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Abstract
Westudy extremal properties of spherical randompolytopes, the convex hull of random
points chosen from the unit Euclidean sphere inRn . The extremal properties of interest
are the expected values of the maximum and minimum surface area among facets. We
determine the asymptotic growth in every fixed dimension, up to absolute constants.

1 Introduction

The research on random polytopes in convex bodies has been initiated in the works
of Rényi and Sulanke [1, 2]. They studied the expected volume of the convex hull of
finitely many points chosen from a convex body in dimension 2.

In higher dimensions this research has been extended by many people and by now
the literature on random polytopes in convex bodies is vast. Schneider and Wieacker
[3], Müller [4], Reitzner [5], Bárány [6, 7], and Schütt [8] extended the results of
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Rényi and Sulanke to convex bodies with smooth boundaries. In particular, it has been
shown in [6, 7] and [8] that the expectation of the symmetric difference of a smooth
convex body and a random polytope of N points chosen from a convex body is of the

order N− 2
n−1 .

Bárány and Buchta settled the case of random polytopes in a polytope [9]. Bárány
and Larman found a connection between random polytopes and floating bodies [10].

Much research focused on random polytopes whose vertices have been chosen from
the interior of a convex body. Reitzner [11] and Schütt and Werner [12] studied the
case of random polytopes whose vertices have been chosen from the boundary of a
smooth convex body. Then, amazingly, random approximation is almost as good as
best approximation. In [13], Ludwig, Schütt and Werner approximated the Euclidean
ball by arbitrarily positioned (neither inscribed nor circumscribed) random polytopes.
This was generalized to smooth convex bodies by Grote and Werner in [14]. Random
polytopes of vertices that are chosen from the boundary of a simple polytope have been
investigated by Reitzner, Schütt and Werner [15]. Very recently Besau, Gusakova and
Thäle [16] treated the case when the approximated convex body is neither smooth nor
a polytope. Böröczky and Reitzner considered random polytopes that circumscribe a
convex body [17]. More related results can be found in [18, 19].

Most results involve the symmetric difference metric, but there are also results
where the error of approximation is measured in the Hausdorff distance. For instance
Glasauer and Schneider [20] gave precise asymptotics for a smooth, convex body and
random polytopes with respect to the Hausdorff distance. For polytopes in R

2 such a
study has been carried out by Prochno, Sonnleitner, Schütt andWerner [21]. Moreover
there are results by Böröczky, Fodor, and Hug [22] when the error is measured in
intrinsic volumes. Extensions to approximation of convex bodies on the sphere by
random polytopes were obtained e.g., by Besau, Gusakova, Reitzner, Schütt, Thäle
and Werner [23].

In this paper we consider extremal geometric and combinatorial properties of a
random polytopewith vertices on the sphere. A study of extremal properties of random
polytopes has only been started recently [24]. Here we investigate the expected values
of the maximum andminimum surface area among facets of a random polytope whose
vertices are chosen randomly from the Euclidean sphere in R

n . More precisely, we
show that for a random polytope of N chosen points the maximal expected surface
area of a facet is of the order log N

N in dimension 2 and higher. Surprisingly, there is
a change in behavior of the expected minimal surface area of a facet. It is of order
N−2 in dimension 2, of order N−8/5 in dimension 3 and of order N−3/2 in dimensions
greater than or equal to 4.

Our contributions We find the asymptotic growth of the expected values of the
maximum and minimum surface area among facets of a random polytope PN that is
the convex hull of N i.i.d. uniformly random points on Sn−1, in all dimensions, up to
multiplicative constants. These results are stated in Theorems 1 and 2 below. There
F(P) denotes the set of facets of polytope P .
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Theorem 1 (maximum area facet) Let n ≥ 2. There exist constants 0 < an ≤ bn that
depend only on n such that for all N ≥ n + 1 we have

an
log N

N
≤ E max

F∈F(PN )
voln−1(F) ≤ bn

log N

N
.

The proof of Theorem 1 is split into the upper bound and the lower bound, stated
formally as Theorems 10 and 11. Theorem 10 (upper bound) is actually stronger in
that it establishes a tail inequality on maxF∈F(PN ) voln−1(F).

Theorem 2 (minimum area facet) There exist constants 0 < cn ≤ Cn and Nn that
depend only on n such that:

(i) For n = 2 and all N ≥ 3,

3
√
3N−2 ≤ E min

F∈F(PN )
vol1(F) ≤ 2πN−2.

(ii) For n = 3 and all N ≥ N3,

c3N
−8/5 ≤ E min

F∈F(PN )
vol2(F) ≤ C3N

−8/5.

(iii) For n ≥ 4 and all N ≥ Nn,

cnN
−3/2 ≤ E min

F∈F(PN )
voln−1(F) ≤ CnN

−3/2.

We discuss these theorems. While the order of the expected minimal surface area
of a facet is surprising, the order of the expected maximal facet was suggested by
related, known results: Glasauer and Schneider [20] proved that theHausdorff distance
between the n-dimensional Euclidean unit ball Bn

2 and the convex hull PN of N random
points satisfies

lim
N→∞

dH (Bn
2 , PN )

(
log N
N )

2
n−1

= 1

2

(
2
√

π�( n+1
2 )

�( n2 )

) 2
n−1

,

where the limit is taken in the distributional sense. Therefore, for large N there is a facet

whose distance to the boundary is of the order (
log N
N )

2
n−1 . Such a facet is contained

in an (n − 1)-dimensional Euclidean ball with radius
√
2( log NN )

1
n−1 . Therefore the

surface area of the facet is less than 2
n−1
2 voln−1(B

n−1
2 )

log N
N . This suggests that the

expected maximal facet has a surface area less than 2
n−1
2 voln−1(B

n−1
2 )

log N
N .

One arrives at a similar conclusion by a result ofBonnet andO’Reilly [25] on convex
hulls of random points from the sphere. They studied the expected number of facets
whose signed distances of their affine hull to the origin are between two prescribed
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values h1 and h2. In particular, they showed that for properly chosen constants c1 and
c2 these distances are almost all between

h1 =
√
1 −

(c1n
N

(
log(N/n)

)3/2) 2
n−1

and h2 =
√
1 −

(c2n
N

)2(n+1)/(n−1)2

.

Informally,we call h1 theminimal signed distance and h2 themaximal signed distance.
This suggests that amaximal surface area facet can be found at theminimal distance

h1 and a minimal surface area facet can be found at the maximal distance h2.
A facet at minimal distance h1 is contained in an (n − 1)-dimensional Euclidean

ball of radius
√
1 − h21 and a facet at maximal distance h2 is contained in an (n − 1)-

dimensional Euclidean ball of radius
√
1 − h22. This means that the facet at minimal

distance has a surface area less than

voln−1(B
n−1
2 )

c1n(log N
n )3/2

N

and a facet at maximal distance has at most area

voln−1(B
n−1
2 )

(c2n
N

) n+1
n−1

.

The question arises whether the first expression gives the order of the maximal surface
area and the second theminimal surface area. Neither is true. In the case of themaximal
facet, the expression is close and only misses a factor of

√
log N . In the case of the

minimal facet the true order is very different. This means that the size of the minimal
facet is not directly related to the maximal distance of the facet from the origin. Here
we have a totally different phenomenon.

Note also that the behavior of the minimum is more intricate than that of the
maximum: The asymptotic growth for the minimum depends on the dimension n.

Outline of the paper Section 2 introduces notation and collects lemmas that will
be used later. Sections3 and 4 present the upper and lower bounds on the expected
maximum facet volume, respectively. Section5 gives an outline of the argument for
the expected minimum facet volume. In Sects. 6 to 9 we give the proofs of the upper
and lower bounds on the expected minimum facet volume.

2 Preliminaries

Let χ(·) be the indicator random variable of an event. We denote the Euclidean norm
onRn by ‖·‖. The convex hull of points x1, . . . , xN ∈ R

n is [x1, . . . , xN ]. If x1, . . . , xn
are linearly independent aff[x1, . . . , xn] denotes the hyperplane containing the points
x1, . . . , xn . The Euclidean ball inRn with center x and radius ρ is denoted by Bn

2 (x, ρ)

and Bn
2 = Bn

2 (0, 1). We write ∂Bn
2 or Sn−1 for the unit sphere. Let voln(K ) be the

n-dimensional volume of K . In long formulas we often write |K | instead of voln(K ).
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We have voln(Bn
2 ) = πn/2/�( n2 + 1) and voln−1(Sn−1) = nπn/2/�( n2 + 1). The

hyperplane orthogonal to ξ 	= 0 with distance p ≥ 0 from the origin is denoted by
H(ξ, p) = {x : 〈ξ, x〉 = p‖ξ‖}.

The Hausdorff distance between two convex bodies C, K ⊆ R
n is

dH (C, K ) = inf{ρ ≥ 0 : C ⊆ K + ρBn
2 and K ⊆ C + ρBn

2 }.

When the ambient dimension n is clear, PN denotes a random polytope defined as
the convex hull of N i.i.d. uniformly random points from Sn−1.

The set of all facets of a polytope P is denoted by F(P).

Gamma and Beta functionsWe will use the following properties of the Gamma and
Beta functions: �(x + 1) = ∫∞

0 t x e−tdt , �(n + 1) = n! and B(x, y) = ∫ 10 t x−1(1 −
t)y−1dt = �(x)�(y)

�(x+y) . We have limx→∞ �(x+α)
xα�(x) = 1.

Caps and halfspaces A cap of Sn−1 is the intersection of a closed half space with
Sn−1. Equivalently, a cap is an intersection of Sn−1 with a Euclidean ball.

If H is an affine hyperplane that does not contain the origin, then H− denotes the
closed half space with H as boundary that does not contain the origin. Similarly, H+
denotes the closed half space with H as boundary and containing the origin. If H
contains the origin then H+ and H− refer to any of the two halfspaces with H as
boundary (the specific choice will not matter in our calculations because the event that
H contains 0 has measure 0 or because the calculation is indifferent to the choice).

By the angle of a cap we mean the polar angle, namely the angle between the rays
from the center of the sphere to the apex of the cap (the pole) and the boundary sphere
forming the base of the cap.

The base of a cap Sn−1 ∩ H− is Bn
2 ∩ H . The radius of the base is also referred

to as the radius of the cap. The height of a cap is the perpendicular distance from the
hyperplane that cuts the sphere to create the cap, to the topmost point of the cap. For
a cap contained in a hemisphere, this means the height of a cap equals 1 − p, where
p is the distance of the hyperplane H to the origin.

The next lemma is well known. We include a proof for completeness.

Lemma 3 Let n ≥ 2 and 0 ≤ p ≤ 1. Let H be a hyperplane in R
n with distance p

from the origin. The surface area of the cap Sn−1 ∩ H− is

voln−1(S
n−1 ∩ H−) = voln−2(S

n−2)

∫ 1

p
(1 − s2)

n−3
2 ds. (1)

For n = 2, vol1(S1 ∩ H−) = 2 arccos p. For n = 3, vol2(S2 ∩ H−) = 2π(1 − p).
For n ≥ 4,

(1 − p2)
n−1
2 |Bn−1

2 | ≤ voln−1(S
n−1 ∩ H−) ≤ p−1(1 − p2)

n−1
2 |Bn−1

2 |. (2)
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Proof Let θ ∈ Sn−1 be the vector orthogonal to H . Let Pr : Sn−1 ∩ H− → H be the
orthogonal projection. Since 0 ≤ p, the map Pr is a bijection. Then

voln−1(S
n−1 ∩ H−) =

∫
Bn
2∩H

dx

〈N (Pr−1(x)), θ〉 , (3)

where N (Pr−1(x)) is the normal at Pr−1(x). For x ∈ Bn
2 ∩H let r = ‖x−Pr(θ)‖ be the

distance of x to the center of the Euclidean ball Bn
2 ∩ H . We have 〈N (Pr−1(x)), θ〉 =√

1 − r2 and, by passing to polar coordinates,

voln−1(S
n−1 ∩ H−) = voln−2(S

n−2)

∫ √
1−p2

0

rn−2

√
1 − r2

dr .

Equation (1) follows with the substitution s = √
1 − r2.

Equation (2) follows from (3). Indeed, p ≤ 〈N (Pr−1(x)), θ〉 ≤ 1 and consequently

(1 − p2)
n−1
2 voln−1(B

n−1
2 ) =

∫
Bn
2∩H

dx ≤
∫
Bn
2∩H

dx

〈N (Pr−1(x)), θ〉 ≤ 1

p

∫
Bn
2∩H

dx

= p−1(1 − p2)
n−1
2 voln−1(B

n−1
2 ).

��

Lemma 4 Let n ≥ 2 and R ≥ 2. Let C ⊆ Sn−1 be a cap with angle φ and |C | =
|Sn−1|/R. Then for n = 2 we have φ = π/R and in general,

(
1

R
· voln−1(Sn−1)

voln−1(B
n−1
2 )

) 1
n−1

≤ φ ≤
(π

2

) n−2
n−1

(
1

R
· voln−1(Sn−1)

voln−1(B
n−1
2 )

) 1
n−1

. (4)

Proof Since the surface area of C equals voln−1(Sn−1)/R we get by Lemma 3,

voln−1(Sn−1)

R
= voln−2(S

n−2)

∫ 1

cosφ

(1 − s2)
n−3
2 ds.

Set s = cos u to get 1
R · voln−1(Sn−1)

voln−2(Sn−2)
= ∫ φ

0 sinn−2 udu. Since 2u
π

≤ sin u ≤ u for

0 ≤ u ≤ π
2 ,

1

n − 1

(
2

π

)n−2

φn−1 =
(
2

π

)n−2 ∫ φ

0
un−2du ≤

∫ φ

0
sinn−2 udu

≤
∫ φ

0
un−2du = 1

n − 1
φn−1
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and we get

(
n − 1

R
· voln−1(Sn−1)

voln−2(Sn−2)

) 1
n−1

≤ φ ≤
(
n − 1

R
· voln−1(Sn−1)

voln−2(Sn−2)

) 1
n−1 (π

2

) n−2
n−1

.

The claim follows. ��
The following lemma on densest packing of the Euclidean sphere by caps is also well
known. Again, we include its proof for completeness.

Lemma 5 Let R ≥ 2 and n ≥ 2. Let k ∈ N be the maximal number such that there
are caps C1, . . . ,Ck of Sn−1 with

int(Ci ) ∩ int(C j ) = ∅, i 	= j, and (5)

voln−1(Ci ) = |Sn−1|/R, for all i = 1, . . . , k. (6)

Then, for sufficiently big R,
3−n R ≤ k ≤ R. (7)

Proof We show the right hand side inequality. We have
⋃k

i=1 Ci ⊆ Sn−1. By (5) and
(6), k|Sn−1|/R ≤ |Sn−1|, which implies k ≤ R.

