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Abstract

Deep convolutional neural networks have led to breakthrough results in practical feature extraction
applications. The mathematical analysis of such networks was initiated by Mallat, 2012. Specifically,
Mallat considered so-called scattering networks based on semi-discrete shift-invariant wavelet frames and
modulus non-linearities in each network layer, and proved translation invariance (asymptotically in the
wavelet scale parameter) and deformation stability of the corresponding feature extractor. The purpose of
this paper is to develop Mallat’s theory further by allowing for general convolution kernels, or in more
technical parlance, general semi-discrete shift-invariant frames (including Weyl-Heisenberg, curvelet,
shearlet, ridgelet, and wavelet frames) and general Lipschitz-continuous non-linearities (e.g., rectified
linear units, shifted logistic sigmoids, hyperbolic tangents, and modulus functions), as well as pooling
through sub-sampling, all of which can be different in different network layers. The resulting generalized
network enables extraction of significantly wider classes of features than those resolved by Mallat’s
wavelet-modulus scattering network. We prove deformation stability for a larger class of deformations
than those considered by Mallat, and we establish a new translation invariance result which is of vertical
nature in the sense of the network depth determining the amount of invariance. Moreover, our results
establish that deformation stability and vertical translation invariance are guaranteed by the network
structure per se rather than the specific convolution kernels and non-linearities. This offers an explanation
for the tremendous success of deep convolutional neural networks in a wide variety of practical feature
extraction applications. The mathematical techniques we employ are based on continuous frame theory,
as developed by Ali et al., 1993, and Kaiser, 1994, and allow to completely detach our proofs from the

algebraic structures of the underlying frames and the particular form of the Lipschitz non-linearities.
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I. INTRODUCTION

A central task in signal classification is feature extraction [2]-[4]]. For example, if the classification
task is to decide whether an image contains a certain handwritten digit [S]], the features to be extracted
correspond, e.g., to the edges of the digit. The idea behind feature extraction is that feeding characteristic
features of signals to be classified—rather than the signals themselves—to a trainable classifier (such as,
e.g., a support vector machine (SVM) [|6]]) improves classification performance. Sticking to the example
of handwritten digits, we would, moreover, want the feature extractor to be invariant to the digits’ spatial
location within the image, which motivates the use of translation-invariant feature extractors. In addition,
we would also like the feature extractor to be robust with respect to (w.r.t.) handwriting styles. This can
be accomplished by demanding stability w.r.t. non-linear deformations.

Spectacular success in many practical classification tasks has been reported for feature extractors
generated by so-called deep convolutional neural networks [2], [7]-[11]. These networks are composed
of multiple layers, each of which computes convolutional transforms, followed by non-linearities and
poolingf] operations. While deep convolutional neural networks can be used to perform classification
directly [2], [7], [9]-[11]], typically based on the output of the last network layer, they can also act as
stand-alone feature extractors [12]]-[18]] with the extracted features fed into a classifier such as, e.g., a
SVM. The present paper follows the latter philosophy and studies deep convolutional neural networks
as stand-alone feature extractors.

Deep convolutional neural network-based feature extractors are typically distinguished according to
whether the filters (i.e., the convolution kernels) employed are learned (i.e., determined from a training
data set through optimization) or pre-specified (i.e., chosen a priori, possibly taking into account structural
properties of the data set). While learning the filters, e.g., based on labeled data in a supervised fashion
[12f], [13]], leads to good classification performance for large data sets, in small data sets overfitting [14]
may result in performance limitations. Learning filters based on unlabeled data in an unsupervised fashion
[13[]-[15]] can sometimes be a remedy. Pre-specified filters [13[], [14]], [16]-[18] (including structured
filters such as waveletf] [13], [16]-[18], and unstructured filters such as random filters [[13]], [[14]), on
the other hand, have been found to work well on data sets of varying sizes.

The mathematical analysis of feature extractors generated by deep convolutional neural networks was

initiated by Mallat in [[19]. Mallat’s theory applies to so-called scattering networks, where signals are

'In the literature “pooling” broadly refers to some form of combining “nearby” values of a signal (e.g., through averaging)
or picking one representative value (e.g, through maximization or sub-sampling).
“Here, the structure results from the filters being obtained from a mother wavelet through scaling (and rotation) operations.



propagated through layers that compute semi-discrete wavelet transforms (i.e., convolutional transforms
with pre-specified filters that are obtained from a mother wavelet through scaling (and rotation) opera-
tions), followed by modulus non-linearities. The resulting feature extractor is shown to be translation-
invariant (asymptotically in the scale parameter of the underlying wavelet transform) and stable w.r.t.
certain non-linear deformations. Moreover, Mallat’s scattering networks lead to state-of-the-art results in
various classification tasks [20[—[22]].

Contributions and relation to Mallat’s theory. The past two decades have seen extensive research
[23[|-[32] devoted to developing structured transforms adapted to a variety of features, most prominently,
curvelet [28]-[30] and shearlet [31]], [32]] transforms, both of which are known to be very effective in
extracting features characterized by curved edges in images. It is thus natural to ask whether Mallat’s
theory of scattering networks can be extended to general semi-discrete transforms (i.e., convolutional
transforms with general filters that depend on some discrete indices), including curvelet and shearlet trans-
forms. Moreover, certain image [21]], [33] and audio [22] classification problems suggest that scattering
networks with different semi-discrete transforms in different layers would be desirable. Furthermore,
deep neural network-based feature extractors that were found to work well in practice employ a wide
range of non-linearities, beyond the modulus function [[13[], [18], [19], namely, hyperbolic tangents [[12]—
[14]], rectified linear units [34], [35], and logistic sigmoids [36], [37]]; in addition, these non-linearities
can be different in different network layers. Regarding translation invariance it was argued, e.g., in [12]]-
(14, [17], [18], that in practice invariance of the extracted features is crucially governed by the network
depth and by pooling operations (such as, e.g., max-pooling [13]], [14], [[17], [18]], average-pooling [12],
[13]], or sub-sampling [16]]). In contrast, Mallat’s translation invariance result [[19] (in this paper referred
to as horizontal translation invariance) is asymptotic in wavelet scales. Another aspect that was found
to be desirable in practice [20]], [33]], but is not contained in Mallat’s theory [19], is sub-sampling to
reduce redundancy in the extracted features.

The goal of this paper is to develop a mathematical theory of deep convolutional neural networks
for feature extraction that addresses all the points raised above and contains Mallat’s wavelet-modulus
scattering networks as a special case. Specifically, we extend Mallat’s theory to allow for general semi-
discrete transforms (including Weyl-Heisenberg (Gabor), wavelet, curvelet, shearlet, and ridgelet trans-
forms), general Lipschitz-continuous non-linearities (e.g., rectified linear units, shifted logistic sigmoids,
hyperbolic tangents, and modulus operations), and pooling through sub-sampling. Moreover, in our theory

different network layers may be equipped with different semi-discrete transforms, different Lipschitz-



continuous non-linearities, and different sub-sampling factors. We prove that the resulting generalized
feature extractor is translation-invariant and deformation-stable. More specifically, we obtain (i) a new
translation invariance result (referred to as vertical translation invariance) which shows that the depth
of the network determines the extent to which the feature extractor is translation-invariant, (ii) a new
deformation stability bound valid for a class of non-linear deformations that is larger than that in [[19]],
and (iii) an explicit and easy-to-verify condition on the signal transforms, the non-linearities’ Lipschitz
constants, and the sub-sampling factors to guarantee vertical translation invariance and deformation
stability. Particularizing our new translation invariance result to Mallat’s scattering networks, we find
that asymptotics in the wavelet scale parameter, as in [[19]], are not needed to ensure invariance. Perhaps
surprisingly, our results establish that deformation stability and vertical translation invariance are guaran-
teed by the network structure per se rather than the specific convolution kernels and non-linearities. This
offers an explanation for the tremendous success of deep convolutional neural networks in a wide variety
of practical feature extraction applications.

In terms of mathematical techniques, we note that the proofs in Mallat’s theory hinge critically on the
wavelet transform’s structural properties such as isotropic scalini] and a constant number of wavelets
across scales, as well as on additional technical conditions such as the vanishing moment condition on
the mother wavelet. The mathematical tools employed in our theory, on the other hand, are completely
detached from the algebraic structuresﬂ of the semi-discrete transforms, the nature of the non-linearities—
as long as they are Lipschitz—and the values of the sub-sampling factors. Moreover, we show that the
scattering admissibility condition [[19, Theorem 2.6] is not needed for Mallat’s feature extractor to be
vertically translation-invariant and deformation-stable, where the latter is even w.r.t. the larger class of
deformations considered here. The mathematical engine behind our results is the theory of continuous
frames [38]], [39].

Notation and preparatory material. The complex conjugate of z € C is denoted by Z. We write
Re(z) for the real, and Im(z) for the imaginary part of z € C. The Euclidean inner product of z,y €
C?is (z,y) := Zle ;7i, with associated norm |z| := \/(x,x). We denote the identity matrix by
E € R%*4, For the matrix M € R¥¥9, M; ; designates the entry in its i-th row and j-th column, and
for a tensor 7' € RI*4Xd T, .} refers to its (i, 7, k)-th component. The supremum norm of a matrix

M € R¥™? is defined as [ M| := sup; ;|M;;|, and the supremum norm of a tensor T € R4 jg

3Isotropic scaling of multi-dimensional signals uses the same scaling factor in all directions.
*Algebraic structure here refers to the structural relationship between the convolution kernels in a given semi-discrete
transformation, i.e., scaling (and rotation) operations in the case of the wavelet transform as considered by Mallat in [[19].



|T|o = sup; j i, |T5,jk|. We write Br(x) C R? for the open ball of radius R > 0 centered at z € R%.
O(d) stands for the orthogonal group of dimension d € N, and SO(d) for the special orthogonal group.
For a Lebesgue-measurable function f : R — C, we write fRd f(z)dz for the integral of f w.r.t.
Lebesgue measure yi7,. For p € [1,00), LP(R?) stands for the space of Lebesgue-measurable functions
[+ R — C satisfying || f[lp := (Jpa |f(2)|Pdz)/P < co. L®(R?) denotes the space of Lebesgue-
measurable functions f : RY — C such that HfHoo = 1inf{a > 0| |f(z)| < « for a.ei r € R} < o0
For f,g € L?(R%) we set (f,g) fRd dx The tensor product of functions f,g : R — C is
(f®g)(x,y) = f(2)g(y), (z,y) € R x Rd. Id : LP(RY) — LP(RY) stands for the identity operator
on LP(R?). The operator norm of the bounded linear operator A : LP(Rd) — Lq(Rd) is || Allpg =
sup|f|,=1 l4f[lq- We denote the Fourier transform of f € L L(RY) by f = Jaa f( e 2mi@w) dg
and extend it in the usual way to L? (Rd) [40, Theorem 7.9]. The convolution of f € LQ(Rd) and
g € LYRY) is (f x 9)(y) = Jpa f(2)g(y — x)dz. We write (T1f)(z) = f(z —t), t € R for the
translation operator, and (Mw x) = 627m<x’w> f(z), w € RY, for the modulation operator. Involution
is defined by (If)(z) := f(—x). For R > 0, the space of R-band-limited functions is denoted as
L3(RY) = {f € L*(R?) | supp(f) C Br(0)}. For a countable set Q, (L2(R%))2 denotes the space
of sets s := {s4}qc0> Sq € L*(RY), for all ¢ € Q, satisfying |||s]|| := (qug||5q||%)1/2 < oo. A
multi-index o = (aq,...,0q) € Ng is an ordered d-tupel of non-negative integers «; € Ny. For a
multi-index o € N¢, D® denotes the differential operator D* := (9/9x1)** ... (0/0x4)", with order
la] == Zle a;. If |a| =0, D*f := f, for f : R? — C. The space of functions f : R? — C whose
derivatives D f of order at most N € Ny are continuous is designated by CV (R?, C), and the space of
infinitely differentiable functions by C*°(R?, C). S(R¢, C) stands for the Schwartz space, i.e., the space
of functions f € C°°(R%, C) whose derivatives D* f along with the function itself are rapidly decaying
[40, Section 7.3] in the sense of supjq|<y SUPyepa(1l + |z|2)N (D% f) ()| < oo, for all N € Ng. We
denote the gradient of a function f : R? — C as V f. The space of continuous mappings v : RP? — RY is
C(RP,R?), and for k,p,q € N, the space of k-times continuously differentiable mappings v : R? — R?
is written as C*(RP, RY). For a mapping v : R? — R? we let Dv be its Jacobian matrix, and D?v its
Jacobian tensor, with associated norms ||v||« := sup,cga [0(z)], [|DV||oo := sup,epra |(Dv)(2)|0, and

