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ABSTRACT. Many systems of orthogonal polynomials and functions are bases
of a variety of function spaces, such as the Hermite and Laguerre functions
which are orthogonal bases of L?(—o0, c0) and L?(0, c0), and the Jacobi poly-
nomials which are an orthogonal basis of a weighted L?(—1,1). The associated
Legendre functions, and more generally, the spheroidal wave functions are also
an orthogonal basis of L2(—1,1).

The prolate spheroidal wave functions, which are a special case of the spher-
oidal wave functions, possess a very surprising and unique property. They are
an orthogonal basis of both L?(—1,1) and a subspace of L?(—oc0, o), known
as the Paley-Wiener space of bandlimited functions. They also satisfy a dis-
crete orthogonality relation. No other system of classical orthogonal functions
is known to possess this strange property. This raises the question of whether
there are other systems possessing this property.

The aim of the article is to answer this question in the affirmative by
providing an algorithm to generate such systems and then demonstrating the
algorithm by a new example.

1. INTRODUCTION

Orthogonal polynomials and functions are an important tool in studying func-
tion spaces because they provide orthogonal bases for many of these spaces. For
example, the Hermite and Laguerre functions, h,(z) = H,(x)exp(—z?/2) and
L£3(z) = x*/?exp(—2/2)L,(x), n = 0,1,--- ;& > —1, are orthogonal bases of
L?(—00,00) and L?(0,00), respectively, where H,(x) and L,(x) are the Hermite
and Laguerre polynomials, while the Jacobi polynomials PT(LQ”B ) (x),a, 8 > —1, are
an orthogonal basis of L2(—1, 1) with respect to the weight function (1—2z)%(1+z)".
The associated Legendre functions, P/ (z), and more generally, the spheroidal wave
functions, Ps”(x,~?), are also an orthogonal basis of L?(—1,1).

The prolate spheroidal wave functions, Ps?(x,~?), which are a special case of
the spheroidal wave functions, possess a very surprising and unique property. They
are an orthogonal basis of both L?(—1,1) and a subspace of L?(—o0,00), known
as the Paley-Wiener space of bandlimited functions. They also satisfy a discrete
orthogonality relation.

Received by the editors October 20, 2005 and, in revised form, March 27, 2006.

2000 Mathematics Subject Classification. Primary 33C47, 44A05; Secondary 42C05, 33C45.

Key words and phrases. Prolate and oblate spheroidal wave functions, orthogonal polynomials
and functions, reproducing-kernel Hilbert spaces, bandlimited functions.

(©2007 American Mathematical Society
Reverts to public domain 28 years from publication

2193

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2194 AHMED I. ZAYED

No other system of orthogonal functions is known to possess this strange prop-
erty. This raises the question of whether other systems of functions possessing this
property do exist. The purpose of this article is to answer this question. We shall
show that the answer is in the affirmative by providing an algorithm to generate
such systems, and then we shall demonstrate the idea by giving a new example.

To explain the mystery surrounding the prolate spheroidal wave functions, it
is worth noting that the orthogonality of all the aforementioned systems can be
proved using the fact that they are eigenfunctions of Sturm-Liouville boundary-
value problems on their respective intervals. The same, of course, holds for the
orthogonality of the prolate spheroidal wave functions on the interval (—1,1); how-
ever, this is not enough to establish their orthogonality on (—oo,00). The latter
was proved using the fact that the corresponding Sturm-Liouville differential oper-
ator commutes with an integral operator whose eigenfunctions are also the prolate
spheroidal wave functions. This commutativity property was described as a lucky
accident by Slepian [I0] and more recently by Walter [14].

Our approach differs from the classical approach in avoiding the theory of Sturm-
Liouville boundary-value problems all together. Instead, we use the theory of
reproducing-kernel Hilbert spaces and compact operators on Hilbert spaces. In
fact, we shall show at the end of the article that if one uses the differential operator
approach, then the double orthogonality relation of the prolate spheroidal functions
is indeed a lucky accident.

The article is organized as follows. In Section 2 we give a brief introduction
to the Paley-Wiener space of bandlimited functions and to the prolate spheroidal
wave functions. In Section 3 we discuss the theory of reproducing-kernel Hilbert
spaces and summarize the main results that will be needed in the sequel. The main
result is introduced in Section 4, and in Section 5 we conclude the article with a
new example.

2. PROLATE SPHEROIDAL WAVE FUNCTIONS

In this section we give a brief introduction to the prolate spheroidal wave func-
tions and some of their important properties. Most of the material here is collected
from different sources [2, [3, [5] [6] [TT], T2} T6]; see also [II, [4, 15} [17].