Now we show the left hand side inequality. We construct caps C1, . . . ,Cm satis-
fying (5), (6) and such that 3−n R ≤ m. A maximal δ-net in Sn−1 is a set of points
x1, . . . , xm ∈ Sn−1 such that ‖xi − x j‖ ≥ δ and for all x ∈ Sn−1 there is i , 1 ≤ i ≤ m,
such that ‖x−xi‖ ≤ δ. Then the set of capsCi = Bn

2 (xi , δ/2)∩Sn−1 for i = 1, . . . ,m
satisfies (5) and (6). It is left to show 3−n R ≤ m. Since Sn−1 ⊆ ⋃m

i=1 B
n
2 (xi , δ) ∩

Sn−1 we have |Sn−1| ≤ m|Bn
2 (x1, δ) ∩ Sn−1|. The radius of the base of the cap

Bn
2 (x1, δ)∩ Sn−1 is less than δ. By Lemma 3, |Bn

2 (x1, δ)∩ Sn−1| ≤ δn−1√
1−δ2

|Bn−1
2 |, i.e.

√
1−δ2

δn−1 |Sn−1|/|Bn−1
2 | ≤ m.We choose δ such that

∣∣Bn
2 (x1, δ/2) ∩ Sn−1

∣∣ = |Sn−1|/R.
The radius of the base of the cap Bn

2

(
x1,

δ
2

) ∩ Sn−1 equals δ
2

(
1− δ2

16

)1/2. By Lemma
3,

(
δ

2

)n−1 (
1 − δ2

16

) n−1
2

|Bn−1
2 | ≤

∣∣∣∣Bn
2

(
x1,

δ

2

)
∩ Sn−1

∣∣∣∣ = |Sn−1|
R

.

For large R we have δ ≤ 1
2 and R ≤ ( 3

δ

)n−1 |Sn−1|/|Bn−1
2 | ≤ 3nm. But we know

m ≤ k. ��
Lemma 6 (Miles [26]) Let ξ1, . . . , ξn+1 be randomly chosen points from Sn−1. Then

E voln([ξ1, . . . , ξn+1]) = 1

n!
�( n

2+1
2 )

�( n
2

2 )

(
�( n2 )

�( n+1
2 )

)n
�( n2 )

�( 12 )
. (8)
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Lemma 7 (Spherical Blaschke-Petkantschin, see e.g. [27]) Let f : (Sn−1)n → [0,∞)

be a measurable function. Then∫
Sn−1

· · ·
∫
Sn−1

f (ζ1, . . . , ζn)dζ1 · · · dζn

= (n − 1)!
∫ 1

0

∫
Sn−1

∫
(H(θ,p)∩Sn−1)n

f (ξ1, . . . , ξn)

voln−1([ξ1, . . . , ξn])
(1 − p2)n/2 dξ1 · · · dξndθdp, (9)

where dθ and dζ1, . . . , dζn are the (n − 1)-dimensional Hausdorff measures and
dξ1, . . . , dξn are the (n − 2)-dimensional Hausdorff measures.

3 Expectedmaximum upper bound

In this section we establish that EmaxF∈F(PN ) voln−1(F) = O(
log N
N ) (Theorem 10).

The idea of the argument is to first prove a tail inequality on dH (PN , Bn
2 ) (Lemma 9)

and then deduce from it a tail inequality onmaxF∈F(PN ) voln−1(F). This tail inequality
implies an upper bound on the expectation from the identity E(X) = ∫∞

0 P(X ≥ t)dt .
The following Lemma gives an upper bound on the volume of a simplex.

Lemma 8 Let n ≥ 2. Let ξ1, . . . , ξn ∈ Sn−1 be such that [ξ1, . . . , ξn] is (n − 1)-
dimensional. Let H = aff{ξ1, . . . , ξn}. Suppose 0 /∈ H−. Let 
 be the height of the
cap Sn−1 ∩ H−. Then

voln−1([ξ1, . . . , ξn]) ≤
(

2n

n − 1

) n−1
2

√
n

(n − 1)!

n−1
2 .

Proof We may assume that [ξ1, . . . , ξn] is a regular simplex. Indeed, among all sim-
plices contained in Bn

2 ∩ H an inscribed regular simplex has the greatest volume. This
follows from John’s characterization of ellipsoids of minimal volume containing a
convex body.

Let ρ be the radius of Bn
2 ∩ H . Then 
 = 1−√1 − ρ2 and ρ = √

2
 − 
2. The

volume of an (n−1)-dimensional regular simplex with sidelength s is
√
n

(n−1)!
( s√

2

)n−1.
Thus,

voln−1([ξ1, . . . , ξn]) ≤
√
n

(n − 1)!
(

n

n − 1

) n−1
2

ρn−1

=
√
n

(n − 1)!
(

n

n − 1

) n−1
2

(2
 − 
2)
n−1
2

≤
√
n

(n − 1)!
(

n

n − 1

) n−1
2

(2
)
n−1
2 . ��

123



Expected extremal area of facets of random polytopes

We need the following estimate of the tail probability of the Hausdorff distance of
a random polytope to the ball. Similar results can be found in [20]. For completeness
we include a proof of the statement we need. Our proof is based on unpublished work
[28].

Lemma 9 Let 0 < 
 ≤ 1. Then

P
(
dH (PN , Bn

2 ) ≥ 

) ≤

(
1 − (
/3)

n−1
2

voln−1(B
n−1
2 )

voln−1(Sn−1)

)N (
6




) n−1
2

voln−1(Sn−1)

voln−1(B
n−1
2 )

.

Proof Let x1, . . . , xk be a maximal ρ-net in Sn−1. We choose ρ = √

/2. Let

ξ1, . . . , ξN be a choice from Sn−1 with dH
([ξ1, . . . , ξN ], Bn

2

) ≥ 
. Then there is
a ξ ∈ Sn−1 such that all of the ξ1, . . . , ξN are elements of H+(ξ, 1 − 
). Moreover,

H− (ξ, 1 − 
) ∩ Sn−1 = Bn
2

(
ξ,

√
2

) ∩ Sn−1. (10)

Since x1, . . . , xk is a maximal ρ-net, there is i0 with ‖xi0 − ξ‖ ≤ ρ and, by triangle
inequality, Bn

2 (xi0 , ρ) ⊆ Bn
2 (ξ, 2ρ). Thus, Bn

2

(
xi0 ,

√

/2

) ∩ Sn−1 ⊆ Bn
2

(
ξ,

√
2

) ∩

Sn−1. By assumption, the interior of (10) does not contain any ξ1, . . . , ξN . It follows
that the interior of Bn

2

(
xi0 ,

√

/2

)∩ Sn−1 does not contain any ξ1, . . . , ξN . Therefore

{
(ξ1, . . . , ξN ) : dH ([ξ1, . . . , ξN ], Bn

2 ) ≥ 

}

⊆
k⋃
j=1

{
(ξ1, . . . , ξN ) : (∀i = 1, . . . , N ) ξi /∈ Bn

2

(
x j ,
√


/2
) ∩ Sn−1

}
.

By (2),

∣∣∣Bn
2

(
x j ,
√


/2
) ∩ Sn−1

∣∣∣ = ∣∣∣(H−(x j , 1 − 
/4
) ∩ Sn−1)

∣∣∣
≥
(




2
− 
2

16

) n−1
2

|Bn−1
2 |

≥ (
/3)
n−1
2 |Bn−1

2 |. (11)

Consequently,

P
(
dH ([ξ1, . . . , ξN ], Bn

2 ) ≥ 

) ≤ k

(
1 − (
/3)

n−1
2

voln−1(B
n−1
2 )

voln−1(Sn−1)

)N

.

123



B. Leroux et al.

Since x1, . . . , xk is a maximal ρ-net, the sets int
(
Bn
2 (xi ,

ρ
2 )
)∩ Sn−1, i = 1, . . . , k, are

pairwise disjoint. Therefore,

k∑
i=1

∣∣∣Bn
2

(
xi ,
√


/8
)

∩ Sn−1
∣∣∣ ≤ |Sn−1|,

By (11),
∣∣Bn

2

(
x j ,

√

/8

) ∩ Sn−1
∣∣ ≥ (



6

) n−1
2 |Bn−1

2 |. Thus, k ≤( 6



) n−1
2 |Sn−1|/|Bn−1

2 |. The claim follows. ��
Theorem 10 Let PN be the convex hull of N i.i.d. uniformly random points from Sn−1.
Then

P

(
max

F∈F(PN )
voln−1(F) ≥ t

)

≤ min

{
1,

√
n

t (n − 1)!
(

12n

n − 1

) n−1
2 voln−1(Sn−1)

voln−1(B
n−1
2 )

×
(
1 − t

(n − 1)!√
n

(
n − 1

6n

) n−1
2 voln−1(B

n−1
2 )

voln−1(Sn−1)

)N }
. (12)

Moreover, for each n there exists Nn such that for N ≥ Nn,

E max
F∈F(PN )

voln−1(F) ≤ 6n/2
√
e · n

(n − 1)!
voln−1(Sn−1)

voln−1(B
n−1
2 )

log N

N
. (13)

Proof Let F ∈ F(PN ). Let 
F be the height of the cap given by F . By Lemma 8,

P

(
max

F∈F(PN )
voln−1(F) ≥ t

)

≤ P

((
2n

n − 1

) n−1
2

√
n

(n − 1)! max
F∈F(PN )



n−1
2

F ≥ t

)
.

Since dH (Bn
2 , PN ) ≥ maxF∈F(PN ) 
F , it follows,

P

(
max

F∈F(PN )
voln−1(F) ≥ t

)

≤ P

(
dH (Bn

2 , PN ) ≥ n − 1

2n

(
(n − 1)! t/√n

) 2
n−1

)
.

By Lemma 9 and setting

αn := (n − 1)!√
n

(
n − 1

6n

) n−1
2 voln−1(B

n−1
2 )

voln−1(Sn−1)
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we get

P

(
max

F∈F(PN )
voln−1(F) ≥ t

)
≤ 2

n−1
2

αn

t
(1 − tαn)

N .

Equation (12) follows.
Moreover,

E max
F∈F(PN )

voln−1(F) =
∫ ∞

0
P

(
max

F∈F(PN )
voln−1(F) ≥ t

)
dt

≤
∫ ∞

0
min

{
1, 2

n−1
2

αn

t
(1 − tαn)

N
}
dt .

We put s = tαn and get

E max
F∈F(PN )

voln−1(F) ≤ 1

αn

∫ ∞

0
min

{
1, 2

n−1
2

(1 − s)N

s

}
ds

≤ 1

αn

∫ ∞

0
min

{
1, 2

n−1
2
e−Ns

s

}
ds.

Since (1 + 1
k )

k , k ∈ N, is an increasing sequence converging to e,

E max
F∈F(PN )

voln−1(F) ≤ 6
n−1
2

√
e · n

(n − 1)!
voln−1(Sn−1)

voln−1(B
n−1
2 )∫ ∞

0
min

{
1, 2

n−1
2

e−Ns

s

}
ds.

Let s0 be such that 2
n−1
2 e−Ns0

s0
= 1. The function e−Ns

s is decreasing on (0,∞). Thus,

E max
F∈F(PN )

voln−1(F) ≤ 6
n−1
2

√
e · n

(n − 1)!
voln−1(Sn−1)

voln−1(B
n−1
2 )(

s0 + 2
n−1
2

∫ ∞

s0

1

s
e−Nsds

)
. (14)

Since e−Ns/s is decreasing on (0,∞) we get for sufficiently big N ,

1

N
log

2
n−1
2 N

log N
≤ s0 ≤ log N

N
.

Indeed, for sufficiently big N ,

2
n−1
2
exp
(−N 1

N log 2
n−1
2 N

log N

)
1
N log 2

n−1
2 N

log N

= log N

log N + log 2
n−1
2 − log log N

≥ 1
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and

2
n−1
2
exp(−N log N

N )

log N
N

= 2
n−1
2

1

log N
≤ 1.

Thus,

E max
F∈F(PN )

voln−1(F) ≤ 6
n−1
2

√
e · n

(n − 1)!
voln−1(Sn−1)

voln−1(B
n−1
2 )

(
log N

N
+
∫ ∞

1
N log 2

n−1
2 N

log N

1

s
e−Nsds

)
.

We have ∫ ∞
1
N log 2

n−1
2 N

log N

1

s
e−Nsds ≤ N

log N
log N

∫ ∞
1
N log 2

n−1
2 N

log N

e−Nsds

= 2− n−1
2

log N

N log N
log N

.

Therefore, for sufficiently big N we have (13). ��

4 Expectedmaximum lower bound

In this section we show that EmaxF∈F(PN ) voln−1(F) = �
( log N

N

)
. This result is

stated formally in Theorem 11 below and is one side of the inequality in Theorem
1. The proof proceeds as follows. We first choose a set of �

( N
log N

)
disjoint caps on

Sn−1. We then prove (in the proof of Theorem 11) a lower bound on the probability
that at least one of these caps contains a facet with volume �

( log N
N

)
. The main idea

behind the proof of this lower bound is a specific application of the “second moment
method”, i.e., the fact that for a positive random variable X ,

P(X > 0) ≥ (EX)2

E(X2)
,

which follows from the Cauchy-Schwarz inequality. In our application of the above
inequality, X is the number of caps that contain a facet with volume �

( log N
N

)
. The

proof in the case n = 2 is simpler and is dealt with separately.

Theorem 11 Let ξ1, . . . , ξN be randomly chosen points from Sn−1 with respect to the
uniform measure. Let PN = [ξ1, . . . , ξN ]. Then for n = 2 and sufficiently big N,

E max
F∈F(PN )

voln−1(F) ≥ 1

2π

log N

N
.
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For n ≥ 3 and for sufficiently big N,

E max
F∈F(PN )

voln−1(F) ≥ voln−1(Sn−1)

voln−1(B
n−1
2 )

V 3
1,n

V2,n

2n
2−2n−7

3n+3 π2n2−4n−1

log N

N
.

For the proof of Theorem 11 we need two technical lemmas. The first is an easy
bound on the distribution of the volume of a random simplex and the second establishes
asymptotic upper and lower bounds for the probability that a given cap of Sn−1 contains
a “large” facet. Let ξ1, . . . , ξn+1 be points that are chosen randomly from Sn−1. Let

Vk,n := E
(
(voln([ξ1 . . . , ξn+1]))k

)
. (15)

Lemma 12 Let ξ1, . . . , ξn+1 be points that are chosen randomly from Sn−1. Then

P
{
voln

([ξ1, . . . , ξn+1]
) ≥ V1,n/2

} ≥ (1/4)V 2
1,n/V2,n .

Proof By the Cauchy-Schwarz inequality, we have for any non-negative random

variable Z that P{Z > 1
2EZ} ≥ (EZ)2

4E(Z2)
. The claim follows. ��

Let C be a cap of Sn−1 and let R ≥ 1. We define the constant

volR,n := voln−1(Sn−1)

voln−1(B
n−1
2 )

V1,n
2R

. (16)

Let HR,C : (Sn−1)n → {0, 1} be such that HR,C (ξ1, . . . , ξn) = 1 if the following
holds:

aff(ξ1, . . . , ξn) ∩ Sn−1 ⊆ C and voln−1
([ξ1, . . . , ξn]) ≥ volR,n . (17)

Otherwise HR,C (ξ1, . . . , ξn) = 0.
We do not specify R for now. Later we shall choose R := N

log N .

