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Abstract

We extend our study of the swarm-based gradient descent method for non-convex optimiza-
tion, (Lu et al., Swarm-based gradient descent method for non-convex optimization, 2022,
arXiv:2211.17157), to allow random descent directions. We recall that the swarm-based ap-
proach consists of a swarm of agents, each identified with a position, x, and mass, m. The key
is the transfer of mass from high ground to low(-est) ground. The mass of an agent dictates its
step size: lighter agents take larger steps. In this paper, the essential new feature is the choice
of direction: rather than restricting the swarm to march in the steepest gradient descent, we
let agents proceed in randomly chosen directions centered around — but otherwise differ-
ent from — the gradient direction. The random search secures the descent property while
at the same time, enabling greater exploration of ambient space. Convergence analysis and
benchmark optimizations demonstrate the effectiveness of the swarm-based random descent
method as a multi-dimensional global optimizer.

Keywords Optimization - Gradient descent - Swarming - Backtracking - Convergence
analysis

Mathematics Subject Classification 90C26 - 65K10 - 92D25

1 Introduction. The Importance of Random Marching Directions

In this work we extend our study of swarm-based approach for non-convex optimization,
[14], with the aim of finding minimizer(s) of a loss function, argmin,_, F(x), over an ambi-
ent bounded set  C R?. Classical iterative algorithms for numerical optimization employ
a single agent which explores the ambient space by successively improving the position
of approximate optimize(s), e.g., [2, 16, 17] and the references therein or the more recent
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[9, 11] etc. Unlike those single-agent iterations, the swarm-based methods use a crowd of
coordinated agents — the swarm, to explore <2, e.g., [3-5, 7, 8, 10, 14, 19, 22, 23]. Here
we follow the swarm-based approach introduced in [14], in which the swarm consists of N
agents, each is identified with a position X}, and an independent mass (or weight), m,
X! =x,(t"eQCR!, m!=m;(t")e©,1], i=12,...,N.
Thus, the distinctive feature of our swarm-based iterations is the fact that they are embedded
in the larger space, (x},m}) € Q2 x [0,1] C R?*!: the additional mass-parametrization is
the essential platform which enables proper coordination of agents, in order to improve the
overall configuration of the swarm in its search for an optimizer.
The basic step takes the form

n+1 n n.n .
Xi :Xi_hipi’ l:1,2,...,N.

It reflects the move of an agent from its current position, X}, in direction p; with step-
size h}. In [14] we advocated the use of gradient direction, p} = VF(x}). By properly
adjusting the step-size which takes into account the weights of all other agents in the crowd,
hl = hi(x?, {m’}}lg i< N) (this is where the communication between agents enters), one is
able to secure the all important descent property, [14, Eq. (5.5)]

F(x! = hp}) < F(X) = Mh} V()2 p; = VF(X));

here A; are the descent amplitudes, depending on the weights X; = X; ({m';}lgjglv) € (0,1).
In this work, we abandon the use of the gradient direction, p} = V F(x}), and instead focus
on the descent property as the sole guidance in our swarm-based iterations. This allows us
to choose from a large cone of directions which still secure the descent property. By ran-
domly choosing proper directions p/, which are still compatible with the descent property,
we significantly increase the heterogeneity of the swarm-based method in exploring larger
portion of the ambient space, while keeping the overall decent property.

Our swarm-based method ends up with an interplay between positions and weights which
takes the schematic description
{tm"h<j<n. FO&O} > mi™,

n+1
P

{mi* x> x
The method repeatedly transfers mass from high to lower ground while on the way, driv-
ing agents to smaller (lower) loss values; in particular, {min; F(x})} forms a decreasing
sequence in time, which ideally approaches the global minimizer in the region explored by

these agents,

n—00 .
X! —> argmin F(x).
xXeQ

The last statement applies to certain sub-sequence, 15, R which is made precise in the
main convergence results of theorems 3.2 and 3.3 below.

A detailed description of this two-stage swarm-based mechanism now follows.

Mass transfer. In the first stage, positions change the distribution of mass: each agent
with mass m] transfers a fraction of its mass, n7'm/, to the current global minimizer posi-
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tioned at x;, where i, := argmin; F (x}).

m(’+1 =m" — ’?mf’, i 1} 7 7
fl+l _ ;1 (a n.n 75 ! r]’.l = (M)q € (O 1] (1 1)
it =mi 4 nim, PN Fn — FM T '
iFin

Fxh—F" \1 . . . .
L—min ) is determined by the relative height of each

Fitax = Fipin
agent, relative to the global extremes,! F. = min; F (x}) and Fj,, = max; F(x}), and
depending on user-choice of a mass transfer parameter, g > 1. The higher ¢ is, the more
tamed is the transfer of mass. A systematic study reported in Sect. 4.2 below reveals a
dramatic improvement when increasing the mass transfer parameter g =2, 4, 8.

Observe that while the total mass is conserved, say ), m} = 1, individual masses are
redistributed from high to lower ground — the higher the agent, the larger fraction of its
mass will be lost in favor of the agent at the lowest ground. In fact, the highest agent in each
iteration is eliminated: to be precise, the worst performing agents are eliminated whenever
1 — ! = O(e) < 1. This is an aggressive ‘survival of the fittest’ protocol, so that after
N iterations the swarm consists of a single agent which should be in the best position to
approach the minimum of the space explored so far by the swarm. We note in passing that
one can adopt a more flexible protocol which allows the worst (highest) agents to survive a
few iterations before elimination; this flexibility would improve the overall success rates of
the swarm at the expense of efficiency.

