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Introduction

W. K. Clifford introduced the algebras named after him in 1878 (see [10]). The
importance of these algebras — which he called “geometric algebras” — essen-
tially lies in the fact that they incorporate inside one single structure as well
the inner product as the wedge product of vectors. Indeed, by defining a new
multiplication rule for vectors in R™, he obtained — in the Euclidean setting —
that for any two vectors x and y in R™,

vey = S(zy+yx),

N~ DN~

rANy = S(zy—y2).

Clifford algebras were rediscovered at several occasions, in particular by physi-
cists. Let us for instance point out that the y-matrices introduced by P. Dirac
in 1928 (see [15]) in order to linearize the Klein-Gordon equation, are in fact
generators for the Clifford algebra R; 3.

Similar observations concerning the linearization of the Laplacian in n-dimen-
sional Euclidean space led — independently — R. Fueter and Gr. Moisil and N.
Théodoresco, in the 1930’s to their first results in what is nowadays called Clifford
analysis.

We have pleasure in thanking the organizers of the fourth CMFT-Conference
held at the University of Aveiro for their kind invitation to present some basic
results in Clifford analysis to an audience which consisted for the most part of
people dealing with classical complex analysis. We do hope that the underlying
paper will encourage them to have a closer look at this function theory for the
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Dirac operator in Euclidean space and at its applicability to higher dimensional
problems.

The title of our paper may be somewhat misleading: not that much history nor
perspective are developed. Instead we have chosen for presenting those items
from Clifford analysis we think should be part of any introductory course to the
subject. For a state-of-the-art view of the actual research in Clifford analysis
and its applications we refer to [5].

Contents

Part I: Clifford algebras in geometry: geometric algebra
Part II: Clifford algebras in analysis: Clifford analysis

Part III: Clifford algebras in harmonic analysis

Part I. Clifford algebras in geometry: geometric algebra

The aim of this part is to give some preliminary definitions and properties of real
and complex Clifford algebras. For real Clifford algebras, we will restrict our-
selves to the Clifford algebra Ry, 1 constructed over the quadratic space R%™+1
and this since it is essentially this algebra we use further on in our presentation
of some basic concepts in Clifford analysis.

1. Real Clifford algebras

1.1. Definitions. Let m € N and let R%™*! stand for the real vector space
R™! provided with a non-degenerate symmetric bilinear form B of signature
(0,m+1), i.e. for an appropriate orthonormal basis e = (eq, ey, . .., €,,) of R&™*1
w.r.t. B and any two vectors v,w € R™"! with [v], = 2 = (x¢,71,...,2,,) and
[wle =y = (Yo, Y1, ---,Ym), we have that

B(v,w) = — Z T Yj.
7=0
In particular,

B(eiaej) = —0ij, 1,7=0,1,...,m.

For the associated quadratic form Q we thus have that
Q) =Brv)=-Y
j=0

In particular
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Henceforth we assume the orthonormal basis e for granted and denote an arbi-

trary element x € R%™*! by z = > o Tje;.

The real Clifford algebra Ry, constructed over RY%™+1 is a real linear asso-
ciative algebra with identity 1, of dimension 2™*!, containing R and R%™*! as

subspaces and in which for each vector x € RO™+!,
m
2 2 2
v = Q) =~ Yt = o
Jj=0

where |z| stands for the Euclidean norm of .

It thus follows that for the elements of the basis e

2 .
e;” = —1, 1=20,1,...,m,

€;€; + €€ = O7 1 7é j

A basis for Rg,,4+1 then consists of the elements ey = e;,¢€;, -
(11,79, ...,ip) C {0,1,...,m} is such that 0 < i3 < ip < -+~

A= ¢, ey = 1, the identity element of Ry, 1.

In such way, any element a € R ,,41 may be written as

a= E aseq, as € R.
A

Notice that for any two vectors z,y € RO™+1,
TYy=—rey+aT Ny

where
Trey— Z xjyj
=0
is the standard (Euclidean) inner product and
TAY = Z eie;(Ty; — x;Y;)
i<j
is the standard outer product in R,

We may also write

1

rey = —§($y+y$),
1

TNy = §(aty—yx).

Putting for each k € {0,1,...,m + 1},

(k) :
Romi1 = a€Ry 1t a= E asen p o,
|A|=k

-+ e;, where A =

< 1 < m. For
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we thus have that

m—+1
k k k
Rom+1 = E @R(()ﬂ)n—i-l = E @R(()J)?Hl D E @R((),v)nﬂ'
k=0 k even k odd

The subspace D> ;. oven @Ré’% +1 1s denoted by ]Raf m+1- 1t is a subalgebra of Ro 41,
called even subalgebra, and is isomorphic to Ry ,,. Indeed, it is generated by the
elements ¢; = —ege;, j = 1,...,m, which satisfy ¢;2 = —1, j = 1,...,m, and
gicj+eje; =0, 1 # j, whence the set ¢ = (¢;: j = 1,...,m) may be regarded as
an orthonormal basis for R>™. For a € Ry ,,+1, we may thus write

m~+1

a= Z[a]k

where [a]; is the projection of a on ]Rgfgl ‘1

An arbitrary element of ]Rgf}n 41 is called a k-vector. In such way, 0-vectors are
scalars, 1-vectors are elements of R%™+! 2-vectors are elements of the form
ZK]. a;je;ej, and so on. An (m + 1)-vector has the form ag;. ., eper - - - €.