Lemma 13 Let n ≥ 3 and R ≥ πnn. Let C be a cap of Sn−1 with |C | = |Sn−1|/R.
Then

1

Rn

|Sn−2|V 3
1,n(n − 1)!(n − 1)n−3

3 · 25 · πn2−2n−1V2,n

≤ EHR,C ≤
(π

2

)n(n−2)
(n − 1)!(n − 1)n−3|Sn−2|V1,n R−n .

Proof By definition

EHR,C = 1

|Sn−1|n
∫
Sn−1

· · ·
∫
Sn−1

HR,Cdξ1 · · · dξn,
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Fig. 1 Angles in the proof of Lemma 13

where dξi denotes the restriction of the (n − 1)-dimensional Hausdorff measure to
Sn−1. We apply the spherical Blaschke-Petkantschin formula (9),

EHR,C = (n − 1)!
|Sn−1|n

1∫
0

∫
Sn−1∫

(
H(η,q)∩Sn−1

)nHR,C (ξ1, . . . , ξn)

∣∣[ξ1, . . . , ξn]∣∣
(1 − q2)n/2 dξ1 · · · dξndηdq, (18)

where dξi denotes the restriction of the (n − 2)-dimensional Hausdorff measure to
H(η, q) ∩ Sn−1 and dη equals the restriction of the (n − 1)-dimensional Hausdorff
measure to Sn−1. Wemay assume that the hyperplane defining the capC is orthogonal
to e1. Let φ(R, n) be the angle of the cap C .

Let ξ1, . . . , ξn be affinely independent points from Sn−1 and let H(η, q) be the
hyperplane through ξ1, . . . , ξn , i.e. the hyperplane orthogonal to unit vector η at dis-
tance q from the origin. Notice that HR,C (ξ1, . . . , ξn) = 1 iff voln−1([ξ1, . . . , ξn]) ≥
volR,n and the angle of the cap Sn−1 ∩ H(η, q)− (which equals arccos q) is at most
φ(R, n) − arccos〈η, e1〉 (see Fig. 1). The latter is equivalent to

arccos〈η, e1〉 + arccos q ≤ φ(R, n). (19)
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Therefore

HR,C (ξ1, . . . , ξn) = χ
(
arccos〈η, e1〉 + arccos q ≤ φ(R, n)

)
χ
(
voln−1([ξ1, . . . , ξn]) ≥ volR,n

)
.

This in (18) gives

EHR,C = (n − 1)!
|Sn−1|n

∫ 1

0

∫
Sn−1

χ
(
arccos〈η, e1〉 + arccos q ≤ φ(N , n)

)
×
∫(

H(η,q)∩Sn−1
)n χ

(
voln−1([ξ1, . . . , ξn]) ≥ volR,n

)
voln−1([ξ1, . . . , ξn])

(1 − q2)n/2 dξ1 · · · dξndηdq. (20)

We first look at the upper bound: Since χ
(
voln−1([ξ1, . . . , ξn]) ≥ volR,n

) ≤ 1,

EHR,C ≤ (n − 1)!|Sn−2|n
|Sn−1|n∫ 1

0

∫
Sn−1

χ
(
arccos〈η, e1〉 + arccos q ≤ φ(R, n)

) (1 − q2)
n2−n−1

2

(1 − q2)n/2

× J (q)dηdq,

where

J (q) =
∫(

H(η,q)∩Sn−1
)n voln−1([ξ1, . . . , ξn])

(1 − q2)
n−1
2

dξ1

|Sn−2|(1 − q2)
n−2
2

· · · dξn

|Sn−2|(1 − q2)
n−2
2

.

We have introduced the factor (1 − q2)
n2−n−1

2 in order to normalize J (q). Using the

substitution ξi = (1 − q2)
1
2 ζi and dξi = (1 − q2)

n−2
2 dζi , i = 1, . . . , n, we get

J (q) = 1

|Sn−2|n
∫
Sn−2

· · ·
∫
Sn−2

voln−1([ζ1, . . . , ζn])dζ1 · · · dζn = V1,n,

where V1,n is given by (15). Thus,

EHR,C ≤ (n − 1)!|Sn−2|n
|Sn−1|n V1,n∫ 1

0

∫
Sn−1

χ
(
arccos〈η, e1〉 + arccos q ≤ φ(R, n)

)
(1 − q2)

n2−2n−1
2 dηdq.
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We use polar coordinates

η1(α1, . . . , αn−1) = cosα1

ηk(α1, . . . , αn−1) = sin α1 · · · sin αk−1 cosαk, k = 2, 3, . . . , n − 1

ηn(α1, . . . , αn−1) = sin α1 · · · sin αn−1.

The change of coordinates induces the factor sinn−2 α1 sinn−3 α2 · · · sin αn−2. Then
α1 = arccos〈η, e1〉, i.e. cosα1 = 〈η, e1〉. We have

∫
Sn−1

χ
(
arccos〈η, e1〉 + arccos q ≤ φ(R, n)

)
dη

=
∫ π

0
· · ·
∫ π

0

∫ 2π

0
χ
(
α1 + arccos q ≤ φ(R, n)

)
(
n−2∏
k=1

sinn−k−1 αk

)
dαn−1 · · · dα1.

Since

|Sn−2| =
∫ π

0
· · ·
∫ π

0

∫ 2π

0

(
n−2∏
k=2

sinn−k−1 αk

)
dαn−1 · · · dα2,

we get ∫
Sn−1

χ
(
arccos〈η, e1〉 + arccos q ≤ φ(R, n)

)
dη

= |Sn−2|
∫ π

0
χ
(
α1 + arccos q ≤ φ(R, n)

)
sinn−2 α1dα1.

(21)

Therefore

EHR,C ≤ (n − 1)!|Sn−2|n+1

|Sn−1|n V1,n∫ 1

0

∫ π

0
χ
(
α1 + arccos q ≤ φ(R, n)

)
(1 − q2)

n2−2n−1
2 sinn−2 α1dα1dq.

Since χ
(
α1 + arccos q ≤ φ(R, n)

) ≤ χ
(
α1 ≤ φ(R, n)

)
χ
(
arccos q ≤ φ(R, n)

)
, the

double integral is less than or equal to

∫ π

0
χ
(
α1 ≤ φ(R, n)

)
sinn−2 α1dα1

×
∫ 1

0
χ
(
arccos q ≤ φ(R, n)

)
(1 − q2)

n2−2n−1
2 dq,
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which, since φ(R, n) ≤ π , is equal to

∫ φ(R,n)

0
sinn−2 α1dα1

∫ 1

cosφ(R,n)

(1 − q2)
n2−2n−1

2 dq.

We use twice that sin x ≤ x and substitute q = cos s,

EHR,C ≤ (n − 1)!|Sn−2|n+1

|Sn−1|n V1,n

(
φ(R, n)n−1

n − 1

∫ φ(R,n)

0
(sin s)n

2−2nds

)

≤ (n − 1)!|Sn−2|n+1

|Sn−1|n V1,n
φ(R, n)n(n−1)

(n − 1)3
.

Finally, this with (4) gives

EHR,C ≤ (n − 1)!|Sn−2|n+1

|Sn−1|n V1,n
1

(n − 1)3

(π

2

)n(n−2)

(
1

R

voln−1(Sn−1)

voln−1(B
n−1
2 )

)n

= (π/2)n(n−2) (n − 1)!(n − 1)n−3|Sn−2|V1,n R−n .

Now we consider the lower bound: We start from (20). We restrict the integration
with respect to q to the interval [0, f (N , n)],

EHR,C ≥ (n − 1)!|Sn−2|n
|Sn−1|n

∫ f (N ,n)

0

∫
Sn−1

χ
(
arccos〈η, e1〉 + arccos q ≤ φ(N , n)

)
I (q)(1 − q2)

n2−2n−1
2 dηdq,

where

I (q) =
∫

(H(η,q)∩Sn−1)n

χ
(
voln−1([ξ1, . . . , ξn]) ≥ volR,n

)voln−1([ξ1, . . . , ξn])
(1 − q2)

n−1
2

n∏
i=1

dξi

|Sn−2|(1 − q2)
n−2
2

and

f (N , n) :=
√√√√1 −

(
1

R

|Sn−1|
|Bn−1

2 |
) 2

n−1

. (22)

123



B. Leroux et al.

We verify that f (N , n) is well-defined, i.e. the expression under the square root is
nonnegative.We have |Bn

2 | ≤ √
π |Bn−1

2 |. Indeed, since�(·) is increasing in [3/2,∞),

|Bn
2 |

|Bn−1
2 | = π

n
2 �( n−1

2 + 1)

�( n2 + 1)π
n−1
2

≤ √
π.

Moreover, since R ≥ n · πn ,

(
1

R

|Sn−1|
|Bn−1

2 |
) 2

n−1 =
(

1

R

n|Bn
2 |

|Bn−1
2 |

) 2
n−1 ≤

(
n
√

π

R

) 2
n−1 ≤ 1

π2+ 1
n−1

. (23)

Using the substitution ξi = (1 − q2)
1
2 ζi and dξi = (1 − q2)

n−2
2 dζi , i = 1, . . . , n, we

get

I (q) = 1

|Sn−2|n
∫

(Sn−2)n
χ

(
voln−1([ζ1, . . . , ζn]) ≥ volR,n

(1 − q2)
n−1
2

)

voln−1([ζ1, . . . , ζn])
n∏

i=1

dζi .

Since χ
(
voln−1([ζ1, . . . , ζn]) ≥ volR,n(1 − q2)− n−1

2

)
voln−1([ζ1, . . . , ζn]) is non-

negative and the integral is an expectation,

I (q) =
∫ ∞
0

P

[
χ
(
voln−1([ζ1, . . . , ζn]) ≥ volR,n(1 − q2)− n−1

2

)
voln−1([ζ1, . . . , ζn]) ≥ s

]
ds

=
∫ ∞
0

P

[
voln−1([ζ1, . . . , ζn]) ≥ max

(
s, volR,n(1 − q2)− n−1

2

)]
ds

≥
∫ volR,n(1−q2)−

n−1
2

0
P

[
voln−1([ζ1, . . . , ζn]) ≥ max

(
s, volR,n(1 − q2)− n−1

2

)]
ds

=
∫ volR,n(1−q2)−

n−1
2

0
P

[
voln−1([ζ1, . . . , ζn]) ≥ volR,n(1 − q2)− n−1

2

]
ds.

If q ≤ f (N , n), by (22) this means

(1 − q2)−
n−1
2 ≤ (1 − f (N , n)2

)− n−1
2 = R voln−1(B

n−1
2 )/voln−1(S

n−1)

and so, using Lemma 12,
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P
(
voln−1([ζ1, . . . , ζn]) ≥ volR,n(1 − q2)−

n−1
2
)

≥ P

(
voln−1([ζ1, . . . , ζn]) ≥ volR,n R voln−1(B

n−1
2 )/voln−1(S

n−1)
)

= P
(
voln−1([ζ1, . . . , ζn]) ≥ V1,n/2

) ≥ (1/4) V 2
1,n/V2,n .

It follows

I (q) ≥ V 2
1,n volR,n

4V2,n(1 − q2)
n−1
2

= V 3
1,n

8V2,n(1 − q2)
n−1
2

|Sn−1|
|Bn−1

2 |
1

R
.

We have shown that

EHR,C ≥ (n − 1)(n − 1)! |Sn−2|n−1V 3
1,n

8|Sn−1|n−1V2,n R∫ f (N ,n)

0

∫
Sn−1

χ
(
arccos〈η, e1〉 + arccos q ≤ φ(R, n)

)
(1 − q2)

n2−3n
2 dηdq.

By (21) we get

EHR,C ≥ (n − 1)(n − 1)! |Sn−2|nV 3
1,n

8|Sn−1|n−1V2,n R∫ f (N ,n)

0

∫ π

0
χ
(
α1 + arccos q ≤ φ(R, n)

)
(sinn−2 α1)(1 − q2)

n2−3n
2 dα1dq.

Since χ
(
α1 + arccos q ≤ u

) ≥ χ
(
α1 ≤ u/2

)
χ
(
arccos q ≤ u/2

)
we obtain

EHR,C ≥ (n − 1)(n − 1)! |Sn−2|nV 3
1,n

8|Sn−1|n−1V2,n R∫ π

0
χ

(
α1 ≤ φ(R, n)

2

)
sinn−2 α1dα1∫ f (N ,n)

0
χ

(
arccos q ≤ φ(R, n)

2

)
(1 − q2)

n2−3n
2 dq.

Since φ(R, n) ≤ π ,

EHR,C ≥ (n − 1)(n − 1)! |Sn−2|nV 3
1,n

8|Sn−1|n−1V2,n R∫ φ(R,n)/2

0
sinn−2 α1dα1

∫ f (N ,n)

cos φ(R,n)
2

(1 − q2)
n2−3n

2 dq.
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We use sin α1 ≥ 2
π
α1 for 0 ≤ α1 ≤ π

2 and q = cos u to get

EHR,C ≥ (n − 1)(n − 1)! |Sn−2|nV 3
1,n

8|Sn−1|n−1V2,n R

(
2

π

)n−2 1

n − 1

(
φ(R, n)

2

)n−1

∫ φ(R,n)/2

arccos f (N ,n)

(sin u)n
2−3n+1du.

Thus

EHR,C ≥ (n − 1)! |Sn−2|nV 3
1,n

8|Sn−1|n−1V2,n R

(
2

π

)n2−2n−1 (
φ(R, n)

2

)n−1

∫ φ(R,n)/2

arccos f (N ,n)

un
2−3n+1du,

where

∫ φ(R,n)/2

arccos f (N ,n)

un
2−3n+1du

=
(
φ(R, n)/2

)(n−1)(n−2) − (arccos f (N , n)
)(n−1)(n−2)

(n − 1)(n − 2)
.

We have arccos
√
1 − t ≤ π

2

√
t for 0 ≤ t ≤ 1. Therefore

arccos f (N , n) = arccos
√
1 − (1 − f (N , n)2) ≤ π

2

√
1 − f (N , n)2.

By (22), arccos f (N , n) ≤ π
2

(
1
R

|Sn−1|
|Bn−1

2 |
) 2

n−1
. Thus, using (4) to get a lower bound on

φ(R, n),

∫ φ(R,n)/2

arccos f (N ,n)

un
2−3n+1du

≥ 1

(n − 1)(n − 2)

⎛
⎝ 1

2(n−1)(n−2)

(
1

R
· |Sn−1|
|Bn−1

2 |

)n−2

−
(π

2

)(n−1)(n−2)
(

1

R

|Sn−1|
|Bn−1

2 |
)2(n−2)

)

= 2−(n−1)(n−2)

(n − 1)(n − 2)

(
1

R
· |Sn−1|
|Bn−1

2 |

)n−2 (
1 −

(
πn−1

R

|Sn−1|
|Bn−1

2 |
)n−2

)
.
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By (23) we get
(

πn−1

R
|Sn−1|
|Bn−1

2 |
)n−2 ≤ π− n−2

2 . Therefore, since π− 1
2 ≤ 2

3 ,

∫ φ(R,n)/2

arccos f (N ,n)

un
2−3n+1du ≥ 2−(n−1)(n−2)

3(n − 1)(n − 2)

(
|Sn−1|
R|Bn−1

2 |

)n−2

.