In particular, the dynamic adjustment of masses in (1.1) can be interpreted as a partic-
ular case of alignment dynamics, with ‘aggressive’ protocol in which agents steer towards
the minimal heading, m” = min; m}. Instead one may consider a more tamed alignment to-
wards an average heading, as originated in [20], see e.g., [21] and the references therein. In
this context we refer to the stochastic-based Consensus Based Optimization, [3, 6, 19, 22],
steering towards a properly weighted convex combination, m" = ) ;07x}; with weights
9]’.‘ = exp(—otF(x_’;))/( > exp(—ozF(xZ))), which in turn is driven to a global minimum
by letting o >> 1. We note that a main novelty in our approach is the use of masses {m}
in (1.1) as independent variables, which evolve alongside the dynamics of positions {x'}
outlined in (1.2), (1.4a)—(1.4c) below. Indeed, carrying out the perspective of alignment dy-
namics, the masses provide the essential added dimension as a platform for communication
among the agents of the swarm.

Stepping in descent direction — a random choice approach. In the second stage, the
distribution of mass affects the change of positions,

The fraction of mass transfer, (

X =x! — n'pl. (1.2)

1

The driving force behind the protocol for choosing the direction, p = p?, and the step size,
h = h?, is to secure the following descent property, depending on the relative mass %:‘H

and a descent parameter A < 1,

m !

1 ~n n ~n 1
F(x! —hp!) < F(x!) — Ekmi+1h|VF(xi)|2, it =————0 A<l (13)
max; m;

ITo prevent vanishing denominator in the extreme case Fmax = Fpin, We adjust (1.1) with a small e-
. F(xX")—F".  \q
correction, 1} := (W) .

min
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Fig.1 q} is the gradient o
orientation — the unit vector I
along the gradient direction,
VF(x}), and the unit vector, ®,
is determined by a randomly
chosen point on a spherical cap
centered around q;' (shown as the
shaded part of the sphere)

= COS(9 6[1/2 1]

We recall that the choice of the gradient direction, p; = V F(X]), secures the sharper steepest
descent property,

F (X} — hp})pr—vran < FX) —ami RIVE (X)),

which was the basis for the swarm-based gradient descent (SBGD) method we introduced
in [14]. The purpose of this work is to extend the SBGD method by allowing a larger set
of descent directions: the emphasis is no longer on the steepest descent along the gradient
direction but instead, allowing a more effective exploration of the ambient space using a ran-
dom choice of directions, {p}, that still maintains (half the steepest) descent property. This
implies that the swarm, stepping in other than the gradient direction, will explore a larger
portion of the ambient space, which in turn leads to a more effective search, and proved
to be particularly relevant in high-dimensional optimizations, see the numerical simulations
reported in Sect. 4. We refer to this new version as the Swarm-Based Random Descent
(SBRD) method.

We provide below a detailed, self-contained description of the SBRD. The stepping pro-
tocol is based on the choice of direction and step-size. The direction p7, is determined by its
orientation, ®;

p=IVFx)|e!, o eS", (1.42)
Jati he orientation of the gradient, ¢! = ~=i" € S7-!, so that
relative to the orientation o € gradient, qi = |VF—(X7)\ € , SO thal
Whq)=r, = L) (1.4b)
l’ql ’ ql ° |VF(X7)| :

Here, r is randomly chosen number from a uniform distribution in an interval dictated by
the relative mass,

reu[pa+iih. 1], (1.4c)

This means that the orientation of p} lies in a spherical cap centered around q}. The ‘open-

ing’ of the corresponding spherical cone, see Fig. 1, 6 := arccos (% 1+ n’if“)). It is larger
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for lighter agents, and coincides with the gradient direction, V F (x7), for the heaviest agent
where 71/t = 1. The protocol for randomly selecting " subject to (1.4b) is outlined in
Sect. 2.1 below.

Choosing the step size — a backtracking protocol. It follows that the new position,
X"t (h) = x!' — hp} — viewed as a function of the step size h, satisfies the desired descent
property, at least for small enough 4. Indeed, (1.4a)—(1.4c) implies

(p!. VF(xX!) =r|VFx!)|* > (1 + I VE D (1.5)

Hence, if we let L := max,cq || D?>F (x)|| with L < oo serves as a Lipschitz bound? of VF,
then for every A < 1 and & < 1/L, there holds

2
FM () < F(!) — h(p}, VF(x)) + %LIVF(X?)IZ

1 ~

<F(x!) — 5(1 +m! ! — Lh)h|VF (X)) (1.6)
1.

<F(x") — Em;’+1h|VF(x;')|2.

Thus, we recover (1.3) for any & < /.3 In particular step size of order < !/L need not
necessary be very small to enforce the descent property. We note, however, that since we
have no access to the Lipschitz bound L, we therefore do not have an effective protocol
for computing a step size which secures (1.6), beyond making the generic statement that it
holds for ‘sufficiently small’ 4. In fact, 7 < !/L need not be small and we are interested in
a protocol that identifies the largest h for which (1.6) holds (observe that the larger 4 is,
the larger is the descent bound quoted in (1.6)). To this end we use a backtracking protocol
outlined in Algorithm 2 below. The backtracking algorithm produces a time step, 4 = h},
depending on the position of the agent X!, and its relative mass m”+1

h — h(X ~n+l)

It secures the lower bound h} > % for some y < 1, so that using (1.6) we finally end up with
the descent property of the form,

F&) < FR!) — ﬁm;f“ IVEED]E, X' =x' —h'pl.

