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Abstract

The aim of this article is to present a time—frequency theory for orthogonal polynomials on the
interval [—1, 1] that runs parallel to the time—frequency analysis of bandlimited functions developed
by Landau, Pollak and Slepian. For this purpose, the spectral decomposition of a particular compact
time—frequency operator is studied. This decomposition and its eigenvalues are closely related to the
theory of orthogonal polynomials. Results from both theories, the theory of orthogonal polynomials and
the Landau—Pollak—Slepian theory, can be used to prove localization and approximation properties of
the corresponding eigenfunctions. Finally, an uncertainty principle is proven that reflects the limitation
of coupled time and frequency locatability.
© 2012 Elsevier Inc. All rights reserved.

Keywords: Orthogonal polynomials; Time—frequency analysis; Landau—Pollak—Slepian theory; Uncertainty principles

1. Introduction

In the beginning of the 1960s, Landau, Pollak and Slepian developed a remarkable theory
on the time—frequency analysis of band-limited functions. In a series of papers [23-25,37,38,40]
they studied the interplay between the two projection operators P4 and Pp defined on the Hilbert
space L2(R) for two intervals A, B C R by

Paf=xaf. Psf=uxsf.  [feL’®.
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They analyzed the composition Pp P4 Pp and its spectrum and found that the eigenfunctions
of the compact self-adjoint operator Pp P4 Pp are well-known special functions: the prolate
spheroidal wave functions. Using these particular eigenfunctions as a basis for the band-limited
functions in L?(R) on the other hand, they were able to prove a series of interesting results
concerning the approximate concentration of functions in the time and the frequency domain,
as well as an uncertainty principle involving a lower bound for the angle between the vectors
P4 f and Pp f. An overview of these results can be found in the articles [22,39] and the book
[5, Section 2.9].

Later on, the Landau—Pollak—Slepian-theory was extended to a variety of different settings.
Among others, there exist analogies on the unit circle [39], on discrete groups [18] and on
symmetric spaces like the unit sphere [19,36]. Various generalizations of this theory can be
formulated, for instance by considering eigenfunctions of particular Sturm-Liouville differential
equations [42] or using reproducing kernel Hilbert spaces [43]. Particularly interesting for this
article is the fact that there exists also an extension of this theory to orthogonal polynomials
defined on subsets of the real line [32].

The aim of this paper is to present a time—frequency analysis for orthogonal polynomials on
the interval [—1, 1] that runs parallel to the Landau—Pollak—Slepian theory described in [32]. For
the frequency localization of a function f in the weighted L2-space L>([—1, 1], w) we will use,
as in [32], an operator P that projects the function f onto a finite dimensional polynomial space
II'". However, in contrast to the theory outlined above, we will not use a projection operator P4
to describe the space localization of f. Instead, we will consider the multiplication operator M,
defined by multiplying the function f with the variable x.

Compared to the projection operator P4, the usage of the multiplication operator M, leads to a
time—frequency analysis in which the localization of f at the boundary points x = 1 and x = —1
of the interval [—1, 1] plays an important role. For a normalized function f € L3([—1, 1], w),
the mean value e(f) = (M, f, f)w is located in the interval (—1, 1). The closer (f) gets to 1
or —1, the more the L2-mass of f is concentrated at x = 1 or x = —1, respectively. Therefore,
the mean value () can be considered as a measure on how well the function f is localized at
the boundary points x = 1 or x = —1. Particularly this property of ¢(f) implies the possibility
to construct polynomials in I} that are optimally localized at the boundary of [—1, 1] (see
[7,16,33]).

The principal examination object for the time—frequency analysis in this paper is the finite
dimensional self-adjoint operator P;"MyP,;" in combination with its eigenvalues x,’;, 1 <
k < n —m 4+ 1, and corresponding eigenfunctions t/f,'l’fk. One of the main advantages of
the operator M, in place of P4 is the fact that the spectral decomposition of P My P)"
is closely linked to the theory of orthogonal polynomials. This relation makes it possible
to use a very large repertoire of techniques and results from the theory of orthogonal
polynomials to analyze the properties of the spectral decomposition of P)*M,P)". In the
spectral Theorem 2.1, we will see that the eigenvalues of P M, P," are precisely the roots
of the associated orthogonal polynomials p,_,,+1(x, m). Also the eigenfunctions can be stated
explicitly. In the case m = 0, they correspond to the fundamental polynomials of Lagrange
interpolation.

A second advantage of using the operator M, consists in the fact that the value ¢( f) represents
also the expectation value of the L>-density f. The density f can be considered as localized
at the expected value ¢(f) if the variance var(f) is small. Therefore, we can investigate the
localization properties of the eigenfunctions 1//;’fk of P/"M, P, by considering the variances
Val'(lﬁ;: )- In order to show that the functionals Var(w;'f ) are small when n is large, we will use
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results of Nevai, Zhang and Totik [29,30] on uniform subexponential growth. The major result in
this context is Theorem 3.6. It states that if the weight function w of the space L>([—1, 1], w) is
in a particular subclass of the Nevai class M (0, 1), then the variance of the eigenfunctions wr'fk
tends to zero as n — oo.

In Section 4, we will analyze how the decomposition of a bandlimited function f € II'" in the
single eigenfunctions v, 'y, can be used to approximate functions that are localized at a point or a
subinterval of [—1, 1]. In this case, not all the eigenfunctions w’"k are needed to approximate
the function f, but just those that are situated in the region in which f is concentrated.
In Theorems 4.1 and 4.3 we will give simple error estimates for such approximations if
the function f is localized in a certain area or at a particular point of the interval [—1, 1],
respectively.