Let B2 be the Paley-Wiener space of functions bandlimited to [—o, o], which
consists of entire functions of exponential type, with type o, that belong to L?(RR)
when restricted to the real axis. It follows from a theorem, due to Paley and Wiener,
that f € B2 if and only if

1 (e
JC(Z)Z\/—Q—7T .

The space B2 is a reproducing-kernel Hilbert space so that for any f € B2 [1§],

F(t)e'*tdt, for some F € L*(—0,0).

(2.1) | s e s

Now consider the spheroidal differential equation (see [2] B} [13])

(2.2) % <(1 —2?) ‘%) + <>\+72(1 —a?) - w )w =0,

1— 22

with real parameters \,v2, and p. For u = m = 0,1,2,..., the spheroidal wave
functions, Ps™(z,7?), are solutions of Eq. ([2.2)) that are bounded on (—1,1). They
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GENERALIZATION OF THE PROLATE SPHEROIDAL WAVE FUNCTIONS 2195

exist only for special values of \, namely, the eigenvalues A" (y?). When v = 0,
they reduce to the associated Legendre functions with A7 (0) = n(n + 1).
The spheroidal wave functions are orthogonal on (—1, 1) and satisfy the relation

1
2 (n+m)!
Psi(x,7*) Py (x,7)dx = k-
/1 s (@77 Ps(w,77)dw n+1(n—m) "

Throughout this article, we shall confine ourselves to the case where =0, i.e.,
we will focus on Ps?(x,~?%) with 42 # 0. If v2 > 0, Ps%(x,~?) are called prolate
spheroidal wave functions and when +2 < 0, they are called oblate spheroidal wave
functions. Let v = 7o, with 7,0 > 0 and define ¢, , - (t) = a,, Ps? (t/T, '72) , n=
0,1,2,..., for some constants a,, > 0. It is known that ¢, , , satisfy a number of
interesting relations, chief among them being the double orthogonality relations

(2.3) / On.or (&) Pm,or(t)dt = andmn
and
(2~4) / (Pmo,'r(t)(pm,o,r(t)dt = 5m7n-

They also form an orthogonal basis for L?(—7,7) and an orthonormal basis for
a subspace of L?(R), namely, the space of functions B2 that are bandlimited to
(—o,0). It should be noted that one may renormalize {¢, o} so that they are
orthonormal on L?(—7,7) instead of L2(R), i.e., for some positive constants i,

o0

(25) / Pn,o,T (t)@m,o—;r(t)dt = 5m,n and / San,o,‘r(t)(,om,o‘,f (t)dt = ,Ufném,n

-7 —oo

It is also known that the prolate spheroidal wave functions, ¢, + -, are eigen-
functions of the differential operator

d2 n,o, 7 d n,o, 7

where v, , , are the eigenvalues, while the oblate spheroidal wave functions, ¥y, 4+,
are eigenfunctions of the differential operator

d2¢n70',7' _ ot d/l/)n,o,r

dt? dt
The prolate spheroidal wave functions are also eigenfunctions of two integral equa-
tions, the first of which is

(2.8) /j %7077(93)de = AnPn,o.r (1),

(2.7) (r2 — 1)

2,2 ~
+ ot ¢n,a,7 = Vn,a,‘r¢n,o’,7~

where A\, = A, -, are the eigenvalues, and the second is

(2.9) / o (e T = 7 o oo (W),

-7

Because the prolate spheroidal wave functions are bandlimited to (—o, o), we have

from (210,

(2.10) /_00 %W(x)%dl« = Pnor(t),
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from which we obtain

(2.11) sma t—x

Z@noﬂ' @na‘r( )

t —x)
and also the discrete orthogonality relation
(2.12) > Cnor (k7)) on.0r (M /) = pm.
n=0
If the prolate spheroidal wave functions are normalized according to Eq. (21), then

Eq. ([2I1) becomes

smat—x L)01107' @no"r( )
2.1
(2.13) o o Z

The Fourier transform of the prolate spheroidal wave functions satisfies the re-

lations
(2.14) / e*itwcpnygﬁ(t)dt = (—19)"277/(0An) Pnor (TW/0) X0 (W)
and

-
(2.15) / e Mo, o)At = ()" /27T A [0 Pn.or(TW/T),
—T
where x,(w) is the characteristic function of (—o, o).
To simplify the notation, we normalize the prolate spheroidal wave functions so
that they are orthonormal on (—1,1), i.e., we set 7 = 1 and hence v = ¢ and denote
©n.o1 by ¢n. Hence, from (ZIH) we obtain fil ey, (t)dt = Vnon(w), where

Yn = ()"\/27T A, /o, which gives the less familiar formula

(2.16) *”"w—z%% on(t), twel[-1,1].