As we have seen, the product of two vectors x,y € R%™*! splits into a scalar
part —x e y and a bivector part x A y.

Example 1.1 (Ry; = C). Indeed, e = {eg} with ep? = —1. Moreover dimRg; =
2 where (1, ep) is a basis for Ry .

Example 1.2 (Rp, & H). Indeed, e = (eg, e;) with ey = €,? = —1. Moreover
dim Rg o = 4 where (1, eq, €1, ege1) is a basis for Ry with (egeq)? = —1.

Furthermore R7, = C since R, is generated by ; = —ege;.

Example 1.3 (Rp3). An orthonormal basis for R%? is given by e = (eg, 1, €2).
As we have seen, the (Euclidean) inner product of any two vectors z,y € R3 is
given by r ey = —%(a:y + yx). Furthermore, the cross product x x y may be
expressed as

T XYy=—xNY ep2-
This implies that the classical vector algebra operations in R?® may be performed
inside Ry 3.
We have Rafg = Ry = H, its generators €1,e2 being given by ¢; = —epej,
j=12.

1.2. Involutions and norm. Three (anti)-involutions are defined on Ry 1.
They are introduced first on the basic elements e4 and are then extended by
linearity to R m41-

(i) The main involution a — a

éa = (=DFey  if |A] =k,

ab = ab.
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. A +
In particular @ = a, for a € Ry, ;.
(ii) The reversion a — a*

* .
€y = €i€i,_, iy ifeg =ej €4, €,

(ab)* = b*a”.
(iii) The conjugation a — «(a)

alea) = (Ea)" = (€d)",
alab) = a(b)a(a).

By means of the anti-involution «, an algebra norm |a| may be defined for each
a € Roy,,+1 by putting

’CL|2 _ 2m+1[aa(a>]0 — om+l Z ‘GA|2-
A

2. Subgroups of R ,,+1

One of the important features of Clifford algebras is their application to groups
of quadratic automorphisms.

2.1. The Clifford group I'(m + 1). First notice that for each x € R%™*1,

v = B(z,r)

A

A

Now let s € Rg,, 11 be such that it is invertible and that for all z € R%™*!
sxst e ROmHL

Defining the associated linear transformation y(s): R%™+1 — ROm+1 by

we have that (x(s)(z))? = 2* whence x(s) € O(m + 1).
We obtain that

T(m+1) = {s € Ropnss : s287' € RO for all 2 € RO™H1)

is a group under multiplication in Ry 1. It is called the Clifford group of Rg 1.
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2.2. The groups Pin(m+1) and Spin(m+1). Take s € R%"™! with s* = —1,
i.e. s € 8™, the unit sphere in R™*!. Then x(s) is nothing else but the orthogonal
reflection w.r.t. the hyperplane H, = s*. Indeed, if we write = As + t with
A€ R and t L s, then a straightforward calculation yields that

X(s)(x) = —As +t.

Hence

k
Pin(m +1) = {Hsj: kEeN, s; GSm}

j=1
describes O(m + 1), while

2k
Spin(m + 1) = {HSJ :keN, s; € Sm}

=1
describes SO(m + 1).

Pin(m + 1) and Spin(m + 1) are respectively called the Pin and Spin group for
Ro,m—l—l.

Clearly Pin(m + 1) is generated by the set (eg, €1, ..., €,) while Spin(m + 1) is
generated by the set (¢, : 7 =1,...,m). Of course

Spin(m + 1) C Pin(m + 1) C T'(m + 1).

3. Mobius transformations in R™H!

The class of conformal mappings in R? is very rich. In fact, one may say that
essentially it coincides with the set of holomorphic functions. An important
subclass of it consists of the so-called Mobius transformations in R2, i.e. trans-
formations of the form

az+b
= — C

where a, b, c,d € C with ad — be # 0.

They are obtained by composing three types of them, namely translations, di-
latations and the inversion. They send circles into circles.

It was first shown by Liouville in 1850 that in R? the only conformal mappings
are Mobius transformations, i.e. compositions of translations, dilatations and
the inversion * — x/|x|?, or equivalently, reflections in affine hyperplanes and
inversions in spheres. The same holds in R™* (m > 2).

