MAT 167: Advanced Linear Algebra

Final Exam Solutions

Problem 1 (15 pts)

(a) (5 pts) State the definition of a unitary matrix and explain the difference between an orthogonal
matrix and an unitary matrix.

Solution: A unitary matrix is a square matrix of size m X m whose column vectors form an
orthonormal basis for C™. In other words, a matrix () € C™*™ is unitary if Q*Q = QQ* =
I,,. In other words, Q! = @Q*. An orthogonal matrix is its counterpart for R™. In other
words, an orthogonal matrix is a square matrix of size m X m whose column vectors form
an orthonormal basis for R and satisfies Q! = Q.

(b) (5 pts) Prove if @) € C™*™ is unitary, then for any & € C™, we have ||Qz||2 = ||z]|2-

Solution: We simply use the definitions of the 2-norm for vectors, the inner-product, and a unitary
matrix.

Q5 = (Qz, Qz) = (Qz)'(Qx) = 2'Q"Qz = 'z = (z,z) = [l|5.

Since both ||Qx||, and |||, are nonnegative, we can take nonnegative square roots of both
sizes of the above equality to get ||Qz||2 = ||z||2.

(¢) (5 pts) Show that the column vectors of any unitary matrix () are linearly independent.

Solution: Let us consider a linear combination of columns of Q:

ciq; + -+ gy, =0,

where g; is the jth column vector of (). Using the notation, ¢ = [c1,...,cm]T, the above
can be rewritten as:
Qc=0.
Multiplying Q* from left on the both sides yields:
QR'Qc=c=0.

Therefore, q,, . . ., g,,, are linearly independent.
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Problem 2 (15 pts) Consider the following 2 X 2 matrix:

cosf —sinf

Ry = [sin& cosﬁ}’ =<

(a) (3 pts) Show that Ry is an orthogonal matrix.

Solution: This can be easily done by computing RyR} = R} Ry = I.

(b) (3 pts) Determine the Fourier expansion of = [(1)] with respect to the basis whose vectors

are the column vectors of Ry.

Solution: Let the Fourier expansion of & be

_ |cost n —sin 6 _n
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where ¢; and co are the Fourier coefficients of @, and ¢ = [cl 02] . Since these column
vectors form an orthonormal basis, the Fourier coefficients can be computed by multiplying
R} on both sides from left:

R’ga} = [ COiSn00:| = R{RQC =c.

Thus, the Fourier expansion in this case is:

1| 0 cos @ _sind —sinf
0] = % lsing St cosf |-

(c) (3 pts) Show that || Ry||2 = 1 regardless of the values of 6.

Solution: The 2-norm of any matrix A is simply the largest singular value o1 of A. Thus all we
need to do is to compute the largest eigenvalue of AT A. In this case, R} Ry = I, thus

I-x 0 | 9
det[ 0 1_)\]_(1—)\) = 0.

Thus the eigenvalues are: A = 1, 1. Thus the largest singular value o1 = v/1 = 1. Therefore
we conclude: || Rgl|o = 1 independent of the values of 6.
(d) (3 pts) Compute || Ry||;.

Solution: Recall the 1-norm of a matrix A4 is the maximum of the 1-norm of the column vectors
of A, ie., ||A]l1 = maxi<j<y [|A(:,j)|l1. Thus, in this case, the 1-norm of the 1st column
vector and that of the 2nd column vector are the same, i.e.,

||Rg||1 = | cos @] + | sind)|.
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(e) (3 pts) Show that || Ry||oc = || Ry||1 for any value of 6.

Solution: Recall the co-norm of a matrix A is the maximum of the 1-norm of the row vectors of
A, ie., ||Allcc = maxi<i<m ||A(4,:)||1. Thus, in this case, the 1-norm of the 1st row vector
and that of the 2nd row vector are the same, i.e.,

|| Rg|loo = | cosB| + |sinf| = || Rgl|:-

(f) Bonus problem (5 pts) Show that 1 < [[Ry||; < v/2. For what values of # do the equalities
hold?

[Hint: Check the periodicity of the 1-norm in this case, and then use the trig. identity:
cos @ + sin ) = /2 cos( — 7/4).]

Solution: Let
f(8) :=||Ry||y = | cos @] + | sinB|.

First, notice that f (6 + 7/2) = f(6) using the basic trig. identities, such as cos(6 + 7/2) =
—sin(#), sin(6 + 7/2) = cos(@). This means that f(#) is periodic with period 7 /2. There-
fore, we only need to check this function over the interval 0 < § < 7/2. In this interval,
clearly cos# > 0 and sin @ > 0. Thus,

£(6) = cos +sinf = v/2cos( — 7/4).