ID?v]|oc := sup,epa [(D?0)(2)]oo-

SThroughout “a.e.” is w.rt. Lebesgue measure.



II. MALLAT’S WAVELET-MODULUS FEATURE EXTRACTOR

We set the stage by first reviewing Mallat’s feature extractor [19], the basis of which is a multi-stage
architecture that involves wavelet transforms followed by modulus non-linearities. Specifically, Mallat
[19, Definition 2.4] defines the extracted features ®,;(f) of a signal f € L?(R%) as the set of low-pass

filtered functions

ou(f) = [ 2% (h), (1
n=0
where ®9,(f) := {f ¢} and
() =l T =[x hrol - # o * Y10 fro . amernw\(—s0) 2)

for all n € N. Here, the index set Apy := {(—=J,0) }U{(j, k) | j € Z with j > —J, k € {0,...,K—1}}

contains pairs of scales j and directions &, and

Ua(x) = 2Y(2r  x), A= (4, k) € Apw\{(—=J,0)}, 3)

are directional wavelets [23], [41], [42] with (complex-valued) mother wavelet 1) € L'(RY) N L?(R%).
The r, k € {0,..., K — 1}, are elements of a finite rotation group G (if d is even, GG is a subgroup
of SO(d); if d is odd, G is a subgroup of O(d)). The index (—.J,0) € Apw is associated with the
low-pass filter ¥ _ o) € LY (R N L2(R?), and J € Z corresponds to the coarsest scale resolved by the
directional wavelets (3).

The functions {t)}xca,,, are taken to form a semi-discrete shift-invariant Parseval frame Wy, :=

{Ty I Yoeriren w for L2(R?) [38], [39], [41] and hence satisfy

> [ EmrePb= 3 I sl = 171, vF e AR,

AEADwW AeADpw

where (f, TpI1)) = (f * ¥)(b), (A, b) € Apw x RY, are the underlying frame coefficients. Note that
for given A € Apyw, we actually have a continuum of frame coefficients as the translation parameter
b € R In Appendix @ we give a brief review of the general theory of semi-discrete shift-invariant
frames, and in Appendices [B] and [C| we collect structured example frames in 1-D and 2-D, respectively.

The architecture corresponding to the feature extractor @5, in (I), illustrated in Figure [T} is known
as scattering network [20], and employs the frame ¥, and the modulus non-linearity | - | in every
network layer. For given n € N, the set ®’},(f) in () corresponds to the features of the function f

generated in the n-th network layer, see Figure [I]
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Fig. 1: Mallat’s scattering network architecture based on wavelet filtering and modulus non-linearities.
The features ®/(f) in (1), here indicated at the tips of the arrows, are generated from outputs in all
layers of the network.

Remark 1. The function |f * 1)

, A€ Apw\{(—J,0)}, can be thought of as indicating the locations
of singularities of f € L*>(R?). Specifically, with the relation of |f * 1| to the Canny edge detector
[43] as described in [44)], in dimension d = 2, we can think of |f * x| = |f * Y w)l A = (4,k) €

Apw\{(—J,0)}, as an image at scale j specifying the locations of edges of the image f that are oriented
in direction k. Furthermore, it was argued in [20], [22|], [33] that the features @}W( f) generated in

the first layer of the scattering network are very similar, in dimension d = 1, to mel frequency cepstral

coefficients [45)], and in dimension d = 2 to SIFT-descriptors [46]], [47)].
It is shown in [19, Theorem 10] that the feature extractor ®,; is translation-invariant in the sense of
Jim[[|@0(Tif) — @u(HII| =0, Vf € L*(RY), ¥t € R @)

Note that this invariance result is asymptotic in the scale parameter J € Z, an aspect discussed in
more detail in Section Furthermore, Mallat proved in [19, Theorem 2.12] that ®,, is stable w.r.t.

deformations of the form

(Frf)(x) = f(z —7(x)).

More formally, for the normed function space (Hyy, || - ||,,) defined in (23) below, Mallat established



that there exists a constant C' > 0 such that for all f € Hjy, and all 7 € C*(R?, R?) witkﬂ D700 < o,

the deformation error satisfies

[[@ar(F-f) = @ar(NII| < €277 lloo + T DTlloo + 1D*7lloo) I f | 1, ®)

The following technical condition on the mother wavelet 1), referred to as the scattering admissibility
condition in [19, Theorem 2.6], is of crucial importance in Mallat’s proofs of translation invariance (@)
and deformation stability (5): The mother wavelet 1 is said to be scattering-admissible if there exists a

function p : RY — R* with [p(27w)| < \m)@w) ,weRY p(0) =1, and a v € RY, such that

oo K-1
. S o—dr=1, N2 A (9—d—1
1%222 | g kg 0 [Y(277r W) |"A(27r, "w) > 0, (6)
Jj=—00 k=

where

Aw) = [plw =) =D k(1= [p2 W - v)?).
k=1

We refer the reader to Section |V|for an in-depth discussion of Mallat’s scattering admissibility condition.
Here, we conclude by noting that, to the best of our knowledge, no mother wavelet 1) € L'(RY)NL2?(R%),
for d > 2, satisfying the scattering admissibility condition has been reported in the literature.

In practice signal classification based on Mallat’s feature extractor is performed as follows. First,
the function f and the wavelet frame atoms {1)}xca,, are discretized to finite-dimensional vectors.
The resulting scattering network then computes the finite-dimensional feature vector ®;(f), whose
dimension is typically reduced through an orthogonal least squares step [48]], and feeds the result into a
supervised classifier such as, e.g., a SVM. State-of-the-art results were reported for various classification
tasks such as handwritten digit recognition [20]], texture discrimination [20], [21]], and musical genre

classification [22].

III. GENERALIZED FEATURE EXTRACTOR

As already mentioned, scattering networks follow the architecture of deep convolutional neural net-
works [2], [7]-[18] in the sense of cascading convolutions (with atoms {1 }aca ., Of the wavelet frame
WA, ) and non-linearities, namely, the modulus function. On the other hand, general deep convolutional
neural networks as studied in the literature exhibit a number of additional features:

%It is actually the assumption || D7l < o5, rather than |[D7|| < % as stated in [19, Theorem 2.12], that is needed in
[19, p. 1390] to establish that |det(E — (D7)(z))| > 1 — d||D7l|s > 1/2.



o a wide variety of filters are employed, namely pre-specified unstructured filters such as random
filters [13]], [14], and filters that are learned in a supervised [12], [[13]] or an unsupervised [[13]]—[15]
fashion.

« a wide variety of non-linearities are employed such as, e.g., hyperbolic tangents [12][14], rectified
linear units [34], [35]], and logistic sigmoids [36], [37].

« convolution and the application of a non-linearity is typically followed by a pooling operation
such as, e.g., max-pooling [13]], [[14], [[17], [[18]], average-pooling [12], [[13]], or sub-sampling [16].

« the filters, non-linearities, and pooling operations are allowed to be different in different network

layers.

The purpose of this paper is to develop a mathematical theory of deep convolutional neural networks
for feature extraction that encompasses all of the aspects above, apart from max-pooling and average-
pooling. Formally, we generalize Mallat’s feature extractor @, as follows. In the n-th network layer,
we replace the wavelet-modulus convolution operation |f * 1)| by a convolution with the atoms g, €
LYRY)NL?(R?) of a general semi-discrete shift-invariant frame ¥y, := {T,Igy, }oerar, en, for L2(R?)
with countable index set A,, (see Appendix [A] for a brief overview of the theory of semi-discrete shift-
invariant frames), followed by a non-linearity M, : L*(R?) — L?(RY) that satisfies the Lipschitz
property || M, f — Myhl|l2 < Ly||f — k|2, for all f,h € L?(R%), with M, f = 0 for f = 0. The output

of this non-linearity, M, (f * gy, ), is then sub-sampled by a factor of R, > 1 according to

(Mn(f *gx,))(Bn).

The operation f — f(R,-), for R, > 1, emulates sub-sampling or decimation as used in multi-rate
signal processing [49]] where sub-sampling by a factor of R amounts to retaining only every R-th sample.

As the atoms g, are arbitrary in our generalization, they can, of course, also be taken to be structured,
e.g., Weyl-Heisenberg functions, curvelets, shearlets, ridgelets, or wavelets as considered by Mallat in [[19]
(where the atoms g, are obtained from a mother wavelet through scaling (and rotation) operations, see
Section [[). These signal transforms have been employed successfully in various feature extraction tasks
[5SO[—[58]], see Appendices [B| and |C| but their use—apart from wavelets—in deep convolutional neural
networks appears to be new. Furthermore, our generalization comprises Mallat-type feature extractors
based on general (i.e., not necessarily tight) wavelet frames [20]-[22], [33], and allows for different
mother wavelets in different layers [22].

We refer the reader to Appendix [D|for a detailed discussion of several relevant example non-linearities



(e.g., rectified linear units, shifted logistic sigmoids, hyperbolic tangents, and, of course, the modulus)
that fit into our framework. Another novel aspect of our theory is a translation invariance result that
formalizes the idea of the features becoming more translation-invariant with increasing network depth
(see, e.g., [12]-[14], [[17], [[18]). This notion of translation invariance is in stark contrast to that used by
Mallat (@), which is asymptotic in the scale parameter .J, and does not depend on the network depth.
We honor this difference by referring to Mallat’s result as horizontal translation invariance and to ours
as vertical translation invariance.

