)0R

Thus, we have a means to compute the total energy in terms only = 2u6F + Mr(RTOF)R + {Atr(S — I) — 2u} 6R.  (10)

of the nodal world positions of our hexahedral lattice.
P The differentialdF of the (discrete, cell-centered) deformation gra-

3.2 Force and equilibrium dient is computed from equatioB)(according to the formula:

A discrete force per node can in general be written as SF; = Z ijéa:,i, g (11)
fi=-— gfl = g (— gij) = ; fi. 4) The differential of rotatiorR . is given by
. . . . -1 T T
Using equation3) and the fact thatt is a function of the defor- ‘R=R [5 : ((tr(S)I ) (5 ‘(R 5F)))] 12)
mation gradient alone, a concise expression for each of the compo-
nents of f¢ = (fi(1)7 fi(2)7 fi(3)) (the force contribution to node where is the alternating third order tensor which maps a vector
from element) is: to a cross product matrix. Equatioh?) is a compact expression
of the result presented iMyvigg and K&ic-Alesic 2014, see also
f”) _ 0B _ v ov(F) Z ov OF%, the attached technical document for a detailed proof. In summary,
T o ge@ T f ax@ e OFxi |pe 929 for every cellQ2., we compute the cell-centered deformation gra-
‘ ‘ dientF° using equation3) and compute its polar decomposition.
=—V. Z[P F)uGhidpn = —Ve Z P(F)];:Gy Using equations1(0), (11) and (L2) we computedP corresponding

to the displacement&éx. Finally, using equation9) we compute
the contribution of2. to the force differential, and accumulate the

=—Ve[P ( G5 ) computed values onidf.
whereP (F):= 0¥ /JF is the 1st Piola-Kirchhoff stress tensor. For
corotational elasticity, equatio), we specifically get: 4 Stabilization
P =R [2u(S —I)+ Atr(S — I)] (6)

In section3 we outlined a discretization using a single quadrature

We note that this expression does not dependdB®ydF due point per cell. This choice promises better performance since it re-
to cancellation, as described in the attached technical document.duires only one SVD/polar decomposition per cell (rather than 8

Combining this with equatio® we have a matrix that maps the with Gauss quadrature). Unfortunately, this leads to catastrophic
nodal positions of a cell to its force contribution defects if used without modification. Our method stabilizes the one

point quadrature approach and thus improves performance signifi-
J=(f5 f5 - f5)=-V.PF)G". (7) cantly by requiring just one SVD/polar decomposition per cell.



Consider that a cell has 8 points (24 DOFs), but the one-point evaluate the cell-centered deformation gradiéhonce more, fol-
quadrature based elemental energy only depends on the cellHowing exactly equation3) as before. We compute matdx® from
centered deformation gradient (9 DOFs), leading to a large sub- the polar decomposition d&'¢, and use the information from this
space of deformation modes that have no effect on the discretematrix whereverR;; is needed in equatiori). Finally, our pro-
energy. If we were fortunate, this “nullspace” might only appear posed quadrature method takes the form:

element-by-element and in the union of all elements, these modes

would be penalized. Unfortunately, in our case, there exist non- B2 2

physical global modes that have no effect on discrete energy. For E, = MT S D (FE-RA) + > (Fy—RR)*
example, consider a red-black ordering of the grid nodes, and as- i=1 | qe{A B} 4€{C,D}

sign one constant displacement_to red nodes and ar}oth.e.r to all black (14)
on_e_s.“Thls is not se"en l_)y the_dlscrete energy and is _V|S|_ble as par\\e have that = % ZqE{A,B} Fi andFg = % qu{c,D} FY,
asitic “hourglassing” artifacts in force equilibrium (as in figie since the entries df® were defined as averaged central differences.

These oscillatory nullspace modes are more than visual artifacts,Using these identities, equatiotdj becomes?, = E; + Es, with
they compromise the ellipticity of the discrete equations in multi- ' '

grid methods. This is why standard discretizations use higher-order

quadrature, gaining stability at higher cost. h2 2
- _ N = 3 (D + (R + (S +(F5)?) . and (15)
We remedy this instability by proposing a new integration rule that 2 =1
is stable yet computationally cheap (requires only one polar decom-
position per cell). As an initial observation, we have experimen- 9 eT e 2
tally verified that the termu||F — R/|% in equation ) is the one Bz = ph [72” (R F ) + ”I”F] (16)

which primarily determines stability; we observed that if a stable . ot ; :

. ! ! ; . . The energy discretization suggested by equatidsy dnd (L6) is
technique (e.g. 8-point Gauss quadrature) is used to integrate thisg, 0 ‘2 ’sean by our results and the convergent multigrid schemes
term, the entire scheme will remain stable, even if the naive 1-point

h 2T : we have constructed on its basis. In order to better explain the me-
quadrature is used for the terdur®(R"F — ). Thus, we will chanics of this approach, we manipulate theomponent of the
initially present our approach in the context of the simpler energy

density¥ = u||F — R||%, and address the 2D case first (i.e., on a energy as follows:

square lattice).
‘ ) W = WP~ RI% = ul[F3 - 20t (RTF) +

The use of staggered grids to avoid instability from non-physical
modes_when using central differencing can be seen in many E“|e'Equation (5) suggests a quadrature rule for the tgrfiF||%. The
rian fluid dynamics methodsHprlow and Welch 1965ntroduced integrall | || F||2 is the weak form of the component-wise Laplace

