Appl. Comput. Harmon. Anal. 39 (2015) 21-32

Contents lists available at ScienceDirect

Computational
Harmonic Analysis

I Applied and

Applied and Computational Harmonic Analysis

www.elsevier.com/locate/acha

Frame properties of shifts of prolate spheroidal wave functions @ Cosstark

Jeffrey A. Hogan?®, Joseph D. Lakey "*

# School of Mathematical and Physical Sciences, University of Newcastle, Callaghan NSW 2308, Australia
b Department of Mathematical Sciences, New Mexico State University, Las Cruces, NM 88003-8001,
United States

ARTICLE INFO ABSTRACT
Article history: We provide conditions on a shift parameter and number of basic prolate spheroidal
Received 19 March 2014 wave functions with a fixed bandwidth and time concentrated to a fixed duration

Received in revised form 30 July
2014

Accepted 15 August 2014

Available online 20 August 2014
Communicated by Thomas Strohmer

such that the shifts of the basic prolates form a frame or a Riesz basis for the
Paley—Wiener space consisting of all square integrable functions with the given
bandlimit.

© 2014 Elsevier Inc. All rights reserved.

Keywords:

Prolate spheroidal wave function
Bandpass prolate

Time and band limiting
Paley—Wiener space

Frame

Riesz basis

1. Introduction

A considerable literature has been developed on the subject of principal and finitely generated shift
invariant spaces V(¥) = span{¢,(-—k) : n =1,..., N; k € Z}, including structural results [5,20,3] and more
recent results addressing spaces with further invariance properties [1,11,26]. An equally substantial literature
has been developed on the subject of Gabor systems G(g1, ..., gn;«, ) generated by time—frequency shifts
e?™Bt g (t — ak) of a single or finite collection of generators, e.g., [7,8,4,10] with more recent applications
outlined in [2,19]. A primary question is what properties of the generators g,, and shift parameters «, 5 are
consistent with the Gabor system forming a frame or Riesz basis for L?(R). We study here very specific
shift invariant systems with properties that are in a sense intermediate to structural properties of finitely
generated shift invariant spaces on the one hand and of Gabor systems on the other. Specifically, we are
interested in frame and Riesz basis properties of systems generated by shifts of certain prolate spheroidal
wave functions (prolates, for short). These are bandlimited functions that are the most concentrated to a
fixed time interval in L?-norm. They are eigenfunctions of the operator that first truncates to a time interval
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then truncates to a frequency interval, and they are ordered by decreasing magnitude of the eigenvalue. The
famous “202T” theorem states that, asymptotically, the number of independent unit norm eigenfunctions
vn, having eigenvalues \,, close to one is the product of the bandwidth and the duration—the length of the
time-concentration interval.

Denote by ¢, the nth prolate in this ordering, n = 0,1,2,..., bandlimited to [, 2] and time-
concentrated in the interval [—1,1] with associated eigenvalue A,. Fix o > 0. We first consider frame
properties of families of shifts {v/A, pn(- — 2ka) : n =0,1,2,...,k € Z} of \/A\,-normalized prolates. The
factor two is used here to emphasize that we are shifting by multiples of the duration. The prolates ¢,
form an orthonormal basis for the Paley—Wiener space PWo of L?-functions bandlimited to [—$2, 2] as
well as an orthogonal basis for L?[—1,1], so it is mildly surprising that a collection of integer shifts of
v Ap-normalized prolates might form a frame for the Paley-Wiener space. In fact, Theorems 2 and 4 show
that they form a tight frame in certain cases and at least a near-tight frame in others.

When considering shifts of the first N prolates g, ...,@n_1, it is possible to obtain frames for the
Paley-Wiener space with or without normalizing by v/\,. The first main result in this regard, Theorem 10,
essentially states that the family forms a frame for PWy(, if N > 2{2a, but that the family is incomplete
in PWsyp, if N < 2f2a. However, the frame bounds are less concretely quantified in this case. The proof
of Theorem 10 illustrates why the family {¢, (- — ozk)}gz_ol, ez is redundant or overcomplete if N > 202a.
When N = 202a € N it is possible that the family {¢, (- — ak)}nN:_O% wez actually forms a Riesz basis for
PWsp, and the second main result, Theorem 12, shows that this is indeed the case. Notationally we have
absorbed the duration into the shift factor « in Theorems 10 and 12, considering shifts ¢(- — ak) rather
than ¢(- — 2ak) as in the renormalized frames, in order to minimize notational burden in Sections 4 and 5.

