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394 CHAPTER 6

Techniques of Integration

PREREQUISITE

REVIEW 6.1

In Exercises 1-8, evaluate the indefinite integral.

1. fSL[.\’
3 f.r‘“dx

5. j 2(ed + 1P dx

7. f 6% dx

In Exercises 9-12, simplify the expression.
9. 2x(x — 12 +ax(x - 1)
1. 3(x + )2 = 2x(x + 7)-1/2

1
2. jgdx
4, fxz/-‘ dx
6. f3.x2(.v3 — 1) dx
2
il

10. 6x(x + 4)* — 3x3(x + 4)2
12. (x + 5)1/3 = 5(x + 5)-%/3

The following warm-up exercises involve skills that were covered in earlier sections. You will
use these skills in the exercise set for this section.
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In Exercises 1-38, find the indefinite integral.
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37. frl 1 — tdt

e.\”
26. fl g dx
2
28. J__—r ) dx
30. f(r — 4)}
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34_Jﬂi_f_{dx

X
36 ol dx
) Vx— 1
38. f v2¥VvF Ldy

In Exercises 39-46, evaluate the definite integral.

&y
39, J’ V2x+ ldx
1]

1
41. f 3xet dx
0

0.5
45, f Xl — x)dx
1]

4
40. f Vadx + 1dx

42, f e~ dx
4]

!
4, f x(x + 5y dx
0

0.5
46, f x2(1 = x)Pdx
{

}

In Exercises
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59. Yy =,
60. y =
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B in Exercises 47-54, find the area of the region bounded by the
graphs of the equations.Then use a graphing utility to graph the
region and verify your answer.

47.v= x\/}——_i, yv=0,x=7
AW+ y=0x=4
AST-xy=0x=-3
2+ 2, v=0x=7

I

In Exercises 55-58, find the area of the region bounded by the
..graphs of the equations.

85.y=-x/x+2 y=0

56. y=x¥1—x.y=0

(Hint: Find the area of

the region bounded by
y=xJ/T - x%andy = 0.
Then multiply by 4.)

in Exercises 59 and 60, find the volume of the solid generated by

evolving the region bounded by the graph(s} of the equation(s)
bout the x-axis.

oy =x/T-37
Y= -2 v=0

EX.Ercises 61 and 62, find the average amount by which the
Nction f exceeds the function g on the interval.

~t

Vax+ 1, gl = 2%, [0,2]
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63. Probability The probability of recall in an experiment is
modeled by

b
Plasx<b) = %‘Y‘/l - xdx

[

where x is the percent of recall (see figure).

(a) What is the probability of recalling between 40% and
80%?

(b) What is the median percent recall? That is, for what
value of bis P(0 < x < b) = 0.57

¥ 15 e :
: v=aoV -y i 1155
A 4 Ly = -;;—‘>.x‘3(l _ .\4)3/1

[}

Pla=x=0b Pla =x =<0

B
o | | }
wocputl i Ny
! osa by
Figure for 63 Figure for 64

64. Probability The probability of finding between a and b
percent iron in ore samples is modeled by

h
1155
P(anSb)=f %
(see figure). Find the probabilities that a sample will con-
tain between (a) 0% and 25% and (b) 50% and 100% iron.

65. Meteorology During a two-week period in March in a
small town near Lake Erie, the measurable snowfall § (in
inches) on the ground can be modeled by

SN =tJ14—1t, 0<r< 14

21— x)¥dx

where f represents the day.
(a) Use a graphing utility to graph the function.

(b) Find the average amount of snow on the ground during
the two-week period.

(c) Find the total snowfall over the two-week period.

66. Revenue A con{pany sells a seasonal product that gen-
erates a daily revenue R (in dollars per year) modeled by

R = 0.061%(365 — )"/ + 1250, 0 <1< 365
where 1 represents the day.
(a) Find the average daily revenue over a period of 1 year.

(b) Describe a product whose seasonal sales pattern resem-
bles the model. Explain your reasoning.

@ In Exercises 67 and 68, use a program similar to the Midpoint Rule

program on page 366 with n = 10 to approximate the area of
the region bounded by the graph(s) of the equation(s).

67. y=¥xJ/d—x y=0
68. vo = x2(1 — x?)
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SECTION 6.2 Integration by Parts and Present Value 403

[ F AN EA-R'EERREIE The following warm-up exercises involve skills that were covered in earlier sections. You will
REVIEW 6.2 ¢ use these skills in the exercise set for this section.

i

in Exercises 1-6, find f(x).

tue of this 1. f) = In(x + 1) 2, f(x) =n{x2 = 1)
3. fla) = ¢ 4. f(x) = e
5. flx) = x%* 6. f(x) = xe™*

in Exercises 7-10, find the area between the graphs of fond g.
7. fx) = —x*+ 4, gl) =x*— 4

8 flx) = —x+2 glx) =1

9, f(x) = 4x, gx) = x> -5

10, f) =x*—3x2+2 gx) =x— 1

iy

n Exercises 1-6, use integration by parts to find the indefinite

% integral. 23. fx\/.\' ~ ldx

24. f SN
x— 1

L JA‘el\'dx 2. jxg‘.xdx 25 J'x ¥+ 1)2dx 26 j___\__d
x( )* dx . Y .
v AL 3. J‘xze_*“dx 4. jx2el\- dx 27 yeXx .\’36"\'2 -
T+ 12 dx 28. 2+ 17 dx
> f tn 2 de 6. f Inx* dx In Exercises 29-34, evaluate the definite integral.
i -
el v . - .\--
In Exercises 7-28, find the indefinite integral. (Hint: Integration 29. f() xoet dx 30. j —dx
4]

+ by parts is not required for all the integrals.)

, 31. f x3nxdx 32. J 2x In x dx
T | e*dx 8 | e ™dx I 1

0 i
33. f In(x + 2) dx 34. f In(1 + 2x) dx
9, fxe“-"dx 10. fxe'l"dx -1 0 ( )

- " . @ In Exercises 35-38, find the area of the region bounded by the
- [ xet d 12. | xet dx graphs of the equations. Then use a graphing utility to graph the

36. v
<18 [ tnr 4+ Dar 16. Jx‘ Inxdx

y=xlny, y=0x=1x=¢

region and verify your answer.

