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Clifford Analysis

John Ryan

ABSTRACT We introduce the basic concepts of Clifford analysis. This analysis
started many years ago as an attempt to generalize one variable complex analysis
to higher dimensions. Most of the basic analysis was initially developed over the
quaternions which are a division algebra. However, it was soon realized that virtu-
ally all of this analysis extends to all dimensions using Clifford algebras. Here we in-
troduce a generalized Cauchy—Riemann operator, often called a Dirac operator, and
the analogues of holomorphic functions. These functions are calied Clifford holo-
morphic functions or monogenic functions. We give a generalization of Cauchy’s
theorem and Cauchy’s integral formula. Using Cauchy’s theorem, we can establish
the Mobius invariance of monogenic functions. We will also introduce the Plemelj
formulas and operators, and Hardy spaces.

3.1 Introduction

In this chapter we regard Clifford algebras as natural generalizations of the com-
plex number system. First, note that if z is a complex number, then Zz = [jz]2.
For a quaternion g, we also have gg = ||g||%. Quaternions in this way may be
regarded as a generalization of the complex number system. It seems natural to
ask if one can extend basic results of one complex variable analysis on holomor-
phic function theory to four dimensions using quaternions. The answer is yes.
This was developed by the Swiss mathematician Rudolph Fueter in the 1930s and
1940s and also by Moisil and Theodorescu [29]. See for instance [12]. An excel-
lent review of this work is given in the survey article “Quaternionic analysis” by
Sudbery, see [47]. There is also earlier work of Dixon {11]. However, in previous
lectures we have seen that for a vector z € R™, when we consider R™ embedded
in the Clifford algebra C¢,,, then 22 = —||z||?. So it is reasonable to ask if all
that is known in the quaternionic setting further extends to the Clifford algebra
setting. Again the answer is yes. The earlier aspects of this study were developed
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by among others, Richard Delanghe [9], Viorel Iftimie [16] and David Hestenes
[15]. The subject that has grown from these works is now called Clifford analysis.

In more recent times, Clifford analysis has found a wealth of unexpected appli-
cations in a number of branches of mathematical analysis, particularly classical
harmonic analysis. See, for instance, the work of Alan McIntosh and his collabo-
rators [21, 22], Marius Mitrea (27, 28] and papers in [37]. Links to representation
theory and several complex variables may be found in {14, 34-36] and elsewhere.

The purpose of this paper is to review the basic aspects of Clifford analysis.

Alternative accounts of much of this work, together with other related results,
can be found in [5, 10, 13, 14, 20, 31, 37, 38].

3.2 Foundations of Clifford analysis

We start by replacing the vector £ = x1e;+. . .+xznen, by the differential operator
D= Z;.;l e; %. One basic, but interesting, property of D is that D? = — A,

the Laplacian Z?=1 6%2? in R™. The differential operator D is called a Dirac op-
erator.

This is because the classical Dirac operator constructed over four-dimensional
Minkowski space squares to give the wave operator.

Definition 1. Suppose that U is a domain in R™ and f and g are C-functions
defined on U and taking values in Cl,,. Then f is called a left monogenic function
if Df = 0 on U, while g is called a right monogenic function on U if gD = 0,
where gD = 377 {%"’;ej.

Left monogenic functions are also called left regular functions and, perhaps
most appropriately, left Clifford holomorphic functions. The term Clifford holo-
morphic functions, or Clifford analytic functions appears to be due to Semmes,
see [41] and elsewhere. We shall most often use the term Clifford holomorphic
functions.

Examoples of such functions include the gradients of real valued harmonic func-
tions on U. If h is harmonic on U, and if it is also real valued, then Dh is a vec-
tor valued left monogenic function. It is also a right monogenic function. Such a
function is commonly referred to as a conjugate harmonic function, or a harmonic
1-form. See for instance [46]. An example of such a function is G(z) = e

It should be noted that if f and g are left monogenic functions then, due to the
lack of commutativity of the Clifford algebra, it is not in general true that their
product f(z)g(z) is left monogenic.

To introduce other examples of left monogenic functions, suppose that u is a
C¥,, valued measure with compact support [1] in R™. Then the convolution

/[ | G(z — y)du(y)
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defines a left monogenic function on the maximal domain lying in R™\[u]. The
previously defined integral is the Cauchy transform of the measure [y].

Another way of constructing examples of left monogenic functions was intro-
duced by Littlewood and Gay in [23], for the case n = 3, and independently re-
introduced for all n by Sommen [43]. Suppose U’ is a domain in R"*~!, spanned
by ez, ..., e,. Suppose also that f'(z') is a CZ,,-valued function such that at each
point z' € U’ there is a multiple series expansion in za, ..., Z, that converges
uniformly on some neighborhood of 2’ in U’ to f’. Such a function is called a real
analytic function. The series

8
?T‘lp—a

!x'f(—elD')kf'(:z') = exp(—z1e1 D) f'(z),

.
i

0

where D' = E?:z €; %, defines a left monogenic function f in some neighbor-
J

hood U(f’) in R™ of U’. The left monogenic function f is the Cauchy-Kowa-
lewska extension of f’. 3

It should be noted that if f is a left monogenic function, then f and f are both
right monogenic functions!.

We now turn to analogues of Cauchy’s Theorem and Cauchy’s integral formula.

Theorem 1 (Clifford—Cauchy Theorem). Suppose that f is a left Clifford holo-
morphic function on U, and g.is a right Clifford holomorphic function on U.
Suppose also that V' is a bounded subdomain of U with piecewise differentiable
boundary S lying in U. Then

/S a(@)n(x) f(z) do(z) = 0 @D

where n(z) is the outward pointing normal vector to S at x and o is the Lebesgue
measure on S.

Proof. The proof follows directly from Stokes’ Theorem. One important point to
keep in mind is that, since C?,, is not a commutative algebra, the order of the
quantities g, n(z) and f must be maintained. One then has that

/g(m)n(:v)f(w) do(z) =/((Q(I)D)f($)+g(fc)(Df($)))dI” =0.
S \4

Suppose that g is the gradient of a real valued harmonic function and f = 1. Then
the real part of Equation 1 gives the following well-known integral formula:

/ < grad g(z),n(z) > do{z) =0.

Here,  denotes the Clifford conjugate of f while f is the reversion of a Cfr,-valued function f.
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We now turn to the analogue of a Cauchy integral formula.

Theorem 2 (Clifford-Cauchy Integral Formula). SupposethatU,V, S, f and
g are all as in Theorem | and thaty € V. Then

1
y) = — /SG(.’L‘ —yn{z)f(z)do(x)
and )
o) = - [ @)l 1) do(a)
where wy, is the surface area of the unit sphere in R™.

Proof. The proof follows very similar lines to the argument in one variable com-
plex analysis. We shall establish the formula for f(y), the proof being similar
for g(y). First, let us take a sphere S™"~!(y,r) centered at y and of radius 7.
The radius 7 is chosen sufficiently small so that the closed disc with boundary
S™~1(y,r) lies in V. Then, by the Clifford-Cauchy theorem,

/ Gz — y)n(z)f(z) do(z) = / Gz — y)n(z)f(z) do(z).
S

Sn=1(y,r)

However, on S™~1(y, 7) the vector n(z) = So G(z —y)n(z) = =+ and

o III yll

/ Gz — y)n(z) f(z) do(z)
Sn—=Y(y,r)

= L (@) - ; ') woia
- /;"‘I(U,T') Tn_l (f( ) f(y))dO( ) + ‘/S"_l(y,'r) 'rﬂ—l d ( )

The right side of the previous expression reduces to
/ —__(f(x)n 1f( v) do(z) + f(y)/ do(z).
Sm=1(y,r) T

Now [¢. 1 do(z) = wn, and by continuity

lim
0 sty

The result follows. O

T
is nonzero, plays a fundamental role in this proof. Moreover, the proof is almost

exactly the same as the proof of Cauchy’s Integral Formula for piecewise C'-
curves in one variable complex analysis.