When the prolate shifts {¢, (¢ — ozk‘)}fy:_ol’ ez form a frame or Riesz basis for PW5g, the time-frequency
shifts {e?m 2, (t — ak)}nNz_O{ k.ecz form a corresponding frame or Riesz basis for L?(R) with the same
bounds simply because for € # ¢/, (™2 o (t — ak), 4™ 2t g, (t — ak’)) = 0 since the modulated prolates
are frequency-supported on disjoint intervals. This fact does not contradict the Balian—Low theorem, e.g., [8]
because tp,(t) ¢ L2(R), e.g., [22, Eq. 1.10]. Analogues of Gabor frames generated by prolates were studied
in the context of joint time—frequency cutoffs by Dorfler and Romero [6].

The remainder of the paper is organized as follows. In Section 2 we review necessary background properties
of prolate spheroidal wave functions. Section 3 establishes frame properties of the families F, = {v/An @n(-—
2af) : n > 0,¢ € Z}, including Theorems 2 and 4, which provide explicit frame bounds for the Paley—Wiener
space PWsp. Section 4 shows that the unrenormalized families {¢, (- —af) :n =0,...,N — 1,0 € Z} of
shifts of the first N prolates form frames for PWs(;, under the condition that there is at least one prolate
shift per unit time-bandwidth (Theorem 10), and in Section 5 it is shown that they form a Riesz basis for
PW,y, if there is precisely one prolate shift per unit time-bandwidth (Theorem 12).

2. Background on prolate spheroidal wave functions and frames

Much of the mathematical foundation of time and band limiting was laid out in a series of papers written
by combinations of Landau, Slepian and Pollak [24,14,15,21,23] appearing in the Bell System Technical
Journal in the early 1960s. For T > 0, the time-limiting operator Q7 corresponds to multiplying f € L?(R)
by 1;_7 7, the characteristic function of the interval [T, T]. Let Pg, denote the bandlimiting operator Py, =
F Qg F with (Ff)(&) = [0 f(t)e > dt denoting the Fourier transform. The duration-bandwidth
product is 202T. The operator PoQr is compact and self-adjoint on the Hilbert space PW, = Po(L?(R)).
The operators Q = )1 and P/, commute with the differential operator

— d 2 d 242
Po= (= 1)+t (1)
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whose eigenfunctions are called prolate spheroidal wave functions. Their properties were studied as early as
the nineteenth century (e.g., [18], cf., [25]) in the context of mathematical physics. We call the corresponding
eigenfunctions of PoQr (T, 2)-prolates, or just prolates. They are usually indexed by listing the eigenvalues
An, n=0,1,2,... of PoQr in decreasing order. The (T, £2)-prolates are dilates by 1/T of (1,T42)-prolates
which are eigenfunctions of P, . Thus, up to a unitary dilation, the (T, £2) prolates just depend on the
duration—bandwidth product 2TS2. The (1, 2)-prolates ¢,, = %’ have interesting properties. They form an
orthonormal basis for PW, with L2-inner product. They also form an orthogonal basis for L2[—1,1] with
fil lnl? = Ay when [, [|r2®) = 1. As such, any f € PWg can be expanded in the form f =377 o,
with HfH%Q(R) =Y"a?2 and f_ll |f2 = 3 Aua?. The prolates are real-valued and ¢’ is even (odd) if n is even
(odd). The nth prolate ¢, has n zeros on [—1,1]. The ¢, are eigenfunctions of f — /2/2Dg,»F'Qf,
where (D, f)(t) = Vaf(at), with eigenvalues p, = i"1/2X,(£2)/£2. One has the very useful consequence
that their Fourier transforms are just cutoffs of dilates of ¢,: for a (1, £2)-prolate,

oa(26) = 0" o Qe ©)