X=e
2,8 X o
13. fx-e dx 14 ;d,\ 35 y=al, y=0,x=0, x=2

(=D, y=0,x=~-1,x=1|

ft

1/
m, e, I e
) 18. 2P dx 38. . y=0,x=1 x=e¢

719, jix(]n x)?dx 20. J’ In3x dx

. 1 2
2 fMdX‘ 22.j ! dx
X xlnx

M
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In Exercises 39-42, find the indefinite integral using each spéci-
fied method. Then write a brief statement explaining which
method you prefer.

39, Jlx\/lx — 3dy

(a) By parts, letting dv = V2¢ — 3dx

(b) By substitution, letting u = +2x — 3

40. J.\‘ V4 + xdx

(a) By parts, letting dv = /4 + xdx
(b) By substitution, letting u = 4 + x

X

A | —t—u
J.\/4+5x”

1
a) By parts, letting dv = ———==dx
(a) By pa g /4t 5
(b) By substitution, letting u = 4 + 5x

42. j.x~/4 — xdx

(a) By parts, letting dv = V4 — xdx

(b) By substitution, letting u = 4 — x

In Exercises 43 and 44, use integration by parts to verify the
formula.

-t

X
Cletxde=—S—=[-1+ @+ Dinx] + C
43[&1{1\(& (n+l)3[l (n+ Hinx]+ C
n# —1

! xMetY n
44, Jx”e“‘ dx = — | x e dx

a a

In Exercises 45-48, use the results of Exercises 43 and 44 to find
the indefinite integral.

45. j x2e™ dx 46. J‘xe“" dx

47. Jx"z In x dx 48. jxl/z In x dx

In Exercises 49-52, find the area of the region bounded by the
graphs of the given equations.

49, y=xe™, y=0, x=4
50 y=dxe 3, y=01¢=0 x=3

L] Y

I

xlny, y=0,x=¢

52.y=x%lny, y=0, x=¢

53. Given the region bounded by the graphs of y = 21Inx,
v = 0, and x = ¢ (see figure), find
(a) the area of the region.

{b) the volume of the solid generated by revolving the
region about the x-axis.

@ In Exercises 55-58, use a symbolic integratibn utility to evaluak

@ (a) Use ay

trustees
4 over th

Figure for 53

34 E . " (b) Find tf
y=21Inx period.

27 (c) Detern
: year pe
when ¢

61, Learning
to memori

M=1

where 7 s
of this mor

(a) the ch
{b) the ch

f f t x
! 2 3

54. Given the region bounded by the graphs of y = xe*, y =
x =0, and x = 1 (see figure), find

(a) the area of the region.

(b) the volume of the solid generated by revolving
region about the x-axis.

3

- 62. Revenue
revenue R
product ¢t

3 . R=4
where t is
(a) Find t

- which
(b) Find1

ter, W

() Find !

Present Val
he income ¢
nnual inflatic

¢ = 5000
¢ = 450,
¢ = 150
59. Demand A manufacturing company forecasts that ¢ =300

demand x (in units per year) for its product over the ne 37, ¢ = 100C

10 years can be modeled by x = 500(20 + re~Y)
0 <t £ 10, where ¢ is the time in years.

the integral.

55, J Pe ¥ dt

4
56. J In x(x2 + 4) dx
o 1

5
57. J x*H25 — x22 dx
(

}

¢
58. J’ x°Inxdx
{

¢ = 500C

@ (a) Use a graphing utility to decide whether the compa}i
is forecasting an increase or a decrease in demand 0
the decade.

Present
the next -
c=1

. . ot
(b) According to the model, what is the total demand ovet, (2) Find

the next 10 years?

4 ye:

(c) Fm'd the average annual demand during the 10-ye (b) Asst
period.

prest

60. Capital Campaign The board of trustees of a collé
is planning a five-year capital gifts campaign to raise money.
for the college. The goal is to have an annual gift income f
that is modeled by 7 = 2000(375 + 68te~0) for 0 < ¢ % 3
where 1 is the time in years.



@ (a) Use a graphing utility to decide whether the board of
' trustees expects the gift income to increase or decrease
over the five-year period.

(b) Find the expected total gift income over the five-year
period.

(c) Determine the average annual gift income over the five-
year period. Compare the result with the income given
when t = 3.

. Learning Theory A model for the ability M of a child

to memorize, measured on a scale from 0 to 10, is
M=1+ 16tInt, 0<t<4

where ¢ is the child’s age in years. Find the average value
of this model between

(a) the child’s first and second birthdays. -
(b) the child’s third and fourth birthdays.

. Revenue A company sells a seasonal product. The
revenue R (in dollars per year) generated by sales of the
product can be modeled by

R = 410.5¢%/% + 25,000,

where ¢ is the time in days.

revolving the

0<1<365

(a) Find the average daily receipts during the first quarter,
which is given by 0 < ¢ < 90.

(b) Find the average daily receipts during the fourth quar-
ter, which is given by 274 < t < 365.

(¢) Find the total daily receipts during the year.

ity to evaluate ‘Present Value In Exercises 63-68, find the present value of
-the income ¢ {measured in dollars) over t; years at the given

-annual inflation rate r.

td)ds 63. ¢ = 5000, r = 5%, 1, = 4 years
. . ¢ =450, r = 4%, t, = 10 years

. ¢ = 150,000 + 25001, » = 4%, 1, = 10 years
weasts that the - 86, ¢ = 30,000 + 5001, r = 7%, t, = 6 years

over the next

) for . ¢= 1000 + 50¢"2, r = 6%, 1, = 4 years
+ e .

8. ¢ = 5000 + 2519, r = 6%, 1, = 10 years

¢ the company

89, Present Value A company expects its income ¢ during
i demand ovef

the next 4 years to be modeled by
¢ = 150,000 + 75,000r.