Finally, on a methodological level, we systematically introduce frame theory and the theory of
Lipschitz-continuous operators into the field of deep learning. Specifically, the conditions on the atoms
gy, for the network to be deformation-stable and vertically translation-invariant are so mild as to easily
be satisfied by learned filters. In essence, this shows that deformation stability and vertical translation
invariance are induced by the network structure per se rather than the filter characteristics and the
specific nature of the non-linearities. We feel that this insight offers an explanation for the impressive
performance of deep convolutional neural networks in a wide variety of practical classification tasks.

Although it may seem that our generalizations require more sophisticated mathematical techniques
than those employed in [19], it actually turns out that our approach leads to significantly simpler and,
in particular, shorter proofs. We hasten to add, however, that the notion of translation invariance we
consider, namely vertical translation invariance, is fundamentally different from horizontal translation
invariance as used by Mallat. Specifically, by letting J — oo Mallat guarantees translation invariance
in every network layer, whereas vertical translation invariance only builds up with increasing network
depth.

We next state definitions and collect preliminary results needed for the mathematical analysis of our
generalized feature extraction network. The basic building blocks of the network we consider are the

triplets (U,,, M,,, R,,) associated with individual network layers and referred to as modules.

Definition 1. For n € N, let V,, = {T}1gx, }rera r,en, be a semi-discrete shift-invariant frame for
L2(RY), let M,, : L*(RY) — L?*(R%) be a Lipschitz-continuous operator with M, f = 0 for f =0, and

let Ry, > 1 be a sub-sampling factor. Then, the sequence of triplets

Q.= ((\Ilm M, Rn))neN

is referred to as a module-sequence.



The following definition introduces the concept of paths on index sets, which will prove helpful in
characterizing the generalized feature extraction network. The idea for this formalism is due to Mallat

[19, Definition 2.2].

Definition 2. Ler Q = ((¥,, M, Rn))n cn be amodule-sequence, and let {gy, },en, be the atoms of the
frame U,,. Define the operator U,, associated with the n-th layer of the network as Uy, : A,, x L>(R?) —
L2 (RY),

Un(Ans f) == Un[An]f := (Mn(f * ga,)) (Bn)- (7

For 1 < n < oo, define the set A} := Ay X Ag X+ -+ X A,,. An ordered sequence ¢ = (A1, A2, ..., \p) € A}
is called a path. For the empty path e := () we set \Y := {e} and Uple]f := f, for all f € L?(R%).

The operator U, is well-defined, i.e., U, [\,]f € L%(R?), for all (\,, f) € A, x L?(R%), thanks to

1A sz—/! (9,0 (Ruz)|Pdz = R /r A (F *9a))(v) Py

= R, Y| Mo (f * gx,)lI3 < RO L2||f 5 < BuR,“L2| f113. (8)

with M,h =0 for h = 0 to get | M, f||3 < L2||f||3. The last step in (8) is thanks to

Here, we used the Lipschitz continuity of M,, according to ||M,,f — M,h|% < L2||f — h||3, together

1F % gn, 13 < D I1F #gn 113 < Ball £13,

A, €A,
which follows from the frame condition (24) on ¥,,. We will also need the extension of the operator

U, to paths ¢ € A} according to

U[q]f = U[()\l, )\2, ey An)]f = Un[/\n] s UQ[AQ]Ul[)\l]f, (9)

with Ule]f := Uyle]f = f. Note that the multi-stage operation (9) is again well-defined as

IUlalf13 < (HBkR sz)Hme Vg € A}, Vf € L*(RY), (10)

which follows by repeated application of (8).
In Mallat’s construction one atom ¢y, A € Apw, in the frame ¥, , ., namely the low-pass filter
(—0), is singled out to generate the extracted features according to (@), see also Figure We

follow Mallat’s construction and designate one of the atoms in each frame in the module-sequence
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Fig. 2: Network architecture underlying the generalized feature extractor (IT)). The index A%k) corresponds

to the k-th atom g, of the frame ¥, associated with the n-th network layer. The function x, is the
output-generating atom of the n-th layer, where n = 0 corresponds to the root of the network.

Q= ((\Iin, M, R”))neN as the output-generating atom X, 1 := gx+, A, € Ay, of the (n — 1)-th layer.
The atoms {gy, }x,er,\{r:} U {xn-1} in ¥, are thus used across two consecutive layers in the sense
of xn—1 generating the output in the (n — 1)-th layer, and the {gx,}x,ea,\{r:} Propagating signals
to the n-th layer according to (7), see Figure 2] Note, however, that our theory does not require the
output-generating atoms to be low-pass ﬁltersE] (as is the case for Mallat’s feature extractor (1)), rather a
very mild decay condition is needed only, see Theorem 2] From now on, with slight abuse of notation,
we shall write A,, for A, \{\}} as well.

We are now ready to define the generalized feature extractor ® based on the module-sequence 2.

Definition 3. Ler ) = ((\I/n, M,, Rn))n N be a module-sequence. The generalized feature extractor ®q

based on Q maps f € L*(R?) to its features

Oo(f) == |J{(Ulglf) * xn}genp- (11)
n=0

For ¢ € AT, the feature (Ulg|f) * x» is generated in the n-th layer of the network. The collection of

"It is evident, though, that the actual choices of the output-generating atoms will have an impact on practical classification
performance.



features generated in the n-th network layer is denoted by @3, i.e.,

QG(f) = {Ulalf) * Xn}qu;w

and the overall features are given by
o0
oo (f) = | 26(/).
n=0

The feature extractor ®q : L2(RY) — (L?*(R9))<, where Q := [ J7° AT, is well-defined, i.e., Pq(f) €
(L2(R))<, for all f € L2(R?), under a technical condition on the module-sequence Q formalized as

follows.

Proposition 1. Ler 2 = ((‘I/n, M,, R”))n N be a module-sequence, denote the frame upper bounds of
W, by B, > 0, the Lipschitz constants of the operators My by L, > 0, and the sub-sampling factors
by R, > 1. If

max{B,, B,R,; L2} <1, VneN, (12)

then the feature extractor ®q : L*(RY) — (L?(R%))Q is well-defined, i.e., ®o(f) € (L*(R%))S, for all
f € L2(RY).
Proof. The proof is given in Appendix [E] O
As condition (I2) is of central importance, we formalize it as follows.

Definition 4. Let () = ((‘Ifn, M,, R”))neN be a module-sequence with frame upper bounds B, > 0,
Lipschitz constants Ly, > 0, and sub-sampling factors R, > 1. The condition

max{B,, B,R, L2} <1, VneN, (13)
is referred to as weak admissibility condition. Module-sequences that satisfy (13) are called weakly
admissible.

We chose the qualifier weak in Definition [] to indicate that the admissibility condition (I3)) is easily
met in practice. To see this, first note that L, is set through the non-linearity M,, (e.g., the modulus
non-linearity M, = |- | has L, = 1, for all n € N, see Appendix [D), and B,, is determined through
the frame W, (e.g., the directional wavelet frame introduced in Section [lI} has B, = 1, for all n € N).

Depending on the desired amount of translation invariance of the features ®¢ generated in the n-th



network layer (see Section for details), we fix the sub-sampling factor R,, > 1 (e.g., R, = 2, for
all n € N). Obviously, condition is met if

B, <min{l,R:L?}, VneN,

which can be satisfied by simply normalizing the frame elements of W, accordingly. We refer to
Proposition [3] in Appendix [A] for corresponding normalization techniques, which, as explained in Section

do not affect our deformation stability and translation invariance results.

IV. PROPERTIES OF THE GENERALIZED FEATURE EXTRACTOR
A. Deformation stability

The following theorem states that the generalized feature extractor ®q defined in (L1)) is stable w.r.t.

time-frequency deformations of the form

(Frof)(x) := 2™@@) f(z — 7(x)).

This class of deformations is wider than that considered in Mallat’s theory, which deals with translation-
like deformations of the form f(z — 7(z)) only. Modulation-like deformations e2™(®) f(z) occur, e.g.,

if the signal is subject to an unwanted modulation, and we therefore have access to a bandpass version

of f € L?(R%) only.

Theorem 1. Let Q) = ((‘I/n, M,, R"))n N be a weakly admissible module-sequence. The corresponding
feature extractor ®q is stable on the space of R-band-limited functions LQR(Rd) w.r.t. deformations

(Frwf)(x) = 2@ f(x — 1(2)), i.e., there exists a universal constant C > 0 (that does not depend

on Q) such that for all | € L%(Rd), all w € C(Rd,R), and all T € Cl(Rd,Rd) with || DT||c < Q—Id, it
holds that

[@a(Fruwf) — @a(H| < C (Rl 7]l + [lwlloo) [ f12- (14)
Proof. The proof is given in Appendix O

Theorem [I] shows that deformation stability in the sense of (§) is retained for the generalized feature
extractor ®q. Similarly to Mallat’s deformation stability bound (3)), the bound in (14) holds for defor-
mations 7 with sufficiently “small” Jacobian matrix, i.e., as long as || D7||c < ﬁ. Note, however, that
(®) depends on the scale parameter J. This is problematic as Mallat’s horizontal translation invariance

result (@) requires J — oo, and the upper bound in () goes to infinity for J — oo as a consequence



of J||D7|lec — 0. The deformation stability bound (14)), in contrast, is completely decoupled from the
vertical translation invariance result stated in Theorem [2] in Section [V-Bl

The strength of the deformation stability result in Theorem |1| derives itself from the fact that the only
condition on the underlying module-sequence §2 for to hold is the weak admissibility condition
(T3), which as outlined in Section [[TI, can easily be met by normalizing the frame elements of ¥,,, for
all n € N, appropriately. This normalization does not have an impact on the constant C' in (14). More
specifically, C' is shown in (86) to be completely independent of €2. All this is thanks to the technique
we use for proving Theorem [I] being completely independent of the algebraic structures of the frames
W, of the particular form of the operators M,,, and of the specific sub-sampling factors R,,. This is
accomplished through a generalizatio of [[19, Proposition 2.5] stated in Proposition 4| in Appendix E],
and the upper bound on || F;, f — f||2 for R-band-limited functions detailed in Proposition |5|in Appendix
&k

B. Vertical translation invariance

The next result states that under very mild decay conditions on the Fourier transforms %, of the
output-generating atoms ¥, the network exhibits vertical translation invariance in the sense of the
features becoming more translation-invariant with increasing network depth. This result is in line with
observations made in the deep learning literature, e.g., in [[12]-[14], [[17]], [18]], where it is informally
argued that the network’s outputs generated at deeper layers tend to be more translation-invariant. Before
presenting formal statements, we note that the vertical nature of our translation invariance result is in
stark contrast to the horizontal nature of Mallat’s result (4)), where translation invariance is achieved
asymptotically in the scale parameter J. We hasten to add, that J — oo in Mallat’s scattering network

yields, however, translation invariance for the features in each network layer.