Landau and Widom’s 22T theorem [16] states that PnpQr has approximately 2027 eigenvalues close to one,
with a logarithmic plunge from eigenvalues close to one to very small eigenvalues. Specifically, if N(£2,T, «)
denotes the number of eigenvalues of PoQr larger than o € (0,1) then

N(2,T,a) = 20T + log(20T) log(l;a> + o(log(£2T)). (3)

When a = 1/2 one also has [202T| +1 > N(£2,T,1/2) > |202T| — 1, see [13,12].

In Section 4 we will make use of the Markov property of the (1, §2)-prolates (e.g., [12, Theorem 2.1.16
and Lemma 2.1.2]): For each N, the first N prolates form a Chebyshev system for [—1,1]. We will use this
fact in the following form.

Proposition 1. Fiz 2 > 0, § > 0 and 7 € R. Let ¢,, denote the nth (1,2) prolate and let tg < -+ < ty_1
denote the lattice points in (T + BZ)N[—1,1). Then there exists ¢ > 0 depending on B but independent of T
such that | det ®| > ¢, where @ is the matriz with (n, k)th entry nr = @n(ty).

For the sake of completeness we include here the definitions of frames and Riesz bases, e.g., [9]. Let H

be an infinite dimensional, separable Hilbert space. A family {f1, f2,...} is a frame for H if there exist
constants 0 < A < B < oo such that for any f € H one has

AN < STIE fd P < BIFIG

A sequence {g,} is a Riesz basis for its closed span in # if there exist constants 0 < ¢ < C' < oo such that
for any sequence cy, ca, ... in £2(N) one has

el < [ S et
n=1

o0
<C cnl?.

3. Frames of normalized shifts using all prolates

Throughout what follows we will assume that 2 > 0 is fixed and let ¢, be the nth (1,2£2)-prolate
bandlimited to [—{2, (2] and time-concentrated on [—1,1] with [|¢,| 2@y = 1. Thus PonQvn = Anpn



24 J.A. Hogan, J.D. Lakey / Appl. Comput. Harmon. Anal. 39 (2015) 21-32

and ||Qen|? = An. We denote by 1, the renormalized prolate 1, (t) = vAn @n(t), by ¥n.2qe the shift
Toat¥n (t) = P (t — 2af) and, for fixed a > 0, Fo, = {¢n 200 : £ € Z,n > 0}. The purpose of this section is
to show that if & < 1 then F, forms a frame for PWs(; and, at least for certain values of «, it forms a tight
frame.

Theorem 2. For o <1 fized, Fo = {tn2as : £ € Z,n > 0} forms a frame for PWagq with lower frame bound
A > |1/« and upper frame bound B < [1/a].

Corollary 3. If 1/a € N then F, forms a tight frame for PWago with frame bound A = B = 1/a. In
particular, F = F1 forms a Parseval frame for PWog,.

Recall that a Parseval frame is one such that || f||? = > [(f, fn)|*.

Proof. Let f € PWag,. Then with 7, f(¢t) = f(t — ), after a change of variable and using the self-adjointness
of P, and @) one has

oo oo

EZKf,wn,zaDF:ZZ/ /T,zazf(t)ﬁzazf(s)knson(t)wn(s)dtds
n £

n £

— 00 —O0

1

- Z / T-2a¢f (1) Z (T_9atfs ©n) PanQen(t) dt

= (Tsatf, ProQr200f) = Y QT —20ef]I?
¢

L

1 200+1
= Ft+2a0)| dt = F at
s WL

-y / 11yt — 2a0)| f(1)]* at

L
oo

- / (ZZ: ]1[171](t—2a£))|f(t)‘2dt.