(@) Find the actual income for the business over the
4 years.

1 demand ov€f

o the 10-yed .
12 the (b) Assuming an annual inflation rate of 4%, what is the

llegé present value of this income?
»s of a colive

(o raise money
il gift incomé
i{or 0 <t £ ¥
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70. Present Value A professional athlete signs a thrze-year
contract in which the earnings can be modeled by

¢ = 300,000 + 125,000t
(a) Find the actual value of the athlete’s contract.

(b) Assuming an annual inflation rate of 5%, whet is the
present value of the contract?

Future Value n Exercises 71 and 72, find the future value of
the income (in dollars) given by f(t) over t, years at the annual
interest rate of r. If the function f represents a continuous invest-
ment over a period of t, years at an annual interest rate o’ r (com-
pounded continuously), then the future value of the invastment
is given by

t

Future value = e’“f f(tye "t dt.

0
71. f(r) = 3000, r = 8%, 1, = 10 years

72. f(r) = 3000e%%%, r = 10%, t, = 5 years

73, Finance: Future Value Use the equation from Exercises

71 and 72 to calculate the following. i honicer Adapicd

fromt ClasniandForeue, Personal Vinance. Fiftds Fdivoon)

(a) The future value of $1200 saved each year for 10 years
earning 7% interest.

(b) A person who wishes to invest $1200 each year finds
one investment choice that is expected to pay 9% inter-
est per year and another, riskier choice that may pay
10% interest per year. What is the difference in return
(future value) if the investment is made for 15 years?

74. Consumer Awareness In 2004, the total cost to attend
Pennsylvania State University for I year was estimated to
be $19,843. If your grandparents had continuously invest-
ed in a college fund according to the model

fle) = 400t

for 18 years, at an annual interest rate of 10%, would the
fund have grown enough to allow you to cove- 4 years
of expenses at Pennsylvania State University? (Sonic:

Peisvlvaiio Stare University

@ 75. Use a program similar to the Midpoint Rule program on

page 366 with n = 10 to approximate

4
4
——=dx.
J’l Jx+ Yx

@ 76. Use a program similar to the Midpoint Rule program on

page 366 with n = 12 to approximate the volume of the
solid generated by revolving the region bounded by the
graphs of

10
y = ,v=0 x=1,and x =4
’ NI

about the x-axis.

]
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PREREQUISITE |

During the REVIEW 6.3

relieves thay
) deer. Write
reate atable

in Exercises 1-8, factor the expression.
1. x2 - 16

2 -x—12

s.

7.3 —4x2+5x -2

g a logistic x}—x? - 2x

portional to

The following warm-up exercises involve skills that were covered in earlier sections. You wili
use these skills in the exercise set for this section.

2. x2-25

4 2 +x—6

6. ¥} — 4x? + 4x

8. P —5x24+Tx -3

In Exercises 9-14, rewrite the improper rational expression as the sum of a
proper rational expression and a polynomial.

2 Ay 2
0, x2~2x+1 10. 2x —4x + 1
x =2 x =1
=342 X422 -1
11. x—2 12. x+1
3+ 3 2
13. 4x + 5x + 2 14. x?+ 3x 4
-1 x2 =1
EXERCISES 6.3 !
{“In Exercises 1-12, write the partial fraction decomposition for the 5
expression, 19. 2)‘ n x 20. J' N aT— oy
2(x + 20) 2 3x + 11 1
JEREY: 2 —-2x—3 21. J'A +X'—2 22.J4x2_9dx
.8;\'+3 4 107.\‘+3 ”, 5—x . X+ 1 .
X = 3x Xt x pAS +,\—] R F a3
4x - 13 Tx+ 5 2
e 2 S N S X4+ 120+ 12 It ~Tx -2
x2—3x - 10 6. 6(2x* + 3x + 1) 25. j 3 — 4y dx 26. j 3 — —dx
32—-2x—5 2 —x+ 1 2
7 X AT x+ 2 4x-+2x — 1
,\ T )‘_ 8. X(.\' + 1)3 27. J'xz — 4y dx 28. f X3 T x,, —dx
x+ 1 3x— 4 — 4
— 10. . 4 -3y . X _
3 — 2)? (x — 5)° 29. f G- 17 dx 30. J G- 1) dx
g 8x2 4+ 15 + 9 6x2 — 5x
o, =t 7 12, ———= AP+ + 3x
(e 1) (x +2)° 31. f T LU e

In Exercises 13-32, find the indefinite integral.

9
14. JA_Z — 911.\

—4
ds . X
x 16 fxz —

In Exercises 33-40, evaluate the definite integral.

T
3. ¢
3 J‘)*rzd'\
dx
Jo +5x+2
SSJ +1)d\

\"“\

36.
g X7 Ara+1f
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T - 4xr -3+ 3

dx

40. ® dx

2
5 AT

—

T
-
|
s

In Exercises 41-44, find the area of the shaded region.

41, v =

16 — x*

RO SR SR

!

@ In Exercises 45-48, write the partial fraction decomposition for
the rational expression. Check your result algebraically. Then
assign a value to the constant g and use a graphing utility to
check the result graphically.

1 1
45. at = X 46. xx + a)
1 |
47. xla —x) 48. (x + Ma - x)

@ In Exercises 49-52, use a graphing utility to graph the function.
Then find the volume of the solid generated by revolving the
region bounded by the graphs of the given equations about
the x-axis by using the integration capabilities of a graphing
utility and by integrating by hand using partial fraction decom-
position.