Finally, we will prove an uncertainty relation for orthogonal polynomials involving the
operators M, and P)"". This relation can be considered as an extension of the angular uncertainty
principle in the Landau—Pollak—Slepian theory. For a normalized function f c L?([—1, 1], w),
the determining quantities of the uncertainty relation are the norm || P} f|l,, and again the mean
value e(f). The norm || P)* f|l,, gives a measure on how well the function f is concentrated in
the polynomial subspace II*. On the other hand the value ¢(f) can be seen as a measure of the
localization of f at the boundary points x = —1 and x = 1. The main result in the last section
is Theorem 5.5 claiming that for a normalized function f € Lz([—l, 1], w) it is impossible that
IIP)" fllw and |e(f)] are both close to 1. In particular, this result implies that if [¢( )| is too close
to 1, f cannot be a polynomial in II".

2. The spectral decomposition of the operator P,” M, P,
We consider the Hilbert space L2([— 1, 1], w) with the inner product
1 —
(f, 8w = / f)gx)wx)dx,
—1

and a positive weight function w having finite moments f_ll x"w(x)dx,n € N. By {p/};2,, we
denote the family of polynomials p; of degree [ that are orthonormal on [—1, 1] with respect
to the inner product (-, -),,. Further, we assume that the polynomials p; are normalized such
that the coefficient of the monomial x' is positive. Then, the family { P12, defines a complete
orthonormal set in the Hilbert space Lz([—l, 1], w) (cf. [41, Section 2.2]). By II,, we denote
the polynomial space spanned by the polynomials p; up to degree n, and by II”* the polynomial
wavelet space spanned by the polynomials p;, m <1 < n.

For a normalized function f € L*([—1, 1], w), | fllw = 1, we define the mean value £( f)
and the variance var(f) by

1
o(f) = / PP @, )

1 1
var(f) = / 1(x—e(f)>2|f(x>|2w(x>abc = / ) Pwx)dx —e(f). 2)

We are now going to introduce a time—frequency analysis for functions f € L*([—1, 1], w)
based on the following two operators:
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(M, f)(x) = xf (x), 3)
(P () =Y (f, prow pr(X). )
I=m

If m = 0, we write P, instead of P,? . The multiplication operator M, as well as the orthogonal
projection P onto II]* are both self-adjoint and bounded operators on the Hilbert space
Lz([— 1, 1], w). Therefore, also the composition

P M P o)

is a bounded and self-adjoint operator on L2([—1, 1], w). Moreover, since P, is compact,
P M, P is also a compact operator. Hence, by the Hilbert—Schmidt theorem the spectrum
of the operator P)'M,P)" is discrete (it is even finite) and the eigenfunctions form an
orthogonal basis of L?([—1, 1], w) (cf. [34, Theorem VI.16]). The subsequent Theorem 2.1
will illustrate that the eigenvalues and eigenfunctions of P)'M,P)" are well-known in the
literature.

For a description of the spectral decomposition of P)" M, P}, we need first of all the notion
of associated polynomials. We know that the orthonormal polynomials p; satisfy the three-term
recurrence relation (cf. [17, Section 1.3.2])

bryipii(x)=x—a)p(x) —bip1(x), 1=0,1,2,3,... (6)
1

p-1(x) =0, po(x) = P
0

with coefficients ¢ € R and b; > 0. For m € N, the associated polynomials p;(x,m) on
the interval [—1, 1] are then defined by the shifted recurrence relation (see [17, Section 1.3.4],
[21, Section 2.10])

bnyis1 pry1(x,m) = (x — apq) pr(x,m) — by pi1(x,m), [1=0,1,2,..., )
p-1(x,m) =0, po(x,m) = 1.

For m = 0, we have the identity, p;(x, 0) = by p;(x). The polynomials p;(x) and p;(x, m) can
be described with help of the symmetric Jacobi matrix J}', 0 < m < n, defined by

am bm+1 0 0 e 0
bmt1  Gmt1 bmi2 0 e 0
= 0 bmi2 Gmy2 bmiz - . ®)
: ) - - .0
0 cee 0 by—1 ap—1 by
0 . . 0 b, ap

If m = 0, we write J,, instead of Jg. Then, in view of the three-term recurrence formulas (7), the
polynomials p; and p;(x, m) can be written as (cf. [21, Theorem 2.2.4])

1
= ——det(x1; — J;—1), 9
pi(x) bobr by et(x1; — Ji-1) )]
1
m) = det(x1; — J" , 10
pl(x ™) bm+lbm+2"'bm+l etxly Jm+lil) (1%
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where 1; denotes the /-dimensional identity matrix. We can now explicitly state the spectral
decomposition of the operator P," M, P,".

Theorem 2.1. The operator P! M, P]" on L2([—1, 11, w) has the spectral decomposition

n—m+1
PIMPYf = Y X fvrw k. (11)
k=1
For m > 1, the eigenvalues x,', denote the n — m + 1 roots of the associated polynomial
Pn—m+1(x, m) and the eigenfunctions )", have the explicit form

bug1 Prp1 (X) pr—m (X1, m) + by pry—1(x)
Vi () = K, aal dins imAE nPn , (12)

m
X xn’k

with the normalizing constant

1
2

nk-—(Zm m (X m ) : (13)

For m = 0, the eigenvalues x, x correspond to the n + 1 roots of the polynomial p,1(x) and
the eigenfunctions Vr, i correspond, up to a normalizing factor; to the fundamental polynomials
of Lagrange interpolation, i.e.