Remark 1.1 This should be compared with the descent property of SBGD method restricted
to the steepest descent direction p; = V F (x]'), for which we have, [14, Proposition 5.2],

2
F'™) < F(x!) — Ty(l A AR TV F ().

Thus, our stepping protocol retains at least half of the steepest descent, while gaining greater
heterogeneity in space exploration. In particular, while heavier agents are still restrained by

2In fact, one can use a Lipscitz bound localized to the neighborhood of x'* that is being visited by the
SBRD iterations, but since this neighborhood is not quantified we address the global Lipschitz bound

9F
L =maxy g xeq ﬁ .
1+mn+1 (1-2)
3In fact, a slightly larger threshold, h < ——F———, still allows (1.6) to hold.
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Table 1 Success rates of SBRD vs. SBGD for global optimization of the d-dimensional Ackley function
using N agents based on m = 1000 runs of uniformly generated initial data, x? e[-3.3). Backtracking
parameters are > = 0.2 and y = 0.9 (see algorithm 2). Boldfaced numbers emphasize the cases where SBRD
outperforms SBGD by more than 1%. The randomization provided by SBRD becomes essential beyond the
critical dimension d = 13

N=10 N=25 N =50 N =100

d SBRD SBGD SBRD SBGD SBRD SBGD SBRD SBGD
12 13.7% 26.7% 55.5% 96.2% 88.3% 100.0% 99.2% 100.0%
13 8.8% 9.2% 49.9% 65.5% 82.1% 95.6% 98.1% 99.9%
14 3.0% 1.7% 42.4% 22.3% 77.9% 51.0% 96.1% 85.4%
15 1.3% 0.4% 35.9% 2.7% 70.2% 10.6% 90.5% 23.7%
16 0.3% 0.0% 23.6% 0.1% 60.6 % 0.8% 85.2% 2.2%
17 0.1% 0.0% 14.1% 0.0% 50.8% 0.1% 79.1% 0.4%
18 0.0% 0.0% 8.8% 0.0% 37.3% 0.0% 65.5% 0.0%
19 0.0% 0.0% 2.0% 0.0% 16.8% 0.0% 48.2% 0.0%
20 0.0% 0.0% 0.7% 0.0% 51% 0.0% 21.3% 0.0%

smaller time steps, lighter agents are now allowed to take larger time steps from a richer set
of directions which are aligned with — but otherwise different from, the gradient direction.
This ‘greedy’ exploration of the ambient space by lighter agents, increases their likelihood
of encountering a new neighborhood with a better minimum, which may place one of them
as the new heaviest minimizer and so on.

1.1 Why Randomization Is Important

We compare the swarm-based method

X =x! —hx! amthp!, i=1,2,...,N, (1.7)

in two scenarios: with the gradient direction for SBGD, p} = VF(x) and with the random-
ized direction for SBRD, p! = |[VF (X])|w} in (1.4a)—(1.4c). The same backtracking pro-
tocol was implemented in both cases. The advantage of randomization in exploring larger
regions becomes apparent in SBRD when the number of agents is larger than the dimension
of the search space, N > d. The results recorded in Table 1 for the Ackley function show
that SBRD optimization outperforms SBGD optimization in higher dimensions.

More can be found in numerical simulations of several benchmark problems presented
in Sect. 4.
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Algorithm 1 Random descent direction p for agent x! with relative mass 771"
VFx)
Set q; = VFGD]

Choose random  such that (1 + 7i/) <r < 1
Set random vector Y € R?~! with Y (i) ~ AN (0, 1) so that Y/|Y| € S¢2
fori=1tod —1do
Set X (i) = /1 — 218
end for
Set X(d) =r so X =(X(1),...,X(d — 1), X(d)) € S*!
if 1 — q}(d) # 0 then
Setvi=q' —z where z:=(0,...,0, 1) is the north pole of S?~!
Setw! =X — 2! ",,‘2 v! % Simplification: |vl’.’|2 = 2(1 — qf(d))
else
Setw! =X
end if
Set p! = |VF(x})|w!

2 Swarm-Based Random Descent (SBRD). Implementation of Algorithm

The SBRD iterations are summarized in (2.1).

n+l1 _ . oL : n
mil+1 =mj —nim}, i #ln := argmin; F; . ( F'—F" )
mi, mj, + Z nimi, i Fr. —F"
iin
n+1
= m;H’ m"t maxm"+l
my - @.1)
Choose arandom r eu[ (I 4+mith, 1];
p; =p/X], N'.’H) Algorithm 1 computes p7 such that
(o}, VF(x)))=rIVFx)I?
ht = h(x A"ty Backtracking protocol in Algorithm 2
Xt =X —hipl,

The first part encodes the mass transfer from high to low ground in terms of a communication
protocol, that dictates mass transition factors, {1'}. The second part encodes the stepping in
a descent direction, A?p?, based on two mass-dependent procedures:

(i) a random choice of the descent direction, p! = p7(x], ), whose orienta-
tion is aligned within a random opening away from the orlentatlon of the gradient
VF(X})/IVF(x!)|; and

(ii) a backtracking strategy for adjusting the step size, h] = h(x A which secures
the desired descent property. Observe that both the direction and step size are adjusted to the
position and the relative mass of a given agent.

These procedures are summarized in the following pseudo-codes.

n+l

n+1)

2.1 A Protocol for Random Choice of the Descent Direction

Algorithm 1 picks a random orientation lying in the spherical cap of the unit sphere,
F(X”)

W and then sets the descent

w} € S-!, centered around the gradient orientation, q; =
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2 Page8of21 E. Tadmor, A. Zenginoglu

direction p! = |VF (x})|w}. To this end, we proceed in two steps. First, sampling a ran-
domly chosen point, X = (X(l), L Xd-1), X(d)) € S9!, in the spherical cap centered
around the north pole, z = (0,0, ..., 1),

vl () Y(@)~N(QO,1), i d =1,

X)) = |Y|
r, i=d.