Having obtained a Cauchy Integral Formula in R™, a number of basic results
that one might see in a first course in one variable complex analysis carry over

One important feature to note is that Kelvin inversion, 27" = W whenever z
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more or less automatically to the context described here. This includes Liouville’s
Theorem and Weierstrass’ Convergence Theorem. We leave it to the interested
reader to set up and establish the Clifford analysis analogues of these results.
Their statements and proofs can be found in [5].

Theorems 1 and 2 show us that the individual components of the equations
Df = 0and gD = 0 comprise generalized Cauchy—Riemann equations. In the
particular case that f is vector valued, f = Z —1 fje;, the generalized Cauchy-

Riemann equations become % = ;;IL, whenever i # j, and " =1 az, = 0.
This system of equations is often referred to as the Riesz system.

Having obtained an analogue of Cauchy’s integral formula in Euclidean space,
we now exploit this result to show how many consequences of the classical Cauchy
integral carry over to the context described here. We begin with the Mean Value
Theorem.

Theorem 3 (The Mean Value Theorem). Suppose that D(y, R) is a closed disc
centered at y, of radius R and lying in U. Then, for each left Clifford holomorphic
Sunction f on U

Ruwn Jp,ry iz —ylI™? v

f)

Proof. We have already seen that for each r € (0, R),

) = - —fﬁ%da(m,

Wn Jgn-1(y,r) Iz -yl

where S™~1(y,r) is the (n — 1)-dimensional sphere centered at y and of radius r.
We obtain the result by integrating both sides of this expression with respect to
the variable r, and dividing throughout by R. 0

Let us now explore the real analyticity properties of Clifford holomorphic func-
tions. First note that when n is even,

Clz —y) = (1) (& —y) "
Also

(@-)7 =2 (1) = A o = e =

So for, |ly|| < ||z|,

-y =z M0 4yz .yt L)
=(1+zy+... +27ly. .z ly 4. )k

Hence, these two sequences converge uniformly to (z — y) ™! provided

vl <7 <llzl,
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and thcy converge pointwise to (z — y)~! provided ||y|| < ||z||. One now takes
(=1)"7" times the (n — 1)-fold product of the series expansions of (z — y)~*
with itself to obtain a series expansion for G(z — y). In the process of multiplying
series together, in order to maintain the same radius of convergence, one needs
to group together all linear combinations of monomials in yq, ..., ¥, that are of
the same order. Thus, we have deduced that when n is even, the multiple Taylor
series expansion

Z( > yl' ...yl 0IG(2) )
PRI

3j=0 Y1 in

converges uniformly to G(z — y) provided ||y|| < r < ||z||, and converges point-
wise to G(z — y) provided |jyl| < ||z]|-

A similar argument holds when 7 is odd.

Returning to Cauchy’s integral formula, let us suppose that f is a left Clif-
ford holomorphic function defined in a neighborhood of the closure of some ball
B(0, R). Then

fly) = i Gz - y)n(x)f(m) dU(I)
9B(0,R)
vyl 9G(x)
/68(0 R) ( Z jll! —Jnl B2l ... O )n(ff)f(x) do(z)
=0 =

provided ||y|| < {|z||. Since this series converges uniformly on each ball B(0, ),
for each 7 < R, this last integral can be re-written as

Ly 9IG(x
Z / ( Lo ()jnn(a:)f(m)> do(z).
=0 /oB(O,R) Jite. . Int Oz ... Oxy;

J1---dn .
ji+-- +]n—]

Since the summation within the parentheses is a finite summation, this last ex-
pression easily reduces to

1 B yln ¥G(z
— ( y, Lt / T (z) - n(a:)f(:c)) do (z).
wn g\~ il dn! JomoR) Oz ... O

Jit.tin=j

On placing
1 &Gz
Wn PR TRP ) - Ux)f () do(z) = aj,..j,
Wn JoB(o,R) 027 ...0zy
it may be seen that on B(0, R) the series

J1

oo 2 pin
> ﬁ%...jn)
j_

o J1eedn
Jit.+in=j
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converges pointwise to f(y). Convergence is uniform on each ball B(0,r), pro-
videdr < R.

Similarly, if g is a right Clifford holomorphic function defined in a neighbor-
hood of the closure of B(0, R), then the series

st J1 in

S X )

J1edn sy K

§=0 " i1egn Jitee-Ine
N1t Fin=]

converges pointwise on B(0, R) to g(y) and converges uniformly on B(0,r) for
r < R, where

1 Gz
== [ g2 o)

b .
y : :
Wn J8B(0,R) oz ... ozl

1---Jn

By translating the ball B(0, R) to the ball B(w, R), where
w=wie1 + ...+ Wpep,

one may readily observe that for any left Clifford holomorphic function f, defined
in a neighborhood of the closure of B(w, R), the series

i( Z (y1 — w1).j1 (yn — wp ) a )

) ’ .71! .. .]n!
_ Jiedn
Jit..gn=3

converges pointwise on B{w, R) to f(y), where

3 -
@i = — PCE =) 1 2) () dor(z).
n JoB(w,R) 07" ...2%

Again, the series converges uniformly on B(w, ) for each r < R. A similar series
may be readily obtained for any right Clifford holomorphic function defined in a
neighborhood of the closure of B(w, R).

The types of power series that we have developed for left Clifford holomor-
phic functions are not entirely satisfactory. In particular, unlike their complex
analogues, the homogeneous polynomials

oL i
7 1 %...n
Z gl gal 7
21---dn
Jitetin=g
are not expressed as a linear combination of left Clifford holomorphic polynomi-
als. To rectify this situation, let us first take a closer look at the Taylor expansion
for the Cauchy kernel G(z — y) where all the Taylor coefficients are real. Let us

first look at the first order terms in the Taylor expansion. This is the expression

8G(x) 9G(z)
1 axl +... Yn BIH .
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Since G is a Clifford holomorphic function,

€7 6
axl Z 1 ]

Therefore, the first order terms of the Taylor expansion for G(z — y) can be re-
expressed as

z": o) 6G(w)
1“9t T
pr 6353
Moreover, for 2 < j < n, the first order polynomial y; — e] 'e;y; is a left Clifford
holomorphic polynomlal Let us now go to second order terms. Again, we replace

the operator a - by the operator

—Z 61 ejax

2
whenever it arises. Let us consider the term gz%(f;, where i # 7 # 1. We end up
with the polynomial

Viy; — viyier e; — yiyier e
= 3((ys —yre7 e (y; —yrer les) + (ys — vaey 'e;)(yi — yiey ' er).
2
Similarly, the polynomial attached to the term %(;ﬂ is (y; — ylel_lei)2. Us-

ing the Clifford algebra anticommutatlon relations e;e; + e;e; = —24;;, and on
replacing the differential operator 57— by the operator

the power series we previously obtained for G(z —y) can be replaced by the series

s 8 G(x)
P‘ ] — 3
E. ( j;mj:n jaesin (Y) oz ... Sz )

Jot+...tin=]

where ||y|| < ||z|| and

1 B _
Pinin(®) = 52(Wotr) - yier eo)) - - (Yo(s) — Y161 €o(s))-

Here, 0(i) € {2,...,n} and the previous summation is taken over all permuta-
tions of the monomials (y,¢;y — ¥1 el—lea(i)) without repetition. The quaternionic
monogenic analogues for these polynomials were introduced by Fueter [12], while



Lecture 3: Clifford Analysis 61

the Clifford analogues, P}, ;. , were introduced by Delanghe in [9]. It should be
noted that each polynomial P;,. ; (y) takes its values in the space spanned by
{1, e1ea, ..., e1e,}. Also, each such polynomial is homogeneous of degree j.
Similar arguments to those just outlined give

had dIG(z) ——
Ol —y) = Z( 3 5;:——(;—13@)
j=0 32 dn oom

JoteFin=]
provided |ly|| < ||z]].

Proposition 1. Each of the polynomials P;,.. ;. (y) is a left Clifford holomorphic
polynomial.