Pnt1(x)

wn k(x) = Kn, kpn(xn k)bn+ Tk (14)

where

2

Kk = (Z pz(xn,wz) : (15)
=0

Proof. We consider the projection P} f of the function f onto the subspace /1" in terms of
the expansion P f = Y| ¢;p; with the coefficients ¢; = (f, p;)w. Using the three term
recurrence relation (7) it is straightforward to show (see [7, Lemma 2.7]) that the mean value
(P f) of P* f can be written as

(PIMPf, fw = (MyP f, P fw = e(P) ) = " Te, (16)

where ¢! denotes the conjugate transpose of the vector ¢ = (¢, ..., ¢,)! . Thus, the eigenvalues
of P"M, P in II"" C L?([—1, 1], w) correspond to the eigenvalues of the Jacobi matrix J*. On
the other hand, by Eq. (10) the eigenvalues of J)" are exactly the roots fo wk=1...,n—m+1,
of the associated polynomial p;,_,,+1(x, m). The eigenvector ¢; corresponding to the root x;l’fk
is simple and can be computed via the three-term recursion formula (7) as

T
e = (L pr(x)eom), s poom (X m)) (17)

The corresponding normalized eigenfunction ", of P M, P)" can then be written as

Y () =k prom (g m) pr(x), (18)

I=m
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with the normalizing constant «,"; given in (13). By an alteration of the classical Christoffel-
Darboux formula (see [7, Lemma 3.1]), the eigenfunctions t/f,’,’fk for m > 1 have the explicit
form

bp+1Pn+1(X) Pn—m (x::fks m) + by pm—1(x)

m _,m
wn,k(x) - Kn,k m
X — Xn’k

For m = 0, we get directly by the Christoffel-Darboux formula (see [3, Chapter 1, Theorem 4.5])
that

Pn (xn,k)pn+l (x)
X — Xn,k ’

wn,k(x) = Kn,kbn—H (]

Remark 2.2. In the literature, the spectral Theorem 2.1 is well-known for the case m = 0 (cf.
[1, Lemma 8.4] and [35, Proposition 1.3.1]). For the more general case m > 0, an equivalent
representation of Theorem 2.1 is the eigenvalue decomposition J'¢x = x,; ¢k of the matrix J;
(see [17, Section 1.3]). To the best of the authors knowledge, the explicit formulas (12) of the
eigenfunctions w;l’fk, m > 1, can be considered as novel.

Remark 2.3. The eigenfunctions {1, k}Z;T +1 of the operator P)" M, P} form an orthonormal

basis of the polynomial space II)". Hence, we can expand polynomials P € II" as

n—m+1

P(x)y= > (P.yl)uwii(x).

k=1

In the case m = 0 the functions v, x correspond to the fundamental polynomials of Lagrange
interpolation and can be described through the Christoffel-Darboux kernel (see [27, (1.1.9)]
and formula (18)). The functions ¥, x are used in [12,13] as particular orthogonal scaling
functions in a wavelet decomposition of a function f € L2([—1, 1, w). f m > 1, the
construction of the wavelet basis functions in these two papers differs however from the
eigenfunctions w;”‘k considered in this article. For a general overview on polynomial frames
and polynomial wavelet decompositions. we further refer to the articles [11,28] and the book
[27].

Remark 2.4. It was specified in the introduction that the mean value &(f) can be interpreted
as a measure on how localized the function f is on the boundary points x = 1 and x = —1
of [—1, 1]. In the following, we will say that a function f is localized atx = 1 or x = —1 if
the mean value e(f) approaches 1 or —1, respectively. For a polynomial P € II)", the mean
value ¢(P) can be written as e(P) = (P)'M,P,' P, P),,. Precisely this mean value ¢(P) was
used in [6,7] to construct polynomials in II, and II" that are optimally space localized at the

boundary points x = 1 and x = —1 of the interval [—1, 1]. These optimal polynomials are
exactly the eigenfunctions v, .. and ¥ . in Theorem 2.1 corresponding to the largest and

the smallest eigenvalue of the operator P," M, P)". By (16), we have for the largest eigenvalue of
PJ'M, P the relation

m m m H ym
Xy max = max (P,"MyP]"P, P),, = max ¢ Jc.
Pelll,|P|lw=1 cle=1
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This characterization is thoroughly used in [16] to get estimates for the largest zero of orthogonal
polynomials.
Taking a step further, we can also consider the orthogonal complement /7, © span{y,' ... } of
i max 10 IL". Then, the spectral Theorem 2.1 says that the polynomial in H ) © span{y,’ o}
that is best locahzed at x = 1 is the eigenfunction wn,max—l correspondmg to the second
largest eigenvalue x,' . of P"M,P. Hence, repeating this argumentation, Theorem 2.1
produces a chain of elementary orthonormal basis functions 1/fmk in which the k-th element is
worse concentrated at x = 1 than the (k + 1)-th element w’"k 41 but better than the (k — 1)-th
element ", ;. The measure of the corresponding localization is given by the mean value

(W) = xp g

Example 2.5. We consider the orthonormal Chebyshev polynomials ¢, of first kind defined by
(see [17, pp. 28-29])

1 [2
fo(cost) = —, ty(cost) =,/ —cos(nt), n>1, cost =x.
JT T

The roots of the Chebyshev polynomials ¢, are given by x, x =cos %n k=1,...,n+1
(see [41, (6.3.5)]). The normalized associated polynomials #,(x, m),m > 1, correspond to the

Chebyshev polynomials u, of the second kind given by (see [17, pp. 28-29])

sin(n + 1)t
sin ¢

> 0.

up(cost) =
The zeros of the polynomial u,_,, 1 are given by x" g = COS %n k=1,....n—m+1.
Hence, by the formulas (12) and (14) we get for the eigenfunctions ", the following explicit
representation

)
Kn i COS % cos(n + 1)t

Y k(cost) = ,
, 2n—2k+3
T COSt — COoS S T
o7 (cos) = ¢ (=D =k+l cog(n 4+ 1)1 + cos(m — l)t |
p(cost) = .
" \/271 cost — cos %n

The constants «;, x can be computed explicitly and are given as (see [27, Formula (1.1.17)])

2n+ 1+ MZrl(xn,k)
2 '

Some of the eigenfunctions ", are illustrated in Fig. 1.