Note that Y = (3, Y2()) ™ (Y (1), ..., Y(d — 1)) is a random point (with normally dis-
tributed components) on S~2 and therefore X above is the projection of that random Y onto
the spherical cap of Sd_l dictated by r. Here r is a randomly chosen parameter from a uni-
form distribution in > (1 + m"*l) < r < 1; thus, the spherical cap, shown as the shaded area
in Fig. 1, has an opening angle of § = arccos(r), ranging from 6 = 60° for lightest agents to
the gradient orientation, 6 = 0°, for the heaviest agent. In the second step, Algorithm 1 uses
the unitary (Householder) reflection which reflects the north pole z to ¢}

v VnT
Pl=1-2 ’( ) , vii=q —1z,

and then reflects X into the desired @ := P/ X, see Fig. 1,
2.2 Backtracking — a Protocol for Time Stepping

The direction p} computed in Algorithm 1 is partially aligned with VF(x}) so that (1.5)
holds. Once the direction p! is set, the new position x/*'(h) = x” — hp! is viewed as a
function of the step size h, and the objective is to select an appropriate step size, h! =
h(x Am"“) which ensures the corresponding descent bound (1.6),

FMY S F(X) — —aml T eI VF(xM))?, X\Th=x!—n'p!, 0<i<l. (22)
A proper strategy for choosing such step size is based on the classical backtracking line
search, [17, §3], which is a computational realization of the well-known Wolfe conditions
[1, 24]. Recall that by Taylor’s expansion (1.6), the desired bound holds for any sufficiently
small step size, i < 1. In fact, any step size & < !/L, which need not be small, will suffice
for the descent property, except that we do not have apriori access to the value of L. Our aim,
therefore, is to choose a relatively large step size A, that even if not optimally tuned with /1,
it is still large enough to enforce the descent term %kn?f’“h,’-’ IVF (x}’)lz. To this end, one
employs a dynamic adjustment, starting with a relatively large h = ho (say — hg = 1) for
which one expects

1
F(x! —hp}) > F(x") — 5)»117,'.'+1h|VF(X;’)|2,

and then successively shrink the step size, h — y h, using a shrinkage factor 0 < y < 1, until
the descent condition (2.2) is fulfilled. Adjusting the shrinkage parameter y requires careful
consideration of the trade-off between the cost of a refined y ~ 1 vs. improved performance
with a crude y < 1.

The pseudo-code for computing the SBRD steps based on backtracking line search is
given in Algorithm 2 below.
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Algorithm 2 Backtracking line search

Set the shrinkage parameter, y € (0, 1)

. ~ mi ¥l
Set the relative mass 711} ' = =

mn+l
Initialize the step size h = hy. .
while F(x! — hp!) > F(x!) — iam! "' h|VF (x!)|* do
h < yh.
end while
Set h! = h(x!', xim!*') < h

A stepping protocol for a non-convex optimization is required to strike a balance be-
tween small steps in the vicinity of a potential minimizer and larger steps which avoid being
trapped in local basins of attraction. The backtracking protocol achieves such a balance by

adjusting the step size of each agent according to its relative mass, m"Jrl
mn+1
h! =h(x], AN”+1) mrtt = mi’“’ m’fl = maxm"“, O<ir<l, (2.3)
+

where h(x!,-) is a decreasing function of the relative mass Aﬁif’“. Thus, our mass-
dependent backtracking is an adaptive protocol: it adapts itself from small time steps in
the steepest gradient direction for heavier agents which lead the swarm, to larger steps in
randomly chosen directions (that may differ from the steepest descent) for lighter agents
which are the explorers of the swarm, exploring the ambient space.

The descent property. The backtracking Algorithm 2 yields a step size h} = h(x],
Am "*1) with a lower bound A > % with L denoting a Lipschitz bound of VF which is
assumed to exists, L = maxycq || D*F(X)|| < co. Indeed, this can be argued by contradic-

tion: if 2 < L then by (1.5) we would have,

n n n

n in n hi n n i \2) .1y 2
F( = =t) S FOO = L VEGD) +5 () 1))

1+m! LK
2 2)/

gF(x;’)—< )hnIVF(X )N

1 k"
<F() — 2 mrt! l|VF(x;l)|2, A<l

But this contradicts the fact that the backtracking iterations fail to satisfy such inequal-
ity with step size h/y, since according to Algorithm 2, F(x] — (h}/y)p}) > F(x) —
1k~”+1 (h?/VIVF (Xj‘)l2 (in fact, the largest step size that succeeds in securing reverse in-
equahty is with time step 4, h} < h'/y). This contradiction confirms that ] > X, which
in turn enables us to convert the descent bound (2.2) into a precise descent property,

1
FX'Y < F(x!) — EA;%;’“hﬂVF(xl’.‘)F <F(x)) — %xﬁ;’“ Nat9ls (2.4)

The descent property we obtain is constrained by an additional factor of % compared to
the standard version of SBGD that relies on the gradient direction [14, Proposition 5.2].
However, the randomization of the descent direction brings the advantage of allowing lighter
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Algorithm 3 Swarm-Based Random Descent Method

Set the parameters: tolm, tolmerge, tolres, and nmax
Set the number of agents, N, and the mass transfer parameter, g > 1

Randomly generate initial positions: x, ..., x},
Set initial mass for all agents: m% = --. =m% =1/
forn=0,1,2,..., nmax do

Merge agents if their distance < rolmerge
Set the index of the optimal agent: i, = argmin; F'(X)
Set Fiin = F(x:?n) and F, = max; F(x])
fori=1,...,Nandi #i, do

if m! <1/~ -tolm then

Set mit =0
Reduce the number of active agents: N < N — 1
else o N4
Setm" = m" —n'm"  where n" = (;)71{:>
end if
end for
Set m'.’+1 =m] + Zl#” ntm!

Set my = max; m} !

fori=1,... Ndo

Compute relative masses 71
Compute a random descent dlrectlon "' (using Algorithm 1)

n+1
n+1 ’"i

Compute the step size: h = h(x}, A "“) (using Algorithm 2)
Update position: x/*' = x — hp!
end for
if [x/"! — x| < tolres then
break
end if
end for

agents to explore a wider range of directions. As we will see later, this exploration leads to
substantial improvements in the optimization process in high dimensions.

It is important to note that heavy agents still adhere to the steepest descent along the
gradient direction. The spherical cone of random directions is narrower for heavier agents. In
fact, the heaviest agent strictly follows the steepest descent with p} = V F(X]), eliminating
the need for a random choice at this particular point.

