Math 135B, Spring 2010.
May 19, 2010.

MIDTERM EXAM 2

NAME(print in CAPITAL letters, first name first): KE Al

NAME(sign):

ID#:

Instructions: Each of the 4 problems is worth 25 points. Read each question carefully and
answer it in the space provided. YOU MUST SHOW ALL YOUR WORK TO RECEIVE FULL
CREDIT. Calculators, books or notes are not allowed. Unless you are directed to do so, or it
is required for further work, do not evaluate complicated expressions to give the result as a
decimal number.

Make sure that you have a total of 5 pages (including this one) with 4 problems.
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1. A machine has two parts, A and B. Each part is checked at the beginning of each day. If
at least one of the two parts is working, the machine is in working order and neither part is
replaced. If neither part is working, the machine is in repair for the day, and both parts are
replaced with working parts. If both A and B are working, each will fail independently with
probability 0.1 the next day. If A is working but B is not, then A fails with probability 0.2 the
next day; and if B is working but A is not, then B fails with probability 0.3 the next day.

(a) Determine the transition probability matrix for the day-to-day status of the machine, on
states 1, 2, 3, 4, which code, in order, the parts that are working: A and B, A but not B, B but

not A, neither B nor A.
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(b) Assume that today is Wednesday and the machine is in repair. Write an expression for
the probability of the following event: the machine will be in repair again on this Sunday and
working the following Sunday. Do not evaluate.
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(c) Explain how you would compute the proportion of days on which part A is working. Do not
carry out the computation.
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2. Determine the transient and recurrent classes of the Markov chain with the following transi-
tion matrix: Ar o2 6
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3 In a branching process, an individual has 0, 1, 2, 3 descendants, each with equal probability
Z Start the process at generation 0 with a smgle ancestor,
(a) Compute the expected population size at generation 3.
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(b) Write an expression for the probability that the branching process dies out at or before
generation 3. Do not evaluate. . 2
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(c) Compute the probability that the branching process ever dies out. (Help: s®+$2 —3s+1 =
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(d) Compute the probability that the process dies out conditioned on the event that population
at generation 3 consists of 4 individuals.
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4. A walker walks on the points 0, 1, 2, 3, and 4, arranged on a circle in the clockwise order.
Each time, she jumps by 1 in the clockwise direction with probability p and by 2 in the clockwise

direction with probability 1 — p. Here, p € (0,1). (For example, from 3 she jumps to 4 with
probability p and to 0 with probability 1 — p.)
(a) Write down the transition matrix P.
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(b) For all states ¢ and 7, determine the limit, as n — oo, of F;}. Carefully verify the conditions
of any theorems you use. (Help: this requires no long calculations!)

T MN‘M‘V A et AL AT A c/\w /'>MA KFW%C

Ccm a'j‘ ,3/\4\/\'\ O t O A Q\Jl.crx aud Aw 4 s"-crs>v
Vo7 presasas :P A ol,ou\af.g e cbiaske i" Tl
T

)
Av aun ot o\/l\;“*w\,uj\rvv\ ~3 [_—}“ &k :\'L’ %\;3

3

\ ‘ '
L= 5 Tudag . o3 ' amd
A\/\G‘ e C
(c) Assume the walker starts at 1. Compute the expected number of Jjumps she makes before

she returns to 1.
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(d) Let Se= {1,3} be the set of odd states. Compute the average number of time steps the
walker remains in Sg after she enters Sg
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