(Kn,k)_ =

3. The localization of the eigenfunctions of P," M, P,"

In this section, we are going to investigate localization properties of the eigenfunctions
wg’k. First of all, we know from [7, Lemma 2.7] that the mean value (P) of a polynomial
P(x) = Y _,, cpi(x) can be written as e(P) = cHJQ’c, where ¢ = (Cpm, Cmgts - )l A
similar characterization can be found for the variance var(P).

Lemma 3.1. For a normalized polynomial P(x) = Z?:m cpi(x), we have the following
characterization of the variance var(P):
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P24,25 (z).

d<x<1
Vo4,15().
4 R
3
2
1
0
1 i :
-1 -1/2 0 172
1<x<1
Yau5(x)
4 i
3
2
1
0
_l i 1 i i
-1 -1/2 0 1/2
1<x<1
Fi

var(P) = ¢ [J,1%¢ + b2|ca > — (¢ J,0)2,

var(P) = ¢ [J e + b2 lem | + b2, leal* — (7 J0)?,

with the coefficient vectors ¢ = (cp, . .

e

—

.,cn)T.

2

3

¢§2,25 (z).

!

12

—
'
=L
~
[\S)
(=)

g. 1. Some eigenfunctions w;l" « of the operator P;" M P;" for the Chebyshev polynomials of first kind.

if Pelly,

if Pell’, m>1,

63
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Proof. For m > 1, we denote by p) (x) the vector (p, (x), ..., pu (x))H. Then, using the three-
term recurrence formula (7) and the orthonormality relation of the polynomials p;, we get for

P(x)=_, ap(x) € I" |P|, =1

1 n 2
var(P) = / Zczxpl(x)
—1|j1=m

/1 )
—1

Z c1(br1 pr+1(x) + arpr(x) + by pr—1(x))
1
= [ 1 HJmpl (x) - pl O I ew(x)dx + b2 lem|* + b2 lenl* — e(f)?

w(x)dx — e(f)?

2
w(x)dx — e(f)?

I=m

1 m
=cHym (/ pi(x)p; (x)w(x)dx> Jne
-1 ij=1
+ b2 leml? + b2 lenl® — (€ J0e)?
= I Pe + by leml* + by lenl® — € T00).

For m = 0, the statement follows analogously but without the term b,z,l lem|>. O

Now, we get the following formulas for the expectation value and the variance of the
eigenfunctions v, .

Lemma 3.2. For the normalized eigenfunction v,",,1 < k < n —m + 1, corresponding to the
eigenvalue x,,, we have

5 PnCnk)?

E(Wn.k) = Xn ks var(Yy k) = bn-Hn—’ 19)
Z pl(xn,k)2
[=0
b2 | pnm (X, m)? + b
el =l var(y) = STk iy (20)

> iy, m)?
=0

Proof. The statements for the mean value 8(1p,'l’f i) follow directly from the definition of the I/f,;’f i
as eigenfunctions of the operator P M, P)".

For the variance var(tp;'fk) of the normalized eigenfunction lp,;’f M > 1, corresponding to the
eigenvalue x;l’fk and with the coefficient vector ¢; given in (17), we can derive from Lemma 3.1
that

H 2 2 2 2 2 H 2
var(y,")) = ¢ [N 17ek + by, lem i |” + by g len k] ™ — (e Iy er)
2. H 2 2 2 2 2 H 2
= (x,rfk) (ck ¢+ bm|Cm,k| + bn+1 lcnkl” — (x:ﬁkck k)
2 2 2 2
= bm|cm,k| + bn+1 |Cn,k| .

Inserting the coefficients from (17), we get the above result. The same argumentation holds also
form=0. 0O
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Remark 3.3. For the case m = 0, the formula (19) for the variance of v, x is a special case of a
variance formula of the Christoffel-Darboux kernel considered in the proof of [1, Theorem 2.2].

If we want the eigenfunction w’"k to be localized at the expectation value x” k, the variance
of wmk should be small, especially if n — m gets large. The question Whether the variance in
(19) gets small when n is large is linked to a condition known as subexponential growth (see
[1,30]). In particular, if the orthonormalization measure w(x)dx is an element of the Nevai class
M (0, 1), i.e. if the coefficients of the recurrence formula (6) attain the limits lim,,_, oo @, = 0 and
lim, 00 b, = %, it is proven in [30] that var(y, ¢) tends to zero as n — oo. If we restrict the
measure w(x)dx to a particular subclass of M (0, 1), we can also show in the more general case
m > 0 that the variances in Lemma 3.2 tend to zero as n — o00.

Definition 3.4. By M*(0, 1), we denote the set of all measures u with the following properties:

1. p is in the Nevai class M (0, 1), i.e. lim, . a, = 0 and lim,,, 0 b,, = %,

2. supp u =[—1,1],

3. 3020 lan] + by — 31 < o0,

where a, and b, are the coefficients of the three-term recurrence relation (7) corresponding to
the measure p.

Examples of weight functions lying in the Nevai subclass M*(0, 1) are, for instance, the
Jacobi weight functions (see [29, pp. 79-81]).

For a measure p and the corresponding family of orthonormal polynomials (p;);en, we denote
by w,, the orthonormalizing measure of the associated polynomials p;(x, m). In particular, the
measure (i, is normalized such that w,,([—1, 1]) = 1. For a measure y in the Nevai subclass
M*(0, 1), we get the following result.

Lemma 3.5. If u© € M*(0, 1), then also u,, € M*(0, 1). Moreover, the measures py,, m > 1,
are all absolutely continuous on [—1, 1], i.e. diuy, = wpdx.

Proof. Since the coefficients of the three-term recurrence relation (7) of the associated
polynomials p;(x, m) are defined by shifting the corresponding coefficients of the polynomials
pi, the conditions (1) and (3) of Definition 3.4 are obviously satisfied by the measure p,,. The
true interval of orthogonality of the sequence of associated polynomials p;(x, m) is included in
the true interval of orthogonality of the original polynomials p;(x) (see [3, Corollary on p. 87]).
Therefore, supp u, C supp 4 = [—1,1]. Since u,, € M(0, 1) is in the Nevai class, also
[—1, 1] C supp w,, holds (cf. [29, Chapter 3.3, Lemma 6]) and, thus, also the property (2) is
satisfied.