the staggered MAC grid for velocities and pressure, @etfitsma  gperator; thus equatiorl§) generates an energy discretization for
1996 Goktekin et al. 200pextended this to viscoelastic fluids by he Laplace operat@uA. Equation {6) is nothing but a one-point
staggering the second order stress or strain tensors. Similarly, Wegyadrature, but on the term2tr (RTF) + || TI[|. In fact, at this

introduce four additional quadrature poimt$, ¢ € {A, B, C, D, point we can re-introduce the omittedterm of the energy, and
located on edge centers of the quadrilateral lattice (see right). We yite ¥ as:
write ¥ as
V=4 (Fiy — Rij)*. (13) _ 2 T 2 A2 pTR
i — Ry W = || F|[} ~2ptr (RF) + |13 + S0°(RTF —1) (17)
. . . Ta Yaux
Our approach will essentially follow a dif- p5
ferer;t.qua.drature rule for every terffy; — 4; A We implement this discretization, by separating energy, forces, and
Ri;)” inthis expression. In particular, instead force differentials into two components: (a) a term stemming from
of using the single quadrature poiptt at the o Pt bpP the Laplace energy densiya, and (b) an auxiliary term origi-
cell center, we will use those locations within nating from Waux, Which is integrated with the simple one-point
the cell (possibly more than one) whefe; quadrature as in sectich Note that the forces arising from the
is “naturally” defined, as a central differences; P Laplace term are purely linear, and the stiffness matrix resulting
of just two degrees of freedom. In this way, . . from the same term is constant (and equal to a Laplace matrix),
we avoid the averaging and risk of cancellation associated with ex- |eading to a minimal implementation overhead, over the standard
pressing all derivatives exclusively at the cell center. cost of one-point quadrature for the auxiliary term.

We observe that the-derivativesFi1 and F», are naturally defined . .

at the centerp”, p? of z-oriented edges, while the-derivatives 5 Indefiniteness correction

Fi» and F, are naturally located at poings” andp”. We also

Symmetry of the stiffness matrix<, allows the use of certain
Krylov methods, but positive definiteness is required for conjugate
gradients. WhileK will be positive definite close to equilibrium

(it is the energy Hessian), in practice Newton-Raphson may gen-
erate intermediate indefinite states. LiKeefan et al. 2005 we

will modify K to guarantee definiteness while retaining the same
nonlinear solution (though maybe via different iterates).

Similar to [Teran et al. 200bwe will conservatively enforce the
definiteness oK by projecting each elemental stiffness matrix to

. ) . o its positive semi-definite counterpart, i.e. a matrix with the same
Figure 3: A 2D elastic patch is stretched by pinning the four cor-  gigenvectors, but with negative eigenvalues clamped to zero. Nat-
ners to target locations. Left: The unmodified one-paint quadrature rajly, we want to avoid an explicit eigenanalysis of thex 24
method is riddled by hourglassing instabilities. Right: Our method.




elemental stiffneskK®, and even avoid forming it at altogether. We
describe a procedure to perform this semi-definite projection in an
inexpensive, matrix-free fashion. We will initially describe the defi-
niteness projection for the simple one-point quadrature rule, defined
in section3. This will be a stepping stone in designing a definite-
ness fix for our stabilized quadrature rule, described in sedtion
The elemental stiffness matrix is positive semi-definite if and only
if 0 < dxTKeSx = —6xT 5 f, wheredz, § f are the stacked nodal
position and force differentials fa2.. Taking differentials on both
sides of equations) we get:

6f7,<]) — _ *‘/e Z j—}'klnb(;F‘leanZi

k,l,m

Ve PGl =
k

where7 = [T};] is the fourth order tensor defined as the stress
derivativeT := 0P /OF, or T}k = OP;; /0Fk . We then write:

—x0f == 0fP02 = Ve N Tirm6F, Y Giidrl
i,j i

O, S Ty by = Vi (0F T 6F°)

g,k l,m

.k, lm

Thus, K¢ will be positive semi-definite, if and only if the fourth
order tenso®P /JF is positive definite as well (in the sense that
O0F : T : 0F > 0, for all F). At this point, consider a different

4th order tensof” defined bydP = 7 : 6F = R[T : (RT4F)).
Intuitively, if we define theunrotateddifferentialssP = RSP,
andéF = R7JF, then7 is the tensor that map® = 7 : §F.
TensorsZ and7 are a similarity transform of one another; con-

sequently they share the same eigenvalues, and performing the in-

definiteness fix on one will guarantee the definiteness of the other.
Using this definition and equation$@) and (2), 6P reduces to:

6P =T : 6F = 2udFr(6F)I+-{Mr(S—1)—2u} S: 6F (18)

whereS = £ : {tr(S)I — S}~ ' : £T. Consider the decomposition
of 6F = 6Fsym+ 6F skew into symmetricFsym = (0F +0FT) /2
and skew symmetriéFgen= (§F —6F7) /2 parts; also consider

a similar decomposition ofP = §Psym+ 6Pskews By collecting
symmetric and skew symmetric terms from equatib) (ve have:

5Psym = 2M6Fsym+)\tr(6ﬁ‘sym)1 = 7—5ym : (5Fsym (19)
5PskeW: 2H5FskeWF{)‘tr(S'I)'2ﬂ} S: 5Fskew: Tskew: 5Fskew

In essence] = Tsym + Tekew has a fully decoupled action on
the two subspaces of symmetric, and skew symmetric matrices.
Since the symmetric and skew subspaces are orthogdnailill

be semi-definite, if and only if its skew and symmetric parts are
semi-definite too. The tens@&ym = 2uZsym+ AI QI (Zsymis the
operator that projects a matrix onto its symmetric part) is always
positive semi-definite; thus no modification is necessarysdfy is

the operator that projects a matrix onto its skew symmetric part, we
can verify thalZgew = € : I : ET. Thus,Tgkewis Written as:

Tokew= & : 11 ET + {Atr(S—T)—2u} [Sz{tr(S)I—S}’l :ST]

=&:L:E", whereL = uI + {Atr(S—1I)—2u} {tr(S)I-S} "

£ is also an orthogonal (although not orthonormal) tensor, thus the
definiteness ofgkew iS €quivalent with the definiteness of thex 3
symmetric matrixL, which can be easily projected to its positive
definite part. In fact, if the method we used to compute the polar

decomposition were to first compute the entire SFB= US VT
of the deformation gradient, then we hdve= VL, VT where

Lp = pl + (2 —1) —2u} {r(Z)1-=} !

is a diagonal matrix, whose diagonal elements simply need to be
clamped to zero, to ensure definitenesskorfor 7geyw and ulti-
mately for the entire element stiffness matrix. In practical imple-
mentation, the matrid, projected to its semi-definite component,

is precomputed and stored at the same time when the Polar Decom-
position of each element is performed. Then, the definitions of this
section are followed to successively constr&@gym and P grews

using equationsl@), and ultimatelysP = RSP.

So far, we have discussed how to correct the indefiniteness of the
stiffness matrix arising from the (unstable) one-point quadrature
technique. In light of the energy decomposition reflected in equa-
tion (17) the difference in the discrete energy between the stable and
unstable approaches, is the discrete quadrature that will be followed
to integrate the parA. Our stable technique employs equation
(15) for this task, while the original unstable technique uses one-
point quadrature. In two spatial dimensions, if we denotefky

and E¥ the discrete integral associated with the Laplace term in
the stable, and unstable variants respectively, we then have:

2
EX = Nh2 Z (( 151)2 + ( 152)2)
i=1
2 A B e} D
_ ,LLh2 Z (( il _5 il )2 + ( i2 '; 12 )2)
i=1
2 A B C D
U s (19 .o Fy — F7 2 Fi3 — Fj5 .2
_ = >
EA — EX ph Z <( 5 )+ ( 5 ) ) >0

i=1

Thus, we can interpret our stable discretization as adding the un-
conditionally convex termE{ — EX to the unstable energy dis-
cretization of the single-point approach. The indefiniteness fix de-
scribed in the context of the unstable method can also be interpreted
as augmenting the real stiffness matrix with a supplemental term
K «— K + Kasuppthat guarantees the definiteness of the resulting
matrix. The last equation indicates that if the same “definiteness-
boosting” matrixKsupp is added to the stable discretization, def-
initeness will be guaranteed. Algorithtnsummarizes the entire
procedure that implements the “auxiliary” stress differential corre-
sponding to thelaux energy component. The differential of the
additional force due to the Laplace terrn are computed as de-
scribed in sectiod.

Impact on convergence  Although the formulations in this sec-
tion provide the benefit of a symmetric and definite linear system in
every Newton iteration, we should be conscious of the fact that the
force differentials thus produced are not identical to the exact ex-
pressions from equation8)(and (L0) (also described inGhao et al.
2010). Since our decision of proper force differentiation was mo-
tivated by the lesser accuracy of the warped stiffness procedure, or
the approach offhu et al. 2010 we would like to assess the mag-
nitude of inaccuracy that our definiteness correction incurs. Our
method, as well as the aforementioned approximations effectively
amount to a Modified Newton procedure for the force equilibrium
equation. Notably, all methods reach the same equilibrium solution
if converged; they simply follow different search paths towards that
solution. From the theory of modified Newton methods, the conver-
gence properties of the modified procedure depend on the spectral
radius@ = p(I —3*1J), wherel is the proper force Jacobian, and

J is the approximation used in the modified methodQlf 1 the



Algorithm 1 Computation of the stress differential corresponding and more like the indefinit& (z}*"). See Figuret for a numer-
to the auxiliary energy tern¥aux. Fixed to guarantee definiteness. ical experiment that demonstrates this behavior. Therefore, when