2.3 SBRD Pseudocode

The pseudocode of the SBRD method is presented in Algorithm 3. The initial setup involves
N randomly distributed agents xJ, ..., x%, associated with initial masses m?, ..., m%. Ini-
tially, all agents are assigned equal masses, m =I/n, j=1,..., N. At each iteration, the
agent positioned at Xx;, = argming F(X]) attalns the minimal value, while the other agents
transfer part of their masses to that minimizer X;,. Then all the agents are updated with the
gradient descent method using the direction obtained in (1.4b) and step size in (2.3).

We use three tolerance factors:

- tolm: If an agent’s mass falls below this threshold, the agent is eliminated, and its

remaining mass is transferred to the optimal agent at x;, .
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- tolmerge: Agents that are sufficiently close to each other, i.e., their distance is below
this threshold, are merged into a new agent. The masses of the merged agents are combined
into the newly generated agent.

- tolres: The iterations terminate when the descent of the minimizer between two consec-
utive iterations falls below this threshold.

3 Convergence and Error Analysis

The study of convergence and error estimates for the SBRD method requires quantifying
the behavior of F. Here we emphasize that the required smoothness properties of F' are
only sought in the region explored by the SBRD iterations. We assume that there exists a
bounded region, 2 > x} for all agents. Since the SBRD allows light agents to explore the
ambient space with large step size (starting with /), we do not have an apriori bound on €2;
in particular, the footprint of the SBRD crowd conv; {x}} may expand well beyond its initial
convex hull conv; {x?}. The expansion of the initial convex hull is an essential feature of the
algorithm that allows the agents to find minima outside their initial range, demonstrated in
the numerical experiments with shifted initial data domains such as in Table 5.

We consider the class of loss functions, F € C%(2), with Lipschitz bound L =
maxg | D*F|| < oo,

IVFx) —VF(y)I<Llx—yl, Vx,yef. 3.1
3.1 Convergence to a Band of Local Minima

Our next proposition provides a precise quantitative description for the convergence of the
SBRD method. The convergence is determined by the time series of SBRD minimizers,
X2},

— in?

X" =x! i == argmin F (X} ). (3.2a)

n
i

We shall also need the time series of its heaviest agents, j, := argmax; m!; to this end, we

let X" denote the parent of the heaviest agent at t = " !
. 1
X|=x; . Jn+1 1= argmaxm; . (3.2b)
1

The interplay between minimizers and the communication of masses leads to a gradual mass
shift from higher ground to the minimizers. Eventually, the two sequences coincide when the
SBRD minimizers gain enough mass to assume the role of heaviest agents. Finally, we in-
troduce the scaling M = max; F (X?) — F(x*) where x* is the global minimum. Since F(X])
are decreasing, we conclude that the SBRD iterations remain within that range, namely

Fx!) — F(X’;) <M, vn,j, M:= maxF(x?)— F(x%). 3.3)
Proposition 3.1 Consider the SBRD iterations (2.1) with random-based search direction,

p}, determined by Algorithm 1, and with a step-size (2.3), h} = h(x,", )»171;’“), determined
by backtracking line search of Algorithm 2.
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Let {X" },>0 and {X!, },»0 denote the time sequence of SBRD minimizers and, respec-
tively, (parent of) heaviest agents outlined in (3.2a)—(3.2b) Then, there exists a constant,
C=C(y,L,M,Xx) given in (3.10) below, such that we have summability of gradients

Z(Sf,-min{l,éfl‘f}<ijnF(x?), 8, :=min{|VF (XL, [VFX")]}. (3.4)
=0

Here, q > 1 is the mass transfer parameter in (1.1).

n+1
Proof Our purpose is to find a lower bound on the relative masses, ml'.’+1 =24 ., which
m-.

In+1
will dictate the descent property of the different agents according to (2.4). Obser\J/re that for
the heaviest agent, i = j,.4, (2.4) with "7’/1‘;11 = | implies

F(x ’]’trll)\F(X”)— —k|VF(X )2, Xi:x;flm. (3.5)
We distinguish between two scenarios. The first is a canonical scenario in which the min-
imizing agent at t = ¢" coincides with the heaviest agent at time t"*!', namely, when
in = juy1, 0or X? =X . Then (3.5) implies
n n n y n n n
FX +1)<F(XJ++11)<F(X_)— EMVF(X_)F, X! =X1. (3.6)
The inequality on the left follows since X" *! = x”Jrl is the global minimizer at t"*!.
Next, we consider the second scenario i, # j,,+1, that is — when the mass of the mini-
m1_1+1
mizer m?:l did not yet ‘catch-up’ the position as the heaviest agent so that n’E,'.‘“ = mn’il <
Jn+1
1. Yet, we claim that the descent property associated with the relative mass m”+l cannot be
arbitrarily small. We consider two sub- cases depending on the size of F (X)) — F(X").
Case (i). Assume F (X)) — F(X") < A|VF(X )|2. Appealing to (3.5) we find

FX"™MH < FX™) < FX) )— |VF(X )< F(X”)——IVF(X > GBI

Jn+1

The inequality on the left follows since X" is the global minimizer at "*'; the middle
inequality quotes (3.5) and the last inequality follows from our assumption.
Case (ii). Finally, we remain with the case

F(X%) — F(X") > —A|VF(X )2

‘We claim that in this case,

YA
4ML

N 1
s s (PO = D) > (1) VPO P, (3:8)

Indeed, since agent j, is not the minimizer attime ¢t = t", namely j, # i,, then it had to
shed a portion of its mass, m’f —nim ]Hl — m’:’l which was transferred to the minimizer
n+1

m;T <«mi 4o+ niml Thus, the loss of mass by heavy agent

F; ) —F(x;) 1

n+l __ . n _ n _ Jn+1 in a _ n
Jort = My 0 s N = <max/ F(thz) _ F(le)) Ma (F(X ) — FXZ ))
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was gained by the minimizer agent, i = i,,. Therefore, the relative mass of that minimizer is
at least as large as claimed in (3.8)

~ m; : U” 1 A

n+l in + n V4 2,
m; E—— FX") - FX ( ) VFX")|H.
" ;%Jrll 1 77 Mq ( ( ) ( )) AML | ( )|