Proof. Calculating

DP;, ;.(y) =e1 ( +e1lz 636 P iy ))

we then consider the expression

+ el le;
ayl 322 1 Ja 32 Jn (y)

This term is equal to

(6 + 261 % Bg: ) (Yor) — €1 "eay¥1) - - - Wa(iz1) — €1 "€oi=1)Y1)
Yj o

X (Yo i) — €1 “eoiy¥1) WYo(is1) — €1 o n¥1) - - - (Yo(s) — €1 "€a(s)¥1)-

This is equal to

Z Yoy — €1 "eoy¥1) - - - Wo(i=1) — €1 "€oi—1y¥1)(—€1 "€o(s))
X (Yo(ir1) = €1 “eo@rn)¥1) - - - (Yo (i) — €1 "€o(i)¥1)
+ Z 7 o) Yoy — €1 eo)¥1) - - - (Yo(i—1) — €1 "€o(i—1)Y1)
X Yo(ir1) — €1 €oi+n)¥1) - - (Yo (i) — ertes(jyy1)-
If we multiply the previous term by y1, and add to it the following term, which is
equal to zero,
Z (Yo(1) — €1 eaqy¥1) - - Wo(im1) = €7 €o(i=1)¥1)Uo(i) — Yo(i))

X (Yo(is1) — €1 €o+1)¥1) - - - (Yo(j) — €1 €a(i)V1)
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we get, after regrouping terms,

Z (Wor) — €1 "eay¥1) - - - Woio1) — €7 eo(i=1)¥1) Yo (i) — €1 *€oi)¥1)
X (Yo(ir1) = €1 " aqirny¥1) - - - (Yoi) — €1 "€o(i)¥1)
- Z (ya(i) - el_lea(i)yl)(ya(l) - eflea(nyl) S (ya(i—l) - el_lea(i—l)yl)

X (Ya(it1) — €1 ‘€a(it)¥1) - - - Yo(s) — €1 €a(s)¥s)-

Since the summation is taken over all possible permutations, without repetition,
the last term vanishes. O

Using Proposition 1 and the results we previously obtained on series expan-
sions, we can obtain the following generalization of Taylor expansions from com-
plex analysis.

Theorem 4 (Taylor Series). Suppose that f is a left Clifford holomorphic func-
tion defined in an open neighborhood of the closure of the ball B(w, R). Then

(e <]

f(y)=Z( > sz...jn(y—W)aja...jn)

J=0  dp..in
Je2t. . +in=Jj

where

1 Gz —w)
Wn JaB(w,R) 62:%2 ...0xl»

n(z) f(z) do(z)

Qjy..cfin =

and ||y — w|| < R. Convergence is uniform provided ||z — w|} < r < R.

A simple application of Cauchy’s theorem tells us that the Taylor series that
we obtained for f in the previous theorem remains valid on the largest open ball
on which f is defined, and on the largest open ball on which ¢ is defined. Also,
the previous identities immediately yield the mutual linear independence of the
collection of the left Clifford holomorphic polynomials

{Pj.jn i d2+ .- dn=13,0<j<oo}

3.3 Other types of Clifford holomorphic functions

Unlike the classical Cauchy—Riemann operator aﬁz‘ = % + ia%, the generalized
Cauchy-Riemann operator D that we have introduced here does not have an iden-
tity component. Instead, we could have considered the differential operator

n—1
D':i+2 0

€;—.
oz T 0x;
0 i+l ¥
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Also for U’ a domain in R & R"~!, spanned by {1,e1,...,e,—1}, one can con-
sider C¥,,_1-valued differentiable functions f’ and ¢’ defined on U’ such that
D'f' =0and ¢’ D’ = 0, where

n—1

D = og’ dg’ e

== —=e;.

61‘0 =1 6.’1,']

Traditionally, such functions are also called left monogenic and right monogenic
functions. To avoid confusion, we shall call such functions unital left monogenic
and unital right monogenic, respectively. In the case where n = 2, the opera-
tor D’ corresponds to the usual Cauchy—Riemann operator, and unital monogenic
functions are the usual holomorphic functions studied in one variable complex
analysis. The function

z
llzl|™

G'(z) =

=gzl

is an example of a function which is both unital left monogenic and unital right
monogenic. It is a simple matter to observe that f’ is unital left monogenic if and
only if f " is unital right monogenic. However, ?’ is not unital right monogenic
whenever f’ is unital left monogenic. Instead, ?l satisfies the equation ?/D’ = 0.

The function theory for unital left monogenic functions is much the same as for
left monogenic functions. For instance, if f’ is unital left monogenic on U’, and ¢’
is unital right monogenic on the same domain, and S’ is a piecewise smooth,
compact surface lying in U’ and bounding a subdomain V", then

|9 @n@r @i =o
where n(z) is the outward pointing normal vector to S’ at z. Also, foreachy € V'

there is the following version of Cauchy’s integral formula:

Fw)=— [ ¢@-yu@r@do).

Wn Jgr

To get from the operator D to the operator I)’, one first rewrites D as

o = _, 8
en(a_%'i';enlejgx—j).

On multiplying on the left by e,, and changing the variable z,, to g, we get the
operator
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This operator takes its values in the even subalgebra C¢} of CZ,,. Applying the
isomorphism

0:Cly1 — CEL, Bej,...e5) =€, e, ...e0te;,
it immediately follows that (D'} = D”. So if f’ is unital left monogenic, then

D”8(f) = 0. If we change the variable x; of the function 6(f(z)) to z,, we get
a left monogenic function, which we denote by 8'( f)(x), where

r=zx1€1+...+The, € UCR"
if and only if
z=zp+z1614... +Tn_1en1 €U CROR* L

It should be noted that D'D’ = D'D’ = A,,.
When n = 3, the algebra C/; is split by the two projection operators

Ei = %(1 + 616263)

into the direct sum
Cls = E, Cls®d E_Cls,

and each of these subalgebras is isomorphic to the quaternion algebra H. In this
setting, the differential operator E4 D’ can best be written as

il

pp D000
Oz

ot Oz J oy
and the operator £ D can best be written as

ELD= l% +]% + k%

We shall denote the first of these two operators by Dy; and the second by Dy. The
operator Dy is sometimes referred to as the Cauchy—Riemann-Fueter operator.
The function theory associated to the differential operators Dy and Dy is much
the same as that associated to the operators D and D'. In fact, historically the
starting point for Clifford analysis was to study the function theoretic aspects of
the operators Dy and Dy, see for instance [9, 12] and the excellent review article
of Sudbery [47].

It is a simple enough matter to set up analogues of Cauchy’s theorem and
Cauchy’s integral formula for the quaternionic valued differentiable functions that
are either annihilated by Dy or Dy, either acting on the left or on the right. When
dealing with the operator Dy, such functions are called quaternionic monogenic.
The quaternionic monogenic Cauchy kernel is the function ¢~!||q]|=2. Conse-
quently, for each quaternionic left monogenic function f(q) defined on a domain
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U” C H, and each go lying in a bounded subdomain with piecewise C''-bound-
ary S”,
1 _ -
o) = - [ (0= @)l = a0l *n0)f (@) dota).
Similarly, if g is right quaternionic monogenic on U” | then

o) = = [ s@n@a-o) - el P 62

w3

3.4 The equation D*f =0

It is reasonably well known that if h is a real valued harmonic function defined
on a domain U C R™, then for each y € U and each compact, piecewise C-sur-
face S lying in U such that S bounds a subdomain V of Sandy € V,

h(y)
= ;1; /S(H(x —y) < n(z), grad h(z) > — < G{z — y),n{z) > h(z)) do(z),

where
1

Hz—y)= .
(n —2)|lz —y|j~2
This is Green’s formula for a harmonic function, and it heavily relies on the stan-

dard inner product on R™. Introducing the Clifford algebra C?,,, the right side of
Green’s formula is the real part of

L [ (6(z - y)n(2)h(z) - H(z - y)n(z) Dh(z)) do(z).