We used the fact that f € PWs, in the fourth identity. For any ¢, the sequence {t — 2af} 7 forms a lattice
having at least |1/« points in [—1,1) and at most [1/a] points in [—1, 1). Thus the last integral is bounded
below by [1/a|||f||? and above by [1/a]| f||* and the result follows. O

The normalization of the functions 1, is not intuitive. The functions ¢,, form an orthonormal basis for
PWag, and ¢, /v/A, form an orthonormal basis for L?[—1, 1]. Giving v,, L?(R)-norm +/),, insures that high
order terms do not add too much energy to the coefficient sum when f is shifted into a region in which ¢,,
is more concentrated. The inequalities

L/ IF112 < ST ST Ynzae)|* < T1/all 12
n Y/

do not preclude the possibility of the functions {1, 2q¢} forming a tight frame for some cases when 1/ ¢ N.
In the remainder of this section we study frames of the form F, or o, n = {tn20¢ :n=0,...,N—=1,0 € Z}
when « is such that 1/(42«) € N. Theorem 4 shows that F, forms a tight frame in this case, just as it
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does when 1/a € N; however, the proof when 1/(42a) € N (and 1/a ¢ N) requires fundamentally different
techniques.

Theorem 4. If 1/a = 4m{2 for some m € N then Fo = {tn 240} forms a tight frame for PWago with frame
bound A = B = 4mJ{?.

The theorem requires two auxiliary facts.

Proposition 5. For o« = 1/40 and any N € N one has

dé.

N-1 1 § 2
? Z;) x wn<§>

Observe that Z |1/)n(£ /% /A 271:/:—01 lon (£/£2)|2. The tight frame bound in Theorem 4 relies on
the fact that the latter sum tends to a constant on [—{2, 2] when N — occ.

N-1 2
Z Z |<f7 wn,2a£>’2 =2 /’,]?(f)
¢ n=0 o

Lemma 6. For the (1,202)-prolates ¢y, on [—1,1] one has Y .- |¢n(t)|* = 292 in the sense of both L* and
uniform convergence on [—1,1].

When m = 1 the frame bound in Theorem 4 is 42, which is equal to the duration—bandwidth product
for the (1,22)-prolates ¢,. The uniformity of the limit in Lemma 6 suggests that shifts of g, ..., ¥N_1
also can form a frame, albeit no longer tight, for PWag,.

Corollary 7. For oo = 1/(202), Fa.n = {¥n2ae :n=0,...,N — 1, £ € Z} forms a frame for PWap whose
lower and upper frame bounds An and By satisfy

N-1 N-1

28, L O < v B2 3 ShooF

When N =1 the lower frame bound holds because g is nonvanishing on [—1, 1], though small near +1.
One can use exactly the same argument used in proving Proposition 5 to establish corresponding frame
bounds generated by the first NV (unrenormalized) shifted prolates ¢, (- — £/(242)).

Corollary 8. For N fized the (1,22) shifted prolates {on(- —£/(202)) : n =0,...,N —1,¢ € Z} form a
frame for PWag whose lower and upper frame bounds A% and Bl satisfy

| 2 =1 2
2 inf —|on < Aly; By <2 n )
B2 e OF <A B2 ) g fen(@)

Recovery from frame coefficients is most effective when the frame is tight or, at least, snug, that is,
(B~ A)/(B+ A) is small. Since ', SN Lip, (6 = N L len ()P is N/2.
The function Zg;ol Aln ©n(€)|? is plotted for a fixed §2 and different values of N in Fig. 1.

We proceed now in proving Theorem 4 assuming Proposition 5 and Lemma 6, which will be proved

N, the average value of )

=

subsequently.

Proof of Theorem 4. By Lemma 6 and Plancherel’s theorem, the quantity fQQ |f &) ZNfl lon (5 £)2de
converges to 202|/f||?> as N — oo so that, by Proposition 5 it also follows that Z Ze I{fs Yn.200)|?
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Fig. 1. Plot of Z o len(©)]?/Xn for N = 3,5,7,9 and 2 = 2, so there about 8 eigenvalues larger than 1/2. The tightest frame
bounds correspond to N =7, 9. The lower frame bound is on the order 107° when N = 3 and 6 x 10~2 when N = 5.

converges to 412||f||> as N — oo when o = 1/(42). The case m = 1 then follows once the proposition and
lemma are proved. For the general case m > 1, with a = 1/(4m{2) one can write