The descent property (2.4) together with (3.8) imply

FOX < PO < F(x) = Lo [VE () P
” (3.9)
FX”——— VFX)[* - |[VF(X"
xt) - L2 (LY v Ea P v EP

Combining (3.6), (3.7) and (3.9) we find
F(X"h

1
SFXD = Zmin {[VFEXDP VFXDP IVFXDP - IVFEDP} (34

1 4L 4ML
<SP - —&min{l 82}, c="C.max]2 (222)').
C YA YA
The desired bound (3.4) follows by a telescoping sum. ]

The summability bound (3.4) implies that eventually, for large enough n > Ny, the mini-
mizers and (parent of) heaviest SBRD agents, 6, < 1 and hence

Z min{|VF(X2)|, [VF(X")[}** < CmmF(xO)

n>Ng

It follows that there exist sub-sequences, X"« € {X'| },,»y, U {X" }n> No, satisfying the Palais-

Smale condition, [18], F(X") < max; F(x?) while VF (X") 0. Arguing along [14,
Theorem 5.4] we summarize by stating the following.

Theorem 3.2 Let {X"},»n, := (X" }uzny U {X" }uxn, denote the combined time sequence
of SBRD minimizers/heaviest agents, (3.2a)—(3.2b). Then there exist one or more sub-
sequences, {X"*, o =1,2,...,}, that converge to a band of local minima with equal
heights,

a—00

X" — X}, such that VF(X}) =0, and F(X}) = F(X}) (3.11)

In particular,in the generic case that F admits only distinct local minima in 2, namely —
different local minima have different heights, then the whole sequence X" converges to a
local minimum.

Proof Since we assume the sequence {X"} is bounded in €2, it has a converging sub-
sequences. Take any such converging sub-sequence X" — X* € Q. By (3.4), VF(X"*) —
0 for all sub-sequences, and hence X? are local minimizers, V F (X}) = 0. Moreover, since
F(X") is a decreasing, all F'(X?) must have the same ‘height’. The collection of equi-height
minimizers {X}, | FX)=F (X )} is the limit-set of {X" }. O
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Moreover, for analytic F’s, we can quantify the convergence rate (3.11). To this end we
use Lojasiewicz inequality, [12, 13], which guarantees that each critical point of analytic F'
has “flatness” of some fixed order 8 € (1, 2] in the sense that there exists a neighborhood
N, 3 x* surrounding x*, an exponent 8 and a constant x> 0 such that

1IF(x) = F(x)| < [VFx)I, VX € N.. (3.12)

Theorem 3.3 Consider an analytic loss function F with minimal flatness B € (1, 2], such
that the Lipschitz bound (3.1) holds. Let {X" },,> denote the time sequence of SBRD mini-
mizers, (2.1), (2.3), with converging sub-sequence, {X"* },, outlined in Theorem 3.2. Then,
there exists a constant, C = C(y, A, ), such that

/

C\#
F-rp () Bt pe. Gy

Observe that as “flatness’, increases,  decreases the polynomial decay in (3.13). A more

careful analysis which we omit,* allows to replace the factor (g + 1) by g, in which case,
(3.13) with ¢ = 1, 8 = 2 implies exponential convergence.

Proof We summarize the different statements of descent properties in (3.6), (3.7) and (3.9),
writing

1
FX"™H < FX") — EIVF(X’L)IZ("“), n > No,

where X' = argminxli {IVFX)I, IVF(X")|}. We focus on the converging sub-sequence
X"},

1
FX"™h - F(X) < F(X™) — F(X!) — EWF(X";)F@“). (3.14)
Using Lojasiewicz bound (3.12), and the fact that F(X"}) > F(X"), we find
IVFXE)N > wlF(XE) — F(X})| > | FX™) — F(X})|. (3.15)

Combining (3.14), (3.15), we conclude that the error, E,, := F(X"*) — F(X?), satisfies

1 2g+D "
Ena-%—l g En(, - E(/’LEnU,) B ) Xfa eNa-
The solution of this Riccati inequality yields
F(Xl‘la) F(X*) < {| . F( 0) F(X*)lil/ﬂ/ + 1 2(qﬂ+1) } ﬁ/ 13/ /3
)= < ¢ |min F(x;) — . — Ny , =
" ; ct 20+ 1) —p
and (3.13) follows. O

4Requires to eliminate case (ii) in the proof of proposition 3.1; consult [14].
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4 Numerical Results

Initially, the agents are placed at random positions, {x?} with equi-distributed masses
{m? = 1/n}. Masses are transferred from the high to the lowest ground at each iteration.
Since we implement a “survival of the fittest” protocol in which the agent with the worst
(=highest) configuration is eliminated, the swarm size decreases, one agent at a time, un-
til only the heaviest agent remains. Our choice for the time-stepping protocol, h(x Aﬁ),
is the backtracking line search outlined in §2.2, which is weighted by the relative masses,
n~1?+'. The backtracking enforces a descent property for the SBRD iterations x, and the
parameter, A € (0, 1), dictates how much the descent property holds in the sense that (1.3)
is fulfilled.

We illustrate the performance of the multi-dimensional SBRD algorithm, (2.1),
(1.4a)—(1.4c), in several benchmark test cases [15]. The results are based on k = 1000 runs
of uniformly generated initial data in a hypercube. Backtracking parameters in Algorithm
2 are A=0.2 and y = 0.9 and hy = 1. The parameters in Algorithm 3 are rolm = 1074,
tolmerge = 1073, tolmax = 10~* and nmax = 200.

We use the success rate among the k independent simulations to evaluate the solution’s
quality. We consider a simulation to be successful if xgo, is within the d-dimensional
ball of the global minimum: |x* — Xso| < 0.1. This condition ensures that the approx-
imate solution lies in the basin of attraction of the global minimizer. In Sect. 4.1 we
fix the mass transfer parameter g = 2; the effect of increasing ¢ = 4, 8 is discussed in
Sect. 4.2.