Wn Js

Assuming that the function h is C?, then on applying Stokes’ theorem, the
previous integral becomes

L (6(z - y)n(@)h(@) - H(z - y)n(z)Dh(z)) doz),

Wn Jsn-1(y,r(y))

where S™~1(y, r(y)) is a sphere centered at y, of radius r(y) and lying in V. On
letting the radius 7(y) tend to zero, the first term of the integral tends to A(y),
while the second term tends to zero. Consequently, the Clifford analysis version
of Green’s formula is

o) = - [ (6le ~w)n@)h(a) - H(z = )n(a)Dhia)) do(a).
k3
We obtained this formula under the assumption that k is real valued and C2.
The fact that h is real valued can easily be seen to be irrelevant, and so we can
assume that h is C¢,, valued. From now on, we shall assume that all harmonic
functions take their values in CZ,,. If h is also a left monogenic function, then the
Clifford analysis version of Green’s formula becomes Cauchy’s integral formula.
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Proposition 2. Suppose that f is a Clifford holomorphic function on some do-
main U. Then x f(x) is harmonic.

Proof.
_ ~ 0f(z) 0f (=)
Dzf(z) = —nf(zx) — ;x, bz, Z;zkekq?j.
ik
Now
of(z
Z Tperej—— f( Z Z a:keke] 6
k=1j#k

As f is left monogenic, this last expression simplifies to Yy _; = aafx)‘ More-
over, D(Z] 1 ]—aﬁ——) = 0. Consequently, D%z f(z) = 0. |

The previous proof is a generalization of the statement: “if h(z) is a real valued
harmonic function, then so is < z, grad h(z) >”
In fact, in the previous proof, we determine that

Daf(e) = —nf®) =23 2, 22
J

In the special case where f(z) = Py(z), a left Clifford holomorphic polynomial
of order k, this equation simplifies to

Dz Py(z) = —(n + 2k) Pe(x).

Suppose now that A(z) is a harmonic function defined in a neighborhood of the
ball B(0, R). Then Dh is a left Clifford holomorphic function, and there is a series
Y20 Pi(z) of left Clifford holomorphic polynomials with each P, homogeneous
of degree [, such that the series converges locally uniformly on B(0, R) to Dh(x).

Now consider the series .

2 +121P’( )

=0

Since
— S IP@] <A@,

this new series converges locally uniformly on B(0, R) to a left Clifford holomor-
phic function f;(z). Moreover, Dz f1(z) = Dh(z) on B(0, R). Consequently,
h(z) — zf1(z) is equal to a left Clifford holomorphic function fa2(z) on B(0, R).
We have established:

Proposition 3. Suppose that h is a harmonic function defined in a neighborhood
of B(0, R). Then there are left Clifford holomorphic functions f, and f3 defined
on B(0, R) such that h(z) = zf1(z) + f2(z) for each x € B(0, R).
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This result remains invariant under translation. As a consequence, it shows us
that all harmonic functions are real analytic functions. So there is no need to spec-
ify whether or not a harmonic function is C2. The result also provides an Almansi
type decomposition of harmonic functions in terms of Clifford holomorphic func-
tions over any ball in R™.

It should be noted that Proposition 3 remains true only if A is real valued.

Proposition 3 gives rise to an alternative proof of the Mean Value Theorem for
harmonic functions.

Theorem 5. For any harmonic function h defined in a neighborhood of a ball
B(a,R) and anyr < R,
1
h(a) = — h{z)do(z).
Wn J8B(a,r)

Proof. Proposition 3 tells us that there is a pair of left Clifford holomorphic func-
tions f1 and f such that

hz) = (z = a)f1(z) + fa(2)
on B(a, R). So h(a) = fa(a), and we have previously shown that

—1—- fa(z)do(z) = fala).
Wn JaB(a,r)
Now

/ (x —a)filz)do(z) = r/ n(z)fi(z)do(z) =0.
8B(a,r)

8B(a,r)

The following is an immediate consequence of Proposition 3.

Proposition 4. If hi(z) is a harmonic polynomial homogeneous of degree [, then

hi(z) = pi(e) + zpi-1(z)

where py is a left Clifford holomorphic polynomial homogeneous of degree | while
pi—1 Is a left monogenic polynomial which is homogeneous of degree | — 1.

It is well known that pairs of homogeneous harmonic polynomials of differing
degrees of homogeneity are orthogonal with respect to the usual inner product
over the unit sphere. Proposition 4 offers a further refinement to this. Suppose
that f and g are Cf,,-valued functions defined on S»~1, and each component of f
and g is square integrable. If we define the C¥,, inner product of f and g to be

<fo>=o- [ T@ata)doto)
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then if f and g are both real valued, this inner product is equal to

1
— f(z)g(z) do(z),
wn Sn—1
which is the usual inner product for real-valued square integrable functions de-
fined on S™~1. Now

<apa@ne) > = [ p@m(e)do(a)

= [ L @n@nE) dE) =0,
Wn Jgn-1
The evaluation of the last integral is an application of Cauchy’s theorem.

Let us denote the space of C/,-valued functions defined on S™~1 and such
that each component is square integrable, by L2(S™~1, CZ,). Clearly, the space
of real valued square integrable functions defined on S™~ ! is a subset of L2(S™ 1,
Cl,_1). The space L?(S™1,C¢,) is a C¢,-module.

We have shown that by introducing the module L2(S™~*, C¥,,), Proposition 4
provides a further orthogonal decomposition of harmonic polynomials, using left
Clifford holomorphic polynomials. We shall return to this theme later. This de-
composition was introduced for the case n = 4 by Sudbery [47], and indepen-
dently extended for all n by Sommen [43].

Let us now consider higher order iterates of the Dirac operator D. In the same
way that DH (z) = G(z), there is a function G3(z) defined on R™\ {0} such that
DG4(z) = H{(z). Specifically,

T

Gs(z) = C(n’?))n_xl[—"—_?’

for some dimensional constant C(n, 3). Continuing inductively, we may find a
function Gk(z) on R\ {0} such that DG (z) = Gk_1(x). Specifically,

Gi(z) = C(n, k)”—I”—n“’fH—1
where when n is odd, so is k.
Gu(a) = Cln, K)oy
where when n is odd, £ is even.
Grl@) = COn W) oy

where when n is even, k isodd and & < n.

Gr(z) = C(n, k)ﬂ_arwla‘_k
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where when n is even, k is even and k < n.
Gi(z) = C(n, k) (=" ™ log ||| + A(n, k)z*F~™)

where when n is even, £ > n. In the last expression, A(n, k) is a real constant
dependenton n and &, and C(n, k) is a constant dependent on n and & throughout.
It should be noted that Gi(z) = G(z) and G2(z) = H(z). It should also be
noted that D*Gy(z) = 0.
Here is a simple technique for constructing solutions to the equation D¥g = 0
from left Clifford holomorphic functions. The special case k = 2 was illustrated
in Proposition 2.

Proposition 5. Suppose that f is a left Clifford holomorphic function on U. Then
DEgk—1f(z) = 0.

Proof. The proof is by induction. We have already seen the result to be true in the
case k = 2 in Proposition 2. If k is odd, then

Da*"1f(z) = (k — 1)zF 2 f(=).

If k is even, then

Dz*=1f(z) = —n(k — 1)zF 2 f(z) + 2*~2 ; ejxaga(j).

By arguments presented in Proposition 5, this expression is equal to

=1 81’j
However, 37, z; 65:&?) is a left Clifford holomorphic function. So the proof by
induction is now complete. O

We shall refer to a function g : U — C£,,, which satisfies the equation D*g =
0, as a left k-monogenic function. Similarly, if h : U — CY,, satisfies the equation
hDF = 0, then h is a right k-monogenic function. In the case where k = 1, we
return to the setting of left, or right, Clifford holomorphic functions, and when
k = 2 we return to the setting of harmonic functions. When k = 4, the equations
D*g = 0 and gD* = 0 correspond to the equations A2g = 0 and A2h = 0. So
left or right 4-monogenic functions are in fact biharmonic functions.

More generally, if k is even, then a left or right k-monogenic function f auto-

k
matically satisfies the equation A2 f = 0.
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Proposition 6. Suppose that p is a left k-monogenic polynomial homogeneous of
degree q. Then there are left Clifford holomorphic polynomials fo, . . ., fx—1 such
that

p(z) = fo(z) + ... + " froa (),

and each polynomial f; is homogeneous of degree q — j, whenever ¢ — j > 0,
and identically zero otherwise.