10 v=0,x=1,x=35

9.y = e+ 10)° -

-4 (@ Verify ¢
=0, x=0,x=3

-y= T D -4 ! by

51._v=‘3?_4,\—l,v=—1 y=0 y=

Use the
25x
= =-2,x=0,y=0
52. 5 T -6 " x ’ ~(b) Use the
. Biology A conservation organization releases 100 an
mals of an endangered species into a game preserve. Thg:
organization believes that the preserve has a capacity of 10
1000 animals and that the herd will grow according to = 3
logistic growth model. That is, the size y of the herd w % 7
follow the equation ;) 2
1 R
————dy = | kdt 23
f ¥(1000 = ) © j { g
where ¢ is measured in years. Find this logistic curve. (To 4‘
solve for the constant of integration C and the proportions
ality constant k, assume y = 100 whent = Oand y = 134
when ¢t = 2.) Use a graphing utility to graph your solution;

54. Health: Epidemic A single infected individual entersa s7. Revenue
community of 500 individuals susceptible to the diseases  for Symant
The disease spreads at a rate proportional to the product.o _modeled b
the total number infected and the number of susceptibl 41
individuals not yet infected. A model for the time it take =
for the disease to spread to x individuals is ‘

| © where t =

t=5010) ——————dx -from 1995

J (x + 1)(500 = x) during this

where ¢ is the time in hours. 58, Medicine
(a) Find the time it takes for 75% of the population ¥ semester b
become infected (when s = 0, x = 1). history of

(b) Find the number of people infected after 100 hours N _

55. Marketing After test-marketing a new menu item, dt _(
fast-food restaurant predicts that sales of the new item wi where N is
grow according to the model (a) Find tt

ds 2t with tt
de— {(r+4)? returni
where ¢ is the time in weeks and S is the sales (in thousand (b) lf. nott
of dollars). Find the sales of the menu item at 10 weeks. "f“ll ﬁ;
. . . . tion o

56. Biology One gram of a bacterial culture is present oo
time ¢ = 0, and 10 grams is the upper limit of the culture’s* . Bwlogty
weight. The time required for the culture to grow to ¥ mals 9t ar
grams is modeled by Organizatic

| increase at
kt=| ————d

f.v(m—.wy ‘Z—N:(

t
where y is the weight of the culture (in grams) and ¢ is the: )
time in hours. Where N it
(a) Use th
ulatior
(b) Find !

es witl
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hours.
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item will
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SECTION 6.3

(a) Verify that the weight of the culture at time 7 is modeled
by
10

YETE 9e”'°"’l

Use the fact that y = [ whent = 0.

(b) Use the graph to determine the constant k.

Bacterial Culture

2.2

Weight (in grams)
_— MW PO e

+—t -+
| 2 4 6 g 10 12
Time (in hours)

Revenue The revenue R (in millions of dollars per year)
for Symantec Corporation from 1995 through 2003 can be
modeled by
R= 4101 4+ 28,4907 + 28,080
-6 + 941 + 100

where 1 = 5 corrresponds to 1995. Find the total revenue
from 1995 through 2003. Then find the average revenue
during this time period. (Source: Symantec Corporation)

Medicine On a college campus, 50 students return from
semester break with a contagious flu virus. The virus has a
history of spreading at a rate of

dN 100e =1

dr (1 + 4e=011)2
where N is the number of students infected after 1 days.

(2) Find the model giving the number of students infected
with the virus in terms of the number of days since
returning from semester break.

(b) If nothing is done to stop the virus from spreading,
will the virus spread to infect half the student popula-
tion of 1000 students? Explain your answer.

Biology A conservation organization releases 100 ani-
mals of an endangered species into a game preserve. The
organization believes the population of the species will
increase at a rate of

dN 125(,—()4125/

& " (T oo

where N is the population and ¢ is the time in months.

(a) Use the fact that N = 100 when ¢ = 0 to find the pop-
ulation after 2 years.

(b) Find the limiting size of the population as time ncreas-
es without bound.

Partial Fractions and Logistic Growth 415

60. Biology: Population Growth The graph shows the

Jogistic growth curves for two species of the single-celled
Paramecium in a laboratory culture. During which time
intervals is the rate of growth of each species increas ng?
During which time intervals is the rate of growth of each
species decreasing? Which species has a higher limiting
population under these conditions?  (Somce: Adapted Jrom
Levine/Mitler, Biology: Discovering Lite, Second Ldition)

Paramecium Population

P. caudatum

1‘ P. aurelia
1

Number

Courtesy of Susic Wang/Aqua Dessa

While a math communications major at the
University of California at Berkeley, Susie Wang
began researching the idea of selling natural
skin-care products. She used $10,000 to start her
company, Aqua Dessa, and uses word-of-mouth as
an advertising tactic. Aqua Dessa products are used
and sold at spas and exclusive cosmetics counters
throughout the United States.

61. Research Project Use your school’s library. the
Internet, or some other reference source to research
the opportunity cost of attending graduvate school
for 2 years to receive a Masters of Business
Administration (MBA) degree rather than working
for 2 years with a bachelor’s degree. Write a short
paper describing these costs.

(1%
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PREREQUISITE The following warm-up exercises involve skills that were covered in earlier sections. You will
REVIEW 6.5 use these skills in the exercise set for this section. )

in Exercises 1-6, find the indicated derivative.

L flx) = % f1x) 2. f(x) = In(2x + 1), F9x)

3 f(x) = 21Inx, f(4)(x) 4. f(x) =53 — %2 4+ Tx — 12, f”(x)

5. f(x) = ¥, f9%) 6. f(x) = e¥, fx) '
In Exercises 7 and 8, find the absolute maximum of f on the interval. 1

7. fx) = —x* + 6x + 9,[0, 4]

8. 1) = 511,2]

ximum value In Exercises 9 and 10, solve for n.

1
9. 55 < 0.001 .