1: function COMPUTEL(E, V, i, A, L) both high performance and high resolution are desired, indefinite-
2 Lp — {Mr(Z—-I)—2u} {tr(E)I—E}’l ness in the backward Euler system matrix quite likely. Fortunately,
3: Clamp diagonal elements &fp to a minimum value the definiteness fix in sectidhfor K(z} ™) guarantees definite-
4; of (—p) > Term W o will boost this eigenvalue by ness of the backward Euler system matrix.
5. L« VLpV” 0.025 ‘ ‘ ‘ ‘
6: end function c e,
7: function DPAUXDEFINITEFIX(6F,R,L) > ReturnssPayx g oo ® e ceceascoccccssacancccs o]
8 JFsym« SYMMETRICPART(RT 6F) 5 ool
9: SFskew — SKEWSYMMETRICPART(RY 6F) X 16x24x84
~ ~ 1 L . ]
10: 51?sym — )\'[I’((SFsym)I A % o.010 . izéi;iz
11 OPgkew — & {L(ST 55Fskew)} & o.00s)
12: 5Paux<—R(5Psym+5Pskew) E g v xS e
13: return 6P aux s
14: end function ~0.0055 5 10 15 20 25 30
Time Step (dt=1/30)
Figure 4: Plot of ratios of minimum to maximum eigenvalues of the
modified procedure is convergent (in fact, whgn< 1, quadratic backward Euler matrix of a dynamic elastic bar simulation without
convergence is practically retained); however whgn- 1 there is our definiteness fix applied. Note that the minimum eigenvalues are

no guarantee of convergence, and certain error modes exist that willnegative in the 16x24x84 resolution example.
be amplified by the modified iteration.

In our work, J is the result of the indefiniteness correction previ- 7 Constraints and collisions

ously described. For warped stiffnedgresults from the approx- . ) . L
imation of the stress differential of equatioh0f by the simpler As previously discussed, the ability to handle elaborate collision is
expressiosP = R {M [(RT(SF) + (RT(SF)T] T Atr(RT(SF)}. an essential benefit of simulation in production. We use point con-

The formulation of Zhu et al. 201pimplies a Similar approxima-  Straints to enforce both soft constraints, such as bone attachments,
tion, namelysP = R {2u(R76F) + Atr((RT6F)}. The spectral and to handle object and self collisions. Specifically, we embed
radiusQ corresponding to all three approaches remains relatively ProXy points ;) in the simulation lattices and distribute their as-
close to zero€ 0.05) for deformations that are smalhd smooth. sociated forces trilinearly to the vertices of the hexahedral cells that
However, our method remains safely convergent, significantly more contain them. $ifakis et al. 200F show the effectiveness of this

so than the other two alternatives, even with larger, non-smooth de-Pasic approach.

formations. For example, in the scenario of figdrat the moment  cjjision detection The collision response is determined by a
when warped stiffness develops an instabilityl¢< extension) we  ,mper of collision proxies approximately covering the embedded
haveQ = 4.87 for warped stiffness() = 0.829 for the approxi- collision surface. We utilize a penalty based response dependent on
mation of Zhu et al. 201pand@ = 0.0717 for our approach. the penetration depth and unit outward normal at each proxy point.
For rigid objects, we simply query a level set representation of the
6 Dynamics object at each proxy point. However, for self-collision, the rapidly
changing shape of the elastic objects precludes accurate reconstruc-
Our method extends trivially to dynamic simulations that include tion of a signed distance function at each time step.
inertial effects. However, it is important to note that the indefinite-
ness encountered in quasistatic time stepping also arises in implici
time stepping for dynamics. Fortunately, the definiteness fix out-
lined above can be used in this setting as well. In this case, we
typically desire a fixed, large time step &ft ~ %. Using back-
ward Euler time stepping and Newton-Raphson linearization, the
following linear update equation must be solved for the increment
dx in the k" iteration Production Rig

tSelf-collision penetration depth evaluation For each proxy col-
lision point, we first determine which deformed hexahedra contain
it in the current configuration. This is done rapidly by querying an
axis aligned bounding box hierarchy whose leaves surround each

Our Method

K ()" )ox = AtM [o" + At(z" — i ™)] + A f (i)

HereK®® = M+ A#’K(z} ™), andM is the mass matrix. Indef-
initeness ofK (z} ') can thus be seen to potentially cause indef-
initeness ofK®E(xz*'). One could attempt to manipulate nodal
masses or material properties to preserve definiteness, but this al-
ters the behavior of the simulation in arbitrary ways. Although
decreasing the timestep could also fix the indefiniteness, the time
step cannot be decreased arbitrarily when interactivity is desired.
Furthermore, it is important to note that the nodal mass is pro- Figure 5: Collisions and especially self-collisions drastically im-
portionate to the volume associated with each node. Therefore, asprove the quality of deformation when coupled with elasticity. On
we increase the discrete spatial resolution of our domain, the nodalthe left is a production rig that qualitatively exhibits the right
mass decreases thereby increasing the likelihood of encountering anook but does not resolve collisions. On the right is our method
indefinite backward Euler system matrix as it would behave more which resolves self-collisions producing a much more natural look.
(©Disney Enterprises, Inc.