Theorem 2. Let Q) = ((\Iln, M, Rn))n N be a weakly admissible module-sequence, and assume that

the operators M, : L>(R%) — L?(R%) commute with the translation operator T}, i.e.,
M,T,f = T;M,f, Vfe L*[RY),VteR? vneN. (15)
i) The features ®3(f) generated in the n-th network layer satisfy

OR(Tif) =T«  ®3(f), VfelL*RY,VvteR? VneN, (16)

RiRgy...Rp

8This generalization is in the sense of allowing for general semi-discrete shift-invariant frames, general Lipschitz-continuous
operators, and sub-sampling.



where T, @3 (f) refers to element-wise application of Ty, i.e., Ty P4 (f) := {T;h|Vh € ®(f)}
ii) If, in addition, there exists a constant K > 0 (that does not depend on n) such that the Fourier

transforms X, of the output-generating atoms x, satisfy the decay condition

I (W)||lw] < K, ae weRY ¥n e N, 17
then
2 |t| K
BT 1) — BB < oI flla,  Vf € L2RY, vt € R, 18)
Ri...R,
Proof. The proof is given in Appendix O

We first note that all pointwise (i.e., memoryless) non-linearities M,, : L?>(R?) — L?(R?) satisfy the
commutation condition (I3). A large class of non-linearities widely used in the deep learning literature,
such as rectified linear units, hyperbolic tangents, shifted logistic sigmoids, and the modulus as employed
by Mallat in [19], are, indeed, pointwise and hence covered by Theorem [2| We refer the reader to
Appendix [D| for a brief review of corresponding example non-linearities. Moreover, note that can

easily be met by taking the output-generating atoms {x, }nen, either to satisfy

Sug{l\xnlll + [[Vxall1} < oo, (19)
neNg

see, e.g., [40, Ch. 7], or to be uniformly band-limited in the sense of supp(x,) € Br(0), for all n € N,
with an R independent of n (see, e.g., [41, Ch. 2.3]). The inequality shows that we can explicitly
control the amount of translation invariance via the sub-sampling factors R,,. Furthermore, the condition
nh_>ngo Ry -Ry-... R, = oo (easily met by taking R, > 1, for all n € N) yields, thanks to (I8,

asymptotically exact translation invariance according to
lim [[|@5(Tef) — @a(N)Ill =0, Vf e L*(RY), vt e RY. (20)
n—oo

Finally, we note that in practice, translation covariance in the sense of ®¢(T;f) = Ty ®¢(f), for all
fe Lz(Rd), and all ¢t € R4, may also be desirable, e.g., in face pose estimation where translations of

a given image correspond to different poses which the feature extractor ®q should reflect.

Corollary 1. Let Q) = ((\I»'n, M, Rn))n N be a weakly admissible module-sequence, and assume that
the operators M, : L?(R%) — L?(R%) commute with the translation operator Ty in the sense of (I3). If,

in addition, there exists a constant K > 0 (that does not depend on n) such that the Fourier transforms



Xn Of the output-generating atoms X, satisfy the decay condition (17), then
IOB(TF) — TN < 20K |1/ (Ra . B — 1[Il ¥F € 2RY), W € R,

Proof. The proof is given in Appendix 0

Theorem [2| and Corollary [I| nicely show that having 1/(R; ... R,) large yields more translation

invariance but less translation covariance and vice versa.

Remark 2. It is interesting to note that the frame lower bounds A, > 0 of the semi-discrete shift-
invariant frames VU, affect neither the deformation stability result Theorem |I| nor the vertical trans-
lation invariance result Theorem [2} In fact, our entire theory carries through as long as the ¥, =
{TvIgx, Yoeraen, e, satisfy the Bessel property

> /RdHf,TbIgAn)r?db— > llf*ga,

A €A, An€A,

% S BanH%: Vf € LQ(Rd)a

for some B,, > 0, which is equivalent to

> lgm (@) < By, ae weRY 21)
An€EA,

see Proposition Pre-specified unstructured filters [15|], [14|] and learned filters [12|]-[15|] are therefore
covered by our theory as long as (21) is satisfied. We emphasize that (21)) is a simple boundedness
condition in the frequency domain. In classical frame theory A, > 0 guarantees completeness of the
set Uy, = {Tyl gy, }oera r,en, for the signal space under consideration, here L?*(R%). The absence of
a frame lower bound A, > 0 therefore translates into a lack of completeness of V,,, which may result
in ®q(f) not containing all essential features of the signal f. This will, in general, have a (possibly

significant) impact on classification performance in practice, which is why ensuring the entire frame

property (24)) is prudent.

V. RELATION TO MALLAT’S RESULTS

To see how Mallat’s wavelet-modulus feature extractor @, defined in (1)) is covered by our generalized

framework, simply note that ®,, is a feature extractor ® based on the module-sequence

Qn = ((\I’ADW’ -1, 1))n€N’ (22)



where each layer is associated with the same module (¥4 ., ||, 1) and thus with the same semi-discrete
shift-invariant directional wavelet frame Wy, = {T3/¢)}secra reA,y, and the modulus non-linearity
|-|. Since ®j; does not involve sub-sampling, we have R,, = 1, for all n € N, and the output-generating
atom for all layers is taken to be the low-pass filter ¥(_ ), i.€., Xn = ¥(_ ), for all n € Np. Owing
to [19, Eq. 2.7], the set {1\}rea,, satisfies the equivalent frame condition with A = B =1,
and Wy, therefore forms a semi-discrete shift-invariant Parseval frame for L?(R?), which implies
A, = B, =1, for all n € N. The modulus non-linearity M, = |- | is Lipschitz-continuous with
Lipschitz constant L, = 1, satisfies M, f = |f| = 0 for f = 0, and, as a pointwise (memoryless)
operator, trivially commutes with the translation operator 7; in the sense of (13)), see Appendix [D| for

the corresponding formal arguments. The weak admissibility condition is met according to
max{ By, BoR, L2} =max{1,1} =1<1, VneN,

so that all the conditions required by Theorems [1| and |2 and Corollary |1] are satisfied.

Translation invariance. Mallat’s horizontal translation invariance result (),

> 1/2
lim [[|@x/(Tof) — @ar(H)Ill = Tim (3 1@3,(Tef) - @3 (HIIF) " =0,
J—o0 J—o00 s
is asymptotic in the wavelet scale parameter J, and guarantees translation invariance in every network

layer in the sense of
Tim[[|@5,(T,f) — @3 (I =0, Vf € L*(RY), ¥t € R, ¥n € No.
—00

In contrast, our vertical translation invariance result (20) is asymptotic in the network depth n and is
in line with observations made in the deep learning literature, e.g., in [12]-[14], [17], [18]], where it is
found that the network’s outputs generated at deeper layers tend to be more translation-invariant.

We can easily render Mallat’s feature extractor ®,; vertically translation-invariant by substituting the

module sequence (22) by
QM = ((\I]pra | : |’Rn))n€N’

and choosing the sub-sampling factors such that lim R; -...- R, = oo. First, the weak admissibility
n—oo

condition (13) is met on account of

max{ By, BoR, L2} = max{1,R,%} =1<1, VneN,



where we used the Lipschitz continuity of M,, = | -| with L,, = 1. Furthermore, M,, = | - | satisfies
the commutation property (I5), as explained above, and, by [¢_so)(z)] < Ci(1 + |z|)~4=2 and
[Vip(_0)(@)| < Co(1+]a]) =472 for some C1, Ca > 0, see 19, p. 1336], it follows that ||t ;0[[1 < o0
and [|[Vip_s0)lli < oo [59, Ch. 2.2.], and thus [[_;0)ll1 + [V s0)llt < co. By the output-
generating atoms X, = ¥ (_ j0), 1 € No, therefore satisfy the decay condition (17).

Deformation stability. Mallat’s deformation stability bound (5)) applies to translation-like deformations
of the form f(x—7(z)), while our corresponding bound pertains to the larger class of time-frequency
deformations of the form ™) f(z — 7(z)).

Furthermore, Mallat’s deformation stability bound (5) depends on the scale parameter .J. This is prob-
lematic as Mallat’s horizontal translation invariance result (4) requires J — oo, which, by J|| D7 ||occ — o0
for J — oo, renders the deformation stability upper bound (5) void as it goes to co. In contrast, in our
framework, the deformation stability bound and the conditions for vertical translation invariance are
completely decoupled.

Finally, Mallat’s deformation stability bound (3] applies to the space
2/md - 2\ /2
Hy = {f e PR | Iflm = (Y W) <o}, (23)
n=0 q€(Apw)T
where (Apw )} denotes the set of paths ¢ = (A1,...,\,) of length n with A\, € Apw, k=1,...,n

(see Definition . While [19, p. 1350] cites numerical evidence on the series Y Ulqlfl13

being finite (for some n € N) for a large class of signals f € L?(R?), it seems difficult to establish

g€(Apw)T

1/2
€ (hw )i HU[q]fH%) is finite. In contrast, our

deformation stability bound (T4) applies provably to the space of R-band-limited functions L%(R%).

this analytically, let alone to show that > -, (Z

Finally, the space Hjs in depends on the wavelet frame atoms {)}rea,, » and thereby on the
underlying signal transform, whereas L%(Rd) is, of course, completely independent of the module-
sequence {).

Proof techniques. The techniques used in [19] to prove the deformation stability bound (3)) and the
horizontal translation invariance result () make heavy use of structural specifics of the wavelet transform,
namely, isotropic scaling (see, e.g., [19, Appendix A]), a constant number K € N of directional wavelets
across scales (see, e.g., [19, Eq. E.1]), and several technical conditions such as a vanishing moment
condition on the mother wavelet ¢ (see, e.g., [19, p. 1391]). In addition, Mallat imposes the scattering
admissibility condition (6)). First of all, this condition depends on the underlying signal transform, more

precisely on the mother wavelet ), whereas our weak admissibility condition (13 is in terms of the frame
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upper bounds B, the Lipschitz constants L,, and the sub-sampling factors R,,. As the frame upper
bounds B,, can be adjusted by simply normalizing the frame elements, and this normalization affects
neither vertical translation invariance nor deformation stability, we can argue that our weak admissibility
condition is independent of the signal transforms underlying the network. Second, Mallat’s scattering
admissibility condition plays a critical role in the proof of the horizontal translation invariance result
@) (see, e.g., [19, p. 1347]), as well as in the proof of the deformation stability bound (@) (see, e.g.,
[19) Eq. 2.51]). It is therefore unclear how Mallat’s proof techniques could be generalized to arbitrary
convolutional transforms. Third, to the best of our knowledge, no mother wavelet ¢ € L'(R?) N L?(R%),
for d > 2, satisfying the scattering admissibility condition (6) has been reported in the literature. In
contrast, our proof techniques are completely detached from the algebraic structures of the frames ¥,
in the module-sequence ) = ((\I/n, M,, R”))n N’ Rather, it suffices to employ (i) a module-sequence
) that satisfies the weak admissibility condition (13)), (ii) non-linearities M,, that commute with the
translation operator 73, (iii) output-generating atoms Y, that satisfy the decay condition (17, and (iv)
sub-sampling factors R,, such that Jirgo Ri-Ry-...- R, = oco. All these conditions were shown above

to be easily satisfied in practice.

APPENDIX
A. Appendix: Semi-discrete shift-invariant frames

This appendix gives a brief review of the theory of semi-discrete shift-invariant frames [41, Section
5.1.5]. A list of structured example frames that are of interest in the context of this paper is provided in
Appendix Bl for the 1-D case, and in Appendix [C]for the 2-D case. Semi-discrete shift-invariant frames are
instances of continuous frames [38]], [39], and appear in the literature, e.g., in the context of translation-
covariant signal decompositions [44], [53]], [60], and as an intermediate step in the construction of various
fully-discrete frames [29], [61], [62]. We first collect some basic results on semi-discrete shift-invariant

frames.