1 |
10. T < 0.0001 ‘

|, you should

EXERCISES 6.5

n Exercises 1-12, use the Trapezoidal Rule and Simpsori's Rule to 2 ,
approximate the value of the definite integral for the indicated 5. | xldx, n=38
value of n. Compare these results with the exact value of the (

hen apply the i definite integral. Round your answers to four decimal places. 6. J' (4 —x)de, n=4
e 2 1 2 |
ﬂl.fxldx,n=4 2.f("—+1>dx,n=4 2
0 o \2 . 7. ;dx, n=
. 1

1.5+ , X
104 : 1 4 |
H:i 9-J\/J—L’dx,n—8
0.5*": : E l 0
[ )
f B } X ] _
05 10 15 10. ,[) 1 +xde, n=4
-0.5 - |
: v = 1
, 11.'[’1+xd,\,n—4 !
o1
4-j—dx,n=4 2
Y 1z.f xS+ Ldx, n=4 '
O

il N !
05 Py ;
Py

L i P
L T T

05 1.0 1.5 20

-0.5

——— ~1.04
05 1.0 1.5 20
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In Exercises 13-20, approximate the integral using (a) the
Trapezoidal Rule and (b) Simpson’s Rule. (Round your answers to
three significant digits.)

Definite Integral Subdivisions

1
|
. =4
13. 4[) T dy n
14 ’ L dx n=4
|
15 J J1 = x*dx n=4
0
1
16. J J1 = x2dx n=28
0
17. J- e~V dx n=2
0
18. j e~ dx n=4
0
! |
. — ) =6
19 T dx n
K}
v
X 5 =6
20 L 24+ x + x- "

@ Present Value in Exercises 21 and 22,use a program similar to

the Simpson’s Rule program on page 430 with n = 8 to approxi-
mate the present value of the income c(t) over t, years at the
given annual interest rate r.Then use the integration capabilities
of a graphing utility to approximate the present value. Compare
the resuits. (Present value is defined in Section 6.2.)

21. o) = 6000 + 2001, r=1T%, 1, = 4
22, ¢(r) = 200,000 + 15,0007, r = 10%, 1, = 8

@ Marginal Analysis In Exercises 23 and 24, use a program

similar to the Simpson’s Rule program on page 430 withn = 4to
approximate the change in revenue from the marginal revenue
function dR/dx. In each case, assume that the number of units
sold x increases from 14 to 16.

23, g = 5./8000 — x*

ax
24, ‘;’f = 50/x20 — x

@ Probability n Exercises 25-28, use a program similar to the

Simpson’s Rule program on page 430 with n = 6 to approximate
the indicated normal probability. The standard normal probability
density function is

f(X) - /_—_e—xf/z'

@ Surveying

if x is chosen at random from a population with this density, thep
the probability that x lies in the interval [a, b] is

b
Pla<sx<b)= J’ f(x) dx.

a

25. PO<x < 1)
26. PO<x<2)
27. PO < x<4)
28. P(0 < x £ 1.5)

Simpson's Rule program on page 430 to estimate the number of -
square feet of land in the lot, where x and y are measured in feet; -
as shown in the figures. In each case, the land is bounded by a

stream and two straight roads.
29.

In Exercises 29 and 30, use a program similar to the -

n Exercises 3
gpror in appro
and () Simps

3l J x*dx
0
|

3. J v dx
0

in Exercises 3
error in the ¢
0.0001 using

3.

.

t
J dx
0
ki
J e dx
|

Road ¥ ’ In Exercises 3
- page 430toce
M 4
‘ © [, Stream 39 j Jx
\NQ:\ l
\ s
]m\.».» Road x 4]. J 10.\'(.’
200 400 600 800 1000 2
43, Prove th
x 10 l 100 | 200 | 300 | 400 | 500 \ mate the
demonst
vy | 125 l 125 | 120 | 112 | 90 90J ,
R
© | 600 | 700 | 800 | 900 | 1000 )
4, Use apr
y | 95 88 | 75 | 35 0 page 43(
ated by 1
30. Road ¥ Y=
about the

i < = In Exercises 4
6()# S Stream required arc
0 { length of f be
0} : Ja T

il ol A B > Road x b
7720 40 60 80 100 120 l45 Arc Ler
feet long
x |0 10| 2041301 40| 50| 60 =
y 175181 84176 67 | 68 | 69
Use a p1
page 43
|« |70 [ %0 [90 | 100 | 110 | 120 \ cable. ¢

\ v | 72 l 68 | 56 | 42 | 23 |0 J using th

mtegrati




sity, then

lar to the
imber of
d in feet,
ded by a

In Exercises 31-34, use the error formulas to find bounds for the
error in approximating the integral using (a) the Trapezoidal Rule
and (b} Simpson’s Rule.(Let n = 4)

el 1
- 1
A dx . dx
31,L.\d,\ 32Lx+1 X
| 1
3. J’ eV dx 34. J e~ ¥dx
4 (]

in Exercises 35-38, use the error formulas to find n such that the
error in the approximation of the definite integral is less than
0.0001 using (a) the Trapezoidal Rule and (b) Simpson’s Rule.

1 3 1
35, J xtdx 36. j =dx
0 P

3 5
17, J e dx 38. f In xdx
1 3

B In Exercises 39-42, use the program for Simpson’s Rule given on

page 430 to approximate the integral. Use n = 100,

39, j xJx + 4dx 40. j x2/x + 4dx
| !

5 5
41. J 10xe ™" dx 42. J 10x2e ™" dx

43. Prove that Simpson’s Rule is exact when used to approxi-
mate the integral of a cubic polynomial function, and
demonstrate the result for

1
f x3dx, n=2.
0

: B 44, Use a program similar to the Simpson’s Rule program on

page 430 with # = 4 to find the volume of the solid gener-
ated by revolving the region bounded by the graphs of

y=x¥x+4, y=0, and x=4
about the x-axis.
In Exercises 45 and 46, use the definite integral below to find the

required arc length. If f has a continuous derivative, then the arc
length of f between the points (a, f{a)) and (b, f(b)) is

f” ST dx

G 45. Arc Length The suspension cable on a bridge that is 400

feet long is in the shape of a parabola whose equation is

v= 8()0 (see figure).
Use a program similar to the Simpson’ s Rule program on
page 430 with n =12 to approxmmte the length of the
cable. Compare this result with the length obtained by
using the table of integrals in Section 6.4 to perform the
integration.
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Figure for 45
. 2
Vertical Ty ==
; Y7800
supporting cable (200, 50)‘

46. Arc Length A fleeing hare leaves its burrow (0, 0) and
moves due north (up the y-axis). At the same time, a pur-
suing lynx leaves from 1 yard east of the burrow (1, 0) and
always moves toward the fleeing hare (see figure). If the
lynx's speed is twice that of the hare’s, the equation cf the
lynx’s path is

v= %(.\'3/3 —3x2 +2).