deformed hexahedron in the current configuration. To prevent false forces £ (x?") = —9W¥?"/9x*" as well as a coarse stiffness
positives, we do not look in the 27 hexahedra in the one ring of the K2 = 92" /922" and encode these in a matrix-free fashion as
proxy point in material coordinates. Each hexahedron deemed nearpefore. The challenge however is that the entriekf{ depend
a given proxy point is then tetrahedralized to barycentrically deter- on the current estimate of the solution and, more accurately, on a
mine the proxy point's material location. For each material point, coarse gridversionz?" of this estimate. The general methodol-
we query a level set stored in the undeformed configuratign: ogy is to define yet another restriction operaiopossibly differ-
If there are multiple negative, values, we use the location with ot 1han the one used to restrict residuals) to downsample the solu-
¢o closest to zero to compute the closest point on the undeformed . . % _ Ra H f
surface. We then look up the deformed position of the closest sur- 'ON €stimate az™ = Rx". However, as a consequence of our
face point &) to estimate the penetration depth|as — x,| and geometric domain coarsening described in the previous paragraph,
outward unit normal a8 = (xs — x,) / [Xs — Xp|. the_ dlscret_e domalgrowsm size, as coarse cells Wlt_h any interior
children will now be considered fully interior, even if they include
Collision response For both self-collision and solid object col- Some exterior cells from the fine grid. Therefore, restricting the

lision scenarios, we instantiate a zero rest-length spring from the @pproximationz" would require extrapolation of the deformation
proxy point to the closest point on the surface. The Young’s mod- field. We found such extrapolations to be quite unstable, especially
ulus of this spring is allowed to be anisotropic in the direction in the presence of collisions, and sometimes even ill-defined near

of the unit collision normal. Specifically, the spring force arises concave, high curvature boundaries.

— T
from the energyI/(Txp, xs) = .k(xp — %) M(xp — x,)/2 Where Our solution is based on the observation that the entrids alo
M = (1-a)nn” + ol with @ € [0,1]. a = 1 corresponds 4t depend directly on the positions but only through the defor-
with a traditional isotropic springy = 0 results in a standard point  mation gradienF. Note that this is also true for our stabilized dis-
repulsion. This anisotropic conception of the stiffness allows for . atization: the paK » of the stiffness matrix due td A is acon-
sliding in the plane orthogonal to the penetration direction. In prac- stantmatrix, not dependent on positions at all. The auxiliary part

tice we foundx < [.1, .5] worked best for self collisions ané = 0 Kaux due toWayx is fully determined by the discrete deformation
was sufficient for object collisions. gradientF® at every cell. Thus, instead of restricting — 2"

we instead downsample the deformation gradienFas— F2",
8 Multigrid which is done with simple weighted averaging. Once the stiffness

matrices have been constructed for all levels, the V-Cycle described
in Algorithm 2 is used to solve the linearized Newton equation. The
restriction and prolongation operators are constructed based on tri-
linear interpolation. Since we do not explicitly constriCt we use

a Jacobi smoother instead of a Gauss-Seidel one, since for the Ja-
cobi procedure all force differentials may be computed in parallel.
Note however that the elasticity matrix is not diagonally dominant,
and the Jacobi procedure needs to be damped for stable conver-
gence. We found that the damping coefficient could safely be as
high as0.8 in the interior of the object, while values 6f3 — 0.4

were more appropriate near the boundary, near soft constraints, and
for higher values of Poisson’s ratio.

To ensure that our method scales to high resolutions, we solve the
equations of elasticity using a multigrid technique. In fact, we ex-
plored two possible approaches: the first option is to construct a
multigrid cycle purely as a solver for the linear systed) gen-
erated in every Newton-Raphson step. The other possibility is to
implement a fully nonlinear multigrid cycle, based on the Full Ap-
proximation Scheme (FAS) which would replace and accelerate the
entire sequence of Newton iterations. This section details several
design subtleties, and algorithmic modifications that were neces-
sary to efficiently implement these two multigrid schemes.

Domain description ~ Our discretization is based on a voxelized Algorithm 2 Linear Multigrid V(L,1) Cycle for equatiors]
representation of the elastic body. At any given resolution, a cubic .
1: procedure LINEARVCYCLE

background lattice is defined and its cells are labeled eititemal 3 T i
or externaldepending on any material overlap with the embedded bt — f(z") + g
deforming body. Internal cells can optionally be labelectas- 3 fori=0to L;}L do olh voln > total of L+1 levels
strained(or Dirichlet) if the trajectories of their nodes will be spec- 4 SmoothK'" *.0z~ ".b™ ")
ified as hard kinematic constraints. The Léawpefficients: and 5: r2h — pPh K2 hig2h
A can be specified for each individual cell, allowing for inhomo-  ¢: b2 —Restrictg? "), 622" — 0
7
8
9

geneous models. The coarser domains of a multigrid hierarchy are end for

generated by a simple binary coarsening strategy. Similafha [ Solvesz2 " — (K2"h)~1p2"h

et al. 2010 a label of constrained, internal or external is assigned o- for I = L—1 down to 0 do

in this order of pI’IOI:Ity, if fine children with ‘more than one type . sx2'h 6w21h+Pr0|ongata{w2’+lh)
are present. The Lagnparameters of coarse interior cells are com- olh o olh 3olh

puted by summing the or X of anyinterior children, and dividing 1% SmoothK™ "0z~ b~ ")

by eight; thus coarse cells overlapping with the boundary receive 12: end for

lower material parameters, to account for the partial material coy- 13 €nd procedure
erage of the cell.

Point constraint coarsening Each soft constraint and active col-
lision proxy is copied to the coarse grids based on its material loca-
tion. Its associated stiffness modulus is scaled by a factor of .125
(or .25 in 2D) to accommodate its embedding in a larger element.
Otherwise, the coarsened proxies are then treated in the same man-
ner at every level of the hierarchy.