To prove the absolute continuity of u,, we use a result of Nevai [29, Chapter 7, Theorem 40].
This result implies that if © € M*(0, 1), then the measure u consists of an absolutely continuous
part w(x)dx on [—1, 1] and a point mass ad_; + bd; on the boundary of [—1, 1]. Hence, it
remains to show that for the associated measures w,,, m > 1 the discrete part vanishes. It is
enough if we give the proof for the left hand boundary x = —1. In this case, @ = 0 is equivalent
to the divergence of the sum Y ;= pi(—1, m)? (cf. [15, Theorem 2.1]). By a technique involving
chain sequences, Chihara [4, Formula (2.18)] proved that there is a constant C,, such that

|pn(—=1,m + D > Clpas1(—1,m)|%. 1)

Hence, by a standard induction argument it follows that Zfio pi(—1, m?2,m > 1 diverges,
if Y72 pi(—1, 1)? diverges. So, to complete the proof we have to show the divergence of
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>0 Pi(—1, )2 If u is continuous at x = —1, then Y72 p;(—1)? diverges, and by (21) also
> 20 pi(—1, 1)? diverges. If 1 has a point mass at x = —1, then by another result of Chihara
[2, Theorem 3], the measure (¢1 cannot have a point mass at x = —1. Hence, in this case the sum
> % pi(—1,1)? also diverges. [

Theorem 3.6. If the weight function w is in the class M*(0, 1), then

lim var(y, ) =0, lim var(y,',) =0, meN,
n— oo n—o0 ’
uniformly for all k.

Proof. By Lemma 3.5, the measures wy, (x)dx lie in the subclass M*(0, 1), hence also in the
Nevai class M (0, 1). Therefore, by a result of Nevai, Totik and Zhang [30, Theorem 2.1] we
have

y | pu(x, m)[?
im sup ——— =0.
TS e, m) 2

=0

Further, by Lemma 3.5 the associated measures d i, (x) = wy,(x)dx,m > 1, are absolutely
continuous on [—1, 1]. Hence, by [15, II, Theorem 2.1], also

. 1
Iim —— =0

n—oo M
> Ipi(x, m)?
=0

uniformly on [—1, 1]. Therefore, the results of Lemma 3.2 imply that the variances var(y, i) and
Var(l/ffl’f ) converge to zero (independently of the choice of k) as n tends to infinity.  [J

Example 3.7. For some particular weight functions w, it is possible to determine the rate of
convergence of the variance var(y, ) in Theorem 3.6. For instance, if the weight w is a
generalized Jacobi weight, i.e. if supp w = [—1, 1] and
r
w(x):l_[(x—t[)yf, —“l=f<ph<--<tb_1<t,=1, > —1,
i=1

then the rate of convergence can be determined as (see [29, Theorems 9.31 and 6.3.28])

2 1 —x2
n,k
var(g) = b2, 2T o <k<ntl.

n
Z pl(xn,k)2
[=0

So, for generalized Jacobi weights, the convergence of lim,,_, o var(y, x) towards zero is at least
linear. The convergence rate is even faster, if we choose k such that x;, ; is among the N (N € N
fixed) smallest or largest roots of p,1(x).

4. Approximation of localized functions
In this paragraph, we are going to investigate how the decomposition of a bandlimited function

f € II" in the eigenfunctions ", can be used to approximate functions that are well-localized
at a point or a subinterval of [—1, 1]. In this case, not all of the eigenfunctions 1//1’1” i are needed
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for a good approximation of the function f. We will show that mainly only those eigenfunctions
are needed that are located themselves in the region in which f is concentrated.

From now on we assume that the weight function w lies in the Nevai subclass M*(0, 1). Then,
for the Hilbert space

L*([—1, 1], w) & II,,_ = span{p; : [ > m}
we can introduce an isometric isomorphism S, by

Sm: L2 (=1, 11, w) © Iy—y — L*([—1, 1], wn),
Sup)(x) = prom(x,m), [ >m. (22)

If the functions ¢,—m i, 1 < kK < n — m + 1 denote the eigenfunctions of the operator
P,_nM, P,_,, on the Hilbert space L2([—1, 1], wy,), we can deduce from (18) that

SV (X) = Ppm ik ()

holds. Further, for €,, > 0 we say that a continuous function f € L2([—1, 1, w) © I, is
€,,-concentrated on an interval A C [—1, 1] if

f 1S f )P wm (0)dx < el £
[—1,11\A
An €,,-concentrated function f can be approximated as follows.

Theorem 4.1. Let f € L2([—1,1], w) © II,,_ be continuous and €,-concentrated on the
subinterval A C [—1, 1]. Then,

dim = 7 (Lumdwni| < emllf . (23)
k:x)' €A w

If A = [cosa, cos B], the number of eigenvalues x,', in A is asymptotically given as

o o #kix) €Al a—8
lim : = .
n—00 (n —m) T

Proof. We use the isomorphism Sy, to shift the error term from the Hilbert space
L2 ([~1,1], w) © Iy onto L*([—1, 1], wy):

f_ Z (fv W,'fk)wlﬁ,?fk = Smf_ Z (Smfv ¢n—m,k>wm¢n—m,k . (24)

k:x;'kaA k:x”:fkeA

w W

For an arbitrary N € N, we can assume without restriction that n is large enough such that
N <n—m.By Py = Z,iV:O(Smf, Pk (-, m))y pr (-, m), we denote the best approximation of
S f in the subspace IIy of L2([—1, 1], W), and by