Proof. The proof is via induction on k. The case k = 2 is established immedi-
ately after the proof of Proposition 2. Let us now consider Dp(z). This is a left
(k —1)-monogenic polynomial homogeneous of degree g — 1. So by the induction
hypothesis,

Dp(z) = gi(z) + ... + 2" g1 (),

where each g; is a left Clifford holomorphic polynomial homogeneous of degree
q — J, whenever ¢ — j > 0, and is equal to zero otherwise. Using Euler’s lemma,
and the observations made after the proof of Proposition 5, one may now find left
Clifford holomorphic polynomials f1(z), ..., fk—1{x) such that

D(zfi(z) + ... +2* " fi_1(z)) = Dp(2),

and
fi(z) = cjg;(z)
for some ¢; € R, and where 1 < j < k — 1. It follows that

k—1
p(z) = Y f(z)
j=1
is a left Clifford holomorphic polynomial fy, homogeneous of degree g. O

One may now use Proposition 6, and the arguments used to establish Proposi-
tion 3, to deduce:

Theorem 6. Suppose that f is a left k-monogenic function defined in a neighbor-
hood of the ball B(0, R). Then there are left monogenic functions fo, ..., ft—1
defined on B(0, R) such that f(z) = fo(z) + ...+ 271 fi_1(z) on B(0, R).

Theorem 6 establishes an Almansi decomposition for left k-monogenic func-
tions in terms of left Clifford holomorphic functions over any open ball. It also
follows from this theorem that each left k-monogenic function is a real analytic
function. It is also reasonably well known that if h is a biharmonic function de-
fined in a neighborhood of B(0, R), then there are harmonic functions k; and ks
defined on B(0, R) such that

h(z) = h(z) + |lz[*ha(2).

In the special case where k = 4, Theorem 6 both establishes this result and re-
fines it.
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Since each left k-monogenic function is a real analytic function, we can imme-
diately use Stokes’ theorem to deduce the following Cauchy—Green type formula.

Theorem 7. Suppose that f is a left k-monogenic function defined on some do-
main U, and suppose that S is a piecewise C' compact surface lying in U and
bounding a bounded subdomain'V of U. Then for eachy € V,
1 u , A
£6) = o (o176, = n(e)D ™! f(a) doo)

W
n =1

3.5 Conformal groups and Clifford analysis

Here we examine the role played by the conformal group within parts of Clifford
analysis. Our starting point is to ask what type of diffeomorphisms acting on sub-
domains of R™ preserve Clifford holomorphic functions. If a diffeomorphism ¢
can transform the class of left Clifford holomorphic functions on one domain U
to a class of left Clifford holomorphic functions on the domain ¢(U) and do the
same for the class of right Clifford holomorphic functions on U, then it must
preserve Cauchy’s theorem. If f and g are left and right Clifford holomorphic
on U, respectively, and these functions are transformed to f and ¢/, left and right
Clifford holomorphic functions on ¢(U), then

/ g(x)n(z)f(z)do(z) =0 = / g Wn)f'(y) do(y)

s #(S)

where S is a piecewise C!-compact surface lying in U and y = ¢(z). An impor-
tant point to note here is that we need to assume that ¢ preserves vectors orthog-
onal to the tangent spaces at z and ¢(x). As the choice of = and S is arbitrary,
it follows that the diffeomorphism ¢ is angle preserving. In other words, ¢ is a
conformal transformation. A theorem of Liouville [24] tells us that for dimen-
sions 3 and greater the only conformal transformations on domains are Mobius
transformations.

In order to deal with Mobius transformations using Clifford algebras, we have
seen in a previous chapter that one can use Vahlen matrices. We now proceed
to show that each Mobius transformation preserves monogenicity. Sudbery [47],
and also Bojarski [3], have established this fact. We will need the following two
lemmas.

Lemma 1. Suppose that ¢(x) = (az+b)(cz+d) ™! is a Mobius transformation;
then

Gu—v) = J(¢,2)7 Gz - y)J(4,9)",
where u = ¢(z), v = ¢(y) and

(cz ¥ d)
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Proof. The proof essentially follows from the fact that

(:1:‘1 — y_l) = x"l(y - x)y‘l.

Consequently,
o™t =y~ = ez~ wlllyl ™", and  azd - ayé = a(z - y)a.

If one breaks the transformation down into terms arising from the generators of
the Mdbius group, using the previous set of equations, then one readily arrives at
the resuit. O

Lemma 2. Suppose that y = ¢(x) = (az + b)(cz + d)~! is a Mobius transfor-
mation, and for domains U and V we have $(U) = V. Then

/ Fun(w)g(u) do(u) = / F(@))J (, 2)n(2)J (v, 2)g(¥(2)) do(z)
s ¥=1(S)

where u = Y(z), S is a orientable hypersurface lying in U, and

e

cx+d

Proof Outline. On breaking ) up into the generators of the Mobius group, the
result follows by noting that

—1
Oz -1, -1
Bzvj

It follows from Cauchy’s Theorem that if g(u) is a left Clifford holomorphic
function in the variable u, then J{¢, z) f(¢(z)) is left Clifford holomorphic in
the variable x.

When ¢(z) is the Cayley transformation

y={(ez+1)(z+ en)"l,

we can use this transformation to establish a Cauchy-Kowalewska extension in a
neighborhood of the sphere. If f(z) is a real analytic function defined on an open
subset U of S™~1\{e,}, then

Uy) = J(&™ 1 y) " F(6(y))

is a real analytic function on the open set V = ¢~1(U). This function has a
Cauchy-Kowalewska extension to a left Clifford holomorphic function L(y) de-
fined on an open neighborhood V' (g) C R™ of V. Consequently,

F(z)=J(¢7"2)L(¢™ ()
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is a left Clifford holomorphic defined on an open neighborhood

U(f)=¢"(V(9)

of U. Moreover Fjy = f. Combining with similar arguments for the other Cayley
transformation

y=(—epz+ 1){z— en)"l,
one can deduce:

Theorem 8 (Cauchy—Kowalewska Theorem). Suppose that f is a Cl,-valued
real analytic function defined on S™~!. Then there is a unique left Clifford holo-
morphic function F defined on an open neighborhood U(f) of S™™! such that
F n—-1 = f.

IS

In fact, if f(u) is defined on some domain and satisfies the equation D* f = 0,
then the function Ji (¢, ) f(¥(x)) satisfies the same equation, where
cx¥d
lez + dfr =+t

Jk(d)’x) =

Theorem 9 (Fueter-Sce Theorem). Suppose that [ = u+iv is a holomorphic
function on a domain Q C C and that Q = Q and f(Z) = f(z). Then the function

1,/

F(z) = u(zy, [2']]) + eflmv(ﬁvh (E21)

is a unital left(n — 1)-monogenic function on the domain {z : 1 + i||z’|| € Q}
whenever n is even. Here *’ = I2€2 + ...+ Tp€n.

Proof. First let us note that ™ 1e; is left n — 1 monogenic whenever n is even. It
follows that

&%
-1 _ —k-1
ﬁx €1 = CxT €1
1

is n — 1 left monogenic for each positive integer k. Here ¢, is some nonzero real
number. Using Kelvin inversion, it follows that z*e; is left n — 1 monogenic for
each positive integer k. By taking translations and Taylor series expansions for
the function f, the result follows. O

This result was first established for the case n = 4 by Fueter [12], see also Sud-
bery [47]. It was extended to all even dimensions by Sce [40], though the methods
used do not make use of the conformal group. This result has been applied in [32,
33] to study various types of singular integral operators acting on LP spaces of
Lipschitz perturbations of the sphere.
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3.6 Conformally flat spin manifolds

The invariance of monogenic functions under Mobius transformations, described
in the previous section, makes use of a conformal weight factor J(4, z). This in-
variance can be seen as an automorphic form invariance, which leads to a natural
generalization of the concept of a Riemann surface to the Euclidean setting. A
manifold M is said to be conformally flat if there is an atlas A of M whose tran-
sition functions are Mobius transformations. For instance, via the Cayley trans-
formations

(ent1z + 1)z +ens1)™! and (—enp17+ 1)(z —eny1) ™Y,

one can see that the sphere S™ C R™*! is an example of a conformally flat man-
ifold. Another way of constructing conformally flat manifolds is to take a simply
connected domain U of R™, and consider a Kleinian subgroup " of the Mdbius
group at acts discontinuously on U. Then the factorization U\T is a conformally
flat manifold. For instance, let U = R™ and let I be the integer lattice

Z¥=Ze1+ ...+ Zex

for some positive integer k < n. In this case, R\ Z* gives the cylinder Cy, and
when k = n we get the n-torus. Also, if we let

U=R"\{0} and T'={2*:keZ},

the resulting manifold is S x S~
We locally construct a spinor bundle over M by making the identification
(u, X) with either (z, £J (¢, ) X), where

u=1Y(z) = (az + b)(cx + d)™! = (—az — b)(—cz — d)~ L.