It follows

EHR,C ≥ (n − 1)! |Sn−2|nV 3
1,n

8|Sn−1|n−1V2,n R

(
2

π

)n2−2n−1 1

2n−1

1

R

|Sn−1|
|Bn−1

2 |
2−(n−1)(n−2)

3(n − 1)(n − 2)

(
|Sn−1|
R|Bn−1

2 |

)n−2

≥ 1

Rn

|Sn−2|V 3
1,n(n − 1)!(n − 1)n−3

3 · 25 · πn2−2n−1V2,n
.

��
Proof of Theorem 11 For n = 2, this is essentially known and we deduce it from the
expected length of the largest gap in a sample of uniformly random points in S1. Let
X denote the (geodesic) length of the largest gap in a sample of N uniformly random
points from S1. It is know that E(X) = 1

N

∑N
i=1

1
i . Let Y denote the length of the

longest edge of the convex hull of the same sample. Let A be the event that the convex
hull of the sample contains the origin. To relate the arc length with the edge length of
the convex hull of the sample, notice that P( Ā) = N/2N−1 (by Wendel’s theorem).
In general Y can be much smaller than X but if A holds, then Y ≥ 2

π
X . In this way,

E(Y ) ≥ E(Y | A)P(A) with P(A) ≥ 1/4 for N ≥ 3 while E(Y | A) ≥ (2/π)E(X |
A). From the total expectation formula, E(X | A) = 1

P(A)

(
E(X) −E(X | Ā)P( Ā)

) ≥
E(X)−2πP( Ā). Combining everything, E(Y ) ≥ 1

2π E(X)− N
2N−1 . Therefore E(Y ) ≥

1
2π

(1/N )+log(N )
N − N

2N−1 . For sufficiently big N we get E(Y ) ≥ 1
2π

log(N )
N .

The remainder of the proof is the case n ≥ 3. Let k ∈ N be the maximal number
such that there are caps C1, . . . ,Ck of Sn−1 with int(Ci ) ∩ int(C j ) = ∅,, i 	= j , and
for all i = 1, . . . , k |Ci | = |Sn−1|/R. By Lemma 5,

3−n R ≤ k ≤ R. (24)

Let Gi : Sn−1 × · · · × Sn−1 → {0, 1} such that Gi (ξ1, . . . , ξN ) = 1 if the following
three conditions hold:

Exactly n points ξ�1 , . . . , ξ�n are chosen from Ci and they are affinely independent,

aff(ξ�1, . . . , ξ�n ) ∩ Sn−1 ⊆ Ci and voln−1([ξ�1, . . . , ξ�n ]) ≥ volR,n,

(25)
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where volR,n is defined by (16). Else we put Gi (ξ1, . . . , ξN ) = 0. Note that if Gi = 1
then there is a facet of PN in Ci with volume at least volR,n .

We have for all i = 1, . . . , k,

E(Gi ) = P(Gi = 1) =
(
N

n

)(
1 − 1

R

)N−n

EHR,Ci (26)

where HR,Ci is given by (17). Indeed, the first equality holds since Gi takes only
the values 0 and 1. We have Gi (ξ1, . . . , ξN ) = 1 if and only if there are exactly
ξ�1, . . . , ξ�n ∈ Ci such that for all � /∈ {�1, . . . , �n} we have x� /∈ Ci and such
that HR,Ci (ξ�1, . . . , ξ�n ) = 1. We have

(N
n

)
choices of �1, . . . , �n ∈ {1, . . . , N }. The

requirement that for all � /∈ {�1, . . . , �n} we have x� /∈ Ci gives rise to the factor
(1 − 1

R )N−n . The conditions (25) mean that HR,Ci (ξ�1, . . . , ξ�n ) = 1. Thus (26)
holds.

For all i, j = 1, . . . , k with i 	= j ,

E(Gi · G j ) = P(Gi · G j = 1) =
(
N

n

)(
N − n

n

)(
1 − 2

R

)N−2n

(EHR,C1)
2. (27)

Indeed,Gi ·G j takes only the values 0 and 1. Therefore,E(Gi ·G j ) = P(Gi ·G j = 1).
We have Gi · G j = 1 if and only if Gi = 1 and G j = 1. This holds if and only if
there are two disjoint sets ξ�1, . . . , ξ�n ∈ Ci and ξ�n+1 , . . . , ξ�2n ∈ C j such that for
all � /∈ {�1, . . . , �2n} we have ξ� /∈ Ci ∪ C j and (25) holds for ξ�1, . . . , ξ�n and
ξ�n+1 , . . . , ξ�2n . There are

(N
n

)(N−n
n

)
choices of �1, . . . , �n and �n+1, . . . , �2n . The

condition ξ� /∈ Ci ∪ C j for � /∈ {�1, . . . , �2n} gives rise to the factor
(
1 − 2

R

)N−2n
.

Since (25) holds for ξ�1, . . . , ξ�n and ξ�n+1 , . . . , ξ�2n we have HR,Ci (ξ�1, . . . , ξ�n ) =
HR,C j (ξ�n+1 , . . . , ξ�2n ) = 1. Moreover, EHR,Ci = EHR,C j for all i, j = 1, . . . , k.
Thus (27) holds.

By (26)

E

(
k∑

i=1

Gi

)
=

k∑
i=1

EGi = k

(
N

n

)(
1 − 1

R

)N−n

EHR,C1 . (28)

By (26), (27) and G2
i = Gi ,

E

(( k∑
i=1

Gi

)2
)

=
k∑

i, j=1

E(GiG j )

=
∑
i 	= j

E(GiG j ) +
k∑

i=1

E(G2
i )

= k(k − 1)

(
N

n

)(
N − n

n

)(
1 − 2

R

)N−2n

(EHR,C1)
2
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+ k

(
N

n

)(
1 − 1

R

)N−n

EHR,C1 . (29)

By the Cauchy-Schwarz inequality and as EHR,C1 > 0,

P

(
k∑

i=1

Gi > 0

)
≥

(∑k
i=1 EGi

)2
E

((∑k
i=1 Gi

)2) . (30)

By (28) and (29),

P

(
k∑

i=1

Gi > 0

)

≥
[
k
(N
n

) (
1 − 1

R

)N−n
EHR,C1

]2
k(k − 1)

(N
n

)(N−n
n

)(
1 − 2

R

)N−2n
(EHR,C1)

2 + k
(N
n

)(
1 − 1

R

)N−n
EHR,C1

= k
(N
n

) (
1 − 1

R

)2N−2n
EHR,C1

(k − 1)
(N−n

n

) (
1 − 2

R

)N−2n
EHR,C1 + (1 − 1

R

)N−n
. (31)

We choose R = N
log N . The sequence N 2(1 − log N

N )2N−2n , N ≥ 3, is decreasing and

lim
N→∞ N 2

(
1 − 1

R

)2N−2n

= lim
N→∞ N 2

(
1 − log N

N

)2N−2n

= 1.

Therefore, by Lemma 13 and (24), for sufficiently large N the numerator of (31)
satisfies

k

(
N

n

)(
1 − 1

R

)2N−2n

EHR,C1

≥ 1

3n
N

log N

(
N

n

)
1

N 2

(log N )n

Nn

|Sn−2|V 3
1,n(n − 1)!(n − 1)n−3

3 · 25 · πn2−2n−1V2,n

= 1

3n+1

(log N )n−1

N

(
N

n

)
1

Nn

|Sn−2|V 3
1,n(n − 1)!(n − 1)n−3

25 · πn2−2n−1V2,n
.

For sufficiently large N ,(
N

n

)
1

Nn
(n − 1)!(n − 1)n−3 ≥ 2

9
(n − 1)n−4.

It follows,

k

(
N

n

)(
1 − 1

R

)2N−2n

EHR,C1 ≥ 1

3n+3

(log N )n−1

N

|Sn−2|V 3
1,n(n − 1)n−4

24 · πn2−2n−1V2,n
. (32)

and we have estimated the numerator of (31) from below.
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Now we estimate the denominator of (31) from above. Clearly, for large enough
N ,

(
1 − 1

R

)N−n

≤ exp

(
− (N − n) log N

N

)

= 1

N
exp

(
n log N

N

)
≤ 2

N
. (33)

We have for sufficiently large N ,

(
1 − 2

R

)N−2n

=
(
1 − 2 log N

N

)N−2n

≤ exp

(
−N − 2n

N
log(N 2)

)
≤ 2

N 2 .

By Lemma 13 and (24),

(k − 1)

(
N − n

n

)(
1 − 2

R

)N−2n

EHR,C1

≤ N

log N

Nn

n!
2

N 2

(log N )n

Nn

(π

2

)n(n−2)
(n − 1)!(n − 1)n−3|Sn−2|V1,n

= 2
(log N )n−1

N

(π

2

)n2−2n (n − 1)n−3

n
|Sn−2|V1,n .

So we have shown that for sufficiently big N ,

P

(
k∑

i=1

Gi > 0

)
≥ (log N )n−1

3n+3N

|Sn−2|V 3
1,n(n − 1)n−4

24 · πn2−2n−1V2,n(
2
(log N )n−1

N

(π

2

)n2−2n (n − 1)n−3

n
|Sn−2|V1,n + 2

N

)−1

≥ 2n
2−2n−6

3n+3 π2n2−4n−1

V 2
1,n

V2,n
.

We have

P

(
max

F∈F(PN )
voln−1(F) ≥ volR,n

)
≥ P

(
k∑

i=1

Gi > 0

)
. (34)

Indeed, if
∑k

i=1 Gi > 0 then there is i0 with Gi0 > 0 and consequently Gi0 = 1. This
means that on the set

∑k
i=1 Gi > 0 we have maxF∈F(PN ) voln−1(F) ≥ volR,n . By

(34),
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E max
F∈F(PN )

voln−1(F) ≥ volR,n P

(
max

F∈F(PN )
voln−1(F) ≥ volR,n

)

≥ volR,n P

(
k∑

i=1

Gi > 0

)
,

where volR,n is defined in (16). Thus

E max
F∈F(PN )

voln−1(F) ≥ log N

N

voln−1(Sn−1)

voln−1(B
n−1
2 )

V 3
1,n

V2,n

2n
2−2n−7

3n+3 π2n2−4n−1
.

��

5 Strategy for the proof of the expectedminimum

We prove the upper and lower bounds of Theorem 2 separately in Sects. 7 and 8. The
n = 2 case is known so here we focus on n > 2. We start with an outline of the
arguments.

Assume that the n points ξ1, . . . , ξn form a facet of the random polytope PN in
Sn−1. The volume of the facet depends on both the height of the cap defined by the
affine hull H of the n points as well as the shape of the simplex inside H . On average,
we expect the volume of the facet to depend (up to constants depending only on the
dimension) only on the height of the cap because the expected volume of a random
simplex in H ∩ Sn−1 is equal up to constants to the maximum volume of a simplex
contained in H ∩ Sn−1.

However, when one instead considers theminimum volume of a facet, we show that
the volume depends onmore than the height of the cap. It also has a strong dependence
on the shape of the simplex formed by the n points inside the cap. In order to make
this dependence precise, we first establish Lemma 14 which gives an approximation
of the distribution of voln−1([ξ1, . . . , ξn]) where ξ1, . . . , ξn are points that are chosen
randomly from Sn−2 with respect to the uniform measure. We show that when n = 3,
the CDF P

(
vol2([ξ1, . . . , ξn]) ≤ t

)
is equal up to constants to t2/3; when n ≥ 4, the

CDF is equal up to constants to t . This fact explains why the asymptotics in Theorem
2 are the same for all n ≥ 4 but differ in the n = 3 case. We give an overview of the
proof strategy for the upper and lower bounds in Theorem 2 below. For simplicity we
describe the proof for the case n ≥ 4. The proof in the n = 3 case is similar.

Upper bound in Theorem 2. We start by choosing k ∼ N pairwise disjoint caps on
Sn−1 such that the volume of each cap is |Sn−1|/N . We then show that one of these
caps is likely to contain a facet with the desired volume. This is done by defining the
function G̃i,t , 1 ≤ i ≤ k. For each i , G̃i,t is the indicator function for the event that
(roughly speaking) the i-th cap contains a facet of PN and that the volume of the facet
is less than t/N . The precise definition of G̃i,t is in Equations (71) to (73). The proof
shows that
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P

(
k∑

i=1

G̃i,t > 0

)
≥ 1 − c

Nt2

for some constant c depending only on n. This inequality is established, as in Sect. 4,
using the second moment method, i.e., the Cauchy Schwarz inequality.

Therefore, the main difficulty in the proof of this result is to obtain a suitable
upper bound on E

(
(
∑k

i=1 G̃i,t )
2
)
. This is accomplished in Sect. 7 after first obtaining

bounds on the closely related function H̃t,C which is introduced in (57) and analyzed
in Lemma 15.

Lower bound in Theorem 2. The proof of the lower bound is somewhat simpler
than the proof of the upper bound. We show in Proposition 16 that the probability
that there exists a facet with volume less than t is at most some constant times t2N 3.
Then the proof of the lower bound on the minimum volume facet follows by setting
t = cN−3/2 and using Markov’s inequality.

6 Technical Lemmas for the expectedminimum

The first lemma establishes upper and lower bounds on the CDF of
voln−1([ξ1, . . . , ξn]). Miles [26] computed the expected volume of a random simplex
in a Euclidean ball. He did not use the CDF explicitly.

Lemma 14 Let ξ1, . . . , ξn+1 be i.i.d. uniformly random points from Sn−1. Then:

(i) For n = 2,

(2t)2/3/π8/3 ≤ P
(
vol2([ξ1, ξ2, ξ3]) ≤ t

) ≤ 342 · t2/3, (35)

where 0 ≤ t ≤ π for the left hand side inequality and 0 ≤ t for the right hand
side inequality.