3. REPRODUCING-KERNEL HILBERT SPACES

Let ‘H denote a Hilbert space of functions defined on a set E. We denote its inner
product and norm by (, ),, and ||—||,,, respectively. A function K(z,y),z,y € E
is called a reproducing kernel of H if: i) for every y € E, K(z,y) € H as a function
of x; i) for every y € E and every f € H, f(y) = (f(z), K(z,y))4

Here it is understood that the inner product applies to functions in x. If a
reproducing kernel exists, it must be unique. Moreover, the reproducing kernel
exists if and only if for every y € F, the point evaluation f(y) is a continuous linear
functional on H.

A function h(zx,y) is said to be Hermitian if A(z,y) = h(y, ) and positive definite
if szzl h(y;,y;)cic; > 0 for any set of finite points {y;};—, and complex numbers
{e;}i, . Tt is easy to see that if K(z,y) is a reproducing kernel of H, then K (z,y)
is Hermitian and positive definite. Conversely, if K(z,y) is a positive definite
Hermitian function defined on FE, then there exists a uniquely determined Hilbert
space Hx of functions on E admitting the reproducing kernel K (z,y). If K(z,vy)
is a reproducing kernel, then the following is true:

K(z,2) 20, K(z,y) = K(y,2) and |K(z,y)|* < K(z,2)K(y,y).
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If K(z,y) is a reproducing kernel of H and {g,},-, is an orthonormal basis of H,
then

(3'1) K(l‘,y) = Zgn(x)m , T,y € E.
n=0

Let E be an arbitrary set and F(E) be the linear space of all complex-valued
functions defined on E. Let H be a Hilbert space with inner product (, ),,, and
h : E — H be a vector-valued function from F into H. Consider the linear mapping
L from H into F(E) defined by

(3.2) f(p) = (LF)(p) = (F,h(p))ys

where LF = f, F €H, f € F(E).
Let H and N (L) denote the range and the null space of L. Let M = H© N (L),
and denote by P,; the orthogonal projection from H into M. It has been shown

that [8], 9] (’I:[, (, )ﬁ) is a Hilbert space that is isometric to (M, (, ),,) , where
Moreover, (7:[, (, >ﬂ) is a reproducing-kernel Hilbert space. Now let

(3.4) K(p,q) = (h(p),h(q)), Pg€EE.

Because for any complex numbers {o;}2 ;,

0< <Zaih(m), Zajh(pj)> =" oud; (h(pi), h(p;))

H o Gg=1
n
= Z OéivajK(pi,pj),
ij=1
it follows that K (p,q) is positive definite and Hermitian, and hence it is the repro-
ducing kernel of some reproducing-kernel Hilbert space (possibly finite-dimensional

space). In fact, that space is exactly H.
We have

(3-5) 11l = [l < [1F gy

where the infimum is taken over all F' such that LF' = f. Furthermore, L is an
isometry between H and H if and only if {h(p) : p € E} is complete in H and in
this case N(L) = {0} and hence

(3.6) 1fllz = 1PsEllyy = [1Fl -

Now we apply these general results to a specific case. Let du be a o-finite positive
measure and T be a du -measurable set. Consider the Hilbert Space H = L?(T, du)
consisting of all complex-valued functions F' such that

2
1F1 g = /T F(t) Pdu(t) < .

Let E be an arbitrary set and h(t,p) be a fixed complex-valued function on 7' x E,
such that

h(t,p) € L*(T,du) for any p € E.
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Let L be the linear mapping L : L?(T,du) — F(E) defined by
(3.7) £6) = (LF)Yw) = | PO, e 1T d),

Then, the set of all such f’s is a reproducing-kernel Hilbert space H = Hx with
reproducing kernel

(3.8) Kmmzéﬁmwwwwm,
with f(q) = (f, K(., q));; and
(3.9) |w@=MAww%wsAwwWWx

where the infimum is taken over all F' such that LF = f. Moreover, the integral
transform (3.7) is an isometry between L2(T, du) and Hy if and only if {h(¢,p)}
is complete in L?(T, dpu).

peEE

4. THE MAIN RESULT

Now we state and prove our main result.