En(Smf, wm) = inf |[Sy f = Pllw, = ISuf — PNllw,
Pelly
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the corresponding error term. Now, using (24) and the triangle inequality twice, we get

f_ Z <f’1/fyl:1k>w¢ynl1k - PN_ Z (PN7¢n7m,k>wm¢n7m,k

“m )
kix, €A k‘xn,kEA

w W

< Smf - PN + Z (PN - Smf’ ¢n—m,k>wm¢n—m,k =< 2EN(Smfa wm)- (25)

kix)' €A w
From the spectral Theorem 2.1, we know that the eigenfunctions ¢,_,, i are, up to a normalizing
factor, the fundamental polynomials of Lagrange interpolation with respect to the nodes x,’:f ol =
k <n —m + 1. In particular, since Py € IIy C II,_,,, we have (cf. [41, Section 3.4])

(PN, ¢n—m,k>wm = K::kaN(fok)-
Hence, if we define the bounded function g on [—1, 1] by

[ Pve) ifx e [=1,11\ A,
§x) = {0 ifx € A,

then the sum

Z PN (x;Ln’k)Kyr,’fkqﬁn—m,k

kex!™ €[—1,1]\A

corresponds precisely to the Lagrange interpolant of g at the nodes x,’f wl<ks<n-m+1
Therefore, by the Erd6s—Turdn Theorem (the original result can be found in [9], in our case
we need [15, Chapter 3, Theorem 2.5] with the parameters A, = B,, = 0) we get in the limit
n— oo:

nli)ngo Py — Z (PN7¢n—m,k>wm¢n—m,k

k:x™ €A
.k Wm

2

= lim E (PN» ¢n—m,k>wm ¢n—m,k
n—00

k:le’fke[—l,l]\A w

m

1
/ () 2wy (x)dx = / Py (x)*wy (x)dx. (26)
—1 [-1,1NA

Also by the triangle inequality the following estimate holds:

1 1

‘( / PN<x)2wm(x>dx)2 - ( / Smf(x>2wm(x>dx)2
[-1,1INA [-LLINA

< EN(Suf. wm). 27)
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Combining (25)-(27), we can conclude for n — oo:

1

- 2
lim ||| f — Z (f, 1//,’,"k)w1ﬂ,§"k - (/ Smf(x)zwm (x)dx>
n—00 [—1,IN\A

kix™ €A
n,k w

< Tim || f= D (HUrdeh

" k:x™ €A
X" e
n.k w

- PN_ Z <PN7¢n—m,k>wm¢n—m,k

. m
k: Xk €A Wy

=+ m Py — Z (PN, ¢n—m,k>wm¢n—m,k

n—oQ X ™ A
X €
ok Wm

1

1 1

— (/ PN(x)zwm(x)dx> ’
[-1,INA
2 2
( / PN(x>2wm(x)dx) - ( / Smf<x)2wm(x>dx)
[—1,1N\A [-1,1\A

<3EN(Su f, wm).

Since N was chosen arbitrarily, we finally get

+ lim

n—oo

1

2
im || f= D (Avmdwdls| — ( / smf<x>2wm<x)dx) =0.
=00 L om ’ ' —1,1)\A
k.xn (EA [
i w
Inequality (23) now follows from the fact that f is €,,-concentrated on A.

Since the weight function w is in the class M*(0, 1), Lemma 3.5 ensures that also the
associated weight functions w,, are in M*(0, 1). This implies supp w,, = [—1, 1] and, by
[29, Theorem 7.29], that the restricted support of w,, on [—1, 1] has measure 2. Therefore, by a
well-known result of Erd6s and Turdn (see [8,10]) wy, (x)dx is an arc-sine measure which implies
the second statement of Theorem 4.1. [

Remark 4.2. The second statement in Theorem 4.1 is not a new result and intended here
only as an additional information on the asymptotic number of eigenfunctions involved in the
approximation process. It is a special case of a general property that for a large class of orthogonal
polynomials the asymptotic distribution of the zeros is given by the arc-sine measure. For weights
as the functions w), this was proven by Erdés and Turan in [10]. Far more general conditions
leading to the arc-sine property are elaborated in [8]. In particular, it can be shown that every
measure in the Nevai class M (0, 1) has this property (see [29, Theorem 5.3]).

If a polynomial P e II* is localized at the end points x = —1 or x = 1, or if P has a small
variance var(P), we obtain the following error estimates.
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Theorem 4.3. Let a > 0 and I_ and I; denote the intervals - = [—1,—1 + a] and
=[1—-allIf P e Il'|Pllw = 1, is localized at the boundary points of [—1, 1], we
have the following error bounds:

2
1+ e(P)
P— Y (Poyrdu¥ii| < ——. (28)
xileel- y .
2
1 —&(P)
P— 3 (Pt <= ——— 29)
X;’fk61+ w a

Further, if I = [e(P) — a, e(P) 4+ a] C [—1, 1], we get the following error estimate:

2
var(P)
P— Y (Poyulnr| <5 (30)
x;’fkel » a
Proof. For P € II]", we have
2
P— > (P = D, UP O
k: x,’l”kel_ w k:x;"’kelfl,l]\l_
1
<= > KPR YrOwlPa 4
@ peexm €1 N
1 n—m+1 5
< - KPP+ X
k=1
Since [|P||12, = Y02 (P, )wl? = 1 and 302 XP Y wl* = e(P), we get the

stated bound (28). In a similar fashlon the bound (29) can be proven. To prove (30), we proceed
also in a similar way.

2
P— > Pyl = Y. KPRyl
k:xr'l’fkel w k:xp e[=1,11\1
1
<= Y UPYrOwlEeP) —xr)?
a ke e[—1,10N\I
n—m+1
<= Z (P, Y wl* (6 (P) — xy)?
1 n—m+1
= > Pl (G0 —e(P))
k=1
Svar(P) 0

a?
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o (f)
(-1,1) 1 (L1)
Cy /3 3 Cy
By [ Ay
| A |
e e € f
-1 i " 1 el

n,min n,max

Fig. 2. Graphical presentation of the domains A, By, B, C| and C5.