(ii) For all n ≥ 3,
ant ≤ P

(
voln([ξ1, . . . , ξn+1]) ≤ t

) ≤ bnt, (36)

where 0 ≤ t ≤ |Bn
2 | for the left hand side inequality and 0 ≤ t for the right hand side

inequality. The constants are

an = 1

|Bn
2 |

⎛
⎝ 1√

e
√
n

|Sn−2|n+1

n2|Sn−1|n
�(

(n−1)2+1
2 )

�(
(n−1)2

2 )

(
�( n−1

2 )

�( n2 )

)n−1
�( n−1

2 )

�( 12 )

⎞
⎠ (37)

and

bn = n!|Sn−2|n+1

|Sn−1|n B

(
1

2
,
n2 − 3n + 2

2

)
. (38)

Proof (i)We start with the lower bound and we consider first the case t ≤ 1. The point
ξ1 is chosen arbitrarily. The points ξ2, ξ3 are chosen from the cap S1 ∩ H−(ξ1, 1 −
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2−1/3t2/3). Here we used that t ≤ 1. The height of the cap S1∩H−(ξ1, 1−2−1/3t2/3)
is 2−1/3t2/3. By Lemma 3, the surface area of the cap S1 ∩ H−(ξ1, 1 − 2−1/3t2/3)
is 2 arccos(1 − t2/3/21/3), which is greater than 24/3t1/3. Thus, the measure of all
choices (ξ1, ξ2, ξ3) as in this paragraph is at least (24/3t1/3)2/(2π)2 = 22/3t2/3/π2.
On the other hand,

vol2([ξ1, ξ2, ξ3]) = (1/2) vol1([ξ2, ξ3])d
(
ξ1, aff(ξ2, ξ3)

) ≤ t .

Therefore, for t ≤ 1,

P
(
vol2([ξ1, ξ2, ξ3]) ≤ t

) ≥ (2t)2/3/π2.

We extend this to all t with 0 ≤ t ≤ π . Let 1 ≤ t ≤ π . Then

P
(
vol2([ξ1, ξ2, ξ3]) ≤ t

) ≥ P
(
vol2([ξ1, ξ2, ξ3]) ≤ 1

) ≥ 22/3/π2 ≥ (2t)2/3/π8/3.

Now we show the inequality from above. We may assume that ξ1 = e1 = (1, 0).
For any choice of ξ2 we compute the measure of all ξ3 such that vol2([ξ1, ξ2, ξ3]) ≤ t .
We parametrize ξ2 = (cosφ, sin φ)withφ ∈ [0, π ]. Because of symmetry it is enough
to consider the range [0, π ] instead of [0, 2π ]. Then ‖ξ1 − ξ2‖ = 2 sin(φ/2) and

t ≥ vol2([ξ1, ξ2, ξ3]) = (1/2)‖ξ1 − ξ2‖d
(
ξ3, aff(ξ1, ξ2)

)
,

or
t/sin(φ/2) ≥ d

(
ξ3, aff(ξ1, ξ2)

)
. (39)

Since d
(
ξ3, aff(ξ1, ξ2)

) ≤ 2, we have min{2, t/sin(φ/2)} ≥ d
(
ξ3, aff(ξ1, ξ2)

)
. The

hyperplane, i.e. the line through ξ1 and ξ2 is given by H
(
(cos φ

2 , sin φ
2 ), cos φ

2

)
. By

(39) we can choose any ξ3 from the set

S1 ∩ H− ((cos φ
2 , sin φ

2 ), cos φ
2 − t

sin(φ/2)

)
∩ H+ ((cos φ

2 , sin φ
2 ), cos φ

2 + t
sin(φ/2)

)
, (40)

where both half spaces contain the point cos φ
2 (cos φ

2 , sin φ
2 ). It follows,

P
(
vol2([ξ1, ξ2, ξ3]) ≤ t

)
= 1

π

∫ π

0

∣∣∣∣S1 ∩ H−
(

(cos φ
2 , sin φ

2 ), cos φ
2 − t

sin φ
2

)

∩H+
(

(cos φ
2 , sin φ

2 ), cos φ
2 + t

sin φ
2

)∣∣∣∣ dφ. (41)
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We split the integral into two parts, from 0 to 10φ0 and 10φ0 to π . We explain why
we do this. If cos φ

2 + t
sin(φ/2) ≥ 1, then (40) equals

S1 ∩ H− ((cos φ
2 , sin φ

2 ), cos φ
2 − t

sin(φ/2)

)
. (42)

Let φ0 be the unique solution of t = sin φ
2 (1− cos φ

2 ). The value φ0 is the exact value
such that the set (42) equals the set (40) for all φ with 0 ≤ φ ≤ φ0. Since sin x ≥ 2x

π

for 0 ≤ x ≤ π
2 and cos x ≤ 1− x2

π
for 0 ≤ x ≤ π

2 this implies t ≥ φ3
0

4π2 (we apply the
inequalities to x = φ/2 so that we cover all φ ∈ [0, π ]). Since sin x ≤ x for x ≥ 0
and cos x ≥ 1 − x2

2 for x ≥ 0 we get t ≤ φ3
0/16. Altogether,

24/3t1/3 ≤ φ0 ≤ (2π)2/3t1/3. (43)

The cap (42) has height 1− cos φ
2 + t

sin(φ/2) . By Lemma 3, its surface area is equal to

2 arccos

(
cos

φ

2
− t

sin(φ/2)

)
≤ 2 arccos

(
1 − φ2

8
− π t

φ

)
,

using the fact that arccos is decreasing, cos x ≥ 1 − x2
2 and sin x ≥ 2x

π
. Since

cos x ≤ 1− x2
π

and arccos is decreasing we have x ≥ arccos
(
1− x2

π

)
. Using this and

that the square root is a concave function,

2 arccos

(
1 − φ2

8
− π t

φ

)
≤ 2

√
π

8
φ2 + π2 t

φ
≤
√

π

2
φ + 2π

√
t

φ
.

By this and (43),

∫ 10φ0

0
2 arccos

(
1 − φ2

8
− π t

φ

)
dφ

≤
∫ 10(2π)2/3t1/3

0

√
π

2
φ + 2π

√
t

φ
dφ

= 100t
2
3 π

11
6 2− 1

6 + t
2
3 2

17
6
√
5π

4
3 ≤ 341π · t 23 . (44)

This leaves us with the integral

∫ π

10φ0
2 arccos

(
cos

φ

2
− t

sin(φ/2)

)
− 2 arccos

(
cos

φ

2
+ t

sin(φ/2)

)
dφ. (45)
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By the mean value theorem there is α with cos φ
2 − t

sin(φ/2) ≤ α ≤ cos φ
2 + t

sin(φ/2)
and

arccos
(
cos φ

2 + t
sin(φ/2)

)
− arccos

(
cos φ

2 − t
sin(φ/2)

)
2t/sin(φ/2)

= arccos′(α) = − 1√
1 − α2

.

As 1√
1−α2 is an increasing function on [0, 1), we get

arccos
(
cos φ

2 − t
sin(φ/2)

)
− arccos

(
cos φ

2 + t
sin(φ/2)

)
2t/sin(φ/2)

= 1√
1 − α2

≤ 1√
1 −

(
cos φ

2 + t
sin(φ/2)

)2 .

We have, using 2
π
x ≤ sin x ,

1 −
(
cos

φ

2
+ t

sin(φ/2)

)2

= (sin φ
2 )2 − 2t

cos φ
2

sin φ
2

− t2

(sin φ
2 )2

≥ φ2

π2 − 2π
t

φ
− t2π2

φ2 .

By (43), φ ≥ 10φ0 ≥ 10 · 24/3t1/3, i.e. t ≤ φ3/16000. Therefore, the previous
expression is greater than

φ2

π2 − π
φ2

8000
− φ4π2

160002
.

For 0 ≤ φ ≤ π we have φ4 ≤ π2φ2. Thus,

φ2

π2 − π
φ2

8000
− φ2π4

160002
= φ2

(
1

π2 − π

8000
− π4

160002

)

≥ φ2
(

1

10
− 1

2000
− 1

16002

)
≥ φ2

20

and therefore

√
1 −

(
cos

φ

2
+ t

sin(φ/2)

)2

≥ φ

5
.
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Altogether,

arccos

(
cos

φ

2
− t

sin(φ/2)

)
− arccos

(
cos

φ

2
+ t

sin(φ/2)

)

≤ 2t
φ
5 sin

φ
2

≤ 10π t

φ2 .

As t ≤ π and with (43), the integral (45) is at most

∫ π

10·24/3t1/3
20π t

φ2 dφ = π

21/3
t2/3 − 20t = π

21/3
t2/3

(
1 − 20 · 21/3

π
t1/3
)

.

For t ≤ 0.09

2
∫ π

10φ0
arccos

(
cos φ

2 − t

sin φ
2

)
− arccos

(
cos φ

2 + t

sin φ
2

)
dφ ≤ π

2
4
3

t
2
3 . (46)

By (41), (44) and (46)

P
(
vol2([ξ1, ξ2, ξ3]) ≤ t

) ≤ 341 · t 23 + 1

2
4
3

t
2
3 ≤ 342 · t 23 .

Thus we have verified (35) for 0 ≤ t ≤ 0.09. We extend this to all t with 0 ≤ t ≤ π .
For t with t ≥ 0.09 we have

P(vol2([ξ1, ξ2, ξ3]) ≤ t) ≤ 1 ≤ 38 · t 23 .

(ii) First we show the left hand side estimate of (36). Clearly,

voln([ξ1, . . . , ξn+1]) = (1/n)d
(
ξn+1, aff(ξ1, . . . , ξn)

)
voln−1([ξ1, . . . , ξn])

and therefore

P
(
voln([ξ1, . . . , ξn+1]) ≤ t

)
= P

{
d
(
ξn+1, aff(ξ1, . . . , ξn)

) ≤ nt

voln−1([ξ1, . . . , ξn])
}

.
(47)

Trivially,

P
(
voln([ξ1, . . . , ξn+1]) ≤ t

)
≥ P

{
voln([ξ1, . . . , ξn+1]) ≤ t and d

(
0, aff(ξ1, . . . , ξn)

) ≤ 1/n
}
.

With (47)
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P
(
voln([ξ1, . . . , ξn+1]) ≤ t

)
≥ P

{
d
(
ξn+1, aff(ξ1, . . . , ξn)

) ≤ nt

voln−1([ξ1, . . . , ξn])
∣∣ d(0, aff(ξ1, . . . , ξn)) ≤ 1

n

}
× P

{
d
(
0, aff(ξ1, . . . , ξn)

) ≤ 1/n
}
. (48)

By the Blaschke-Petkantschin formula (9),

P
{
d
(
0, aff(ξ1, . . . , ξn)

) ≤ 1/n
}

= 1

|Sn−1|n
∫
Sn−1

· · ·
∫
Sn−1

χ

(
d
(
0, aff(ξ1, . . . , ξn)

) ≤ 1

n

)
dξ1 · · · dξn

= (n − 1)!
|Sn−1|n

∫ 1
n

0

∫
Sn−1

∫
H(θ,p)∩Sn−1

· · ·
∫
H(θ,p)∩Sn−1

voln−1([ξ1, . . . , ξn])
(1 − p2)

n
2

dξ1 · · · dξndθdp.

The n-fold integral over H(θ, p) ∩ Sn−1 is independent of θ . Therefore the above
expression equals

(n − 1)!
|Sn−1|n−1

∫ 1/n

0

∫
H(e1,p)∩Sn−1

· · ·
∫
H(e1,p)∩Sn−1

voln−1([ξ1, . . . , ξn])
(1 − p2)n/2 dξ1 · · · dξndp.

The set H(e1, p) ∩ Sn−1 is a Euclidean sphere with radius
√
1 − p2. We put ξi =

ηi
√
1 − p2 and have dξi = (1 − p2)

n−2
2 dηi . The above expression equals

(n − 1)!
|Sn−1|n−1

∫ 1/n

0

∫
Sn−2

· · ·
∫
Sn−2

voln−1([η1, . . . , ηn])(1 − p2)
n2−2n−1

2 dη1 · · · dηndp.

We apply Lemma 6 in dimension n − 1 to get

P
{
d
(
0, aff(ξ1, . . . , ξn)

) ≤ 1/n
}

= |Sn−2|n
|Sn−1|n−1

�( n
2−2n+2

2 )

�(
(n−1)2

2 )

(
�( n−1

2 )

�( n2 )

)n−1
�( n−1

2 )

�( 12 )∫ 1
n

0
(1 − p2)

n2−2n−1
2 dp.

(49)

By Bernoulli’s inequality,

1

2n
≤ 1

n

(
1 − 1

n2

) n2−2n−1
2 ≤

∫ 1
n

0
(1 − p2)

n2−2n−1
2 dp ≤ 1

n
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and we get
cn/2 ≤ P

{
d
(
0, aff(ξ1, . . . , ξn)

) ≤ 1/n
} ≤ cn, (50)

where

cn = |Sn−2|n
n|Sn−1|n−1

�(
(n−1)2+1

2 )

�(
(n−1)2

2 )

(
�( n−1

2 )

�( n2 )

)n−1
�( n−1

2 )

�( 12 )
. (51)

Now we estimate

P

{
d
(
ξn+1, aff(ξ1, . . . , ξn)

) ≤ nt

voln−1([ξ1, . . . , ξn])
∣∣ d(0, aff(ξ1, . . . , ξn)) ≤ 1

n

}
.

(52)
First we estimate this expression from below for the range 0 < t ≤ 1

n·n! . The simplex
with greatest volume in a Euclidean ball is a regular simplex. The volume of a regular

simplex in R
m with sidelength s is

√
m+1
m!

( s√
2

)m and the distance of its centroid to a

vertex is
√

m
2(m+1) s. This means that the largest regular simplex inside a Euclidean ball

with radius 1 has sidelength
√
2(m + 1)/m and volume

√
m+1
m!

(m+1
m

)m/2
. Therefore,

voln−1([ξ1, . . . , ξn]) ≤
√
n

(n − 1)!
(

n

n − 1

) n−1
2

and, for M := tn!√
n

( n−1
n

) n−1
2 , (52) is greater than

P
{
d
(
ξn+1, aff(ξ1, . . . , ξn)

) ≤ M
∣∣ d(0, aff(ξ1, . . . , ξn)) ≤ 1/n

}
. (53)

For each choice ξ1, . . . , ξn there is a hyperplane H(θ, p) spanned by this choice, with
distance from the origin p and unit normal θ . Then we may choose ξn+1 from the set

Sn−1 ∩ H+ (θ, p + M) ∩ H−(θ, p − M), (54)

where H+(θ, p + M) and H− (θ, p − M) are the halfspaces containing p θ . By the
condition d

(
0, aff(ξ1, . . . , ξn)

) ≤ 1
n we get |p| ≤ 1

n and by the assumptions t ≤ 1
n ·n!

and n ≥ 3 we get

p + M ≤ 1

n
+ 1

n3/2
≤ 2

3
. (55)

The surface area of (54) is at most that of the right cylinder (without top and bottom)√
1 − (p + M)2Sn−2 × [p − M, p + M]. The surface area of the cylinder equals

|Sn−2| (1 − (p + M)2
) n−2

2 2M . By (55), we can apply Bernoulli’s inequality and the
surface area is at least

|Sn−2|
(
1 − n − 2

2
(p + M)2

)
2M
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≥ |Sn−2|√
e

(
1 − n − 2

2

(
1

n
+ tn!√

n

)2
)
2tn!√
n

,

where we used
(

n
n−1

)n−1 ≤ e. Therefore, for all t with 0 ≤ t ≤ 1
n ·n! we may choose

ξn+1 from a set of (n − 1)-dimensional volume at least |Sn−2|√
e

tn!√
n
. Thus, for all t with

0 ≤ t ≤ 1
n·n! ,

P

{
d
(
ξn+1, aff(ξ1, . . . , ξn)

) ≤ nt

voln−1([ξ1, . . . , ξn])
∣∣ d(0, aff(ξ1, . . . , ξn)) ≤ 1

n

}

≥ tn!√
e
√
n

|Sn−2|
|Sn−1| . (56)

By (48), (50), (51) and (56),

P
(
voln([ξ1, . . . , ξn+1]) ≤ t

)
≥ t

⎛
⎝ n!√

e
√
n

|Sn−2|n+1

n|Sn−1|n
�(

(n−1)2+1
2 )

�(
(n−1)2

2 )

(
�
( n−1

2

)
�
( n
2

)
)n−1

�
( n−1

2

)
�
( 1
2

)
⎞
⎠ .