Theorem 4.1. Let T be an interval of the form [a,b], where —co < a < b < o0,
and E be a measurable subset of R containing T, i.e., T C E. Let h(t,p) be real and
continuous on T'x E, and assume that {h(t,p)},cp is complete in L2(T,du). Then

there exist a reproducing-kernel Hilbert space, H, comprising functions defined on
E and an orthonormal basis {¢n }or of L*(T,dp) with the property that o, can be
naturally extended to functions ®,, defined on E such that ®,, € H and

i
ﬁ@MWM®W®=AyMWMWMﬂ=%m
i)
(Prn, Pr) gy = UnOmn, With i, = 1/|)\|i,

where {\,} are the eigenvalues of a compact operator on L*(T,du);
iii) {¢n}or, are solutions of the Fredholm integral equation of the second kind

b
(4.1) m/%MW@MW@Z%@7PHZ

where K (z,p) is the reproducing kernel of H;
iv)

h(t,p) = > Anen(®)en(p), tpeT;
n=0

oo

K(p,Q)=Zw;

n=0

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



GENERALIZATION OF THE PROLATE SPHEROIDAL WAVE FUNCTIONS 2199

vi) in addition, if there exists a sequence of points {pn},—, C E such that
{h(t,pn)} is an orthonormal basis of L*(T,du), then for any f € H,

(4.2) ) =" fpn)K(p,pn)
n=0
and
n=0 n
Proof. i) Define
b
(1.4) f0) = LEW) = [ FOMEDdu),  peE

for all F € L*(T,du) = H. Since h(t,p) is continuous on T' x E, it is in L*(T, du)
for any fixed p € E; hence, (LF)(p) is well defined for any p € E. Moreover, we

(LF (/ () Pdu(t )(/ Ih(t,p) Pdn( >>

Since h(t,p) is continuous on the closed square Q@ = T x T, we have

/|LF ) 2du(p <\|F||H//\htp|d,u Ydpu(p) <

which implies that when LF(p) is restricted to T, it is in L*(T,du), i.e., L is a
continuous linear transformation on L?(T,du). Because h(t,p) is real, it is easy to
see that L is self-adjoint. Moreover, by standard arguments one can show that L
is compact.

Since L is a self-adjoint, compact transformation on L?(T,du) = H, it has a
sequence of eigenvalues {\,} ~, and eigenfunctions {¢,} -, such that Ly, =
Antpp for all n, ie.,

b
(4.5) / (DAt D)du(E) = (on() Bl D)3y = Ao (D).

If {¢r} is an orthogonal basis of the null space of L, then the set {@k, i} is
an orthogonal basis of L?(T,du). But from the assumption that {h(t:p)}per 1s
complete in L*(T,dp), it follows that the null space of L is {0}, and hence the
eigenfunctions {¢,} are an orthogonal basis of L?(T,du). From now on we shall
normalize them so that (@, ¢n)y; = Om.n, and hence, they form an orthonormal
basis of L2(T, du).

But from (B7) and the discussion following it, it follows that L also maps H =
L%(T, dp) into a vector subspace, H, of the space, F(E), of all functions defined on
E. The space H, which consists of all functions of the form B, is a reproducing-
kernel Hilbert space with inner product given by ([B3)) and a reproducing kernel
given by ([B.8).

Let us denote the image of ¢, (t) under L by ®,(p), p € E. Evidently, ®,(p) =
Anpn(t) for p € T, and as a result, we may conclude that ®,,(p) is an extension of
©n(t) from T into E.
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ii) From B3] we have

But since {h(t,p)}peE is complete, we have

(4.7) A (Pms On)iy = (Pms Pudry = Omoms
which implies

1
(4.8) H‘Pn”?:‘ = fbn, where p, = W

iii) We also have from (£3)),

b
" / e (O)(t, p)dp(t)

/ h(t,p)dpu(t {/ (m)h(m,t)du(x)}
/a {/ h(t,p)h(z, t)du()}du( )

b
- / (@)K (2, p)dpi(z).

But once more from (4.3]), we have

X2n(p) = An / (Ot p)du(t),

which, when combined with (£3]), leads to the integral equation

b
/ (@)K (2, p)dpu(z) = X2pn(p) = uigon@),

n

(4.9)

which is equivalent to (@.1]).

iv) This follows from (X)) and the fact that {p,} is an orthonormal basis for
L(T, dp).

v) This follows from (BI) and the fact that {¢,(x)/\/itsn} is an orthonormal
basis of H.

v) Let us denote h(t,p,) by hn(t). Since {hy(t)} is an orthonormal basis of
L*(T, dp), we have F(z) = Y7 ((F, hy)h,(x). By applying the transformation L
to this relation and noting that f(p,) = (F, h,), we obtain ([@2).