Thus it is clear that f(#) < +/2. The equality holds if @ = 7/4 in this interval. Now, it is also
clear that f(#) > 1 in this interval, and the equality holds if # = 0, 7 /2. Using the periodicity
of f(#), we conclude that 1 < f(#) < /2 and the first equality holds if § = —7, —7/2,0,
and the second equality holds if § = —37/4, —m /4,7 /4, 37 /4.
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Problem 3 (10 pts) Compute the QR factorization of the following matrix:

A=

e e

1
0
0

S =

Solution: Use the Gram-Schmidt procedure here. Let a1, as, as be the column vectors of A.

Step 1:
vy =a; =[1,0,1]7
1 = ||a'1|| = \/5
q: = [1/\/57()’ 1/\/§]T-
Step 2:
T2 = (@2, qy) = 1/\/§
vy = ay —T12q; = [1/2,0,1/2]"
rog = |Jwa]| = 1/V/2
a4y, = va/r99 = [1/3/2,0,-1//2]".
Step 3:

(7“13 = (a3, q;) = 1/\/i

o3 = (@3, qy) = 1/\/§

{ V3 = a3 — r13q; — T23qs = |0, 1a0]T
r33 = ||lvsl| =1

(@5 = v3/r33 = 0,1, 0]%.

Finally: We get:

1/V2 1/V2 01 [\/i 1/v2 1/¢5|
Q=1[q1,95,q3] =] 0 0 1|, R=10 1/vV2 1/v2].
L s ol Lo 0 ]
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Problem 4 (10 pts) For every inner-product space V over the scalar field C, show that it M C 'V,
then M is a subspace of V even if M itself is not a subspace of V.

Solution: Take any =,y € M* and any o € C. Take any member m € M. Then, by definition
of L space we must have (x, m) = (y,m) = 0. Now, the bilinearity of the inner-product,
we have:

(x+y,m)=(x,m)+(y,m)=0+0=0.

(az,m) =a(xe,m)=a-0=0.

Thus & + y € M+ and ax € M*. This implies that M~ is a subspace of V, and this was
derived independently from whether M is a subspace of 'V or not. This completes the proof.
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Problem 5 (10 pts) Consider a linear system Ax = b, where A € C™*", x € C", and b € C™.
Then show that this system of equations is consistent if and only if (b,y) = 0 for any
y € C™ that satisfies A*y = 0.

[Hint: Consider the orthogonal decomposition: C™ = R(A) & N(A*).]

Solution: (=>): Suppose Az = b is a consistent system. This means that b € R(A). Now, any
vector y € C™ with A*y = 0 means that y € N(A*). But we know that R(4) L N(A*) in
C™. Thus, clearly, b L y, i.e., (b,y) = 0.

(<=): Suppose b | y for any y € N(A*). Then, either b = 0 or b € R(A). If b = 0,
then Az = 0 always has a solution & = 0. If b € R(A), then this means that Az = b is
consistent. Thus, either way, Az = b is consistent.
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Problem 6 (10 pts) Consider the following matrix:
-1 1 0
A= [ 0 -1 1] )
(a) (5 pts) Compute the Singular Value Decomposition (SVD) of A.

Solution: Follows the usual strategy.

- -1 0

-1 2-Xx -1

0 1-A

= 1-2)*2=-N)-(1-XN-01-2)
= (=1 =-M2=-X)=-2)

= (I1-XM)AA=3)=0.

-1

det(ATA—N\I) =

Thus, we have A = 3, 1, 0. Therefore, the singular values are: v/3, 1, 0.

Now, to determine V', we solve the eigenvalue-eigenvector problems. For A = 3:

-2 -1 0 z —2r—y 0
-1 -1 1| |yl =|-2z—y—2| =10
0 -1 =2{ |z -y — 2z 0

Thuswecanset [z y z] =[1 -2 1] " but we need to normalize it to have a unit length.
Thus we have v, = \/6_371 1 —2 l]T.

0 -1 0 T —y 0
-1 1 —-1|l|y|l=|-2z+y—2z2|=|0
0 -1 0 z —y 0
Thus we can set [m Y z} = [1 0 —1]T, and after the normalization, to have a unit
length, it becomes v, = N 10 —I}T.
For A = 0:
1 -1 0 T T —y 0
-1 2 1| |lyl=|-2z+2y—2| = |0
0 -1 1 z —y—+z 0
Thus, we can set [ac Y z] = [1 1 l]T, and again after the normalization, it becomes

vy=v3 [t 11"

Now, to compute U, we use the formula: u; = %A’uj for o; #= 0. Thus,
J

w=ls 4 4[] L
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o1 oHWi] wh

uzzi[o -1 1 _1(/)\/§J: ~1/v2

Thus the SVD of A is:

_[-vE -1y

[0 - A v e i)

-2/v/6 0  1/V/3
1/vV6  —1/V/2 1/V/3

(b) (5 pts) Compute the rank 1 approximation of A.