We have established the left hand side of inequality (36) for the range 0 ≤ t ≤ 1
n ·n! .

We extend the range to 0 ≤ t ≤ |Bn
2 |. Let 1

n ·n! ≤ t ≤ |Bn
2 |. We have

P
(
voln([ξ1, . . . , ξn+1]) ≤ t

)
≥ P

(
voln([ξ1, . . . , ξn+1]) ≤ 1

nn!
)

≥ 1

nn!

⎛
⎝ n!√

e
√
n

|Sn−2|n+1

n|Sn−1|n
�(

(n−1)2+1
2 )

�(
(n−1)2

2 )

(
�( n−1

2 )

�( n2 )

)n−1
�( n−1

2 )

�( 12 )

⎞
⎠

≥ t

|Bn
2 |

⎛
⎝ 1√

e
√
n

|Sn−2|n+1

n2|Sn−1|n
�(

(n−1)2+1
2 )

�(
(n−1)2

2 )

(
�( n−1

2 )

�( n2 )

)n−1
�( n−1

2 )

�( 12 )

⎞
⎠ .

Now we show the right hand side estimate of (36). We have

P
(
voln([ξ1, . . . , ξn+1]) ≤ t

)
= P

{
d
(
ξn+1, aff(ξ1, . . . , ξn)

) ≤ nt

voln−1([ξ1, . . . , ξn ])
}

= 1

|Sn−1|n
∫
(Sn−1)n

P

{
ξn+1 : d(ξn+1, aff(ξ1, . . . , ξn)

) ≤ nt

voln−1([ξ1, . . . , ξn ])
}
dξ1 · · · dξn .

We estimate the integrand. Let H(θ, p) be the hyperplane spanned by ξ1, . . . , ξn
where θ is its unit normal and p its distance to 0. The set of all ξn+1 with
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d
(
ξn+1, aff(ξ1, . . . , ξn)

) ≤ nt
voln−1([ξ1,...,ξn ]) is

Sn−1 ∩ H+
(

θ, p + nt

voln−1([ξ1, . . . , ξn])
)

∩ H−
(

θ, p − nt

voln−1([ξ1, . . . , ξn])
)

,

where both half spaces contain the point p θ . By Lemma 3 the above set has area

|Sn−2|
∫ min{1, p+ nt

voln−1([ξ1,...,ξn ]) }

max{−1, p− nt
voln−1([ξ1,...,ξn ]) }

(1 − s2)
n−3
2 ds

≤ 2|Sn−2| nt

voln−1([ξ1, . . . , ξn]) .

where we used that the integrand is smaller than 1. Thus,

P

{
ξn+1 : d(ξn+1, aff(ξ1, . . . , ξn)

) ≤ nt

voln−1([ξ1, . . . , ξn])
}

≤ |Sn−2|
|Sn−1|

2nt

voln−1([ξ1, . . . , ξn]) .

Altogether, using the formula of Blaschke-Petkantschin (9),

P
(
voln([ξ1, . . . , ξn+1]) ≤ t

)
≤ 2nt |Sn−2|

|Sn−1|n+1

∫
Sn−1

· · ·
∫
Sn−1

dξ1 · · · dξn
voln−1([ξ1, . . . , ξn])

= 2n!t |Sn−2|
|Sn−1|n+1

1∫
0

∫
Sn−1

∫
(H(θ,p)∩Sn−1)n

1

(1 − p2)n/2 dξ1 · · · dξndθdp

= 2n!t |Sn−2|
|Sn−1|n

∫ 1

0

∫
(H(θ,p)∩Sn−1)n

1

(1 − p2)n/2 dξ1 · · · dξndp.

The set H(θ, p) ∩ Sn−1 is an (n − 2)-dimensional Euclidean sphere with radius√
1 − p2. Therefore, the previous expression equals

2n!t |Sn−2|n+1

|Sn−1|n
∫ 1

0
(1 − p2)

n2−3n
2 dp

= 2n!t |Sn−2|n+1

|Sn−1|n
1

2

∫ 1

0
(1 − w)

n2−3n
2 w− 1

2 dp

= n!t |Sn−2|n+1

|Sn−1|n B

(
1

2
,
n2 − 3n + 2

2

)
.

The claim follows. ��
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We define a function that is instrumental to estimate the expected minimal volume
facet. For the maximal volume facet we introduced a similar function (17). Its differ-
ence reflects that we consider the minimal facet and the maximal facet. Let t ≥ 0 and
let H̃t,C : (Sn−1)n → {0, 1} be such that H̃t,C (ξ1, . . . , ξn) = 1 if the following holds:

aff(ξ1, . . . , ξn) ∩ Sn−1 ⊆ C and

voln−1([ξ1, . . . , ξn]) ≤ t
(
1 − d2(0, aff(ξ1, . . . , ξn))

) n−1
2

.
(57)

Else we put H̃t,C (ξ1, . . . , ξn) = 0.

Lemma 15 Let C be a cap of Sn−1 with voln−1(C) = |Sn−1|/N . Then:

(i) For n = 3,
4

π3105
t5/3

N 3 ≤ EH̃t,C ≤ 171π7

16

t5/3

N 3 , (58)

where 0 ≤ t ≤ π for the left hand side inequality and 0 ≤ t for the right hand
side inequality.

(ii) For all n ≥ 4,

t2

Nn

3a2n−1

32 · bn−1πn2−n−2
≤ EH̃t,C

(n − 1)n−3(n − 1)!|Sn−2| ≤ t2

Nn
bn−1

(π

2

)n2−n
,

(59)

where 0 ≤ t ≤ |Bn−1
2 | for the left hand side inequality and 0 ≤ t for the right hand

side inequality. The constant an−1 is given by (37) and bn−1 by (38).

Proof We proceed as in the proof of Lemma 13. By definition,

EH̃t,C = 1

|Sn−1|n
∫
Sn−1

· · ·
∫
Sn−1

H̃t,C (ξ1, . . . , ξn)dξ1 · · · dξn .

We apply the spherical Blaschke-Petkantschin formula (9),

EH̃t,C = (n − 1)!
|Sn−1|n

∫ 1

0

∫
Sn−1∫

(
H(θ,p)∩Sn−1

)nH̃t,C (ξ1, . . . , ξn)

∣∣[ξ1, . . . , ξn]∣∣
(1 − p2)n/2 dξ1 · · · dξndθdp. (60)

Let φ(N , n) be the angle of the cap C . Choosing R = N in Lemma 4,

L :=
(

|Sn−1|
N |Bn−1

2 |

) 1
n−1

≤ φ(N , n) ≤ U := π

2

(
|Sn−1|
N |Bn−1

2 |

) 1
n−1

. (61)
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As in the proof of Lemma 13, the first condition in the definition of H̃t,C translates
into arccos〈θ, e1〉 + arccos q ≤ φ(N , n) (see (19)) and we get

EH̃t,C = (n − 1)!|Sn−2|n
|Sn−1|n

∫ 1

0

∫
Sn−1

χ
(
arccos〈θ, e1〉 + arccos q ≤ φ(N , n)

)
I (q, t)(1 − q2)

n2−2n−1
2 dθdq,

(62)

where we assume that the hyperplane H with C = Sn−1 ∩ H− is orthogonal to e1.

Moreover, using the substitution ξi = (1 − q2)
1
2 ζi ,

I (q, t) =
∫

(H(e1,q)∩Sn−1)n

χ
(
voln−1([ξ1, . . . , ξn]) ≤ t(1 − q2)

n−1
2

)
∣∣[ξ1, . . . , ξn]∣∣
(1 − q2)

n−1
2

n∏
i=1

dξi

|Sn−2|(1 − q2)
n−2
2

= 1

|Sn−2|n
∫
(Sn−2)n

χ
(
voln−1([ζ1, . . . , ζn]) ≤ t

)
voln−1([ζ1, . . . , ζn])dζ1 · · · dζn

= E

(
χ
(
voln−1([ζ1, . . . , ζn]) ≤ t

)
voln−1([ζ1, . . . , ζn])

)
.

Thus

I (q, t) =
∫ ∞

0
P

(
χ
(
voln−1([ζ1, . . . , ζn]) ≤ t

)
voln−1([ζ1, . . . , ζn]) ≥ s

)
ds

=
∫ t

0
P
(
s ≤ voln−1([ζ1, . . . , ζn]) ≤ t

)
ds. (63)

Upper bound onEH̃t,C . To get an upper bound onEH̃t,C wefirst upper bound I (q, t).
By (63), and Lemma 14 applied to the dimension n − 1 ≥ 2, we get for all t ≥ 0,

I (q, t) ≤ t · P(voln−1([ζ1, . . . , ζn]) ≤ t
) ≤ Īn−1(t), (64)

where Īn(t) = bn t2 if n ≥ 3, bn is given by (38), and Ī2(t) = 342 t
5
3 by (35). By (62)

and (64), and then by (21),

EH̃t,C ≤ Īn−1(t)
(n − 1)!|Sn−2|n

|Sn−1|n∫ 1

0

∫
Sn−1

χ
(
arccos〈θ, e1〉 + arccos q ≤ φ(N , n)

)
(1 − q2)

n2−2n−1
2 dθdq

≤ Īn−1(t)
(n − 1)!|Sn−2|n+1

|Sn−1|n∫ 1

0

∫ π

0
χ
(
φ1 + arccos q ≤ φ(N , n)

)
(1 − q2)

n2−2n−1
2 sinn−2 φ1dφ1dq. (65)
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By (61) the double integral in (65) is at most

∫ 1

0

∫ π

0
χ (φ1 + arccos q ≤ U ) (1 − q2)

n2−2n−1
2 sinn−2 φ1dφ1dq

≤
∫ 1

0
χ (arccos q ≤ U ) (1 − q2)

n2−2n−1
2 dq

∫ π

0
χ (φ1 ≤ U ) sinn−2 φ1dφ1.

Therefore

EH̃t,C ≤ Īn−1(t)
(n − 1)!|Sn−2|n+1

|Sn−1|n∫ 1

cos(U )

(1 − q2)
n2−2n−1

2 dq
∫ U

0
sinn−2 φ1dφ1. (66)

Since sin φ1 ≤ φ1, we have
∫ U
0 sinn−2 φ1dφ1 ≤ ∫ U0 φn−2

1 dφ1 = Un−1/(n − 1). With
q = cosα and dq = − sin αdα,

∫ 1

cos(U )

(1 − q2)
n2−2n−1

2 dq =
∫ U

0
(sin α)n

2−2ndα

≤
∫ U

0
αn2−2ndα = U (n−1)2

(n − 1)2

Altogether, using the previous estimates in (66), we get for n ≥ 3 and t ≥ 0,

EH̃t,C ≤ Īn−1(t)
(n − 1)!|Sn−2|n+1

|Sn−1|n
1

N

(π

2

)n−1 |Sn−1|
|Sn−2|N

−n+1

(
π
2

)(n−1)2

(n − 1)2

(
|Sn−1|
|Bn−1

2 |

)n−1

≤ Īn−1(t)N
−n|Sn−2| (π/2)n

2−n (n − 1)n−3(n − 1)! .

The claimed upper bounds (Equations (58) and (59)) follow.

Lower bound on EH̃t,C . Similarly to the upper bound, first we get a lower bound on
I (q, t). For n ≥ 4 and by (63),

I (q, t) =
∫ t

0
P
(
voln−1([ζ1, . . . , ζn]) ≤ t

)− P
(
voln−1([ζ1, . . . , ζn]) ≤ s

)
ds.

By (36) we have an−1 ≤ bn−1. Therefore
an−1
2bn−1

t ≤ t and

I (q, t) ≥
∫ an−1

2bn−1
t

0
P
(
voln−1([ζ1, . . . , ζn]) ≤ t

)− P
(
voln−1([ζ1, . . . , ζn]) ≤ s

)
ds.
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We apply (36). For t with 0 ≤ t ≤ |Bn−1
2 |,

I (q, t) ≥
∫ an−1

2bn−1
t

0
an−1t − bn−1sds = an−1ts − 1

2
bn−1s

2
∣∣∣∣
an−1
2bn−1

t

0

= 3a2n−1

8bn−1
t2 := I n−1(t).

Now we get a lower bound on I (q, t) for n = 3. By (63) and with c := 9/105,

I (q, t) ≥
∫ ct

0
P
(
voln−1([ζ1, ζ2, ζ3]) ≤ t

)− P
(
voln−1([ζ1, ζ2, ζ3]) ≤ s

)
ds.

By (35),

I (q, t) ≥
∫ ct

0

(2t)
2
3

π
8
3

− 342s
2
3 ds ≥ ct

5
3

(
2

2
3

π
8
3

− 206 · c 2
3

)
≥ 4

105
t
5
3 := I 2(t).

It follows from this and (62) that for t with 0 ≤ t ≤ |Bn−1
2 |,

EH̃t,C ≥ I n−1(t)
(n − 1)!|Sn−2|n

|Sn−1|n∫ 1

0

∫
Sn−1

χ
(
arccos〈θ, e1〉 + arccos q ≤ φ(N , n)

)
(1 − q2)

n2−2n−1
2 dθdq.

By (21), for t with 0 ≤ t ≤ |Bn−1
2 |

EH̃t,C ≥ I n−1(t)
(n − 1)!|Sn−2|n+1

|Sn−1|n∫ 1

0

∫ π

0
χ
(
φ1 + arccos q ≤ φ(N , n)

)
(1 − q2)

n2−2n−1
2 sinn−2 φ1dφ1dq.

By (61) the double integral is greater than

∫ 1

0

∫ π

0
χ (φ1 + arccos q ≤ L) (1 − q2)

n2−2n−1
2 sinn−2 φ1dφ1dq.