Finally, because {h,(t)} is orthonormal, it follows that K(pm,pn) = 0m,n, and
hence ([3]) follows from (iv). O

Remarks. 1) Clearly, (i), (ii), and (iii) generalize (23] and (2.8), while (iv), (v) and
@3] generalize 2.16), 2.I3) and (2.12)).

2) Theorem ATl is essentially an existence theorem. Finding explicit examples is
not easy because it depends on finding explicit solutions of integral equations.

3) Since finding the eigenvalues and eigenfunctions of boundary-value problems
involving differential operators is easier than finding those of integral equations, one
may be tempted to derive the double orthogonality property by first starting with
a boundary-value problem and then converting it into an integral equation. This
approach is bound to fail because in this case the kernel of the integral equation,
which is the Green’s function of the problem G(z, t), does not satisfy the hypotheses
of Theorem [£1] the reason being that the Green’s function is generally given by
two expressions, one for a < x <t and one for t < x < b and therefore, it does not
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GENERALIZATION OF THE PROLATE SPHEROIDAL WAVE FUNCTIONS 2201

have a natural extension for either x or ¢ beyond the original interval of definition
[a, b].

5. EXAMPLES

First, we show that the prolate spheroidal wave functions are a special case of
Theorem (.11

Example 5.1. First, let us observe that if f € B2, then f can be written in the
form f(t) = fil et F(x) dx, for some F € L?(—1,1). This may suggest that we
take the function h(z,t) in the theorem to be e??**; however this function does not
satisfy the hypotheses of the theorem. Therefore, we will first take h(x,t) = cos oxt,
and consider the integral operator

1
(K71 F)(t) = / F(z) cos(oat) dx = f(t),
~1
acting on the space L2, (T), of all even functions in L?(T), where T = [—1,1].
That h(z,t) is complete follows from the Riemann-Lebesgue lemma.

Because ¢y, is real and even when n is even, it follows from (23] that the eigen-
functions of the integral equation

/71 o(x) cos(oat) de = Ap(t)

are {2y (z)} with eigenvalues vo,,. Hence, the extension of {(a,(x)} to the whole
real line is an orthogonal basis for the space of all even bandlimited functions.
Secondly, we take h(x,t) = sinoat, and consider the integral operator

1
(KaoF)(t) = / F(x)sin(oxt) dz = f(t),
~1

acting on the space LZ?,,(T). By the same reasoning, we prove that the extension
of {pan+1(x)} to the whole real line is an orthogonal basis for the space of all odd
bandlimited functions. The result now follows since L*(T) = L2, .,,(T) & L2,,(T).

even

Example 5.2. Let h(z,t) = €Y% v # 0 and consider the operators K defined by
1

(5.1) (KF)(t) = / TR (z)de = f(t).

-1
Although one can use standard methods for solving integral equations to find the
eigenfunctions of this operator, we will use an easier, but indirect method, to do
so. Now consider the differential operator L, = %(1 — xz)% + 7222, Tt is easy to
see that Ly(KF)(t) = (1 —t2)f" —2tf' +~¥2t2f , or

1
(5.2) L(KF)(t) = / T F(2) {v?2?(1 — ¢7) — 29ta + vt} da.

-1
On the other hand, we also have
1
d
K(L.F)(t) = / et {% [(1—2*)F'(2)] +72$2F($)} de = I + I,
-1
where

1
I = / et {%(1 — xQ)F'(a:)} de and I, = 72/6“1332}7(3:)6&.

—1
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By integrating I; by parts twice, we obtain

L zvt/_lF(x)%{(l—x2)67m}dm:7t/—1 " F(z) {vt(1 — 2*) — 2z} da.

Thus, by adding I; and I, we have

1

(5.3) K(L,F)(t) = [1 " F(z) {2 (1 — 2%) — 2ytz + 722} da.

By comparing (5.:2)) and (5.3]), we conclude that K and L commute; hence, they have
the same eigenfunctions. But from (Z7), we conclude that the oblate spheroidal
wave functions are the eigenfunctions of K.

It is easy to see that the space (7:{, (, )7;‘) consists of all functions f(¢) of the
form (BI) and the inner product is given by [7, p. 62]

N AT

The reproducing kernel is given by K. (t,n) = sinh~y(t —n)/m(t —n). It follows
that the oblate spheroidal wave functions are orthogonal on (—1,1) and also on
the imaginary axis. Moreover, they are an orthogonal basis of L?(—1,1) and of the
Hilbert space H because the exponential functions are complete.
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