4.1 Examples of SBRD with Mass Transfer Parameter g = 2

Extensive comparisons of the gradient-based deterministic SBGD were performed in [14].
In this paper, we focus on the impact of randomization on success rates in comparison to
SBGD. We consider four benchmarks using the Ackley, Rastrigin, Rosenbrock, Styblinski-

Tang objective functions in d-dimensions.
The Ackley function

d d
0.2 12 1
Fiackiey(X) = —20exp{ - —{ ) x,?} } - exp{— ) cos(2nx,-)} $204e, (41
ﬁ i=1 d i=1
and the Rastrigin function

d
FRrstgin(X) = 10d + Z {x,z - 10COS(2T[X[)}. 4.2)

i=1

have their global minimum at the origin, x* = 0. The Rosenbrock function
d—1
Franbk ) = ) (100(xi 11 — x7)* + (1 = x,)%), 43)
i=1
has its global minimum at x* = (1, ..., 1). And finally, the Styblinski-Tang function

d
1
Fst(x) = 5 > (= 16x7 + 5x;). (4.4)

i=1
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Ackley Landscape Rastrigin Landscape

V. v

Rosenbrock Landscape Styblinski-Tang Landscape

Fig. 2 Two-dimensional landscapes for the test functions Ackley (4.1), Rastrigin (4.2), Rosenbrock (4.3),
and Styblinski-Tang (4.4) with a contour plot on the bottom and a red star indicating the global minimum
(Color figure online).

has its global minimum at x* = (—2.903534, ..., —2.903534). The two-dimensional land-
scapes of these benchmark examples are shown in Fig. 2.

Tables 2, 3 and 4 show the advantage of SBRD over SBGD for Rastrigin, Rosenbrock
and Styblinski-Tang functions. We bold-face the success rate of SBRD in the tables when the
advantage of SBRD over SBGD is at least 1%. Observe that the advantage of randomization
is only relevant in higher dimensions where SBGD has a very low success rate. We recall
that the same improved success rate of SBRD over SBGD was already recorded for the
Ackley test function in Table 1. This observation remains valid when the range of initial
agents for Ackley test function lies outside the neighborhood of its global minimum; this is
documented in Table 5.

Figures 3 and 4 provide additional information about the ‘inner working’ of the SBRD
dynamics. Figure 3 shows how the SBRD toggles between minimizers and heaviest agents:

@ Springer



Swarm-Based Optimization with Random Descent Page 17 0f21 2

Table 2 Success rates of SBRD vs. SBGD for global optimization of the d-dimensional Rastrigin function
“4.2)

N=10 N=25 N =50 N =100
d SBRD SBGD SBRD SBGD SBRD SBGD SBRD SBGD
2 31.9% 28.0% 96.8% 67.8% 100.0% 95.3% 100.0% 100.0%
3 5.2% 5.6% 17.6% 13.6% 57.9% 28.6% 92.4% 52.0%
4 0.3% 1.0% 2.2% 3.9% 7.2% 5.7% 17.9% 11.4%
5 0.1% 0.0% 0.2% 0.4% 0.8% 0.4% 3.2% 1.2%
6 0.0% 0.0% 0.0% 0.0% 0.0% 0.1% 0.2% 0.4%

Table 3 Success rates for the optimization of the Rosenbrock function (4.3) with initial agents x? €

[—2.048,2.048]¢

N=10 N=25 N =50 N =100
d SBRD SBGD SBRD SBGD SBRD SBGD SBRD SBGD
2 12.0% 10.3% 52.1% 18.7% 92.7 % 39.4% 99.2% 56.7%
3 2.4% 2.2% 8.1% 9.6% 27.2% 33.9% 82.6% 71.0%
4 2.3% 2.1% 3.5% 3.0% 9.4% 3.9% 27.0% 6.5%
5 1.1% 0.8% 1.3% 1.6% 5.9% 3.2% 10.2% 6.1%
6 0.5% 0.6% 1.1% 1.2% 1.6% 1.7% 5.1% 2.6%

Table 4 Success rates for the optimization of the Styblinski-Tang function (4.4) with initial agents x? €

[-3,31¢

N=10 N =25 N =50 N =100

d SBRD SBGD SBRD SBGD SBRD SBGD SBRD SBGD

2 97.0% 92.8% 100.0% 99.9% 100.0% 100.0% 100.0% 100.0%
4 29.5% 353% 83.7% 79.0% 99.2% 97.4% 100.0% 99.9%

6 7.8% 10.4% 28.5% 32.5% 54.5% 55.4% 86.3% 83.2%

8 2.2% 2.5% 7.6% 9.7% 13.7% 18.7% 36.7% 35.4%

10 0.4% 0.6% 2.6% 3.2% 5.9% 6.0% 10.2% 12.5%

12 0.1% 0.2% 0.5% 0.8% 1.3% 2.2% 2.9% 3.8%

the loss function decays rapidly for the minimizers. Heavy agents, however, may arise due
to merging multiple agents near local minima. The mass of such agents is then slowly trans-
ferred to the minimizers with a better minimum. Figure 4 demonstrates the difference be-
tween the randomized direction and the gradient direction.
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Table 5 Same as Table 1 except the range of initial agents with x? € [—3, —11¢ does not contain the global
minimum of the Ackley function

N=10 N=25 N =50 N =100
d SBRD SBGD SBRD SBGD SBRD SBGD SBRD SBGD
12 2.8% 3.7% 39.3% 60.1% 74.8% 96.2% 94.5% 99.9%
14 0.3% 0.0% 19.6% 0.9% 51.3% 2.0% 81.3% 9.9%
16 0.0% 0.0% 2.7% 0.0% 21.9% 0.0% 47.4% 0.0%
18 0.0% 0.0% 0.0% 0.0% 0.7% 0.0% 7.3% 0.0%
Loss function for minimizers 1 Loss function for heaviest agents