Since χ(φ1 + arccos q ≤ u) ≥ χ(φ1 ≤ u/2)χ(arccos q ≤ u/2), the double integral
is greater than

∫ 1

0
χ

(
arccos q ≤ L

2

)
(1 − q2)

n2−2n−1
2 dq

∫ π

0
χ

(
φ1 ≤ L

2

)
sinn−2 φ1dφ1.
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We have L/2 ≤ π . Therefore, for t with 0 ≤ t ≤ |Bn
2 |,

EH̃t,C ≥ I n−1(t)
(n − 1)!|Sn−2|n+1

|Sn−1|n
∫ 1

cos(L/2)
(1 − q2)

n2−2n−1
2 dq

∫ L/2

0
sinn−2 φ1dφ1. (67)

Since sin φ1 ≥ 2
π
φ1,

∫ L/2

0
sinn−2 φ1dφ1

≥
(
2

π

)n−2 ∫ L/2

0
φn−2
1 dφ1 = 1

2N (n − 1)

(
1

π

)n−2 |Sn−1|
|Bn−1

2 | .
(68)

With q = cosα and dq = − sin αdα,
∫ 1
cos(L/2)(1 − q2)

n2−2n−1
2 dq =∫ L/2

0 (sin α)n
2−2ndα. Using again sin α ≥ 2

π
α for 0 ≤ α ≤ π/2, this is greater

than

(
2

π

)n2−2n ∫ L
2

0
αn2−2ndα = 1

(n − 1)2

(
2

π

)n2−2n ( L

2

)(n−1)2

= N−n+1
(
1

π

)n2−2n 1

2(n − 1)2

(
|Sn−1|
|Bn−1

2 |

)n−1

.

(69)

Altogether, by (67), (68) and (69),

EH̃t,C ≥ I n−1(t)
(n − 1)!|Sn−2|n+1

|Sn−1|n
1

2N

(
1

π

)n2−n−2

|Sn−1|
|Sn−2|N

−n+1 1

2(n − 1)2

(
|Sn−1|
|Bn−1

2 |

)n−1

= I n−1(t)

Nn

(n − 1)!(n − 1)n−3|Sn−2|
4πn2−n−2

.

��

7 Expectedminimum upper bound, n ≥ 3

Proof of the upper estimates in Theorem 2, n ≥ 3. Let N ∈ N and let C1, . . . ,Ck

be a maximal set of caps in Sn−1 such that

voln−1 (Ci ) = voln−1(S
n−1)/N i = 1, . . . , k (70)
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and such that for all i 	= j , int(Ci )∩ int
(
C j
) = ∅. By Lemma 5, 3−nN ≤ k ≤ N . We

are now defining the function G̃i,t : Sn−1 × · · · × Sn−1 → {0, 1}. The definition of
G̃i,t is very similar to the definition of Gi . Their difference lies in conditions (73) and
(25). Let t ≥ 0. We define G̃i,t (ξ1, . . . , ξN ) = 1 if the following conditions hold:

Exactly n points ξ�1, . . . , ξ�n are chosen from

Ci and they are affinely independent, (71)

aff(ξ�1, . . . , ξ�n ) ∩ Sn−1 ⊆ Ci , and (72)

voln−1([ξ�1, . . . , ξ�n ]) ≤ t
(
1 − d2(0, aff(ξ�1, . . . , ξ�n ))

) n−1
2 . (73)

Else we put G̃i,t (ξ1, . . . , ξN ) = 0.
In the same way as we established (31) (with R = N ) we arrive now at

P

(
k∑

i=1

G̃i,t > 0

)

≥
[
k
(N
n

) (
1 − 1

N

)N−n
EH̃t,C1

]2
k(k − 1)

(N
n

)(N−n
n

)(
1 − 2

N

)N−2n
(EH̃t,C1)

2 + k
(N
n

)(
1 − 1

N

)N−n
EH̃t,C1

= k
(N
n

) (
1 − 1

N

)2N−2n
EH̃t,C1

(k − 1)
(N−n

n

) (
1 − 2

N

)N−2n
EH̃t,C1 + (1 − 1

N

)N−n
. (74)

We will upper bound the reciprocal of this. For N ≥ 4n + 1 we have

(
1 − 2

N

)N−2n

(
1 − 1

N

)2(N−n)
=
(
1 − 2

N

1 − 1
N

)N−2n (
1 − 1

N

)−N

=
(
1 − 1

N − 1

)N−2n (
1 − 1

N

)−N

=
(
1 − 1

(N − 1)2

)N (
1 − 1

N − 1

)−2n

≤
(
1 − 2n

N − 1

)−1

≤ 1 + 4n

N − 1
.

Thus, for N ≥ 4n + 1 and using
(N−n

n

)
/
(N
n

) ≤ 1 we have

(k − 1)
(N−n

n

) (
1 − 2

N

)N−2n
EH̃t,C1

k
(N
n

) (
1 − 1

N

)2(N−n)
EH̃t,C1

≤ 1 + 4n

N − 1
. (75)
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Moreover, since (1 − 1
N )N−n ≥ (1 − 1

N )N−1 = 1
(1+ 1

N−1 )N−1 > 1/e,

(
1 − 1

N

)N−n

k
(N
n

) (
1 − 1

N

)2(N−n)
EH̃t,C1

= 1

k
(N
n

) (
1 − 1

N

)N−n
EH̃t,C1

≤ e

k
(N
n

)
EH̃t,C1

. (76)

By (7) we have k ≥ 3−nN . This and the estimate (59) for EH̃t,C1 gives for n ≥ 4,

(
1 − 1

N

)N−n

k
(N
n

) (
1 − 1

N

)2(N−n)
EH̃t,C1

≤ e · 3n
N
(N
n

) Nn

t2
32 · bn−1π

n2−n−2

3a2n−1(n − 1)!(n − 1)n−3|Sn−2|

≤ 1

t2N

32e · 3n−1ne
n2
N−n · bn−1π

n2−n−2

a2n−1(n − 1)n−3|Sn−2| , (77)

where an−1 and bn−1 are defined in (37) and (38). Similarly, by (58) for n = 3,

(
1 − 1

N

)N−3

k
(N
3

) (
1 − 1

N

)2(N−3)
EH̃t,C1

≤ 105
N 3

t5/3
e(3π)3

4N
(N
3

) ≤ 305π3e
9

N−3

t5/3N
. (78)

By (74), (75) and (77) for dimensions greater than or equal to 4 and sufficiently large
N ,

P

(
k∑

i=1

G̃i,t > 0

)
≥
(
1 + 4n

N − 1
+ 1

t2N

32e · 3n−1ne
n2
N−n · bn−1π

n2−n−2

a2n−1(n − 1)n−3|Sn−2|
)−1

≥ 1 − cn
Nt2

, (79)

where cn is a constant depending only on the dimension n. Similarly, by (74), (75)
and (78) for dimension 3, we get with a suitably chosen constant c3,

P

(
k∑

i=1

G̃i,t > 0

)
≥
(
1 + 12

N − 1
+ 305π3e

9
N−3

t5/3N

)−1

≥ 1 − c3
Nt5/3

. (80)

We show now

{
(ξ1, . . . , ξN ) : min

F∈F(PN )
voln−1(F) ≥ s

}
⊆
{

(ξ1, . . . , ξN ) :
k∑

i=1

G̃
i,s

N |Bn−1
2 |

2|Sn−1|
= 0

}
.

(81)
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If
∑k

i=1 G̃i,t (ξ1, . . . , ξN ) > 0, then there is i0 with G̃i0,t (ξ1, . . . , ξN ) > 0. Since
G̃i0,t takes only the values 0 and 1, we have G̃i0,t (ξ1, . . . , ξN ) = 1. This implies
that Ci0 contains n points ξ�1, . . . , ξ�n whose convex hull [ξ�1, . . . , ξ�n ] is a facet of
PN . Let H be the hyperplane with Ci0 = H− ∩ Sn−1 and let L be the hyperplane
containing ξ�1 , . . . , ξ�n . By assumption (72), L ∩ Sn−1 ⊆ Ci0 . Consequently, by this
and assumption (70),

voln−1(L ∩ Sn−1) ≤ voln−1(Ci0) = |Sn−1|/N .

Thus with Lemma 3,

(
1 − d2(0, aff(ξ�1, . . . , ξ�n ))

) n−1
2 |Bn−1

2 | ≤ voln−1(L
− ∩ Sn−1) ≤ |Sn−1|/N .

With (73), this gives

voln−1([ξ�1, . . . , ξ�n ]) ≤ t
(
1 − d2(0, aff(ξ�1, . . . , ξ�n ))

) n−1
2 ≤ t

|Sn−1|
N |Bn−1

2 | .

Altogether, if
∑k

i=1 G̃i,t > 0, then PN has a facet [ξ�1, . . . , ξ�n ] with

voln−1([ξ�1, . . . , ξ�n ]) ≤ t
|Sn−1|
N |Bn−1

2 | .

If minF∈F(PN ) voln−1(F) ≥ s and
∑k

i=1 G̃i,t > 0, then

s ≤ t
|Sn−1|
N |Bn−1

2 | .

For t = s
N |Bn−1

2 |
2|Sn−1| this estimate cannot hold. So we have shown that

minF∈F(PN ) voln−1(F) ≥ s implies
∑k

i=1 G̃
i,s

N |Bn−1
2 |

2|Sn−1|
(ξ1, . . . , ξN ) = 0, i.e. we have

shown (81). Consequently, by (81),

P

(
min

F∈F(PN )
voln−1(F) ≥ s

)
≤ P

(
k∑

i=1

G̃
i,s

N |Bn−1
2 |

2|Sn−1|
= 0

)

= 1 − P

(
k∑

i=1

G̃
i,s

N |Bn−1
2 |

2|Sn−1|
> 0

)
.

By this and (79) in the case of dimension greater than or equal to 4,

P

(
min

F∈F(PN )
voln−1(F) ≥ s

)
≤ 4cn|Sn−1|2

N 3s2|Bn−1
2 |2 (82)
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and by (80) in dimension 3,

P

(
min

F∈F(PN )
voln−1(F) ≥ s

)
≤ 32 · c3

N 8/3s5/3
. (83)

Since PN ⊆ Bn
2 , every facet has a surface area that is at most |Bn−1

2 |. Thus,

E

(
min

F∈F(PN )
voln−1(F)

)
=
∫ |Bn−1

2 |

0
P

(
min

F∈F(PN )
voln−1(F) ≥ s

)
ds

=
∫ N−3/2

0
P

(
min

F∈F(PN )
voln−1(F) ≥ s

)
ds

+
∫ |Bn−1

2 |

N−3/2
P

(
min

F∈F(PN )
voln−1(F) ≥ s

)
ds.

By (82) with a new constant cn we get for n ≥ 4,

E

(
min

F∈F(PN )
voln−1(F)

)
≤ N−3/2 + cn

N 3

∫ |Bn−1
2 |

N−3/2

1

s2
ds ≤ (1 + cn)N

−3/2.

In the case of dimension 3 we have

E

(
min

F∈F(PN )
voln−1(F)

)
=
∫ π

0
P

(
min

F∈F(PN )
voln−1(F) ≥ s

)
ds

=
∫ N−8/5

0
P

(
min

F∈F(PN )
voln−1(F) ≥ s

)
ds

+
∫ π

N−8/5
P

(
min

F∈F(PN )
voln−1(F) ≥ s

)
ds.

By (83) with a new constant c3,

E

(
min

F∈F(PN )
voln−1(F)

)
≤ N−8/5 + c3

N 8/3

∫ π

N−8/5
s−5/3ds

≤ N−8/5 + 3

2
c3N

−8/5.

��

8 Expectedminimum lower bound, n ≥ 3

Now we prove the estimates from below in Theorem 2, n ≥ 3. In order to do this
we estimate the probability that there is a facet of the random polytope PN that has
an (n − 1)-dimensional volume less than t from above. Proposition 16 assures that
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this probability is less than c2t2N 3 when n ≥ 4, and it is less than c2t5/3N 8/5 when
n = 3. Consequently, the probability that this volume is greater than t is greater than

1−c2t2N 3 in the case of dimension greater or equal to 4, and greater than 1−c2t
5
3 N

8
3

in dimension 3. Then we choose t = N− 3
2 and t = N− 8

5 .

Proposition 16 Let ξ1, . . . , ξN be i.i.d. uniformly random points from Sn−1. Let PN =
[ξ1, . . . , ξN ].
(i) For n = 3,

P
{∃i1, i2, i3 : [ξi1, ξi2 , ξi3 ] ∈ F(PN ) and vol2([ξi1, ξi2 , ξi3 ]) ≤ t

} ≤ 57πN
8
3 t

5
3

(84)
(ii) For n ≥ 4, bn given by (38) and for all sufficiently big N,

P
{∃i1, . . . , in : [ξi1 , . . . , ξin ] ∈ F(PN ) and voln−1([ξi1, . . . , ξin ]) ≤ t

}
≤ 4

√
2bn−1t

2N 3 |Sn−2|3
n|Sn−1|2 (n − 1)n−4(n − 4)!. (85)

In fact, the estimates in Proposition 16 give the optimal orders in t and N . We skip
the proofs of the lower estimates because we do not use them for the proofs of our
theorems. The proof of Proposition 16 appears after the proof of the following lemma.

Lemma 17 For n ∈ N with n ≥ 4 there is Nn ∈ N such that for all N ∈ N with
N ≥ Nn,

∫ 1

0
(1 − p2)

n2−4n+1
2

(
1 − |Sn−2|

|Sn−1|
∫ 1

p
(1 − s2)

n−3
2 ds

)N−n

dp

≤ 2
√
2(n − 1)n−4

( |Sn−1|
|Sn−2|

)n−3
(n − 4)!

(N − n)n−3 .

(86)

Proof Before we begin with the actual proof we want to make sure that the left hand
side expression in (86) is well defined, i.e.

|Sn−2|
|Sn−1|

∫ 1

0
(1 − s2)

n−3
2 ds ≤ 1.

Indeed,

|Sn−2|
|Sn−1|

∫ 1

0
(1 − s2)

n−3
2 ds = 1

2

n − 1

n
√

π

�( n+2
2 )

�( n+1
2 )

�( n−1
2 )�( 12 )

�( n2 )
= 1

2
.
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Now we show (86). For p ∈ [0, 1] we have
∫ 1

p
(1 − s2)

n−3
2 ds ≥

∫ 1

p
s(1 − s2)

n−3
2 ds

= 1

n − 1

[
−(1 − s2)

n−1
2

]1
p

= (1 − p2)
n−1
2

n − 1
.

(87)

We note that
1

n − 1

|Sn−2|
|Sn−1| ≤ 1

2
√

π
. (88)

Indeed, since �(z + 1) = z�(z) and since �(z) is increasing for z ≥ 2,

1

n − 1

|Sn−2|
|Sn−1| = 1

n
√

π

�
( n
2 + 1

)
�
( n−1

2 + 1
) = 1

2
√

π

�
( n
2

)
�
( n+1

2

) ≤ 1

2
√

π
.