Remark 4.4. Given a normalized polynomial P € II)", we consider the discrete density function
p by

() = (P Y ifx=xl k=1,....n—m+]1,
0 otherwise.

Then, we can interpret the results of Theorem 4.3 as versions of the Markov and the Chebyshev
inequality for a p-distributed random variable (cf. [31, p. 114]).

5. An uncertainty principle for the operators M, and P,"

We are now going to discuss an uncertainty principle related to the operators M, and
P". In particular, we will discuss the trade off between the space localization of f at the
boundary points x = 1 and x = —1 of [—1, 1] and the frequency localization of f in the
polynomial subspace II)". The obtained results are very similar to the uncertainty principle
stated in the theory of Landau, Pollak and Slepian (see [14,23]). However, the fact that M,
is not a projection operator will lead to coarser statements and in some extent to differences
in the proofs compared to the original setting. A detailed proof of the uncertainty principle
in the Landau-Pollak—Slepian theory can be found in [5, Chapter 2.9] and [23]. An abstract
version of the Landau—Pollak—Slepian uncertainty principle involving two arbitrary projection
operators on a Hilbert space can be found in [20, Part 1, Chapter 3]. An extension of the
Landau—Pollak—Slepian uncertainty to more general weight functions is given in [26].

The main results of this section are summarized in Theorem 5.5 and illustrated in Fig. 2. The
proof of the statements in Theorem 5.5 is split into four lemmas. We define

a f =B IS = Y 1 powl?
k=m

and start with the first auxiliary result.

Lemma 5.1. Let f, || fllw = 1, be a fixed normalized function. Then, for every 0 < 8 < 7' (f)
there exists a normalized function g, ||gllw = 1, such that e(g) = e(f) and n)'(g) = B.

Proof. We choose k > [ > n+ 1 big enough such that the three largest eigenvalues x1, x> and x3
of the Jacobi matrix J f{ are larger than ¢( f). This is possible since the weight function w lies in
the class M*(0, 1) and Lemma 3.5 ensures that also the associated measure w;(x)dx € M*(0, 1)
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is absolutely continuous on [—1, 1]. Let ¥, ¥, and 3 denote the corresponding eigenfunctions
in Hlk . Further, we define V as the 3-dimensional vector space spanned by v, ¥, and ¥3,
and Py as the orthogonal projection operator from L?([—1, 1], w) onto V. Now, we take v/
as a normalized vector in V that is orthogonal to the plane spanned by the vectors Py f and
PyM, f. Then, e(¢) > e(f) and (M, f, V), = 0, {f, ¥)y = 0. In the same way, we construct
a normalized vector ¢ € Hlk with e(¢) < e(f) and (xf, @)y = (f, ¢)w = 0. Now, since (f) is
a continuous functional, by the intermediate value theorem we can find a normalized polynomial
¢ € Hlk with e(¢) = « and (M, f, ¢)w = (f, ®)w = 0. Then, we define

g(x) =1 —af(x) +Vap(x), 1el0,1l.
In this way we get a normalized function g with ||g|l, = 1, 7, (g) = (1 — A)7)'(f) and
e(@) =1-2e(f) +re(@) =e(f). U

By x; nin @nd X", we denote the smallest and the largest root of the associated polynomial

Prn—m+1 (x m). Then, we have the following as a second auxiliary result.

Lemma 5.2. If x)" . < &(f) < X, ax then 7' (f) can attain all values in the interval [0, 1].

n, min

Proof. We denote by
eigenvalues x”* __ and x™

J by

m m . . . .
. max and " . the normalized elgenfunctlons corresponding to the

respectlvely Now, forx)" . <o < x we define the function

n,max n, min® n n,max?

Then, 7, (f) = || fllw = 1 and

m m

o —X . X —
n,min m n,max m

g(f) = — X —|— —_— X o= .
— XM nomax oy — ,

n,max n,min n,max n,min

Now, Lemma 5.1 implies the statement. [

Lemma 5.3. If xn max < €(f) < 1, then m'(f) can attain all values in the range 0 <

T(f) < =2 g 1 < e(f) < a7

lx’"

1
0<a™(f) < JX?

m . .
1. min’ then ' (f) can attain all values in the range

Proof. We will prove the statement only for the interval [x)'
(—1,x
choose as in Lemma 5.1 k > I > n + 1 large enough such that 1 — x,lc’maX < € for an

nmax> 1)» the statement for

'max] follows by an analogous argumentation. Since w(x)dx € M*(0, 1), we can

arbitrary € > 0. Then, for the eigenfunction Wllc,max € H,f we have n;l"(w,lc’max) = 0 and
1> S(ﬁ’max) = x,l(’max > 1 — €. Now, we define
80) = VAPl () + VT =29 i (0), A €0, 11.
Then,
=2 - xr’lrfmax) > e(g) = )‘xleax +d - )‘)xllc,max >1—e—A(l— n max — €)
>1—e—A(l—

n de)
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and 7, (g) = A. Therefore, we get for 7}/ (g):

1 —e(g) 1 —e(g)—¢€
e
— Xn,max — Xn,max

Since € > 0 can be chosen arbitrarily small, we get the desired result from Lemma 5.1. [
Up until now, we showed that most points (¢(f), ;" (f)) in the rectangle (=1, 1) x [0, 1]
can be attained for f € Lz([—l, 1], w). However, the next Lemma 5.4 demonstrates that tuples

(e(f), 7' (f)) in the upper left and right corners of (—1, 1) x [0, 1] are not allowed.