If we can compatibly choose the signs, then we have created a spinor bundle over
the conformally flat manifold. Note, it might be possible to create more than one
spinor bundle over M. For instance, consider the cylinder Ci. If we make the
identification (z, X) with (z + m, (—1)"™**+"™ X)) where [ is a fixed integer
withl < k,and m = mye; + ...+ mye; + ... + myex, then we have created k
different spinor bundles E, ..., E* over Cy.

We have used the conformal weight function .J (1), z) to construct the spinor
bundle E. It is easy to see that a section f : M — E could be called a left
monogenic section if it is locally a left monogenic function. It is now natural to
ask if one can construct Cauchy integral formulas for such sections. To do this,
we need to construct a kernel over the Euclidean domain U that is periodic with
respect to I', and then use the projection map p : U — M to construct from this
kernel a Cauchy kernel for U. In [19], we show that the Cauchy kernel for Cy,
with spinor bundle E!, is constructed from the kernel

cotei(zy) = >, ()™MTFTMG(z—y+m+n),
meZt nezk-!
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where n = niy1€141 + ... + npe,. While for the conformally flat spin manifold
St x §7~1 with trivial bundle CZ,,, the Cauchy kernel is constructed from the
kernel

G(2%z — 2%y) + 227G (z)( f G2 k2™t — 27 Ry~ I)NG(y).
0 k=—1

M8

k

See [17-19] for more details and related results.

It should be noted that one may set up a Dirac operator over arbitrary Rieman-
nian manifolds, see for instance [4], and one may set up Cauchy integral formulas
for functions annihilated by these Dirac operators [6, 28].

3.7 Boundary behavior and Hardy spaces

Possibly the main topic that unites all that has been previously discussed here
on Clifford analysis is its applications to boundary value problems. This, in turn,
leads to a study of boundary behavior of classes of Clifford holomorphic func-
tions and Hardy spaces. Let us look first at one of the simplest cases. Previously,
we noted that if 8 is a square integrable function defined on the sphere S™~1,
then there is a harmonic function % defined on the unit ball in R™ with bound-
ary value 6 almost everywhere. Also, we have seen that h(z) = fi(z) + z f2(z)
where f and f; are left Clifford holomorphic. However, on S?~! the function
G(z) = z. One can see that on S"~! we have 8(z) = fi(z) + g(z) almost
everywhere. Here, fi is left monogenic on the unit ball B(0,1) and g is left Clif-
ford holomorphic on R™\ B(0, 1), where B(0, 1) is the closure of the open unit
ball. Let H2(B(0, 1)) denote the space of Clifford holomorphic functions defined
on B(0,1), with extensions to a square integrable functions on S™~!, and let
H?(R™\B(0, 1) denote the class of left Clifford holomorphic functions defined
on R™\ B(0, 1), with square integrable extensions to $”~!. What we have so far
outlined is that

L2(5™ 1) = H*(B(0,1)) ® H*(R™\B(0, 1)),

where L2(S™~1) is the space of CZ,, valued Lebesgue square integrable functions
defined on S™~!. This is the Hardy 2-space decomposition of L2(S™~1). It is
also true if we replace 2 by p where 1 < p < co. We will not go into more details
here, since it is beyond the scope of the material presented here.

Let us now take an alternative look at a way of obtaining this decomposition.
This method will generalize to all reasonable surfaces. We will clarify what we
mean by a reasonable surface later. Instead of considering an arbitrary square
integrable function on S™~1, let us instead assume that 4 is a continuously differ-
entiable function. Let us now consider the integral

L G(z — y)n(z)f(z) do(z)

Wn Jgn-1
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where y € B(0,1). This defines a left Clifford holomorphic function on B(0, 1).
Now let the point y approach a point z € S™~! along a differentiable path y(t).
Let us also assume that é’(’i—(ttl is evaluated at ¢ = 1, so that y(¢) = =z is not
tangential to S~ at z. We can essentially ignore this last point at a first read. We
want to evaluate

.1
lim — /S.._l G(z — y(t))n(z)6(z) do(x).

t—1 Wy

We do this by removing a small ball on B(0, 1) from S™~!. The ball is centered
at z and is of radius . We denote this ball by b(z, €). The previous integral now
splits into an integral over b(z, €) and an integral over S™~!\b(z, €). On b(z, €),
we can express §(z) as (8(z) — 6(z)) + 6(z). As 4 is continuously differentiable,

16(x) — 8(2)|| < Cllz - 2|
for some C € R*. It follows that

lim lim IG(z — y(@))n(z)(6(z) — 0(2))|| do(z) = 0.

e—0t—1 b(z,¢)

Moreover, the term

lim lim L G(z — y(t))n(z)8(z) do(z)

e=0t—1 Wy, b(z,e

can be replaced by the term

lim lim G(z — y(t))n(z)0(z) do(x),
€—~0t=1 /B(0,1)N8B(z,¢)

since #(z) is a Clifford holomorphic function. By the residue theorem the limit of
this integral evaluates to 36(z).

We leave it to the interested reader to note that the singular integral or principal
valued integral

lim lim L / G(z — y(t))n(z)8(z) do(z)
Sn=1\b(z,€)

e=0t—1 Wy

= P.V.—l—- G(z — 2)n(z)0(z) do(x)

Wn Jgn—1

is bounded.
We have established that

lim G(z — y(t))n(z)8(z) do(z)

t—1 Sn—1

= 10(2) + P.V.i G(z — z)n(z)8(z) do(x).

Wn Jgn-1
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If we now assumed that y(t) is a path tending to 2 on the complement of
B(0, 1), then similar arguments give

lim [ Gz~ y(t)n(x)(z) do(e)
Sn—l

=—10(z) + P.V.i G(z — z)n(z)8(z) do(z).

Wn Jgn

We will write these expressions as
(£ + Cgn1)8.
If we consider the limit
fm— [ G~ uO)n(a) (3] + Csemr)0(z) do (o)
we may determine that
(%I+an_1)2 =11+ Cgn-1.

Furthermore,
(%I+ CSn—l)(—%I‘!"CSn—l) =0 and (—%I+Csn~l>2 = —%I—FCSn_l.

It is known that each function ¢ € L2(S™~!) can be approximated by a sequence
of functions, each with the same properties as 6. This tells us that the previous
formulas can be repeated, but this time simply for § € L?(S™~!). It follows that
for such a § we have

0= (314 Csn-1)8+ (31 — Csn-1)8.

This formula gives the Hardy space decomposition of L2(S™~1). In fact, if one
looks more carefully at the previous calculations used to obtain these formulas we
see that it is not so significant that the surface used is a sphere, and we can redo
the calculations for any “reasonable” hypersurface S. In this case, we get

0= (31+Cs)0+ (31— Cs)

where 8 now belongs to L2(S), and
Csb = P.V.w—ln /s G(z — y)n(z)0(z) do(z).
This gives rise to the Hardy space decomposition
L*(S) = H*(S*) @ H*(S™),

where S* are the two domains that complement the surface S (we are assuming
that S divides R™ into two complementary domains).