Find the distance traveled by the lynx by integrating over
the interval [0, 1].

\
:

y = %(.\'3/3 - 32+ 2)

|
|
[}
(
‘l ,._,_._,;W.m“ g X
1

47. Medicine A body assimilates a 12-hour cold tablet at a
rate modeled by
dac

— =8 — 2 -2t + <t <
0 8 — In(s? — 21 + 4), 0<rs 12

where dC/dr is measured in milligrams per hour and ! is the
time in hours. Find the total amount of the drug absorbed
into the body during the 12 hours.

48. Medicine The concentration M (in grams per liter) of a
6-hour allergy medicine in a body is modeled by

M=12—4In(> —- 4 + 6), 06

where 7 is the time in hours since the allergy medication
was taken. Find the average level of concentration in the
body over the six-hour period.

49. Consumer Trends The rate of change S in the nurnber of

subscribers to a newly introduced magazine is modeied by

ds

= = 1000t%¢"", 0<r<6
dr

where ¢ is the time in years. Find the total increase in the
number of subscribers during the first 6 years.

Lo I
b,
1)

[ L]

T
i

L

i 9

[ [ L]




i

444 CHAPTER 6  Techniques of Integration

PREREQUISITE The following warm-up exercises involve skills that were covered in earlier sections. You will 1 jh —
REVIEW 6.6 use these skills in the exercise set for this section. L
.V
In Exercises 1-6, find the limit. T
1. lin% (2x +5) ,%
X i
(1 ) j
2, lim (— + 2x~>
=l \ X !
. x+4 —te
3. x_l)r_l}“ x2 - 16 E
.ox2 -2
4. !l-g(l) X3+ 32 In Exercises
t
5. lim ——— ; 19 J !
.,\'—>l,/x—l ’ ()l_
. o x*+2x—-3 ‘)"_
6. .\»1—1313 x+3 . J:) Jt
|
1
In Exercises 7-10, evaluate the expression (a) when x = b and (b) when x = 0. 23, J o
. b -
4 1 3 2
7. = (2x — 1) 8. 4 2
3 =D =5 T w-2p zs.J -
3 0 VY
9. In(5 — 3x%) — In(x + 1) 10, &3 + o~ ,
26. J —
: o W

EXERCISES 6.6

In Exercises 1-14, determine whether or not the improper inte- © oV
gral converges. If it does, evaluate the integral. 11. 1 —ﬁ dx )
= 0 o - InExercises
1. J e Vdx 2. J e dx 12. f S dx the graphs
u B —o ¥t solid gener:
¥ y el
13. f 2xe™ M dx 29, y= 1
—a e
/ - h
N\ 1 f 14. f xle ™ dx S Ny=e

In Exercises

In Exercises 15-18, determine the divergence or convergence of aandntoc

the improper integral. Evaluate the integral if it converges.

{ + 1 + 1 lerY; X
15, J —= dx 16. J ———dx
Jx i o 1 0 \/; 3 VX T 3 "'
3. = dx 4, —= dx . . x
i L \/; ‘ ! y -
«© =) 5 ‘1‘ ? i x"e"“‘
5. f 3 dx 6. f = dx ? 2T \ -
0 0 €7 . N
' X
4

i

I | :
7 r = 8 | ey et S
. ———dx X — A — x B S T
s X - 16 ,/3\/2)c—1(‘c T T T R
-1
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2 1 In Exercises 35-38, use the results of Exercises 31-34 to evaluate | )
il 18 J- x— 1) dx the improper integral. ‘
1\
¥ 35, J x2e~¥dx
0 i
21 : 36. j (x — De™vdx 4
! 0
y ‘ 37. j xe dx
N i N 0 ]
i . =
1 2 38. xe “dx
0

39. Present Value A business is expected to yield a contin-

ises 19-28, evaluate the improper integral. - . .
In Exercise ! prop J uous flow of profit at the rate of $500,000 per vear. If

20. J v = ax money will earn interest at the nominal rate of 9% per year
o Yx compounded continuously, what is the present value of the
2 x business (a) for 20 years and (b) forever? (Present value is
22 J:) —ﬁ d defined in Section 6.2.)

' 40. Present Value Repeat Exercise 39 for a farm that is o
24. J —dx expected to produce a profit of $75,000 per year. Assume
0 that money will earn interest at the nominal rate of 8%
compounded continuously. (Present value is defined in 4
Section 6.2.)

L

Capitalized Cost In Exercises 41 and 42, find the capitalized
cost C of an asset (a) for n = 5 years, (b) for n = 10 years, and (c) 4
forever. The capitalized cost is given by !

C=¢( + J c(t)e"'dt

where C, is the original investment, t is the time in years, r is the

In Exercises 29 and 30, (a) find the area of the region bounded by annual interest rate compoundef.:l continuously, and C(F) is .the

the graphs of the given equations and (b) find the volume of the annual cost of maintenance. [Hint: For part (c), see Exercises
solid generated by revolving the region about the x-axis. 31-34] "
2 1 41. C, = $650,000, ¢(r) = 25,000, r = 10% |
Wy =—=,y=0,x 2 . . )

yEgy=0xzl 42. C, = $650.000, c{r) = $25.000(1 + 0.081). r = 12%

30. = 7N y = >0
y=ety=0x2 43. Women’s Height The mean height of American women

“In Exercises 31-34, complete the table for the specified values of between the ages of 25 and 34 is 64.5 inches, and the
vergenced aand n to demonstrate that standard deviation is 2.4 inches. Find the probabil:ty that a
erges. 25- to 34-year-old woman chosen at random is

lim xre~ax =, a>0n>0
X o

(a) between 5 and 6 feet tall.