N-1 )
Z Z| <f, wn,2a€>|

n=0 ¢
m—1N-—1 2
14 k

= Z Iy VAnpn ( ~ 50 )>

k=0 n=0 ¢ < 22 2m?
- m—1N—1 Z oo b . a 2
= om0 )’ nPn °0

=0 n=0 ¢

—m|fI>.  ©

As a side note, the tight frame bound 4mJ{?2 extends to the case in which the shifts of the v,, by multiples
of 2a = 1/(2m{2) are replaced by their shifts by a union of m arbitrary but fixed translates of the lattice
Z/(292).

Proof of Proposition 5. As before we assume that the prolates ¢, are (1,22) prolates, that is, they are
bandlimited to [—{2, §2]. Using the Fourier property (2) of the prolates and Plancherel’s theorem we have

gﬁwf%< )| S Z I o
:ZNun e g ae|
¢ n=0

Zn©)]° de

[
/f
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2 N-1 2
~ 1 f
20 [ |fef SN v (9) ¢
-0 n=
2 , Nl £\ 2
=2 (1@ X len(5)| a
“0 n=0
) N-1 2
_ ~ 2 1 &
=2 [IFel X 5 fen()] @ o
“0 n=0
It remains to prove Lemma 6.
Proof of Lemma 6. The eigenvalue property of the (1,2(2) prolates is
[ sin(2r 02t ~ 5))
sin(2mf2(t — s
Since the functions ¢, /v/A, form an orthonormal basis for L?[—1, 1], one has
< [ sin(2r02(t — 5))
2 1 sin(2mf2(t — s
Zy@n(t)‘ = Z N, (/ T at—s) ©n(s) dS)SDn(t)
n= n Nl
Z<sm (2r( t ) ngn>Qg0n _ sin(2w02(t — 5)) _ 90
B ’ \/>\n V)\n B T‘—(t_s) t:s_

where the series converges in L?([—1,1]). In addition, the functions ¢, (t) are continuous on [—1, 1] so the
partial sums 25—01 |on (t)]? form a sequence of continuous functions monotone increasing in N. By [12,
(2.22), p. 59] one has ¢2(t) < C'n\, and then by [12, Lemma 1.2.11], A, < Ce ™ s0 Y oo v [pn(t)]* = 0
uniformly as N — co. Hence the sum converges uniformly on [—1,1] to the constant limit. O

4. Prolate shift frames with low redundancy

The normalized prolate shift families F,, above are highly redundant systems. In this section we consider
families of translates of the first NV prolates @y, ..., pn_1 having L?(R)-norm one by integer multiples of
a factor a > 0 such that neither 2/a nor 1/(22«) is necessarily an integer. We seek conditions such that
the family of shifted prolates {¢y, (t — ozk)}g:_ol’ wez forms a frame for PW5g. For notational convenience we
have absorbed the duration factor two into the shift factor a here. As before we assume that the prolates
are bandlimited to [—{2, 2] and essentially time-limited to [—1, 1] so that the duration-bandwidth product
is 412. We will see that it is sufficient, in general, that N > 2f2«, meaning that there is at least one prolate
shift per unit time—duration—-bandwidth. In contrast to the high redundancy case, the frame bounds here
depend on the norm of a certain positive definite matrix. Estimated bounds are not as concrete as in the
high redundancy case.

To get quickly to the role of this matrix, the proof of the following lemma, which follows the lines of that
of Proposition 5, is left to the end of this section.

Lemma 9. Given oo > 0 and the (1,282)-prolates ¢o,...,oN—1, for f € PWag,
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Z_IZKﬁ on(- — k)|’

n=0 k€Z

1/«

_ Q/

The vector {f(&+€/a — )} with D = [202a] can be regarded as an arbitrary CP-valued function
5(€) = {s0(€)};," with components in L2[0,1/a), with the caveat that the last component of 5(¢) is zero
ife>(1- )/a. We seek uniform bounds

[202a]-1

S i tra- e (a2 )

dé. (4)

N—

A5O) )2 < Z

n=0

2= E+14/a ’ 2
se€) (151 - 1)| < B|5(©)[%. o)
£=0

that is, with A and B independent of £. This is equivalent to the matrices

N-1
Mp(§) = HZ_O An}m%(u{/;/a - 1><pn(£+(§/a - 1), 0<k{<D=[20a],0<E<1/a (6)
having spectra bounded below uniformly by A > 0.