Solution: The rank 1 approximation of A is of course
T -1//2
quw] = V3 [ 1/V2 [1/v6 —2/v6 1/V6]

_ %[ﬂ n o2 1]

-5 5]

_ [z 1 12
[1/2 ~1 1/2]'
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Problem 7 (15 pts) Consider the matrices

aclo V) 520 o]

bol” )

(a) (5 pts) What is the orthogonal projector P onto R(A), and what is the projection of the vector
[1 2 S]T under P?

Solution:

Py = A(ATA)1AT = o1l o1 ol=10 10

1 1/2 0 1/2
Fﬂ Foq lﬂovj

—_ O =
o = o

Therefore the image of [1 2 3] T under P is:
1 1/2 0 1/2] |1 2
Pl2l=10 1 0 21 = |2].
3 1/2 0 1/2| |3 2
(b) (10 pts) Same questions for B.
[Hint: Compute BT, i.e., the pseudoinverse of B, and construct an orthogonal projector using
Bt]
Solution: In this case, B is not of full rank and

o[22
BB_hQ.

Thus, we cannot do Pz = B(BTB) 'BT. Instead we need to compute the pseudoinverse

B and construct the orthogonal projector P = BB'. To do so, we need to compute first
the SVD of B.

2-)\ 2
da[ ) Q_A]:Am—xyza

So, A =4,0and o; = 2, 05 = 0. As for the eigenvector for A = 4,

e 1l et b

So, v, = [1 l]T, and after the normalization, we get: v; = [1/v/2 1/\/§]T.

Now for the eigenvector for A = 0,

ool b= B = b
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Thus, with the normalization in mind, we get v, = [1/v/2 —1/v/2] T

For U, we use the formula u; = U%A'vl to get:

oo - [15)

U, = < = 0 .
2 1/v/2 1/v3
We need to find u, and u; orthogonal to w; with ||ug|| = ||us|| = 1. So, by looking the
components of u;, we can easily find, for example, us = [O 1 O}T. Then, usz can be

us = [1/v/2 0 —1/v/2] . Thus, the SVD of B is:

11 1/v2 0 1/V27[2 0 .
_ _ /N2 1/V2
B_(l)?_lo 1 0 00[1/\@_1/\/@].
/V2 0 —1/y/2] [0 0

Therefore,

1/v/2 1/\/5} [1/2 0 0] 1/8/5 (1) 1/(;/5

T 1
=y _[Wi “YVRLLO 00y s g Ly

Therefore,

11
TN EEE
— | =

Therefore the image of [1 2 3] T under P is:

1
Pl2| ==
3

_ o =
o O O
=
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Problem 8 (15 pts) Suppose we are given three data points in R?, (z,y) = (-7 /2,1),(0,1), (7/2, —1).
Now, we want to find the best function to fit these points in the form of y = « + Ssinx in
the sense of the least squares.

(a) (5 pts) Write a system of equation in the form Az = b, where x = [oz ﬁ] T as if this function
passes through all these three points.

Solution: Sincesinz = —1,0,1 whenz = —7/2,0, /2, respectively, the system of equation can
be easily written as:
1 -1 1
1 0 [a} =1
1 1 b -1

(b) (5 pts) Solve the least squares problem using the normal equation, and write the solution in the
formof y = a + Bsinx.

Solution: This is simply can be solved by

R I B e R

Thus the least square solution is:

1
= — — SInax.
¥=3

(c) (5 pts) Solve the least squares problem using the reduced QR factorization and confirm that
your hand computed result agrees with that of (b).

Solution: Let the column vectors of A be a; and a,. Then the reduced QR factorization of A in
this case is:

T
r 4+ Jlaa| = \/g-(h —afry = [1 1 1] )

L
V3

12 < (@2, q,) = 0;
g, < a2 —T12q; = Qy;

22 < ||qo| = \/5;

1 T
— reo = — |—1 0 1| .
q; Q2/ 22 \/5[ ]
Thus,

A=QR=1|1/V3 0

s o[ o
1/vV/3 1/V/2
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Now, we transform the inconsistent system Az = b using the orthogonal projector QO to
a consistent system: Az = QQ7b. Using the QR factorization of A, this simplifies to:

Rx = Qb.

Therefore,

o O R | S )

Therefore, the least squares solution based on the reduced QR factorization is the same as
that by the normal equation.

(d) Bonus Problem (5 pts) After fitting the least squares solution you computed in (b) and (c) to
the actual data, compute the residual (or error) vector and its length in 2-norm.

Solution: The error vector is simply,

1 1 -1 ~1/3
b—Ac=|1|—-[1 0 [1_/5’]2 2/3 |.
~1 1 1 ~1/3

Thus its 2-norm is:

|
—_
~
w
w
|5