78 John Ryan

Lastly, one should address the smoothness of S. In some parts of the litera-
ture, one simply assumes that S is compact and C?. More recently, one assumes
that S has rougher conditions, usually that the surface is Lipschitz continuous,
see for instance [21, 22, 27]. The formulas given above, involving the singular
integral operator C'g, are called Plemelj formulas. It is a simple exercise to show
that these formulas are conformally invariant. Using Kelvin inversion, or even a
Cayley transformation, one can show that these formulas and the Hardy space de-
compositions are also valid on unbounded surfaces and domains. A great deal of
recent Clifford analysis has been devoted to the study of such Hardy spaces and
singular integral operators. This is due to an idea of R. Coifman, that various hard
problems in classical harmonic analysis, studied in Euclidean space, might be
more readily handled using tools from Clifford analysis, particularly the singular
Cauchy transform and associated Hardy spaces.

In particular, Coifman speculated that a more direct proof of the celebrated
Coifman-McIntosh-Meyer Theorem [7], could be derived using Clifford analy-
sis. The Coifman-McIntosh-Meyer Theorem establishes the L2 boundedness of
the double layer potential operator for Lipschitz graphs in R™. Coifman’s obser-
vation was that the double layer potential operator is the real or scalar part of the
singular Cauchy transform arising in Clifford analysis and discussed earlier. If
one can establish the L? boundedness of the singular Cauchy transform for a Lip-
schitz graph in R™, then one automatically has the L? boundedness for the double
layer potential operator for the same graph. The L? boundedness of the singular
Cauchy transform was first established for Lipschitz graphs with small constant
by Murray [30], and extended to the general case by Mclntosh, see [26, 27]. One
very important reason for needing to know that the double layer potential operator
is L? bounded for Lipschitz graphs is to be able to solve boundary value problems
for domains with Lipschitz graphs as boundaries. Such boundary value problems
would include the Dirichlet problem and Neuman problem for the Laplacian. See
[26, 27} for more details. In {49] Clifford analysis, and more precisely the Hardy
space decomposition mentioned here, is specifically used to solve the water wave
problem in three dimensions.

3.8 More on Clifford analysis on the sphere

In the previous section, we saw that L2(S™~1) splits into a direct sum of Hardy
spaces for the corresponding complementary domains B(0, 1) and R®\ B(0, 1).
In an earlier section, we saw that any left Clifford holomorphic function f(z) can
be expressed as a locally uniformly convergent series 32 f;(z), where each
f;(z) is left Clifford holomorphic and homogeneous of degree j. Now following
[47], consider the operator

D=z'2D=12z 1(X:ezlek T—

i<k

8 "8
dzx z_:'é_
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By letting the last term in this expression act on homogeneous polynomials, one
may determine from Euler’s lemma that

i bl

is the radial operator r-aa—r. So Ta% fi(z) = jf;(x). Since each polynomial fj is
Clifford holomorphic, it follows that each f; is an eigenvector of the spherical

Dirac operator
A1 = xZeiek(a:ii — T 4 )
=~ Oz oz;

with eigenvalue k. Now using Kelvin inversion, we know that fi is homogen-
eous of degree k and left Clifford holomorphic if and only if G(z)fi(z™!) is
homogeneous of degree —n + 1 — k and is left Clifford holomorphic. On re-
stricting G(z) fe(z™!) to the unit sphere, this function becomes zfx(z™!) and
this function is an eigenvector for the spherical Dirac operator zA,,.1. Since each
f € H2(R™\B(0,1)) can be written as

G(x)fe(z™),

]38

>
i

0

where each fi is homogeneous of degree k and is left Clifford holomorphic, it
follows that if h € L2(S™1), then

An_1zh(z) = (1 — n)xh(z) — 2An_1h(z).

Similarly, if we replace S"~! by the n-sphere S™ embedded in R"*!, then we
have the identity
Anzh(z) = —nzh(z) — zAh(x)

for each h € L%(S™). As all C* functions defined on S™ belong to L?(S™), this
identity holds for all such functions too.

It should be noted that for each z € S™, if we restrict the operator A, to the
tangent bundle T'S7, then we obtain the Euclidean Dirac operator acting on this
tangent space.

By using the Cayley transformation

2 = P(y)(ens19 + 1)y +ent1) !

from R™ to $™\{en+1}, one can transform left Clifford holomorphic functions
from domains in R™ to functions defined on domains lying on the sphere. If
f(y) is left Clifford holomorphic on the domain U lying in R™, then we obtain a
function f'(z) = J(¥~1,z)f(¥"1(z) defined on the domain U’ = ¢(U) lying

on S™. Here +1
J o) =2
W) = e
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Similarly, if g(y) is right Clifford holomorphic on U, then
g'(x) =g~ (z)J (¥, 2)

is a well-defined function on U’. Moreover for any smooth, compact hypersur-
face S bounding a subdomain V of U, we have from the conformal invariance of
Cauchy’s Theorem,

[ d@mna)s @)do'@) =0

where S’ = ¥(S), and n{z) is the unit vector lying in the tangent space T'Sy
of S™ at x and outer normal to S’ at z. Furthermore ¢’ is the Lebesgue measure
onS’.

From Lemma 1, it now follows that for each point y’ € V' = ¢(V'}, we have
the following version of Cauchy’s Integral Formula:

) =2 [ e -y )@ f (@) doa),

Wn Jgr

where, as before,
2

rT—Y
Glz—y)="—""—,
@) = ey
but now z and y' € S™. It would now appear that the functions f’ and g’ are
solutions to some spherical Dirac equations. We need to isolate this Dirac opera-
tor. We shall achieve this by applying the operator zA,, to the kernel G4(z,y') =
G(z —vy'). Since z and y’ € S™,

lz-4?=2-2<=y >,

where < z,y’ > is the inner product of z and . So

’

r—y

Gy(z,y) =27 ——— L
(z,y") =<y 5%

In calculating zA,,G(z,y"), we need to know what A, < z,y’ > evaluates to.
It is a simple exercise to determine that

Ap <z,y >=2¢'+ <z,y >,

which is the wedge product z Ay of z with 3/'.
Now let us calculate zA,G¢{x,y') :

—_n T yl
nGs ) ! =2 An — =& An——n =
#hnGol@ ) = 27 T T T 2y )8

nx 1 1 ,
=+ Ap — — A, ————— ).
(1-<z,y >)2 (1-<z,y >)7 T1- <y >)2y)

I3

2

(—x
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First,
1 n zAy

"A-<zy>)E o 2(1- <oy >)F

SO

A, Gs(z,y')

—_n n
=927

21— < z,y >)*F

QCA-<z,y >)+z Ay —z(z AY)Y).
The expression
21— <z, y >)+z Ay —z(z AY)Y

is equal to

2-2<z,y >4zy'+ <3,y > —z(zy+ < 3,9 >).
This expression simplifies to

1-<z,9y >4zy —xy <z,y >,
which in turn simplifies to
(1-<z,y >)1+zy) = —z(1- < z,¥ >)(z—7v).

So n
tA,Go(z,y') = Tst (z,y").

Hence n
z(Ap + §)Gs(x, y') =0,

so the Dirac operator, D, over the sphere is z(A,, + %). It follows from our
Cauchy integral formula for the sphere that D, f/(z) = 0. For more details on
this operator, related operators and their properties see [8, 25, 38, 39, 48].
Besides the operator D, we also need a Laplacian A, acting on functions
defined on domains on S™. To do this, we will work backwards and look for a
fundamental solution to A,,. A strong candidate for such a fundamental solution

is the kernel
1 1

n=2fz- gl

By similar considerations to those made in the previous calculation, we find that

Hs(-'l:vyl) -

DsHs(:an/) - '_IHS(-’L', y,) + GS<I7yl)'

So
(Ds + z)Hy(z,y") = Go(z,y').

Therefore we may define our Laplacian A to be Ds(D, + z).



82 John Ryan

Definition 2. Suppose h is a CL,, valued function defined on a domain U’ of S™.
Then b is called a harmonic function on U’ if Ngh = 0.

In much the same way as one would derive Green’s Theorem in R™, one now
has

Theorem 10. Suppose U’ is a domain on S™ and h : U' — CY,, is a harmonic
Sunction on U’. Suppose also that S’ is a smooth hypersurface lying in U’ and
that S’ bounds a subdomain V' of U’ and thaty' € V'. Then

h(y') = wi,, /S,(Gs(l‘, Y )In(@)h(z) + Hs(z,y')n() Dsh(z)) do’ (z).