The matrix M (§) is positive semidefinite since M = M,, with M,, = ﬁ@n(@@z (&) where @, is the
vector with kth coordinate gon(£+k/a —1), (0 <k < D). That fTM(g)i" = 0 then requires that 1 M, 7 =0
for each n. This is equivalent to &L (¢)F = 0 for each n = 0,..., N — 1. That is, & must be orthogonal to
each of the vectors @1 (¢). Thus # must be in the kernel of the matrix whose nth row is @2, 0 <n < N.

Consider a matrix W (¢) whose rows are @1 (¢). That is, the (n,f)th entry of W is (pn(% - 1),
0 < ¢ < D. The matrix has D columns. Its last column is zero if £ > (1 —v)/a.

If W has fewer than D rows then there is a unit vector 5(¢) in CP that is orthogonal to each of the rows
of W. In this case the left hand inequality in (5) fails. Thus we need to use N > D prolates. On the other
hand, if W has D rows then the Chebyshev condition (see Proposition 1) implies that W is nonsingular
for £ < (1 — v)/a: the Chebyshev condition applies to the arguments of ¢, lying in the full interval [—1, 1]
and £ = (1 — v)/a corresponds to the argument of ¢,, equal to one. By continuity of the determinant and
compactness of [0, (1 — v)/«], the determinant is bounded away from zero for & € [0, (1 — v)/a]. On the
other hand, if 1 — v < af < 1 then the minor consisting of the first D — 1 rows and columns of W is
nonsingular and the determinant of this minor is likewise bounded away from zero on [(1 — )/, 1/a].
Since the matrix M(£) in (6) varies continuously with £ we can conclude that its spectrum is bounded
below uniformly on [0, (1 —+)/«a] while the spectrum of the submatrix corresponding to 0 < k, ¢/ < D — 1
is bounded below uniformly on [(1 —7)/«, 1/a]. Together this implies that the left hand inequality in (5)
holds uniformly in & with the caveat that the last coordinate of § is zero when £ > (1 — v)/«. The right
hand inequality is a simple consequence of the continuity of the prolate functions. These facts show that
the functions {¢n (- — ak)}f;o{kez form a frame for PWyq, provided that N > [202a/].

Theorem 10. Let o, denote the nth prolate bandlimited to [—(2, £2] and time-concentrated in [—1,1]. If
N > [20a] then the functions {@n(- — ak)}ﬁ;&kez form a frame for PWag. That is, there exist constants
0 < A < B < oo such that for any f € PWag one has

N—-1
AllFIZ: < 37 ST el — ak)|* < BIIfI3-.

n=0 keZ

Conversely, if N < [202«a] then the lower frame bound fails.
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Fig. 2. Plots of matriz norm ||M(€)| (top) and 1/||M~1(€)|| (bottom) in (6). In each figure, 2 = 2 so the duration-bandwidth
product is 8, and the horizontal axis is indexed by the subset [0,1/af2] of [—1, 1] corresponding to the argument of the prolate.
In the leftmost figure we take o = 1 and N = 4 so that D = 202a = 8 as well, and the corresponding prolate shifts form a Riesz
basis. In this case, the numerical lower bound for 1/||M ™| is on the order of 10~%. In the middle figure, & = 2 and N = 8 and,
again, the prolate shifts form a Riesz basis but in this case the frame bounds are much closer. In the right figure, « = 1 and N = 8
so the prolate shifts form a frame with redundancy two.