By (87) and with the substitution s = (1 − p2)
n−1
2 , i.e. p = (

1 − s
2

n−1
)1/2 and

dp = − 1
n−1 s

− n−3
n−1
(
1 − s

2
n−1
)−1/2ds, the left hand side of (86) is less than

∫ 1

0
(1 − p2)

n2−4n+1
2

(
1 − |Sn−2|

|Sn−1|
(1 − p2)

n−1
2

n − 1

)N−n

dp

= 1

n − 1

∫ 1

0
sn−4

(
1 − |Sn−2|

|Sn−1|
s

n − 1

)N−n (
1 − s

2
n−1
)−1/2ds

= 1

n − 1

∫ 2− n−1
2

0
sn−4

(
1 − |Sn−2|

|Sn−1|
s

n − 1

)N−n (
1 − s

2
n−1
)−1/2ds

+ 1

n − 1

∫ 1

2− n−1
2

sn−4
(
1 − |Sn−2|

|Sn−1|
s

n − 1

)N−n (
1 − s

2
n−1
)−1/2ds. (89)

We estimate the first summand. Since
(
1 − s

2
n−1
)1/2 ≥ 1√

2
for s ∈ [0, 2− n−1

2 ], the
first summand is smaller than

√
2

n − 1

∫ 2− n−1
2

0
sn−4

(
1 − |Sn−2|

|Sn−1|
s

n − 1

)N−n

ds.

We substitute t = |Sn−2|
|Sn−1|

s
n−1 and ds = (n − 1) |Sn−1|

|Sn−2|dt and get

√
2

n − 1

( |Sn−1|
|Sn−2| (n − 1)

)n−3 ∫ 2
− n−1

2 |Sn−2 |
(n−1)|Sn−1|

0
tn−4 (1 − t)N−n dt . (90)
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By (88) we get 2− n−1
2 |Sn−2|

(n−1)|Sn−1| ≤ 1. Therefore the integral in (90) is smaller than

∫ 1

0
tn−4 (1 − t)N−n dt = B(n − 3, N − n + 1) ≤ �(n − 3)

(N − n)n−3 .

Now we estimate the second summand of (89). We replace sn−4 by s− n−3
n−1 . Since

sn−4 ≤ s− n−3
n−1 the integral does not decrease. Thus, the second summand of (89) is at

most

1

n − 1

∫ 1

2− n−1
2

exp

(
− (N − n)|Sn−2|

(n − 1)|Sn−1| s
)
s− n−3

n−1
(
1 − s

2
n−1
)−1/2ds

≤ 1

n − 1
exp

(
− (N − n)|Sn−2|

(n − 1)|Sn−1| 2
− n−1

2

)∫ 1

2− n−1
2

s− n−3
n−1
(
1 − s

2
n−1
)−1/2ds

= 1√
2
exp

(
− (N − n)|Sn−2|
2

n−1
2 (n − 1)|Sn−1|

)
.

Altogether (86) is less than

√
2

n − 1

(
(n − 1)|Sn−1|

|Sn−2|
)n−3

(n − 4)!
(N − n)n−3 + 1√

2
exp

(
− (N − n)|Sn−2|
2− n−1

2 (n − 1)|Sn−1|

)
.

(91)
For each n ≥ 4 there is Nn such that for all N ≥ Nn the first summand in (91) is larger
than the second. Thus, for each n ≥ 4 there is Nn such that for all N ≥ Nn we have
that (86) is less than

2
√
2

n − 1

(
(n − 1)|Sn−1|

|Sn−2|
)n−3

(n − 4)!
(N − n)n−3 .

��
Proof of Proposition 16 (ii)We have

P
{∃i1, . . . , in : [ξi1, . . . , ξin ] ∈ F(PN ) and voln−1([ξi1, . . . , ξin ]) ≤ t

}
≤
∑

i1,...,in

P
{[ξi1, . . . , ξin ] ∈ F(PN ) and voln−1([ξi1, . . . , ξin ]) ≤ t

}

=
(N
n

)
|Sn−1|n

∫
(Sn−1)n

χ
(
voln−1([ξ1, . . . , ξn]) ≤ t

)
((

voln−1(aff(ξi1 , . . . , ξin )
+ ∩ Sn−1)

|Sn−1|
)N−n

+
(
voln−1(aff(ξi1, . . . , ξin )

− ∩ Sn−1)

|Sn−1|
)N−n

)
dξ1 · · · dξn, (92)
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where aff(ξi1, . . . , ξin )
+ is the halfspace containing the origin. The case where both

halfspaces contain the origin does not play any role in the computation. Clearly,

voln−1
(
aff(ξi1, . . . , ξin )

− ∩ Sn−1) ≤ |Sn−1|/2

and consequently,

(N
n

)
|Sn−1|n

∫
(Sn−1)n

χ
(
voln−1([ξ1, . . . , ξn]) ≤ t

)
(
voln−1

(
aff(ξi1 , . . . , ξin )

− ∩ Sn−1
)

|Sn−1|

)N−n

dξ1 · · · dξn

≤ 2−N+n
(
N

n

)
≤ 2−N Nn . (93)

By the Blaschke-Petkantschin formula (Lemma 7), the other summand of (92) equals

(
N

n

)
(n − 1)!
|Sn−1|n

∫
Sn−1

∫ 1

0

∫
(H(θ,p)∩Sn−1)n(

voln−1
(
H(θ, p)+ ∩ Sn−1

)
|Sn−1|

)N−n
1

(1 − p2)
n
2

χ
(
voln−1([η1, . . . , ηn]) ≤ t

)
voln−1([η1, . . . , ηn])dη1 · · · dηndpdθ.

(94)

By (1) in Lemma 3 for n ≥ 3,

voln−1(H(θ, p)+ ∩ Sn−1)

|Sn−1| = 1 − |Sn−2|
|Sn−1|

∫ 1

p
(1 − s2)

n−3
2 ds.

The integral in (94) is rotationally invariant with respect to θ . By this and (93),

P
{∃i1, . . . , in : [ξi1, . . . , ξin ] ∈ F(PN ) and voln−1([ξi1, . . . , ξin ]) ≤ t

}
≤ Nn

2N
+
(
N

n

)
(n − 1)!

|Sn−1|n−1∫ 1

0

∫
(H(e1,p)∩Sn−1)n

(
1 − |Sn−2|

|Sn−1|
∫ 1

p
(1 − s2)

n−3
2 ds

)N−n
1

(1 − p2)
n
2

χ
(
voln−1([η1, . . . , ηn]) ≤ t

)
voln−1

([η1, . . . , ηn])dη1 · · · dηndp. (95)

With ηi = √1 − p2ζi , dηi = (1 − p2)
n−2
2 dζi ,

∫
(H(e1,p)∩Sn−1)n

χ
(
voln−1([η1, . . . , ηn]) ≤ t

)
voln−1([η1, . . . , ηn])dη1 · · · dηn
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=
∫

(Sn−2)n

χ

(
voln−1([ζ1, . . . , ζn]) ≤ t

(1 − p2)
n−1
2

)

voln−1([ζ1, . . . , ζn])(1 − p2)
n2−n−1

2 dζ1 · · · dζn .

By (63),

∫
(Sn−2)n

χ
(
voln−1([ζ1, . . . , ζn]) ≤ t(1 − p2)−

n−1
2

)
voln−1([ζ1, . . . , ζn])dζ1 · · · dζn

= |Sn−2|n
∫ t(1−p2)−

n−1
2

0
P

(
s ≤ voln−1([ζ1, . . . , ζn]) ≤ t(1 − p2)−

n−1
2

)
ds

≤ |Sn−2|nt(1 − p2)−
n−1
2 · P

(
voln−1([ζ1, . . . , ζn]) ≤ t(1 − p2)−

n−1
2

)
.

By (36) the previous expression is smaller than

∫
(H(e1,p)∩Sn−1)n

χ
(
voln−1([η1, . . . , ηn]) ≤ t

)
voln−1([η1, . . . , ηn])dη1 · · · dηn

≤ bn−1|Sn−2|n
(
t(1 − p2)−

n−1
2

)2
(1 − p2)

n2−n−1
2

= bn−1|Sn−2|nt2(1 − p2)
n2−3n+1

2 ,

where bn−1 is given by (38). This in (95) gives

P
{∃i1, . . . , in : [ξi1, . . . , ξin ] ∈ F(PN ) and voln−1([ξi1, . . . , ξin ]) ≤ t

}
≤ Nn

2N
+ bn−1t

2
(
N

n

)
(n − 1)!|Sn−2|n

|Sn−1|n−1

∫ 1

0(
1 − |Sn−2|

|Sn−1|
∫ 1

p
(1 − s2)

n−3
2 ds

)N−n

(1 − p2)
n2−4n+1

2 dp.

Now we apply Lemma 17 (see also [29, Lemma 4.10]). For every n there is Nn such
that for all N with N ≥ Nn the above expression is smaller than

Nn

2N
+ bn−1t

2
(
N

n

)
(n − 1)!|Sn−2|n

|Sn−1|n−1 2
√
2(n − 1)n−4

( |Sn−1|
|Sn−2|

)n−3
(n − 4)!

(N − n)n−3

≤ Nn

2N
+ 2

√
2bn−1t

2 Nn

(N − n)n−3

|Sn−2|3
n|Sn−1|2 (n − 1)n−4(n − 4)!.
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For large enough N this expression is smaller than

4
√
2bn−1t

2N 3 |Sn−2|3
n|Sn−1|2 (n − 1)n−4(n − 4)!.

Thus we have shown (85).
(i)We consider now the case n = 3. By (95),

P
{∃i1, i2, i3 : [ξi1 , ξi2 , ξi3 ] ∈ F(PN ) and vol2([ξi1 , ξi2 , ξi3 ]) ≤ t

}
≤ N3

2N
+
(
N

3

)
2

|S2|2
∫ 1

0

∫
(H(e1,p)∩S2)3

(
1 − |S1|

|S2|
∫ 1

p
ds

)N−3
χ
(
vol2([η1, η2, η3]) ≤ t

)
(1 − p2)3/2

vol2([η1, η2, η3])dη1dη2dη3dp

≤ N3

2N
+ N3

48π2

∫ 1

0

∫
(H(e1,p)∩S2)3

(
1 + p

2

)N−3 χ
(
vol2([η1, η2, η3]) ≤ t

)
(1 − p2)3/2

vol2([η1, η2, η3])dη1dη2dη3dp.

With ηi =
√
1 − p2ζi , dηi =

√
1 − p2dζi ,

∫
(H(e1,p)∩S2)3

χ
(
vol2([η1, η2, η3]) ≤ t

)
vol2([η1, η2, η3])dη1dη2dη3

=
∫
(S1)3

χ

(
vol2([ζ1, ζ2, ζ3]) ≤ t

1 − p2

)

vol2([ζ1, ζ2, ζ3])(1 − p2)5/2dζ1dζ2dζ3.

Again, by (63) this equals

(1 − p2)5/2|S1|3
∫ t

1−p2

0
P

(
s ≤ vol2([ζ1, ζ2, ζ3]) ≤ t

1 − p2

)
ds

≤ (1 − p2)3/2|S1|3t · P
(
vol2([ζ1, ζ2, ζ3]) ≤ t

1 − p2

)
.

By (35) this is smaller than

(1 − p2)3/2|S1|3t · 342 ·
(

t

1 − p2

)2/3

= 342 · 8π3t
5
3 (1 − p2)

5
6 .

Therefore

P
{∃i1, i2, i3 : [ξi1, ξi2 , ξi3 ] ∈ F(PN ) and vol2([ξi1, ξi2 , ξi3 ]) ≤ t

}
≤ N 3

2N
+ N 3

48π2 342 · 8π3t
5
3

∫ 1

0
(1 − p2)−

3
2

(
1 + p

2

)N−3

(1 − p2)
5
6 dp
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= N 3

2N
+ N 3t

5
3 57π

∫ 1

0
(1 − p2)−

2
3

(
1 + p

2

)N−3

dp.

We put u = 1+p
2 , i.e. p = 2u − 1. The previous expression equals

N 3

2N
+ N 3t

5
3 2 · 57π

∫ 1

1/2
(4u − 4u2)−

2
3 uN−3du

= N 3

2N
+ N 3t

5
3
57π

2
1
3

∫ 1

1/2
(1 − u)−

2
3 uN− 11

3 du

≤ N 3

2N
+ N 3t

5
3
57π

2
1
3

B

(
1

3
, N − 8

3

)

= N 3

2N
+ N 3t

5
3
57π

2
1
3

�( 13 )�(N − 8
3 )

�(N − 7
3 )

.

Since limx→∞ �(x+α)
xα�(x) = 1, for large enough N we get, with a bigger constant,

P
{∃i1, i2, i3 : [ξi1, ξi2 , ξi3 ] ∈ F(PN ) and vol2([ξi1, ξi2 , ξi3 ]) ≤ t

}
≤ 57π · N 8

3 t
5
3 .

��
Proof of the lower estimates in Theorem 2, n ≥ 3. (iii) This is the case n ≥ 4. Let
PN = [ξ1, . . . , ξN ] be the random polytope. We have minF∈F(PN ) voln−1(F) ≥ t iff

∀i1, . . . , in ∈ {1, . . . , N } : [ξi1, . . . , ξin ] /∈ F(PN ) or voln−1([ξi1, . . . , ξin ]) ≥ t .

The measure of this event is

P
{∀i1, . . . , in ∈ {1, . . . , N } : [ξi1, . . . , ξin ] /∈ F(PN ) or

voln−1([ξi1, . . . , ξin ]) ≥ t
}

= 1 − P
{∃i1, . . . , in : [ξi1, . . . , ξin ] ∈ F(PN ) and voln−1([ξi1, . . . , ξin ]) < t

}
.

By (85) the previous expression is greater than

1 − 4
√
2bn−1t

2N 3 |Sn−2|3
n|Sn−1|2 (n − 1)n−4(n − 4)!,

where bn−1 is given by (38). We choose

t =
(
8
√
2bn−1N

3 |Sn−2|3
n|Sn−1|2 (n − 1)n−4(n − 4)!

)−1/2
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and we get

P
{∀i1, . . . , in : [ξi1, . . . , ξin ] /∈ F(PN ) or voln−1([ξi1, . . . , ξin ]) ≥ t

} ≥ 1/2.

By Markov’s inequality,

E min
F∈F(PN )

voln−1(F) ≥ t

2
= N−3/2

2

(
8
√
2bn−1

|Sn−2|3
n|Sn−1|2 (n − 1)n−4(n − 4)!

)−1/2

.

(ii) In the case of dimension 3, we proceed similarly to the previous case (case (iii),
n ≥ 4). We apply (84), set t = ( 1

114π )3/5N−8/5 and apply Markov’s inequality to get

E min
F∈F(PN )

vol2(F) ≥ t

2
= 1

2

(
1

114π

)3/5

N−8/5.

��

9 Expectedminimum, n = 2

Proof of Theorem 2, n = 2. (i) This is known and it can be deduced from the expected
length of the smallest gap in a sample of uniformly random points in S1, which in
turn follows from the expected length of the smallest gap in a sample of uniformly
random points in [0, 1]. From [30, pages 63–64] (based on an argument from [31]) we
have that for a sample of N uniformly random points from S1 the expectation of the
minimum geodesic distance among pairs of points is 2π/N 2. To relate the arc length
with the edge length of the convex hull of the sample, it is enough to notice that for
N ≥ 3 the length of the smallest arc is at most 2π/3 and therefore the edge length is

at most the arc length and at least 3
√
3

2π times the arc length. The claim follows. ��
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