Definition 5. Let {g)}rea € LY (R?) N L2(R?) be a set of functions indexed by a countable set A. The

collection

Wp = {ToIgxr} 2\ p)enxre
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is a semi-discrete shift-invariant frame for LQ(Rd), if there exist constants A, B > 0 such that

AIFE <Y [ 10 TP = S If ol < BISIE vre 2R e

AEA AEA
The functions {gx}xen are called the atoms of the frame V5. When A = B the frame is said to be

tight. A tight frame with frame bound A =1 is called a Parseval frame.

The frame operator associated with the semi-discrete shift-invariant frame W, is defined in the weak

sense as Sy : L?(R%) — L?(R%),

Sufi= 3 [ (5 Ton) (Thlen) db = (X anwon) < 1. @s)

AEA AEA

where (f, TyIg\) = (f * gx)(b), (\,b) € A x R?, are called the frame coefficients. S, is a bounded,
positive, and boundedly invertible operator [41, Theorem 5.11].

The reader might want to think of semi-discrete shift-invariant frames as shift-invariant frames [63]],
[64]] with a continuous translation parameter, and of the countable index set A as labeling a collection
of scales, directions, or frequency-shifts, hence the terminology semi-discrete. For instance, Mallat’s
scattering network is based on a semi-discrete shift-invariant wavelet frame, where the atoms {gx }xeA
are indexed by the set Apw = {(—J,0)} U{(j, k) | j € Z with j > —J, k € {0,..., K —1}} labeling
a collection of scales j and directions k.

The following result gives a so-called Littlewood-Paley condition [65], [66] for the collection Wy =

{ToIgr} () p)eaxre to form a semi-discrete shift-invariant frame.

Proposition 2. Let A be a countable set. The collection W = {TpIgx}(xp)enxra With atoms {gr}rea C
LY(RY) N L2(RY) is a semi-discrete shift-invariant frame for L?(R?) with frame bounds A, B > 0 if

and only if
A<D AW < B, ae weR” (26)
AEA
Proof. The proof is standard and can be found, e.g., in [41, Theorem 5.11]. O

Remark 3. What is behind Proposition |2|is a result on the unitary equivalence between operators [|67)
Definition 5.19.3]. Specifically, Proposition @ follows from the fact that the multiplier Y\, |g3|* is
unitarily equivalent to the frame operator Sy in according to

FSyF =Yl
AEA
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where F : L?>(R%) — L?(RY) denotes the Fourier transform. We refer the interested reader to [68],
where the framework of unitary equivalence was formalized in the context of shift-invariant frames for

().

The following proposition states normalization results for semi-discrete shift-invariant frames that

come in handy in satisfying the weak admissibility condition (13) as discussed in Section [III

Proposition 3. Let Wy = {T,Igx}(\p)erxre be a semi-discrete shift-invariant frame for L?(R?) with
frame bounds A, B.

i) For C > 0, the family of functions

I ~ ~ ._ —1/2
U = {DIGr} s pyensper 97 =C 2gr, YA €A,

is a semi-discrete shift-invariant frame for L*(R?) with frame bounds A= % and B :=

o

ii) The family of functions
: § b —1( ~ 9\ /2
‘I/A = {TbIg)\}()\7b)eAde7 gy = F (g)\( Z |g/\’| > )7 VA €A,
NeEA

is a semi-discrete shift-invariant Parseval frame for L?(R%).

Proof. We start by proving statement i). As W, is a frame for L?(R?), we have
AFIZ< D I+ aall3 < BIfIZ,  Vf € L*(RY). 27
A€A

With gy = V/Cgy, for all A € A, in we get A[|f]13 < Yyca lf x VO3 < B f|I3, for all
f € L3(R?), which is equivalent to 2 f[3 < Yy cn [If *gall3 < 2| £(3, for all f € L2(R?), and hence
establishes i). To prove statement ii), we first note that F gi = (Xvenl 5}\2)_1/ ? for all A € A,
and thus 3, ., [(FgD) (@)12 = S yen |gA,\(w)|2(Z)\,eA |§,§(w)\2)71 — 1, ae. w € R% Application of

Proposition 2| then establishes that \IIEX is a semi-discrete shift-invariant Parseval frame for L?(R?). [

B. Appendix: Examples of semi-discrete shift-invariant frames in 1-D

General 1-D semi-discrete shift-invariant frames are given by collections

U = {TyIgi} (k,p)czxr (28)
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with atoms g € L'(R) N L?(R), indexed by the integers A = Z, and satisfying the Littlewood-Paley
condition

AgZ]ﬁ(w)IQ <B, ae welR. (29)
kez

The structural example frames we consider are Weyl-Heisenberg (Gabor) frames where the g are
obtained through modulation from a prototype function, and wavelet frames where the g; are obtained

through scaling from a mother wavelet.

Semi-discrete shift-invariant Weyl-Heisenberg (Gabor) frames: Weyl-Heisenberg frames [69]-[72] are
well-suited to the extraction of sinusoidal features from signals [73]], and have been applied successfully
in various practical feature extraction tasks [50]], [[74]]. A semi-discrete shift-invariant Weyl-Heisenberg
frame for L2(R) is a collection of functions according to (28), where g,,(z) := €% g(x), m € Z, with
the prototype function g € L'(R) N L?(R). The atoms {g,, }mez satisfy the Littlewood-Paley condition

(29) according to
A< fgw-m)*<B, ae weR. (30)

MEZ

A popular function g € L*(R) N L?(R) satisfying (30) is the Gaussian function [71].

Semi-discrete shift-invariant wavelet frames: Wavelets are well-suited to the extraction of signal features
characterized by singularities [44], [66]], and have been applied successfully in various practical feature
extraction tasks [S1f], [[52]]. A semi-discrete shift-invariant wavelet frame for LQ(R) is a collection of
functions according to (28), where g;(x) := 2/(2/x), j € Z, with the mother wavelet ¢» € L*(R) N
L*(R). The atoms {g;};ez satisfy the Littlewood-Paley condition according to

A< @ 7w)P<B, aeweR (1)
JEZ
A large class of functions 1 satisfying (3T)) can be obtained through a multi-resolution analysis in L?(RR)

[41, Definition 7.1].

C. Examples of semi-discrete shift-invariant frames in 2-D

Semi-discrete shift-invariant wavelet frames: Two-dimensional wavelets are well-suited to the extrac-
tion of signal features characterized by point singularities (such as, e.g., stars in astronomical images

[75]), and have been applied successfully in various practical feature extraction tasks, e.g., in [16]-[18]],
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Fig. 3: Partitioning of the frequency plane R? induced by (left) a semi-discrete shift-invariant tensor
wavelet frame, and (right) a semi-discrete shift-invariant directional wavelet frame.

[53[]. Prominent families of two-dimensional wavelet frames are tensor wavelet frames and directional

wavelet frames:

1) Semi-discrete shift-invariant tensor wavelet frames: A semi-discrete shift-invariant tensor wavelet

frame for L?(IR?) is a collection of functions according to

Unry = {T5Ig(c.)}e)errw ber?:  Ylej) () = 279%(2 ),

where Ay == {((0,0),0)} U {(e,j) | e € E\{(0,0)}, j > 0}, and E := {0,1}*. Here, the
functions ¢ € L'(R?)N L?(R?) are tensor products of a coarse-scale function ¢ € L'(R) N L?(R)

and a fine-scale function ¢ € L'(R) N L?(R) according to

PO =9re¢, IV :=¢gpre¢, POV =gy, I =gy
The corresponding Littlewood-Paley condition reads

A< [|pOD W)+ S Y @WrewP<B,  aeweR (32)
>0 ee E\{(0,0)}

A large class of functions ¢, satisfying can be obtained through a multi-resolution analysis
in L?(R) [41, Definition 7.1].
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Fig. 4: Partitioning of the frequency plane R? induced by a semi-discrete shift-invariant ridgelet frame.

ii) Semi-discrete shift-invariant directional wavelet frames: A semi-discrete shift-invariant directional

wavelet frame for L?(IR?) is a collection of functions according to

Unpw = AToI9(jk) } (k) A pw beR?>

with

9—g0)(@) =27 p(277), g (@) = 2%9(2 Ry x),

where Apw = {(=J,0)} U{(j,k) | j € Z withj > —J, ke {0,..., K —1}}, Rpisa2x?2
rotation matrix defined as
cos(f) —sin(#)

Ry = . 0el0,2m), (33)
sin()  cos(6)

2k
K 9
¢ € LY(R?) N L?(R?) and ¢ € LY(R?) N L?(R?) are referred to in the literature as coarse-scale

and 0, := with £ = 0,..., K — 1, for a fixed K € N, are rotation angles. The functions
wavelet and fine-scale wavelet, respectively. The integer J € Z corresponds to the coarsest scale

resolved and the atoms {g(; x)}(j k)eApy satisfy the Littlewood-Paley condition (26) according to

K-1
A< W)P+ Y Y @R w)P < B, ae weR (34)
3>—J k=0

Prominent examples of functions ¢, satisfying (34) are the Gaussian function for ¢ and a
modulated Gaussian function for v [41]].
Semi-discrete shift-invariant ridgelet frames: Ridgelets, introduced in [26]], [27], are well-suited to the

extraction of signal features characterized by straight-line singularities (such as, e.g., straight edges in
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- ( - W1

Fig. 5: Partitioning of the frequency plane R? induced by a semi-discrete shift-invariant curvelet frame.

images), and have been applied successfully in various practical feature extraction tasks [[54{]-[56], [58]].

A semi-discrete shift-invariant ridgelet frame for L?(IR?) is a collection of functions according to

Up, = {TbIg(j,l)}(j,l)eAR,beR27
with
go,0)() = o), gi(x) =Yy (2),

where Ap := {(0,0)} U{(j,)) | j > 1, I=1,...,27 — 1}, and the atoms {g(;;)}()en, satisfy the
Littlewood-Paley condition (26) according to

oo 27-—-1
A< @) +D Y Iup@P<B, ae weR”. (35)
j=1 =1

The functions ;) € L'(R*)NL*(R?), (j,1) € Ar\{(0,0)}, are designed to be constant in the direction
specified by the parameter /, and to have a Fourier transform J(ﬂ) supported on a pair of opposite wedges
of size 277 x 27 in the dyadic corona {w € R? | 27 < |w| < 2/*1}, see Figure |4, We refer the reader
to [62, Section 2] for constructions of functions ¢, ;) satisfying (B3) with A = B = 1, see [62,

Proposition 6].

Semi-discrete shift-invariant curvelet frames: Curvelets, introduced in [28]], [29], are well-suited to the
extraction of signal features characterized by curve-like singularities (such as, e.g., curved edges in
images), and have been applied successfully in various practical feature extraction tasks [57], [58]].