Elasticity coarsening A multigrid method requires us to gen-
erate a hierarchy of discretizations. Specifically, if we use multi-
grid to solve the linear systerB) different versions oK, denoted

by K", K?" K* ... need to be computed for every level of the
multigrid hierarchy. We specifically avoid the Galerkin coarsen-
ing strategy since it requires forming the stiffness matrices explic-
itly. The alternative is a matrix-free approach which constri&ts
from a re-discretization of our problem at the coarse grid. We can Nonlinear multigrid ~ We also implemented a fully nonlinear
repeat the same process followed at the fine grid, and define coarsenultigrid solver, based on the Full Approximation Scheme (FAS)



approach. As before, the challenge is that the nonlinear force op-We benchmarked our elasticity multigrid solver on a cube model
erator requires a coarse grid version of the solution estimate. Oncewith Dirichlet constraints on two opposite faces without collisions
again, the operator only dependsmthrough the deformation gra-  or point constraints. While we were able to attain a convergent
dient; unfortunately the deformation gradient does not stay fixed method with as few as 2 Jacobi smoothing sweeps per grid trans-
through smoothing and v-cycles, requiring constant updates. We fer, we were able to achieve the best balance between speed and
consider the restricted value of the deformation gradient as an “off- convergence rate with 5-10 Jacobi relaxation sweeps. In all cases,
set” (denoted b o5) and change our state variables for the coarser the first V-cycles significantly (by 1-2 orders of magnitude) lowered
grids from positions(x) to corrections(u) from this offset. We the residual before settling into a constant convergence rate between
compute the updated deformationts= F o + Glu], whereG is 0.5 and 0.75, depending on the number of relaxation sweeps. On a
the cell-centered gradient operator. The nonlinear forces computed32 x 32 x 32 element cube, we averaged 0.031s on the GPU and
based on this updated gradient g‘r’é(Fgﬁ; u™). The FAS proce- 0.10s on the CPU per V-cycle with 10 relaxation sweeps per grid
dure is outlined in Algorithn8. Damped Jacobi is used, albeit with  transfer on 4 levels. On@ x 64 x 64 element cube, we averaged
re-linearization steps inserted between every 2-3 Jacobi iterations. 0.086s on the GPU and 0.56s on the CPU per V-cycle with 10 relax-
ations sweeps on 5 levels. In practice, we found that 1-2 V-cycles
were sufficient for the Newton-Raphson solver to converge.

Algorithm 3 FAS V-Cycle for nonlinear equilibrium equation

1: procedure FASVCYCLE(f" (Fl; u™) + g" = 0)
2. NONLINEARSMOOTH(f" (Flg; u™) + g" = 0)

9.1 Diagonal part of stiffness matrix

3 Fot — R(Fgy + G"[u"]),u?" — 0 The Jacobi iteration used as the smoother in our multigrid scheme
4 g — —f(FI ) + R (Flg;u”) + g™) requires explicit knowledge of the diagonal part of the stiffness ma-
5: SOLVE(th(Fgﬁ; u2h) +g¢?" =0) > Byrecursive call trix K. Since we never construct this matrix expl_icitly, a specia!ized
6 u" +=Prolongateg?") process needs to be followgd to compute the diagonal part directly
7 NONLINEARSMOOTH(f" (Fli; u") + g" = 0) and efficiently. We will provide the final result here, and refer the
8: end procedure interested reader to the accompanying technical document for the

detailed algebraic derivation. For elemént we will define the
contribution of each of the 24 degrees of freedom to the diagonal
Our experiments with the fully nonlinear FAS cycle exhibited sig- part of K. In particular, we turn our attention to the degree of free-
nificant acceleration in certain tasks, but was somewhat more quesdom 2!, that is thej-th component of the-th element vertex,
tionable in terms of cost/performance for our typical use scenario. wherei € {1,...,8}. Also, defineg to be thei-th columnof

In particular, when solving for the equilibrium shape following a  the discrete gradier®, andr” the j-th row of R. Also, define
very sudden skeletal motion (such as fully curling an arm froma N, = £ : g (i.e. the right-side cross product matrix wigf). Also
full extension, allin a Slngle frame), the FAS scheme was able to deﬁneNi — )\ggT + MTLMZ whereL was defined in sectiof
converge in just a few cycles, while the linear multigrid approach The diagonal contribution d®, to the diagonal part corresponding
would typically necessitate a large number of Newton iterations to degree of freedomﬁ” is 241/h? + T Nir. We can verify that

(even.thougrs e.acr|1 Ilneatrhsyslt(erptwlas at(jequately lsotl'vetlj).' HOW'the diagonal entries corresponding to antidiametric vertices#4g.g.
Ever, in our typical use, the skeletal motion was refatvely incre- andzxsg) are equal; thus the diagonal entry need only be computed

mental, and 1-2 Newton iterations would provide an excellent so- ¢ y,q components of 4 out of the 8 vertices of the element. Finally
lution estimate, with 1-2 linear V-cycles as the underlying linear M, can be precomputed, we only need to considerl 4as

solyer. Slncg the I]near cycle is less expensive due to less frequenRNe explained, and these matrices are identical for all elements.
re-linearization, this approach was overall a better cost/performance

choice for our specific application. Additionally, in the presence . .