" ks
! (b) 5 feet 8 inches or taller. ™
1| 10| 25§ 50 . )
- (c) 6 feet or taller. i
e*al
v LN N e e e HEond T NG
w9
=1n=1 44, Quality Control A company manufactures wooden
’ yardsticks. The lengths of the yardsticks are normally
b ‘L’" = 2 . . . .
1 4 n=4 distributed with a mean of 36 inches and a standard devia- T
%, n=2 tion of 0.2 inch. Find the probability that a yardst ck is
%, n=>5 (a) longer than 35.5 inches.

(b) longer than 35.9 inches.
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® CHAPTER REVIEW EXERCISES

In Exercises 1-12, use a basic integration formula to find the
indefinite integral. :

. jclt
3. j (x + 5)}dx
. J e dx
1
Jé; dx

9, Jx\/xz + 4 dx

2e"
il. f3 e dx

In Exercises 13-20, use substitution to find the indefinite integral.

14, fx(l — x)dx

[

2. J’(x2 +2x — dx

4 2 h
3 Re=E dx
6. jBxe‘"’l dx
26 — x
8. fx4—x2+1d'\

1
10, [ ——d
f N
12. J‘(x2 — e’ 3 dx

wn

=

13. J.\'(.r - 2¥dx

15. f.rv/.x + 1 dx 16. sz\/x + 1 dx

17. f2.r\/x ~ 3dx 18. Jl-i\-/;\/} dx
19.[(.v+1)\/1—.x(1x 20.fxf]dx

In Exercises 21-24, use substitution to evaluate the definite
integral. Use a symbolic integration utility to verify your answer.

3
21. I xJvx = 2dx

3

22. J VUx = 2dx
-

23, j xx = 1)} dx
1

0
24. J xlx + 3)rax

-3

25. Probability The probability of recall in an experiment is
found to be

b
10
Pla<x<bh) = j 1—65.»:3\/1 — x dx
where x represents the percent of recall (see figure).

(a) Find the probability that a randomly chosen individual
will recall 80% of the material.

26.

27.

38, Medicin
after inge

N R S R FRE T NS R g

(b) What is the median percent recall? That is, for what

value of b is it true that P(0 € x € b) = 0.5? where the

H (a) Use a

val 0

(b) Over
decre:

¥ 105 2
: y =gV - x

|
t
Pla=x=b 1
Lo+ N E

l

0.5

(c) At wl
effecti
(d) Deten
over t!

1
T
025 a 05 bOTS 10

{e) Atwh
tivene:

Probability The probability of locating between a and b ntervi

percent of oil and gas deposits in a region is

b
P(anSb)=J’ 140

——x2(1 — x)3dx n Exercises 29-

27 ntegral.

(see figure).

(a) Find the probability that between 40% and 60% of t
deposits will be found.

(b) Find the probability that between 0% and 50% of the
deposits will be found.

v = %’xz(l - x)'/3
20+
ST 5 InExercises 33
o Hasx=b ‘ the indefinite ir

! yOur answer.
05+ } :
} [ 3. J 2cled
1 i ! 1 x
025 a 05 boOTs 10

Present Valu,
the income give
given annual in

35- C(t) = 10,(

Profit The net profits P (in millions of dollars per year)
for Home Depot from 1997 through 2003 can be model
by

P=-92508 + 154.753Int, 7<r<13 3%, clt) = 20(
where ¢ is the time in years, with r = 7 corresponding el = 12
1997, i souives Fhe Home Depot ines B o) = 10

(a) Find the average net profit for the years 1997 through; 23

2003. 1 . Economic

(b) Find the total net profit for the years 1997 through! of euch sce
2003. , (@) $1000

' and 15¢

(b) A lotte:

over 2(

(S0 i

El//!'



18, Medicine The effectiveness of a pain-killing drug r hours
after ingestion can be modeled by

E(f) = e~ 04

where the effectiveness E is measured as a percent.

PR

s, for whay -
9 - '

n

. 9 (a) Use a graphing utility to graph the model over the inter-
val0 €1 < 24,

(b) Over what intervals is the effectiveness increasing and
decreasing?

(c) At what time does the medication reach maximum
effectiveness?

(d) Determine the average effectiveness of the medication
over the 24-hour period.

(e) At what time does the medication have the same effec-
tiveness as the average effectiveness for the entire
interval?

in Exercises 29-32, use integration by parts to find the indefinite
integral,

Inx
29, j —=dx
60% of the Vi
: 30. J YxInx dx
50% of the

3L J(x - 1)e* dx

'SZ.Jln( X )dx
x+1

InExercises 33 and 34, use integration by parts repeatedly to find
‘the indefinite integral. Use a symbolic integration utility to verify
your answer,

\ J’szez-‘ dx 3. f (In x)? dx

- X
Fresent Value In Exercises 35-38, find the présent vaiue of
s per yeaI) E the income given by c(t) (measured in dollars) over t, years at the
be modeled * ven annual inflation rate r.
i3 co(r) = 10,000, r = 4%, t, = 5 years
<13 clr) = 20,000 + 15001, r = 6%, t, = 10 years

(
»sponding ¥ c(t) = 12,0001, r = 5%, 1, = 10 years
{

, of) = 10,000 + 100e"2, r = 5%, 1, = 5 years
997 through
Economics: Present Value Calculate the present values

oy7 through of each scenario.