A semi-discrete shift-invariant curvelet frame for L?(R?) is a collection of functions according to

Ve = A{ToL9G0) Y Genc ber?s
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with

g—1,0)() = d(x), g (®) :=;(Ry,, ),

where Ag := {(—1,0)} U {(j, )|7>0,1=0,...,L; — 1}, Ry € R?*? is the rotation matrix defined
in (33), and 6;; := m12717/21=1 for j > 0, and 0 < I < L; := 2[7/21%2  are scale-dependent rotation
angles. The functions ¢ € L*(R?) N L?(R?) and ¢; € L'(R?) N L?*(R?) satisfy the Littlewood-Paley
condition (26) according to

o0 Lg—l

A<[3@)P+Y 3 [9j(Re, w)P < B, ae weR (36)
=0 1=0

The functions v, j > 0, are designed to have their Fourier transform QZj supported on a pair of opposite
wedges of size 277/2 x 27 in the dyadic corona {w € R? | 2/ < |w| < 27%1}, see Figure [5| We refer the
reader to [29] for constructions of functions ¢, ; satisfying with A = B =1, see [29, Theorem
4.1].

Remark 4. For further examples of interesting structured semi-discrete shift-invariant frames, we refer
to [32|], which discusses semi-discrete shift-invariant shearlet frames, and [30], which deals with semi-

discrete shift-invariant a-curvelet frames.

D. Appendix: Non-linearities

This appendix gives a brief overview of non-linearities M : L?(R%) — L?(R?) that are widely used
in the deep learning literature and that fit into our theory. For each example, we establish how it satisfies
the conditions on M : L?(R%) — L?(R?) in Theorems 1| and [2| and Corollary |1 Specifically, we need

to verify the following:

(1) Lipschitz continuity: There exists a constant L > 0 such that
|Mf—Mblly < L|f = hll2,  Vf,h e LR,

(i) Mf =0 for f =0.

All non-linearities considered here are pointwise (i.e., memoryless) operators in the sense of

M : LX(RY) = LARY),  (Mf)(z) = p(f(2)), (37)
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where p : C — C. An immediate consequence of this property is that the operators M commute with

the translation operator T}:
(MT,f)(x) = p(Tf) () = p(f(x = 1)) = Tip(f(x)) = (LM f)(z), Vf € L*R7),vt € R%.
Modulus: The modulus operator
[ L2RY) = LXRY),  |fl(x) = |f(2)],

has been applied successfully in the deep learning literature, e.g., in [13], [18]], and most prominently

in Mallat’s scattering network [[19]. Lipschitz continuity with L = 1 follows from

171 I3 = [ 1560 = h@)lPde < [ 17@) = h@)Pde = I = hIB. A e R,
by the reverse triangle inequality. Furthermore, obviously |f| = 0 for f = 0, and finally |- | is pointwise
as is satisfied with p(z) := |z|.

Rectified linear unit: The rectified linear unit non-linearity (see, e.g., [34], [35]]) is defined as
R:L*RY = L2(RY), (Rf)(x) := max{0,Re(f(z))} + i max{0, Im(f(x))}.

We start by establishing that R is Lipschitz-continuous with L = 2. To this end, fix f,h € L?(R%). We

have

[(Rf)(z) — (Rh)(2)| = | max{0, Re(f(2))} + i max{0, Im(f(x))}
— (max{0, Re(h(z))} + i max{0, Im(h(z))})]
< | max{0,Re(f(z))} — max{0, Re(h(z))}| (38)
+ | max{0, Im(f(z))} — max{0, Im(h(z))}|
< |Re(f(x)) — Re(h(x))| + | Im(f(z)) — Im(h(2))] 39)

< |[f(@) = h(@)] + [ f(2) = h(@)| = 2|f(z) = h(=)], (40)
where we used the triangle inequality in (38]),

| max{0,a} — max{0,b}| <l|a—b|, Va,beR,
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in (39), and the Lipschitz continuity (with L = 1) of Re: C - Rand Im : C — R in . We therefore
get

s = rblls=( [ 1R~ (En@)Paz) <2 ( [ 17 - hw)Pds)

=2 Hf - h||27

which establishes Lipschitz continuity of R with Lipschitz constant L = 2. Furthermore, obviously

Rf =0 for f =0, and finally is satisfied with p(x) := max{0, Re(x)} 4+ i max{0, Im(x)}.
Hyperbolic tangent: The hyperbolic tangent non-linearity (see, e.g., [12]-[14]) is defined as
H: L*(RY) — L*(RY),  (Hf)(z) := tanh(Re(f(2))) + i tanh(Im(f(x))),

et _e— T
et+te~ "

fix f,h € L2(R%). We have

where tanh(z) := We start by proving that H is Lipschitz-continuous with L = 2. To this end,

|(H[)(x) — (Hh)(x)| = | tanh(Re(f(x))) + i tanh(Im(f (z)))
— (tanh(Re(h(z)))
< |tanh(Re(f(z))) — tanh(Re(h(z)))|
+ | tanh(Im(f(z))) — tanh(Im(h(z)))

) (4D)

where, again, we used the triangle inequality. In order to further upper-bound 1)), we show that tanh

is Lipschitz-continuous. To this end, we make use of the following result.

Lemma 1. Let h : R — R be a continuously differentiable function satisfying sup |h'(z)| < L. Then, h
z€R
is Lipschitz-continuous with Lipschitz constant L.

Proof. See [76, Theorem 9.5.1]. ]

Since tanh’(z) = 1 — tanh?(z), 2 € R, we have sup | tanh’(x)| < 1. By Lemma |I| we can therefore
T€R
conclude that tanh is Lipschitz-continuous with L = 1, which when used in (1)), yields

|(Hf)(w) = (Hh)(2)| < |Re(f(2)) = Re(h())| + | Im(f (z)) — Im(h(z))|
< |f(@) = h@)| + [ f(2) = h(z)| = 2|f () — h(z)].
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Here, again, we used the Lipschitz continuity (with L = 1) of Re : C — R and Im : C — R. Putting

things together, we obtain

s = e =( [ VeH(e) - nePar) " <2 ([ 1) - ro)Pas)
=2 Hf - h||27

which proves that H is Lipschitz-continuous with L = 2. Since tanh(0) = 0, we trivially have H f =0
for f = 0. Finally, (37) is satisfied with p(z) := tanh(Re(z)) + ¢ tanh(Im(x)).

Shifted logistic sigmoid: The shifted logistic sigmoid non—linearityﬂ (see, e.g., [36], [37]) is defined as
P:L*(RY) — L*(RY),  (Pf)(x) :=sig(Re(f(x))) + isig(Im(f())),

where sig(x) := H% — % We first establish that P is Lipschitz-continuous with L = % To this end,

fix f,h € L2(RY). We have

(Pf)(x) — (Ph)(z)| = [sig(Re(f(x))) + isig(Im(f(x)))
— (sig(Re(h())) + isig(Im(h(x))))|
< [sig(Re(f(2))) — sig(Re(h(x)))|
+ |sig(Im(f (2))) — sig(Im(h(z)))], (42)

where, again, we employed the triangle inequality. As before, to further upper-bound (@2), we show

that sig is Lipschitz-continuous. Specifically, we apply Lemma |1| with sig’(z) = r € R, and

e~ =
(1+6—:r,)2 ’

hence sup [sig’(x)| < 1, to conclude that sig is Lipschitz-continuous with L = 1. When used in (@2)
rz€R
this yields (together with the Lipschitz continuity (with L = 1) of Re: C — R and Im : C — R)

(PA)() — (PR)@)] < 7| Re(f()) ~ Re(h(a))| + 7 | (7)) ~ Im(h(a))

1 1 1
<L @ —h@|+ 1 [f@ - @) = 5 1@ - p@| @)
It now follows from (@3) that
) 1/2 1 2 1/2
1P =Pl =( [ 1P1)@) ~ PR@Par) " < 5 ( [ 1) - b))
1
= |f=h
%Strictly speaking, it is actually the sigmoid functlon T 7_m rather than the shifted sigmoid function  — —— +e_T — %

that is used in [36]], [37]]. We incorporated the offset 5 in order to satisfy the requirement Pf = 0 for f = 0.
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which establishes Lipschitz continuity of P with L = 5. Since sig(0) = 0, we trivially have Pf = 0

1
5.
for f = 0. Finally, (37) is satisfied with p(x) := sig(Re(z)) + isig(Im(x)).

E. Proof of Proposition [l|

We need to show that ®q(f) € (L*(R?))<, for all f € L?(R?). This will be accomplished by proving

an even stronger result, namely,

@O < Ifll2,  Vf € LARY, (44)

which, by ||f|l2 < oo, establishes the claim. For ease of notation, we let f, := U[q]f, for f € L?(R%),
in the following. Thanks to and (T3), we have || f,|l2 < || fll2 < oo, and thus f, € L2(RY). We first
write

0 N
RO =" D foxxalld = lim > > |Ifg*xall- s)

n=0qgeA} n=0 geAY}

=an

The key step is then to establish that a,, can be upper-bounded according to

an < b, — bn+1, Vn € No, (46)

with
bn = Z ||fq||%7 \V/’I’L € N07

qeEAT

and to use this result in a telescoping series argument according to

N N

Zan < Z(bn —bpy1) = (bo —b1) + (b1 —b2) + -+ (bn —bny1) = bo — by 1

— — v

n=0 n=0 >0 (47)
<by= Z 1fall3 = IUel£115 = I £1I3-

qeNy

By (@3) this then implies (@4). We start by noting that (46) reads

Do lfaxxald < DNl = > Ifall3, VneNo, (48)

qeAT qeAT qEATT?
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and proceed by examining the second term on the right hand side (RHS) of (48). Every path
GE AT = Ay x - X Ay XAy
| S
=Ar
of length n+1 can be decomposed into a path ¢ € AT of length » and an index A, 1 € A, 11 according
to ¢ = (¢, An+1). Thanks to (9) we have U[q] = U[(q, An+1)] = Unt1[An+1]U]g], which yields

Z I.fall5 = Z Z 1Unt1 [Ans1] fqll5- (49)
(']'GA;H—I QEAT Ay 1€A 11

Substituting the second term on the RHS of (@8)) by @9) now yields

S o< Y (3= Y IWeniDanilfal3),  vne N,
qEAT qEAT Ant1€MA 41
which can be rewritten as
S (Masxald+ D IWwnilusalfalld) < D WAl Vo€ N, (50)
qeEA? Ant1€AL 41 qEAT
Next, note that the second term inside the sum on the left hand side (LHS) of (50) can be written as

S Wenibaslfali= S / (Uit Ponsa ] fy) () P
A

Ant1€AL 11 1€ML 11

- Z / ’ n+1 fq*g)\ +1))( n—l-lx)‘ dz

Ant1€AL 11

“R S [0t o )Py

Ant1€AL 41

=R Y I Maga(fo+on,0)l3. ¥n €N (51)

Ant1€A 11

We next use the Lipschitz property of M1, i.e.,
1M1 (fg * 9rin) = Musrhllz < Lol fg * gx,, — Bl

together with M,,.1h = 0 for h = 0, to upper-bound the terms inside the sum in according to
1M 1(fo % 90,03 < Ligallfa * gx,0 15, Vn € No. (52)

Noting that f, € L*(R%), as established above, and gy,,, € L'(R?), by assumption, it follows that

(fg*9n,.,) € L*(RY) thanks to Young’s inequality [59, Theorem 1.2.12]. Substituting the second term
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inside the sum on the LHS of (50) by the upper bound resulting from insertion of into yields

—d
> (o xald+ R L2 Y MaxonalB)

qeEN? Ant1€AL 11
<Y max{L B4 L2 (M owld+ D MaxonnlB), veNo  (53)
qeEA} Ant1€AL 11

As the functions {gx,, }x.,.enr.., U{Xxn} are the atoms of the semi-discrete shift-invariant frame W, ;|

n+1

for L?(R9) and f, € L?(R?), as established above, we have

Ifa*xnll3+ D g oI5 < Barall fall3,
Ant1€A 41

which, when used in (53) yields

S (Mesxald+ > IWnsaDusilfalld)

gqeEAT Anp1€AL 11

< Z max{1, R;ingLH}BnJrleqH%
qeAT

= > max{Bu1, Bani R Lo M foll3, Vn€ No. (54)
gqeEAT

Finally, invoking the assumption
max{B,, B,R, L2} <1, VneN,

in (54) yields (50) and thereby completes the proof.