See [25] for more details.

3.9 The Fourier transform and Clifford analysis

Closely related to Hardy spaces is the Fourier transform. Here we will consider
R"™ as divided into the upper and lower half spaces R™* and R”~, where

R™ = {z =mzie; +...+ Tnen : T, > 0}
and
R"—={x=x161+..-+$n€n11’n<0}-

These two domains have R"~! = span < ej,...,e,_1 > as a common bound-
ary. As before,
L2 (Rn—l) — H2(Rn+) o) H2 (Rn— )

Let us now consider a function ¢ € L2(R"~!). Then

Y(y) = (%d)(y) + ;EP.V. Gz — y)ent(2) dxn—l)

s
() - PV [ 66 —vensa) )

almost everywhere. Here

2(y) + iP.V. Gz’ — y)enp(2') dz™ !

Wn R™-1
is the nontangential limit of

L[ @ —y@)enp@) de,
Wn JRn-1
as y(t) tends to y nontangentially through a smooth path in the upper half space,
and )
¥(y) — —P.V. G(z' — y)eny(z') dz™?

Wn Rn-1

[N
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is the nontangential limit of
-1

Rn~1

Gz’ —y(t))en(z') dz™~

as y(t) tends nontangentially to y through a smooth path in lower half space.
Consider now the Fourier transform, F () = 9, of 1. In order to proceed, we
need to calculate

F(iv + wiP.V./ Gz’ — y)eaw(z') dz™1).

Rn—-1

In particular, we need to determine

f(iP.V. G(z' — y)enyp(z')dz™ ).

Wn Rn—1
Following [26], it may be determined that this is

¢

penvl©)

where { = (11 +... 4+ (n1€n-1. SO

(1&:&:i Gz’ — y)e tp(z') do(z)) = 2(1:{:z €n)-

Rt I

Now, as observed in [26],

7 2 11— C €. —1‘ r——, T C

(1 igpen)’ = 40 igen). §0 2 ipg e} wiggpen) =0
and
et £ igen) = I i)

Taking the Cauchy-Kowalewska extension of e<z¢> we get
exp(i < z',{ > —iznenl)

defined on some neighborhood in R™ of R*~1.
Now consider

exp(i < z/,{ > —izpen() (1 i

e

which simplifies to

pi<a’ ¢>=zalCl 1 ¢
2L+ ipegen)
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if x, > 0, and to
<=herealdl ) S gy

if z,, < 0. The first of these series converges locally uniformly on the upper half
space while the second series converges locally uniformly on the lower half space.
We denote these two functions by e.. (x, ), respectively. The integrals

1 ex(z, ()$(¢) do(()

Wn Jrn-1

define the left monogenic functions ¥4 (x) on the upper and lower half spaces,
respectively. Moreover,

V. € H?(R™)

explicitly gives the Hardy space decomposition of 1y € L2?(R™~1). The links
between the Fourier transform and Clifford analysis were first found in [44], and
later independently rediscovered and applied in [22].
The integrals
1

-1

- €+ (.’l? ’ C) dgn
Wn JRn-1

can be expressed in polar coordinates as

i/ /00 eir<z',('>iznr7,n—2%(1 + ien) deS'n—2,
wn Jsn-2 Jo <l

where (' = |T§T\ In [22], Chun Li observed that the integrals

OO
/ eir<z',C'>:tz,.r%(1 L C/en)rn—2 dr
0
are Laplace transforms of the function f(R) = R™~2. So the integral
Rt ;. 7 1
/ etr<z’C >—znr%(1 _ iclen) dr
0

evaluates to
(=) (n—2) (<2, ¢ > +izn)‘"+1.

Hence the integral

L[ ei@oyden

Wn JRn-1
becomes

1
— (=) (n = 2)U(< 2/, ¢ > +izn) T L(1 + denl’) dS 2.

Wn Sn—2
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For any complex number a -+ ib, the product (a + ib)1(1 + ien(’) is equal to
(a — ben)3(1 + ien(’). Thus, the previous integral becomes
1

o Jo, OO ', > —znenl’) T (1 +denl) dS™ T

The imaginary, or :C¥,, part of this integral is the integral of an odd function, so
when n is even, the integral becomes

1/ (n—2)lend’ 1dS’"_2,

wn Jgnes 2(< 2, (! > —zpe )

and when n is odd, the integral becomes

__1 / (’I’L _ 2) Sn—2
wn Jgn-2 (< 2/, > —zpen)n1 '

These integrals are the plane wave decompositions of the Cauchy kernel for
the upper half space, described by Sommen in [45]. It should be noted that while
introducing the Fourier transform and exploring some of its links with Clifford
analysis, we have also been forced to complexify the Clifford algebra C/,, to the
complex Clifford algebra C¢,,(C). Furthermore, the functions (1 + zﬁe—n) are
defined on spheres lying in the null cone

{Znen +iw 1w € R™! 22 — [uw'|? = 0}.
This leads naturally to the question: What domains in C™ do the functions e (z, )
extend to?

Here we are replacing the real vector variable x € R™ by a complex vector
variable z = z1e1 +...+ zpe, € C*, where z1, ..., 2, € C. Letting z = x + 1y
where z and y are real vector variables, the term

e— <Gy > = ICl

is well defined for z,,||¢]] > | < ¢, ¥’ > |- In this case, iy’ + x, e, varies over the
interior of the forward null cone

{1y + Tnen i 2, >0 and z, > |y},
s0 e4(z,¢) is well defined for each
z=xz+iy=1 +1 + (zn +iyn)en € C",
where ' € R* 1, y, € R, z,, > 0 and ||y’|| < z,. Similarly, e_ (z, {) holomor-
phically extends to
{z=2'+i + (xn +ivn)en: 7 €R" 2, <0, yn €R, ||V < |znl}-

We denote these domains by C¥, respectively. It should be noted that ¥* holo-
morphically continue to C¥, respectively. We denote these holomorphic continu-
ations of ¥+ by ¥’ *The domains C* are examples of tube domains.
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3.10 Complex Clifford analysis

In the previous section, we showed that any left Clifford holomorphic function
f € H?R™%) can be holomorphically continued to a function f defined on
a tube domain C* in C™. In this section, we will briefly show how this type of
holomorphic continuation happens for all Clifford holomorphic functions defined
onadomain U C R™.

Let S be a compact smooth hypersurface lying in U, and suppose that S bounds
a subdomain V' of U. Cauchy’s integral formula gives

) = — /S Gz — y)n()f (z) do(z)

for each y € V. Let us now complexify the Cauchy kernel. The function G(z)

holomorphically continues to
z

In even dimensions this is a well-defined function on C*\ N (0), where N(0) =
{z € C™ : 2?2 = 0}. In odd dimensions this lifts to a well-defined function on
a complex n-dimensional Riemann surface double covering C™*\ N (0). Though
things work out well in odd dimensions, for simplicity we will work with the
cases where n is even. In holomorphically extending G(z — y) in the variable y,
we obtain a function

-tz

C(z—-2)?)7

This function is well defined on C*\ N (z), where

Gl(z - z)

N(z)={z€C": (z - 2)* =0}.
It follows that the integral

L [ Gt - n(@)f(2) do(z)

Wn Js
is well defined provided z is not in N(z) for any z € S. The set
C™\ Uzes N(z)

is an open set in C". We shall take the component of this open set which con-
tains V and denote it by V1. It follows that the left Clifford holomorphic function
f(y) has a holomorphic extension ff(z) to Vt. Furthermore, this function is given
by the integral formula

o) = wi /S G (z - 2)n(2) f(z) do ().
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The holomorphic function f1 is a solution to the complex Dirac equation Dift

= 0, where
- 0
F— L
DV = Z €; a5
=1

By allowing the hypersurface to deform and move out to include more of U in its
interior, we see that f1 is a well-defined holomorphic function on U t, where Ut
is the component of

C\U, ep N(@)

which contains U. In the special cases where U is either of R™* | then UT = C*,
See [34-36] for more details.
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