54

4 -
%31 %
w w

2 4

14

0 4

0 5 10 15 20 25 30
Step

Fig.3 Loss functions for minimizers and heaviest agents as defined in (3.2a)—(3.2b) and (3.2b) during opti-
mization of the two-dimensional Ackley function for 20 simulations with N = 50 agents. Note the different
scales on the y-axis between the minimizers and heaviest agents

Comparison of randomized and gradient directions Comparison of randomized and gradient directions

> 0.0 >
-0.5 -0.5
—10 -1.0
_15 -15
-2.0 ; : r - : . -2.0
-20 -15 -10 -05 00 0.5 1.0 15 2.0 2.0

Fig. 4 A comparison of random descent, —pl’.‘ (orange arrows), and gradient descent, —VF (x;’) (brown
lines), during a simulation for the optimization of Ackley function (left) and the Rastrigin function (right). The
green triangle is the current minimizer; the upside-down red triangle is the worst agent. The angles between
the two directions and the step sizes are larger for lighter agents. Random descent is a better alternative to
gradient descent for some agents and worse for others (Color figure online).
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Table 6 Success rate of SBRD vs. SBGD for Ackley test function with mass transfer parameter ¢ = 4

N =10 N =25 N =50 N =100
d SBRD SBGD SBRD SBGD SBRD SBGD SBRD SBGD

12 13.4% 24.6% 71.1% 97.1% 100.0% 100.0% 100.0% 100.0%

14 3.8% 1.3% 60.0% 22.0% 100.0% 49.9% 100.0% 84.1%
16 0.3% 0.0% 38.3% 0.1% 95.0% 0.8% 100.0% 1.6%
18 0.0% 0.0% 16.3% 0.0% 79.7% 0.0% 99.6 % 0.0%
20 0.0% 0.0% 1.4% 0.0% 25.1% 0.0% 74.5% 0.0%

Table 7 Success rate of SBRD vs. SBGD for Ackley test function with mass transfer parameter ¢ = 8

N=10 N=25 N =50 N =100
d SBRD SBGD SBRD SBGD SBRD SBGD SBRD SBGD

12 13.0% 20.7% 75.8% 93.3% 100.0% 99.8% 100.0% 100.0%

14 4.2% 1.1% 66.9% 15.3% 100.0% 39.4% 100.0% 77.8%
16 0.1% 0.0% 38.4% 0.1% 99.8% 0.8% 100.0% 1.4%
18 0.0% 0.0% 14.6% 0.0% 87.3% 0.0% 100.0% 0.0%
20 0.0% 0.0% 1.0% 0.0% 30.7% 0.0% 84.7% 0.0%

4.2 SBRD with Higher Order Mass Transition ¢ > 2

In this section we revisit the benchmark examples with different mass transfer parameter ¢,

m?“ =m} —n'm!, i#i,
+1
mit =ml Y ntml,
iin 4.5)
w._ (F&) — Fon
Fr. —F!

n; -
max min

)q €0, 1],

We find that increasing ¢ in the mass transfer protocol (4.5), improves the success rate
of SBRD. Previously, we found ¢ = 2 to be an optimal choice for SBGD. However, as
shown in Tables 6 and 7 for the Ackley test function, higher ¢ = 4 and respectively ¢ = 8,
has a dramatic effect in improving the success rate of SBRD over SBGD. Randomiza-
tion favors higher transfer parameter ¢. Indeed, increasing g enforces smaller amounts of
mass transfer in (4.5) so that SBRD becomes more ‘egalitarian’: both the heavier lead-
ing agents and the lighter exploring agents are allowed more time (iterations) to set-
tle or to explore, and hence the rate of change for mass configuration of the swarm
become smaller. In particular, this allows a more effective exploration of the random-
based descent, improving the overall performance of SBRD. This is demonstrated in Ta-
ble 8.

@ Springer



2 Page20o0f21 E. Tadmor, A. Zenginoglu

Table 8 Success rates of SBRD vs. SBGD for global optimization of the d-dimensional objective functions
with mass transfer parameter ¢ = 4 and g = 8. this is to be compared with the corresponding success rate
using mass transfer parameter ¢ = 2, reported in the Tables 1, 2, 3 and 4

N=10 N=25 N =50 N =100
d q=38 qg=4 q= qg=4 q=38 qg=4 q=38 qg=4
Ackley
14 4.2% 3.8% 66.9% 60.0% 100.0% 100.0% 100.0% 100.0%
16 0.1% 0.3% 38.4% 38.3% 99.8% 95.0% 100.0% 100.0%
18 0.0% 0.0% 14.6% 16.3% 87.3% 79.7% 100.0% 99.6%
20 0.0% 0.0% 1.0% 1.4% 30.7% 25.1% 84.7% 74.5%
Rastrigin
2 42.5% 37.4% 99.0% 98.8% 100.0% 100.0% 100.0% 100.0%
3 6.2% 6.5% 32.4% 29.0% 80.1% 74.3% 99.1% 98.0%
4 0.8% 1.0% 4.7% 4.9% 14.3% 11.5% 35.2% 30.3%
5 0.2% 0.1% 1.1% 0.9% 3.0% 1.7% 4.8% 3.7%
Rosenbrock
3 2.6% 2.8% 12.0% 9.2% 53.7% 45.4% 94.0% 92.0%
4 2.2% 2.4% 6.6% 5.5% 24.0% 16.7% 63.7% 60.9%
5 0.9% 1.1% 2.4% 1.9% 11.8% 7.0% 37.4% 28.5%
6 0.5% 0.5% 1.3% 1.1% 6.1% 4.3% 18.1% 13.5%
Styblinski
6 9.3% 9.3% 42.4% 38.2% 73.1% 72.9% 96.0% 95.8%
8 2.6% 2.9% 12.8% 10.3% 31.2% 30.4% 60.3% 58.4%
10 0.8% 0.5% 4.2% 3.5% 11.4% 10.4% 23.5% 20.8%
12 0.2% 0.1% 1.1% 1.2% 3.6% 3.3% 7.4% 8.1%
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