Several remarks are in order. First, the proof relies crucially on the Chebyshev property of the prolates
and, in particular, on the ordering of the prolates by magnitude of their eigenvalues. Secondly, using more

T(OM(£)3(€)

in (5) only increases when we add more terms to the sum over n. Third, when 2f2a € N it is possible

than the minimum number N = [2£2«] of prolates still results in a frame since the quantity §
that the a-shifts of the first 202« prolates can form a Riesz basis for PWsg,. This will be investigated in
the next section. Finally, the lower frame bound in Theorem 10 is determined by the lower bound of the
spectra of the matrices M (€) in (6). This bound is computable numerically, see Fig. 2. However, there is no
known straightforward method to obtain effective analytical bounds. In particular, it is not obvious which
combinations of N and « yield the snuggest possible frame bounds when N/« is fixed.

To complete the proof of Theorem 10 it remains to prove Lemma 9.

Proof of Lemma 9. By the Parseval identity, properties of Fourier transforms, and (2),

eQ‘n’iakg(ﬁn (€)> |2

S o) = S SNF

n=0 k€Z

23>

Sl

n=0 kEZ

n=0 kez|”,

n=0 keZ

~

() e7?mReD,, (€) dg

2
iy 727r104k§
f(g) € )\n-Q Pn ( )

o) ¢ 2

f(g) —27T10ck‘f (_)

) 5

[20a]-1 ~+E+r)/a 2

Fleyesric, (£ )ae

Zh =0 9hya

[20a]-1 1/"‘A "y 2

> / FE+t/a— me—m%n(—a - 1) dg

Zl =0 0

0
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When 202a € N the sum over ¢ covers all values of ¢,, running from —1 to 1. When 202« ¢ N the integral
corresponding to £ = [202a] — 1 has to be corrected. Setting v = [202a] — 202«

[202a] —

l 1 -1
§+5_Q:g+ _Q:§+—7a +02>10

if £ > (1 —v)/a when ¢ = [202a/] — 1. With this caveat, the sum

[202a]—1

Y Jiertja— ey, (S5 -1)

can be regarded as a function on [0,1/a). For £ € [0,1/a), the arguments of the terms in the sum run over
disjoint subintervals of [—£2, £2]. When ¢ € [0, (1 — v)/a) each term lies in the support [—£2, £2] of f and
there are potentially D = [2£2a] nonzero terms in the sum. When £ € ((1 — )/, 1/a) the last term is
outside the support of fso there are potentially D —1 nonzero terms. With this restriction in mind, the sum

[202a]-1 /@ ’ 2
> > / FlE+t/a— Q) ?makey, (f +Q/ = - 1) de
kezl e=0

is the sum of squares of Fourier coefficients (up to a factor «) of the function

[202a] -1

~ E+1/a
> e+ o= @0 (/% 1)

and hence is equal to

1/
7
«

0

The identity (4) follows. This completes the proof of Lemma 9 and hence of Theorem 10. O

[202a] -1

> e +tja - 2)0n (5% 1)

2
dé.

5. Critical sampling and prolate shift Riesz bases

The arguments above show that if 202a ¢ N then there will be some excess in the density of frame
coefficients. When 202a = N € N it is possible that the family {p,(- —ak): k € Z,n=0,...,N — 1} may
form a Riesz basis for PWs(, where, as before, the duration is 27" with 7' = 1 so that the duration—-bandwidth
product is 4f2. In this case the condition that there are N = 22« frame coeflicients per « units of time
means that there is, on average, one frame coefficient per unit time per unit bandwidth.

To consider conditions for a Riesz basis we proceed in a manner analogous to that in the previous section
with the goal of showing that the quantity f = ny;ol > wez Cnk Pn (- — ak) satisfies || f||* ~ Zg;ol S lenkl?
when N = 20« € N as we assume henceforth. Computing as before we see that

(9}

91 =171 = |
o}

0

g

2

dg

DD careMREG(6)
n k

N_ 2

[y

dg

(_l)n —27ia 5
VRa 2 “o(5)

n=0
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20a]-1 2
( Z 7271'1(119590 <£ + 6/0[ . 1) dé-
P )\ .Q n
Ve N 1 2
_ o 2miaké {+l]a R 7
v / \//\—_Q Z Cnk€ Qpn< 0 5 ( )
(=0 7
where ¢, = (—1)"cni (note that |Gui| = |cnkl)-