F. Appendix: Proof of Theorem [I]

The proof of the deformation stability bound (I4) is based on two key ingredients. The first one, stated
in Proposition ] in Appendix [G] establishes that the generalized feature extractor ®g is non-expansive,
ie.,

11Pa(f) — @Il < IIf = hll2,  Vf.he L*(RY), (55)

and needs the weak admissibility condition only. The second ingredient, stated in Proposition [3] in

Appendix H| is an upper bound on the deformation error || f — F-, f||2 given by

If = Frofle < C(R|7lloo + wlls) | fll2,  Vf € LE(RY), (56)
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and is valid under the assumptions w € C(R%,R) and 7 € C'(R%,R?) with || D7/ < 5;. We now
show how (53)) and (56) can be combined to establish the deformation stability bound (14). To this end,
we first apply (53) with h:= Fy . f = ™0 f(- — 7(-)) to get

N|@a(f) — Po(FrwhH| < If — Fruflle,  Yf € LARY). (57)

Here, we used F;,, f € L?(R%), which is thanks to

1Frefl3 = /R |f (@ = 7(2))Pdz < 2| f]3,

obtained through the change of variables u = x — 7(x), together with

d
£ = |det(E — (D7)(2))| > 1 — d|| D7lloc > 1/2, Va € R (58)

The first inequality in follows from:

Lemma 2. [77, Corollary 1] Let M € R%? be such that M, ;| <« forall i,j with 1 <i,j <d. If
da <1, then

|det(E — M)| > 1 — da.

The second inequality in (58) is a consequence of the assumption || D7 ||« < 5. The proof is finalized

by replacing the RHS of by the RHS of (56).

G. Appendix: Proposition
Proposition 4. Let (2 = ((\Iln, My, Rn))n cn be a weakly admissible module-sequence. The correspon-

ding feature extractor ®gq : L*(RY) — (L?(R%))€ is non-expansive, i.e.,
l1@a(f) — Ml < IIf —hll2;  Vf,h e LA(R). (59)

Remark 5. Proposition 4| generalizes [|19| Proposition 2.5], which shows that Mallat’s wavelet-modulus
feature extractor ® )y is non-expansive. Specifically, our generalization allows for general semi-discrete
shift-invariant frames, general Lipschitz-continuous operators, and sub-sampling operations, all of which
can be different in different layers. Both, the proof of Proposition {| stated below and the proof of [|19,

Proposition 2.5] employ a telescoping series argument.

Proof. The key idea of the proof is—similarly to the proof of Proposition [I] in Appendix [E—to judi-

ciously employ telescoping series arguments. For ease of notation, we let f, := Ulq]f and h, := Ulg]h,
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for f, h € L?(R%). Thanks to (T0) and the weak admissibility condition (T3], we have || f,|l2 < || f]l2 < o0
and ||hgyll2 < ||h|l2 < oo and thus f,, h, € L?(RY). We start by writing

[[@a(f) = SamIIP =D > [1fo* Xn = g * xall3

n=0geA?}

N
= lim Z Z qu*Xn_hq*XnH%-

N—oo
n=0 geAY}

=:an,
As in the proof of Proposition [I] in Appendix [E] the key step is to show that a,, can be upper-bounded

according to

an < b, — bn+1, Vn € Ny, (60)

where here by, := > crn [ fg — hql3, ¥n € Np, and to note that, similarly to {@7),

N N
> an < by —bpgr) = (bo — b1) + (b — b) + - + (by — by41) = bo — b1
n=0 n=0 \gg/

<bo= Y |lfg—hql3 = Ulelf = Ulelhll5 = || £ — hll3,
qeA?

which then yields (39) according to

N
_ 2 _ 1 < 1 CRIZ =l f—Rl2
1800) ~ Sa®* = Jim, S an < Jiny 1~ hif = 1S~ hi
n=
Writing out (60), it follows that we need to establish

E £ Xn = hg * Xl < E 1fq = hqll3 — E Ifa = hqll3,  ¥n € No. (61)
qeAT qeAT geAT™!
We start by examining the second term on the RHS of and note that, thanks to the decomposition
~ n+1 __
geAN™ =Ar x--- X Ay xApp
| —
=A7

and U[q] = U[(g, An+1)] = Unt1[An11]U[g], by @), we have

Yoo Ma=hald=2" D> WnnPaslfs = UnriDasalhgll3. 62)

GEATT? GEAT M\py1EAL 1
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Substituting (62) into (61)) and rearranging terms, we obtain

> (fasn=haexalB+ D I0ns1Pasalfe = Unia s lhgll3)

qeEA} Ant1€AL 11
< Y lfg—hgll3, Yn e No. (63)
qEA}

We next note that the second term inside the sum on the LHS of (63) satisfies

Y UDanilfy = UnsaParalhgll3

Ant1€AL 41

<R > IMaga(fo# gan,) — Maga(hg = g3, (64)

Ant1€AL 11
where we employed arguments similar to those leading to (51). Substituting the second term inside the

sum on the LHS of (63) by the upper bound (64), and using the Lipschitz property of M, yields

S (Ifasxn=hgwxal3+ > WUniaPusalfy = Unia Dasalhgll)

qEA} Ant1€AL 11

—d
< > max{L B L2 (10— ho) oxall+ Y e = k) +on ), (69)
qeEN? Ant1€AL 1

for all n € Ny. As the functions {gx,,, }x.,,en, ., U{Xn} are the atoms of the semi-discrete shift-invariant

frame W, 11 for L2(R%) and f,, h, € L?(R?), as established above, we have

[y =ha) = xanlli+ 3 11(fg = ) # a3 < Bugallfy = hall3,

Ant1€AL 11

which, when used in (63)) yields

S (Maxn = b exall+ D I0ns1Pasalf = Unir s hgl3)

qeEAT Ant1€Mn 11
< > max{Bni1, By Ry Lo i Yl — hall3, Vn € No. (66)
qeEAT

Finally, invoking the assumption
max{B,, B,R; L2} <1, VneN,

in (66) we get (63) and hence (60). This completes the proof. O
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H. Appendix: Proposition [3]
Proposition 5. There exists a constant C > 0 such that for all f € L%(R?), all w € C(R%,R), and all

7 € CHRL,RY) with | Drl|cc < 5, it holds that

If = Frwfllz < C(Rl7Tlloo + llwlloo) | fll2- (67)

Remark 6. A similar bound was derived by Mallat in [|19, App. B], namely

I * g0y = Fr(f x¥g0)ll2 < C277 Y 7llal fll2,  Vf € LA(RY), (68)

where ) _ ) is the low-pass filter of a semi-discrete shift-invariant directional wavelet frame for L?(RY),
and (Frf)(z) = f(x — 7(x)). The techniques for proving and (68)) are related in the sense of both
employing Schur’s Lemma [59, App. 1.1] and a Taylor expansion argument [78| p. 411]. The major
difference between our bound and Mallat’s bound (68)) is that in time-frequency deformations
F, ., act on band-limited-functions f € L%(Rd), whereas in (68) translation-like deformations F; act

on low-pass filtered functions f % jg).

Proof. We first determine an integral operator

(K )(x) = / (i, u) f (u)du (69)

Rd
satisfying K f = Fr, f—f, forall f € L%(R?), and then upper-bound the deformation error || f —F ., f||2

according to

1f = Frwfllz = 1 Frwf = fllo = 1K fll2 < [ Kll22ll fll2,  Vf € LRRY).

Application of Schur’s Lemma, stated below, then yields an upper bound on ||K||2 2 according to

1K

22 < C(R||7]oo + lw]lac),  with C >0,

which completes the proof.

Schur’s Lemma. [59, App. I.1] Let k : R? x R — C be a locally integrable function satisfying

(i) sup |k(z,u)|du < «,  (i7) sup |k(z,u)|dz < «, (70)
z€R4 JR4 u€Rd JR4

where o > 0. Then, (K f)(z) = [ga k(z,u)f(u)du is a bounded operator from L*(R?) to L*(R?) with
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operator norm || K |22 < o

We start by determining the integral operator K in (69). To this end, consider n € S(R? C) such
that 7j(w) = 1, for all w € B;(0). Setting v(z) := Rn(Rz) yields v € S(R?,C) and A(w) = H(w/R).
Thus, 7(w) = 1, for all w € Br(0), and hence f: f\ 5, so that f = fx~, forall f € L%(Rd). Next,
we define the operator A, : L2(R?) — L*(R%), A,f := f *~, and note that A, is well-defined, i.e.,
Ay f € L3(RY), for all f € L%(R?), thanks to Young’s inequality [59, Theorem 1.2.12] (since f € L?(R?)
and v € S(R%,C) C LY(R%)). Moreover, A, f = £, for all f € L%(R?). Setting K := F,,A, — A, we
get Kf = Fr Ay f — Ayf = Frf — f, for all f € L%(R?), as desired. Furthermore, it follows from

(Frio f)(a) = 740 [ (o= r(a) =) flu)du
that the integral operator K = Fr Ay — Ay, ie., (Kf)(x) = [pa k(x,u) f(u)du, has the kernel
k(z,u) = 2@y (z — 7(2) — u) — y(z — ). (71)

Before we can apply Schur’s Lemma to establish an upper bound on || K ||22, we need to verify that k
in is locally integrable, i.e., we need to show that for every compact set S C R% x R? we have
[g |k(z, u)|d(z,u) < oco. To this end, let § C R? x R? be a compact set. Next, choose compact sets
51,52 € RY such that S C S; x Sp. Thanks to v € S(RY,C), 7 € CY(R?,R?), and w € C(R?, R), all
by assumption, the function |k| : S x Sz — C is continuous as a composition of continuous functions,

and therefore also Lebesgue-measurable. We further have

/ |k(z,u)|dedu </ / |k(z,u)|dedu
/ |y(z — 7( )—u\dxdu—i—// |v(z — w)|dxdu
Sl R4

<2 [ [ i+ /S [ @y du =30l < o (72)
where the first term in follows by the change of variables y =  — 7(z) — u, together with
j—y = |det(E — (D71)(z))| > 1 —d||D7|oo > 1/2, Vz € R% (73)
x