of collisions, extreme skeletal motions within a single frame were 9-2 Fast Singular Value Decomposition

problematic, since the penalty-based collisions would easily be- )

come tangled in nonphysical configurations. Lastly, we observed Our method makes use of the Singular Value Decomposkioa

that the ability of FAS to make large corrections towards the solu- UXV" to define the matridL, and in fact we use it to construct the
tion often times had the side effect of sometimes jumping between rotational factor of the Polar Decomposition as wellRas- UV™.
different local minima, especially in highly buckled configurations. The cost of the3 x 3 SVD is commonly acknowledged as a bot-
This behavior can be controlled by augmenting FAS with a line- tleneck for corotational or shape matching methods. We introduce

search step to prevent it from tunneling to different minima, but @ new, and highly efficient methodology which is virtually branch-
again this was not a priority for our target app”cation. free (Other than the use of conditional aSSIgnmentS, which is an

atomic instruction in SSE4.1 and other platforms), uses no expen-
L sive arithmetic other than addition, subtraction, multiplication and
9 Optimization aninexactsquare root (i.e. the SSERSQRTPstruction), and is
trivially and extensively vectorizable. We ultimately obtain a cost
CPU.To improve performance on the CPU we utilized multithread- per decomposition equal tolns on a 12-core X5650 workstation,
ing using a task queue. We designed our access patterns to be cachgsing SSE and multithreading in conjunction.
friendly by using blocking techniques. We also exploited SSE data o
level parallelism for the SVD computation. Additionally, we used T he core cost of the SVD analysis is commonly reported to be the
templatization to optimize stride multiplication computations in ar- Symmetric eigenanalysis. An iterative Jacobi diagonalization pro-

ray accesses. Constraint contributions to the matrix were baked intocedure is often used to bring the symmetric mafix- F* F into
a structure that minimized indirection. diagonal form. Instead of the exact Givens conjugation used in the

Jacobi procedure, we define approximateGivens angle, which
GPU. Since GPUs have become popular for parallel numerical al- can be obtained with minimal computation. The optimal Givens
gorithms, we did a ri@e port of our CPU oriented code to the GPU. angle that annihilates elemest; , for example is known to satisfy
Our expertise at optimizing for the GPU’s different bandwidth ver- tan(20) = 2s12/(s11 — s22). Instead of using an inverse trigono-
sus computation tradeoffs was limited, and we hope to utilize the metric function (or the alternative approach of solving a quadratic
grid optimization techniques objick et al. 2011 in the future. equation), we consider the following asymptotic approximation,
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Figure 6: Top: A hand rigged using linear blend skinning. Due to the many joints it is impractical to model all the shapes necessary fix the
artifacts using an example based technique like PSD. To compensate, a significant amount of effort was spent on creating a nice skin bind
for this hand. Bottom: The same hand rigged with our elasticity based deformer using 117,607 non-empty cells. Note how we get correct
creasing and contact deformation where the finger be@Bisney Enterprises, Inc.
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log([rk|/|r0])

At this point, we observe that this approximate rotation can be
stored as the un-normalized quaterni@tsi; — s22),0,0, s12),
eliminating the need for divisions or exact normalizations. In fact,
we do perform annexact normalization using the approximate ~ ‘ ‘ ‘ ‘
VRSQRTPSSSE instruction, merely for the purpose of avoiding 0 10 0 ations a0 50
overflow, and without this inaccuracy affecting the semantics of the Figure 7: Residual reductioti|s /|7o| e per V-cycle or CG it-
quaternion. However, the asymptotic approximation does not hold eration for a number of examplzos. InO;ractice 1-3 V-cycles were
for arbitrary @, and it would be possible that the off-diagonal ele- necessary for each Newton-Raphson update.

ment would not be reduced (let alone, annihilated) for certain cases.

However, we can show that the best of either the above approxima-

tion or a choice ofy = 7/4 is guaranteed to reduce the magnitude ]

of the off diagonal element;» by at least a factor di.6 per appli- generates an exactly orthogonal fadipr= U and a triangular fac-

cation. Deciding which one to use is made with a simple algebraic tor R which will in fact bediagonal (and equal ta%) as long as
check, as shown in Algorithrh. the columns olUX are sorted in descending order of magnitude by

permuting them along with the columns6f.

AV 4> @ +

—7k “«

Algorithm 4 Computation of approximate Givens quaternion.

1: consty « 3+ 2v/2, ¢, « cos(7/8), s « sin(n/8)
2: function APPROXGIVENSQUATERNION(a11, @12, azz2)

We contrast this procedure to the simpler approach that computes
the rotational factor aR = FS™!, as demonstrated for example
in [Rivers and James 20D7Although quite efficient, such a treat-

ment is not robust for our intended simulation task, where flattened

3 ch — 2(a11—asz2) > cp & cos(6/2) - ! -

4 sy — ans > sp, A sin(6/2) or inverted elements are commonplace; in thg?ase of aninverted el-
5 b [ys: < 6}24 > b is boolean ement, wherelet(F) < 0 the formulaR = FS™" would produce

6 w «— RSQRTcE + s2) >RSQRTz) ~ 1/y/z a matrix R that includes a reflection (i.edet(R) = —1) which