Consider the matrix Q(&):

N—-1
Q=> Q% rm(&) = Q\/Al—AwnGJ}f/a—1>gom<§+rf/a—1), 0<nm<N (8)
=0 nAm

where, again, N = 22« € N. This matrix is different from the matrix M () considered previously in that
the roles of the shift parameter ¢ and the prolate parameter n are reversed. As before, though, each Q*(€) is
nonnegative definite since it has the form U, (&) UZ (€) for a real vector Up(¢) in RV thought of as a column
vector whose nth coordinate is @n(% —1)/vA, 2. In order that Q(&) is strictly positive definite for
a given value of ¢, it must be the case that there is no unit vector & in RY such that & is orthogonal to
Uy(§) for each £ =0,..., N — 1. But such orthogonality would imply that ¢, thought of as a column vector,
is in the kernel of the matrix whose ¢th row is Up(§). That is, the N x N matrix whose (¢,n)th entry is
cp"(EM/ © —1)/v/A,82 must be a singular matrix. This contradicts that the functions {p,} - (and any
nonzero constant multiples of them) form a Chebyshev system on [—1, 1] just as before. As in Proposition 1,
by compactness, we conclude that the spectrum of Q(€), as a function of £ € [0,1/«], is uniformly bounded
below in (0, 00).
The following paraphrases [17, Corollary 3.4].

Theorem 11. Let Q :[0,1/a) — CNXN be a positive definite matriz-valued function. The tmgonometm’c SYs-
tem {e?mikat g VN1 0. kez forms a Riesz basis for L2([0,1/a), CN; Q) with squared-norm f (F*QF)(&) d¢,
if and only if there exist constants 0 < ¢ < C < oo such that the spectrum o(Q(§)) of Q(E) satisfies

c<mino(Q()) and C>maxo(Q(E)), a.e £€[0,1/a).

In (7) one associates to f = Zf:]:_ol > kez Cnkn (- — ak) the vector function FI(§) =3, 3, ¢up e2™FoC e,
with e,, the nth standard basis vector. In this case, || f[|* = ||F||£2((0,1/a), c¥;q) With @ in (8). By Theorem 11
and the observations made on @ in (8), we conclude that the functions {e?>"**¢e,, 2[;017 ez form a Riesz basis
for L2([0,1/a), CV; Q) and, therefore, that for this F' one has ||f||? = \\F||%2([0,1/a)7(cN;Q) ~ >k =
>k lcnk|?. That is, the functions {@, (- — ak)}nN:_O{ wez form a Riesz basis for PWy5. We have proved the
following theorem.

Theorem 12. Let ¢, denote the nth prolate bandlimited to [—52, 2] and time-concentrated in [—1,1]. If

= 20« € N then the functions {pn(- — ak)}gfolkez form a Riesz basis for PWag. That is, there exist
constants 0 < A < B < 0o such that for any sequence {cx oo 0. kez € 2(ZN) one has

AZ |an|2 < HZ Cnk on (- — ak)H2 < BZ |an‘2'
nk nk nk

Technically, the arguments above show that {¢,, (-—ak)} N o.rez forms a Riesz basis for its span. However,
by Theorem 10 they form a frame for PWsyp, and hence span PWy;. As in the case of Theorem 10, the
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Riesz basis bounds depend on the spectrum of the matrix @Q—the constant A in Theorem 12 can be taken
as A = infe min(o(Q(&)))/a. However, so far there is no simple analytical estimate for this lower bound.

In the case a = 1/2(2 one has N = 1. In this case the theorem states that the shifts po(- — k/242) form
a Riesz basis for PWyp, and the lower Riesz basis bound can be computed explicitly as the infimum of
loo(t)]?/ Ao on the interval [—1,1] as in Corollary 8, cf., [27]. This lower bound is very small for large values
of (2, cf. the bottom curve in Fig. 1 for NV = 3. It appears that one obtains better frame bounds using
N =~ 4f2 and a = 2, see Fig. 2.
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