(a) $1000 per year for 5 years at interest rates of 5%. 10%,
and 15%

(b) A lottery ticket that pays $100,000 per year after taxes
over 20 years, assuming an inflation rate of 8%

o
CNOlee s Ao s

Lo focigr Plocen Vv T coioies fryid

E(Il.lil/u”
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40. Finance: Present Value You receive $1000 at the end
of each year for the next 3 years to help with cotlege
expenses. Assuming an annual interest rate of 6%, what is
the present value of that stream of payments? (4o

’

Vdegiod o Garinee/ o Personal Faiee, el

/ A//‘”’H/’;’

41. Finance: Present Value Determine the amount a per-
son planning for retirement would need to deposit today to
be able to withdraw $6000 each year for the next 10 years
from an account earning 6% interest. (Scriver Adope

Jron: Cavioansdorese, Poconad Vawaeo, Fifili Tl

©

Finance: Present Value A person invests $50,000
earning 6% interest. If $6000 is withdrawn each year,
use present value to determine how many years it wil. take
for the fund to run out. (Sou

Forcrie, Personal Yanance. Pl Livion

Seleipied Jronr G

in Exercises 43-48, use partial fractions to find the indefinite

integral.
1 4x — 2
43. J’x(x+5)dA 44, J'3(x— l)zdx
4x — 13 4x? —x — 5
45. fxz v lodx 46. f 20+ 5) dx

48. Jﬂ‘_—lzdx

2
47. fx2+2x— 15 % x(x + 3)

49. Sales A new product initially sells 1250 units per week.
After 24 weeks, the number of sales increases to 6500. The
sales can be modeled by logistic growth with a limit of
10,000 units per week.

(a) Find a logistic growth model for the number of units.

(b) Use the model to complete the table.

Time,r | 0 | 3| 6] 12|24

Sales, y

(c) Use the graph shown below to approximate the time ¢
when sales will be 7500.

New Product Sales
¥
1(),0()0:: o
8,000 1
6,000
4.000»'

2,000 -+
4

Sales (in units per week)

f t 1
10 20 30 40 50
Time (in weeks)

EN

T

il

it

(L[]

v i
T
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50. Biology A conservation society has introduced a popula-
tion of 300 ring-necked pheasants into a new area. After
5 years, the population has increased to 966. The popula-
tion can be modeled by logistic growth with a limit of 2700
pheasants.

(a) Find a logistic growth model for the population of
ring-necked pheasants.

(b) How many pheasants were present atter 4 years?

{¢) How long will it take to establish a population of 1750

pheasants?

Ring-Necked Pheasants

3000 +

2500 -

2000 -

1500 ~

Population

1000 -

500 -

= : r

Time (in years)

In Exercises 51-56, use the table of integrals in Section 6.4 to
evaluate the integral.

I
s1. j—"—;idx sz.J ( 1

1
53. fxz — 4dx

3
’ X ) 1
55. | ——=udx 56. | T———=d

In Exercises 57-60, use a reduction formula from the table of
integrals in Section 6.4 to find the indefinite integral.

T
s7. J -—IV—\(I.V 58. J' T

60. f (In x)* dx

x(4 + 3x) dx

54. f x(In x2)> dx

59, f(x — 5P dx

In Exercises 61-64, complete the square and then use the table of
integrals in Section 6.4 to find the indefinite integral.

1 ] 1
61. f.\‘l P dx 62. J.\_z N 5211x

63. f S = 10xdy 6d. f e
Jxt+ 6x° + 10

In Exercises 65-68, use the Trapezoidal Rule to approximate the.

definite integral.

3 l
65. f —dx, n =4
(IR

y

104 \’*
{
1

0.5+ \
]

1
| |
[ l
gl
bt |
t t

i

66. f~ >+ 1)
0

y

68.

- |n Exercises 73
- theerror in apk

: 73. j~ e,l‘ dx,
: 0

dx,n=4

1.0

s
[
[
| } i

05111 |
[
[
[
[
Lol
-

U

|
|
[
[
[
[N
[
[ |
|
L

T

-t
05 1.0 15 20

In Exercises 69-72, use Simpson’s

definite integral.

69. J -%dx, n=4
v

0.5-

" _..__,M_}.L S —
05 1.0 1S 2.0

1 32
71. J; 2'_ = de, n =4

70.

051015 20

Rule to approximate the:
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. ises 73 and 74, use the error formula to find bounds for 3 2
roximate the In Exercises imating the i lusing the T idal Rul 83, 1 _ dx 84. xt2 2’ dr 4
the error in approximating tne integral using the Trapezoidal Rule. R m b (x - 1) ,
2
won=4 73. J' e>dx, n =4 ! | : \
02 : 50+ ‘ ‘
74, f eXdy, n=38 ! 4071 *
0 2.4 30+
/ in Exercises 75 and 76, use the error formula to find bounds for } 20~
the error in approximating the integral using Simpson’s Rule. T ! i 10-- o
‘o P S T i
: dv, n =4 27 -
75.f2x_1xn o203 -
f(-ji—w: ' %6 ‘1 din=8 85. Present Value You are considering buying a franchise
0 T x0T that yields a continuous income stream of $50,000 per year.
Find the present value of the franchise (a) for 15 years and
hon=8 in Exercises 77-84, evaluate the improper integral. (b) forever. Assume that money earns 6% interest per year,
oo - -8 J’ 0 3 4 compounded continuously.
A 4xe” % dx . T R dx o g . e
n J; oo (1 = 3x)3 86. Capitalized Cost A company invests $1.5 million in
¥ ¥ a new manufacturing plant that will cost $50,000 pe- year vle
in maintenance. Find the capitalized €ost for (a) 20 years
and (b) forever. Assume that money earns 6% inierest,
- 1+ compounded continuously. v
! 87. SAT Scores In 2001, the Scholastic Aptitude Test (SAT)
s x math scores for college-bound seniors roughly followed a *
P20 ; : v normatl distribution .
2 3 )
: ) y = 0.0035¢~C-514/25538 200 < x < 800 s
where x is the SAT score for mathematics. Find the proba-
bility that a senior chosen at random had an SAT score (a)
between 500 and 650, (b) 650 or better, and (¢) 750 or
¥ ¥ better. (Sources Colleve Board)
1oL T2 0.00350-( - S14725,538
1 . e
! !
1 0.5 0.003 - ! 4
1 ] 1 g ) E
T 1 T X = 1 13
24 05 10 15 2 0002- . H‘
—0.5 - g e i
* 0.001 -+ M
i
: X A { 1 { : | ) ] X ( Iy |
- TN i i i T T LA k
82. 16(x — 1)2 dx 00 300 400 500 600 700 800
. Score Fde t

v