70 e — bRwen: ca violates the proper semantics of the corotated formulation, and in-
8 sy b2wsn: S« hibits untangling of inverted elements in practice. Similarly, for
9:  retun (c,0,0,sp) > returns a quaternion flattened elements the factSris near-singular, which jeopardizes
10: end function the orthogonality of the computed matiik. Methods that produce

Once the matrixS has been brought closer to a diagonal,

the polar decomposition robustly in the case of singular or inverted
F (using cross products to generate perfect rotations) will typically
resort to case analysis, preventing effective vectorization. In con-

OUr trast, our Givens QR factorization has a completely deterministic

asymptotic approximation becomes extremely accurate, and essengqniro| flow and is trivially vectorized. See our suppiemental tech-

t?ally matches the efficie_ncy of regular Jaco_bi ite(ation (butatafrac- pical document for full analysis, implementation, and comparison
tion of the implementation cost). We have invariably observed that ;i existing iterative and closed form solvers.

4 sweeps of our method offer the same efficacy in diagonali€ing

as 3 sweeps of the regular Jacobi method, and this brings the magni-

tude of off-diagonal entries to 4-5 order of magnitude smaller than 10  Results

the singular values on the diagonal. Once the symmetric eigenanal-

ysis has been computed, we robustly compute the rotational factorWe tested our full system on a number of production-quality mod-
U by performing a Given§R factorization onPAV = U3, which els, focusing on regions where artists typically struggle to achieve
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Figure 8: A common problem with many existing techniques (and linear blend skinning in particular) is that it can be very difficult to maintain

the illusion of an underlying bone-structure. As an example the top row here shows how the integrity of the region around the clavicle is lost
as the character shrugs. In the bottom row, however, everything behaves as a connected entity. On the outside of the elbow we also get a
nice protrusion of the ulna with our method as opposed to the more rubber-like behavior of the linear blend skin. (30,904 non-empty cells)
(©Disney Enterprises, Inc.

realistic, collision-free results using traditional rigging methods. 11 Discussion

Our simulation is driven by rigid bones attached to the character’s

existing skeleton. Simple geometric shapes such as cylinders or el-Originally, we were motivated by the desire to make true physi-
lipsoids are sufficient to define the volumetric extent of these bones, cally based elasticity practical for production character rigging. We
and we found that using soft constraints with narrow bones gave found that beyond our expectations, artists were impressed with the
the elasticity model freedom to produce appealing flesh-like shapes.shapes a physical deformer could provide with little manual effort.
More carefully modeled bones can be used as internal collision ob- What usually took days of weight painting or pose example sculpt-
jects over which the material can slide, providing detail in regions ing was now easy to achieve, and what was impossible, collision
such as the elbow or around the collarbone. We allowed additional and contact, was now possible.

artistic control by providing the ability to spatially vagy and A. ) o ] o

The hexahedral lattice is constructed as an axis-aligned grid with A major decision in our project was to focus on optimizing for the
uniformly sized cells in the undeformed configuration. CPU, because we were familiar with CPU optimization and because
simulations often need to run on clusters without GPUs. At the
same time we recoghize GPUs are becoming more important be-
cause of their power and we sought to experiment with the GPU.
Though we have little experience with the GPU, we believe our
method will perform even better on the GPU with further optimiza-
tions. Further, we note that most GPU experiments tend to compare
against relatively unoptimized CPU implementations, whereas our
CPU implementation was heavily optimized.

10.1 Examples

In all examples, we found that 1-2 V-cycles with 5 relaxation
sweeps per grid transfer were sufficient for the linear solver. The
number of Newton iterations required depended on our initial
guess; when using the previous frame of an animation, we typi- Obviously, speed has been a major hurdle for the use of physical
cally required between 1 and 10 iterations for full convergence. All simulation in production, so the fact that our simulations can run at
reported CPU times were computed on an 8-core Intel Xeon X5550 near-interactive rates changes the game for artists. Even so, there is
workstation. GPU tests were performed on an NVIDIA Quadro plenty of future work to do. One area is making the parameters (e.g.
6000. In our first example, we applied our deformer to the arm, Young’s modulus) more intuitive for artists to control, and another
shoulder and neck region of a character (see 8igEach Newton is allowing art direction in other ways, such as optimized control
iteration averaged 0.492s on the CPU and 0.345s on the GPU. Our(which also requires fast solvers). Robustness could be improved
average frame times were 3.22s and 2.38s on the CPU and GPUy using more accurate self-collision methods and a more accurate
respectively. In Figur®, we demonstrate our method on a charac- initial guess. Finally, our solver does not support near incompress-
ter hand. On the CPU, we averaged 1.40s per Newton iteration for ible materials, and we would be interested in exploring additional
an average of 12.6s per frame. On the GPU, each Newton iterationfeatures such as material anisotropy. But even without this future
averaged 0.612s for an average of 5.74s per frame. In Figwe work, we believe that our contribution will help create the next gen-
apply our deformer to the torso and arms of a large character with eration of appealing characters.

106,567 elements. On the CPU, each Newton iteration averaged
0.876s for a total of 5.48s per frame. Our GPU implementation

averaged 0.762s per Newton iteration and 5.14s per frame. Acknowledgments
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