Lemma 5.4. If x;" .« < e(f) < L, the values of ' (f) are restricted by

T (f)?
_ U+ DRy + DF o var()F () + (1 () = 3l
- var(f) + (e(f) +1)? '
For —1 < e(f) < fomin’ the values of 7]l (f) are bounded by
7 (f)?
_ (=30 = xt)? Fvar()E Gar(f) + (1= e())E(S) = 5 i) -
B var(f) + (1 — e(f))? '
A simpler but less accurate upper bound for n' (f) is given by
m 1 1 m 2,4 m 2,4
T, (f) = 53 e(f)Xpmax + (1 —e(ND2A = (6 max))? (33)
and
m 1 1 m 2.1 m 2,4
7, (f) = 5t5 ()X min + (1 —e(HH2A = (0, 1)) ), (34)

for e(f) in the intervals [x,’l’fmax, 1) and (—1, xr'lnmin], respectively.
Proof. We will just prove the inequalities (31) and (33). Inequalities (32) and (34) follow up to
some minor modifications with the same argumentation. Since for )'(f) = 0 both (31) and
(33) are satisfied, we will from now on assume that 77, ( f) > 0. Further, we will use the operator
M1 on L%([—1, 1], w) defined by Mg f(x) = L2 (0.

M

x+1 f
For a normalized function f € Lz([—l, 1], w) the two functions g; = o e
.’(2 w

i

and

g = % are also normalized. Now, the sum of the angular distances between the vectors g1
and f, and g and f is larger than the angular distance between g and g, i.e.

arccosRe(g1, f)y + arccosRe(gy, f)y > arccosRe(g1, g2)w. (35)
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We define the positive selfadjoint operator M s by M ] =M g Then, for the term

Re(g1, g2)w, we can find an upper bound using the Cauchy Schwarz inequality and Theo-
rem 2.1:

KMmf P f> ‘
”MfH 1P f

) faresre,

[Meaf| 1PN [Mesir| 1Pz Al

2 w

Ly e

Re(g1, g2)w =< (g1, &2)w

1
\(M.zﬂ foub, P )
w

1

(Mo g p) (s

[t
2 w

Now, if we rewrite the expressions (M% f, f)w and ||M%f||w in terms of ¢(f) and var(f),
we get

\/var(f) + (8(f) + 1)2 ’

e(f)+1
R N w — 5
R Y e Sy

Re(g2, flw = V7' f-

Inserting this into inequality (35), we obtain
e(f)+1
arccos + arccos /7" f
Vvar(F) + (e(f) + 1)?
1 +1
> arcco \/(g(f) + )(xn max ). (36)
S arh) + () + 12

Applying the cosine addition formula, this inequality can be rewritten as

Re(g1, g2)w

o (s(f)+1)W+( (e(f) + 1) )5
TS T ¥ () + 12 var(f) + (e(/) + 1)?
) (1 )+ D 1>>5
var(f) + (e(f) + 12

CE) D@ + D2 var()2var(f) + (1 e(N)ES) = 1))
a var(f) + (e(f) + 1) '
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Hence, inequality (31) is shown. To prove inequality (33), we consider inequality (36). For
0 < a < b < 1, the function arccos bt — arccosat is a decreasing function of the variable

tel— b] Therefore, if we set a = / ZmxT_ Smantl ‘“"‘" <b=,20T 8(f)+l < 1and
1
),

fo Mot f)

Zlﬂ

=( 2e(f) + 1) )52 (M

var(f) + (e(f) + 1)? <Mx+l

2

w

we get in inequality (36) the upper bound

1 1
1\ 2 xm +1\2
arccos(%) + arccos ,/71,’,”f > arccos(m) s

2

or equivalently

1 1
VAT = 5 (0 + DYl + DY A= e(ha = il ), 67

Taking the square of both sides in (37), we obtain precisely inequality (33). [

Now, we introduce the functions y;(x) and y»(x) by

1 1 1 1
y1(x) : [x:’:max, 1) > R:yx):= 5 3 (xx,’l'fmax + (1 — x2)7(1 — (xr’l'fmaX)Z)z),

1 1 L
2(x) 1 (=1Lx" i) = Ripa(x) = 7t 5( Xy min + (1 —x)i(1— (X min) )2)
and the following subdomains of the rectangle (—1, 1) x [0, 1] (see Fig. 2):

1—x 14+ x
A={(x,ye-1,1)x[0,1]: y< , ¥ <
1_xrrlnmdx 1+xn min
) {(-xn max’ 1)3 (-x::fmin’ 1)}1
By = () € (M DX [0,1]: y > ——— y < pi(0) .
1_xn,max
14+ x
By = (x,y) € (=1, x; ) x[0,1]: y > T Y S y2(x) ¢,
+xn,min

Cr={(x,y) € (' max> D X [0, 1] y > y1 ()},
Co={(x,y) € (=L, x, in) x [0, 1]: y > y2(0)}.

Finally, we can summarize the results of Lemmas 5.1-5.4 as follows.

Theorem 5.5. For normalized functions f € L2([—1, 11, w), all the points (e(f), ' (f)) in
the domain A can be attained. All points (e(f), ] (f)) in the corners Ci and C cannot be
attained.

Remark 5.6. Theorem 5.5 and its proof based on the lemmas formulated before are highly
inspired by the uncertainty relation of the original Landau—Pollak—Slepian theory as described
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in [5, Chapter 2.9], [20, Part 1, Chapter 3] and [23]. Lemma 5.1 reproduces statement F in
[20, Part 1, Section 3.1, p. 95]. However, since M, is not a projection operator, the proof is
altered considerably. Lemma 5.3 is an adaption of Case 2 in the proof of [23, Theorem 2]. The
idea for the proof of Lemma 5.4 is taken from [20, Part 1, Section 3.1E, p. 95]and the proof of
Case 3 in [23, Theorem 2]. Due to the fact, that M, is not a projection operator also here the
proof differs from the original one. Moreover, the resulting inequalities cannot be shown to be
sharp. Bounds from below are given in Lemma 5.3, but it is not yet clear to which extent points
(e(f), m"(f)) can be attained in the domains B and B;.
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