The arguments underlying were already detailed at the end of Appendix [F It follows that & is
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locally integrable owing to

/ |k(z,u)|d(z,u) < / |k(x,u)|d(z,u) :/ |k(x,u)|dedu < oo, (74)
S S1X% S 1782

where the first step in follows from S C S; x Sa, the second step is thanks to the Fubini-Tonelli
Theorem [79, Theorem 14.2] noting that |k| : S; x So — C is Lebesgue-measurable (as established
above) and non-negative, and the last step is due to (72). Next, we need to verify conditions (i) and (ii)

in and determine the corresponding o > 0. In fact, we seek a specific constant o of the form
a=C(R|7|sc + |wlso),  with C > 0. (75)

This will be accomplished as follows: For x, v € R?, we parametrize the integral kernel in according
t0 g u(t) == 2@y (x — tr(2x) — u) — y(z — u). A Taylor expansion [78, p. 411] of Ay, (t) W.rt.

the variable ¢ now yields

t t
haalt) = o0+ [ e, AN = [0 Ve R, 76)
N—— 0 ’ 0 '

where K, ,(t) = ($ha)(t). Note that hg, € C*(R,C) thanks to v € S(R?,C). Setting t = 1 in (76)
we get

0] = a0 < [ 0/ @
where
h;ju()\) = —eQﬂi’\w(x)<V*y(x —At(x) —u),7(z)) + 27riw(x)62m/\w(x)’y(x — A (z) — u),
for A € [0,1]. We further have

Py u M) < (V@ = Ar(2) — u), 7(2))| + [2mw (@) (2 — Ar(2) — )|

< [r@)IVy(z = Ar(z) = u)| + 27fw(@)|ly(z = A7(2) = u)|. (78)

Now, using |7(z)| < sup |7(y)| = ||7|lo and |w(z)| < sup |w(y)| = ||w]| in (78), together with (77),
yERY yERY
we get the upper bound

1 1
k()] < rlloo /0 V(@ — Mr(a) — w)ldA + 2n]jw]oo /0 (@ — Ar(@) —wldh. (79)
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Next, we integrate w.r.t. u to establish (i) in (70):

/ Ik, )| du
Rd
1 1
g||7|yoo/ / |V’y(x—)\7(:v)—u)|d)\du+27r||w||oo/ / (2 — Ar(2) — u)|dAdu
R4 JO R4 JO

1 1
= ||THOO/ / IVy(z — A1(z) — u)|dud) + 27r||w||oo/ / |v(x — AT(x) — u)|dudA (80)
0 JRd 0 JRrd
1 1
~lrlle [ [ 1orldsdr + 2ol [ [ pdudy
0 JRd 0 JRrd
=ITlloolI VYl + 27 [|wlloo [ V]| 81)

where follows by application of the Fubini-Tonelli Theorem [79, Theorem 14.2] noting that the
functions (u, \) = |Vy(z — A7(x) —u)|, (u, ) € R*x[0,1], and (u, A) = |y(z — A7(z) —u)|, (u,\) €
R? x [0, 1], are both non-negative and continuous (and thus Lebesgue-measurable) as compositions of

continuous functions. Finally, using v = R%(R-), and thus Vy = RITIVn(R-), 7|1 = |71, and
IVl = B[[Val in @I) yields

sup | [k(z,u)|du < R|7([oo[|Vnll1 4 27]|w]oo|7l]1

r€R? JR4

< max {[|[Vnll1, 27(nll1 } (RlI7lloo + l|wlloo), (82)

which establishes an upper bound of the form (i) in that exhibits the desired structure for a.
Condition (ii) in is established similarly by integrating w.r.t. x according to

/\k(m,u)]dx
R4
1 1
g||T||oo/ / |V7(x—)\r(:17)—u)|d)\da:+27r||w||oo/ / (= Ar(2) — u)|dAdz
R4 JO R4 JO
1 1
= 7 lloe / / Vy(z — Ar(z) — w)|dzd) + 2n]jw]leo / / (@ — Ar(z) — w)ldzdA  (83)
0 Rd 0 R4

1 1
SQHTIIOO/ / !W(y)\dydk+4ﬂ\wlloo/ / 7 (y)ldydA (84)
0 JR 0 JRrd
=2I7llolVYlI1 + 47llwlloo IVl < max {2 Va1, dallnll} (Rl 7o + [lw]loo), (85)
which yields an upper bound of the form (ii) in with the desired structure for «. Here, again,

follows by application of the Fubini-Tonelli Theorem [79, Theorem 14.2] noting that the functions
(z,\) = |Vy(z—AT(x)—u)|, (z,\) € RTx[0,1], and (z, \) = |y(z—A7(x) —u)], (z,\) € R?x][0,1],
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are both non-negative and continuous (and thus Lebesgue-measurable) as a composition of continuous

functions. The inequality follows from a change of variables argument similar to the one in (72))
and (73). Combining (82)) and (83), we finally get with

C:= max{2||V17||1,47TH77H1}. (86)
This completes the proof. O

L. Appendix: Proof of Theorem 2]

We start by proving i). The key step in establishing (16) is to show that the operator U,, n € N,
defined in satisfies the relation

UMl Tef = Ty, UnlMalf,  Vf € L*(RY), Vt € RY, VA, € A, (87)

With the definition of Ulg] in (9) this then yields

UlgITif = Ty)ro po-r)Uldlf, V€ L*(R?Y), VE € RY, Vg € AT (88)

The identity (16) is then a direct consequence of (88) and the translation-covariance of the convolution

operator:

(T f) = {(Uld T, f) * Xn}qu;L = {(Ty/(r Ry r)U4LS) Xn}qu?
={Ty/(r, Ro-r,) (U[d)f) * Xn)}qu? =T}/ Ro-r) L (Uld) f) Xn}qu?

=Tk o) PB(f),  Vf € LA(RY), vt € R™

To establish (§7), we first define the operator D,, : L?(R%) — L?(R%), D, f := f(Ry-), and note that

Un[MlTif = (Mn((T2f) * g,)) (Rn) = Da My (T2 f) * ga,.)

= D, M, Ti(f % gr.) = DTy Mo (f % gx.), Vf e L*RY), vt € RY, (89)

where, in the last step, we employed M, T; = TiM,, for all n € N, and all ¢ € R, which is by

assumption. Next, using

DpTif = f(Rn - —t) = f(Rn(- —t/Ry)) = Typ, Duf, VfeL*R?), vt e R,



4
in (89) yields

Un[/\n]th = DnTtMn(f * g)\n) = Tt/R,,LDnMn(f * g/\n) = Tt/RnUn[/\n}ﬁ

for all f € L2(R?), and all ¢ € RY. This completes the proof of i).
Next, we prove ii). For ease of notation, again, we let f, := Ulq|f, for f € L?(R%). Thanks to (T0)
and the weak admissibility condition (T3), we have || f,||2 < || f||2 < oo, and thus f, € L?*(R%). We first

write

N@G(Tif) — SN = ITy)ry...m) @S () — PSP (90)
= Ty i) (fg % Xn) = fq % Xnll3
qeEAT
= IM_yyry ) Fa % xn) = fa* xnll3, ¥ EN, o1
qEA}

where in we used (I6), and in (OI) we employed Parseval’s formula [40, p. 189] (noting that
(fy * Xn) € L*(R?) thanks to Young’s inequality [59, Theorem 1.2.12]) together with the relation
ff = M_t]/f\, for all f € L2(R?), and all ¢+ € R?. The key step is then to establish the upper bound

—

— 472 |t]P K2
My (Fr o) — T e xull2 < A7

m”fq”%a Vn € N, (92)

where K > 0 corresponds to the constant in the decay condition (I7), and to note that

STUfIE< D0 Ul ¥neN, (93)

qEAY geAr!

which follows from (46) thanks to

0 Y ot xulB=ar <bur—bi= 3 Ifl3= S Ifl3  vneN.

geAr! geAT! qeAT

Iterating on (93)) yields

DB Yo M3 < Y M3 = 1ULEfIE=1/15.  VneN. 94)

qeAT qeA} qeA]
The identity (O1)) together with the inequalities (92) and (94) then directly imply

An?|t)2 K

WHN%, Vn € N. ©5)

[[26(Tef) — 2H(III? <
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It remains to prove (92)). To this end, we first note that

HMft/(Rl‘..R,L)(fq * Xn) — fq* Xan

_ 5 ’672771‘<t,w)/(R1...R,,L) N 1]2|ﬁ(w)]2\ﬁ](w)\2dw. (96)

Since |e~2™ — 1| < 2r|z|, for all z € R, it follows that

—2ri(t)/(RanF) _q 2 < Am?|(t, w)|? < At |w]?

le = (Ri...Rp)2 = (Ri...Rn)?

97
where in the last step we employed the Cauchy-Schwartz inequality. Substituting into yields

| M_ t/(Ry... (fq*Xn)_ *XnH%
472|t|?

§<R/ w2 G @)1y )P

42t 2K
g(;”/d\fq(w)ﬁdw 98)

471'2|t|2K2 47T2|t|2K2
~w o Vil = R Mali meEN, ©9)

where in we employed the decay condition (17, and in the last step, again, we used Parseval’s

formula [40, p. 189]. This establishes (92)) and thereby completes the proof of ii).

J. Appendix: Proof of Corollary[I|

The key idea of the proof is—similarly to the proof of ii) in Theorem 2}—to upper-bound the deviation
from perfect covariance in the frequency domain. For ease of notation, again, we let f, := Ulq]f, for
f € L*(R?). Thanks to (T0) and the weak admissibility condition (I3), we have || f,|l2 < || f]l2 < oo,
and thus f; € L?(R?). We first write

N®E(Tef) — TS (A1 = | T/ r, . r ) PE() — @G ()| (100)
= Z (T Ry ry — TE) (fq * xn) 13
qEAT
=S IMesyr,ry — M) (fg* )3, ¥neN, (101
qEAT

where in (I00) we used (16)), and in (I0I) we employed Parseval’s formula [40, p. 189] (noting that
(fy * xn) € L*(R?) thanks to Young’s inequality [59, Theorem 1.2.12]) together with the relation
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7/}? = M,tf, for all f € L?(R?), and all ¢+ € R?. The key step is then to establish the upper bound
o 2
1Oy ) = M)y # x0)3 < 42JP K1/ (R, - .. Ra) = 11013, (102)

where K > 0 corresponds to the constant in the decay condition (17). Arguments similar to those leading

to (93) then complete the proof. It remains to prove (102):

1Mty r) = M—t)(fq * xn)lI3

:/ ‘e—2wi<t,w>/(R1...Rn) _ 6_2”<t’“’>\Qlﬁ(w)\2|ﬁ(w)|2dw. (103)
Rd
Since |e™ 2™ — e~ 2| < 2|z — y|, for all z,y € R, it follows that

‘6—27ri<t,w>/(R1...Rn) o e—27ri(t,w> ’2 < 47r2|t|2]w|2’1/(R1 . Rn) _ 1|2’ (104)

where, again, we employed the Cauchy-Schwartz inequality. Substituting (I04)) into (I103), and employing

arguments similar to those leading to (99), establishes (102) and thereby completes the proof.
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