As has been proved at several occasions, Mobius transformations in R™" may
be fully described by using Clifford algebras. It is essentially through the papers
of V. Ahlfors (see e.g. [1]) that this technique has got the interest it deserves.
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The Mobius transformations in R™*! form a group (for composition), denoted
by Mob(m + 1). The orientation preserving elements from Mob(m + 1) form a
subgroup denoted by Mob™* (m + 1).

We have
Theorem 3.1. Let g € Mob(m + 1). Then there exists a matric A = [ZS]
satisfying
(i) a,b,¢,d, € I'(m + 1) U {0},

(ii) ab*,cd*, c*a,d*b € RO™H

(ili) ad* —bc* € R\ {0},
and such that for x € R™H,

b
g(x) = Zjid = (az + b)(cx +d)~".

Conversely, each such A determines a g € Mob(m + 1).
As is readily seen, the matrix A is defined up to a non-zero factor p € R.
A(g) = ad* — bc* is called the pseudo-determinant of g.

After normalization we may thus suppose that g corresponds to a matrix [32]

with A(g) = £1. Furthermore we have that g € Mob™(m + 1) if A(g) = +1. If
with g € Mob(m + 1), the matrix A = [Z;] is associated, then g—! corresponds
to A/ =4 7.

—c* a*
Example 3.2 (Mobius transformations). The basic Mobius transformations are
represented as follows:

Rotation z — sz§! 8 s> s€Spin(m+1)
Translation = — x +b é [1) ,  beROmF!
Dilation z — Az 3 (1) , AERT
Inversio 2 01
nversion @ P 1 ol

Example 3.3 (The Cayley transform). Call R7*" = {z = (2¢,21,...,7,) :
T, > 0} and let B(1) be the open unit ball in R™*!.

The mapping C': R7™" — B(1) such that

T —en

C(x): —enr +1
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is called the Cayley transform.

Its inverse C~! is given by

Y+em

enly + 1

Example 3.4 (Mob(S™)). By Mob(S™) we denote the set of those Md&bius

transformations in R™*! leaving the unit sphere S™ invariant.

Cl(y) =

We have

Theorem 3.5.
(i) Let g € Mob(m + 1) with associated matriz A = [‘C‘Z] Then g leaves S™
invariant if and only if
(i.1) a,b e T'(m+ 1) U{0} with |a| # |b],
(i.2) e=bandd=a or c = —b and d = —a.

Moreover g leaves B(1) invariant if |b| < |a].

(ii) Mob(S™) is generated by orthogonal transformations and Mdébius transfor-
mations of the type

e
gal) = ar +1
where a € RO U {oo} with |a] # 1.
For a = o0,
T

Joo(@) = W’
I.€. Joo S the inversion.

Moreover g, leaves B(1) invariant if |o| < 1.

4. Complex Clifford algebras

One way of defining the complex Clifford algebra C,,,; is by means of
Crit1 = Romt1 ®r C.

It follows that C,,; is a linear associative algebra over C, having dimension 2™**
and basis (e4 ®1: A C {0,1,...,m}).

We still write e4 = e4 ® 1.

An element a € C,,, 11 may thus be represented as

a:E aseq, ay € C.
A

The (anti)-involutions introduced on Ry ,,+1 may be extended to C,, ;1. They are
denoted the same way. The anti-involution on C,,,; which is obtained by taking
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the tensor product of the conjugation o on Ry,,1; and the classical complex
conjugation on C is called the bar-map and denoted by a — a. We so have

a= ZaAeA —a= ZELAa(eA).
A A
It follows that for a € C,, 1, its norm |a| may be defined by

‘a’2 _ 2m+1[aa]0 _ 2m+1 Z |G,A|2‘
A

5. Remarks

Let p,q € N with p + ¢ = n and let RP? stand for the real vector space R”
provided with a non-degenerate symmetric bilinear form B of signature (p,q).
Then R, , denotes the universal real Clifford algebra constructed over RP4. The
case (p,q) = (1,3) — i.e. Minkowski space — is of course of particular importance
in physics.

For the structure of real Clifford algebras, their classification and their subgroups
['(p, q), Pin(p, ¢) and Spin(p, q), we refer e.g. to [34].

A complete description of the Mobius transformations on RP? and their rela-
tion to Pin(p + 1,q + 1), together with a characterization of matrices in the
Pin(p + 1,q + 1) group was given by J. Fillmore and A. Springer in [16]. A more
straightforward approach was obtained by J. Cnops in [11].

For an excellent introductory monograph on real Clifford algebras and their ap-
plicability in geometry and physics, we refer to [28].

For the classification of complex Clifford algebras, in particular the realization
of Co, k € N, as the full matrix algebra C(2*) through the so-called basic spinor
representation v, we refer to [14].

Part II. Clifford algebras in analysis: Clifford analysis

1. Dirac and Weyl operators

The aim of this section is to introduce first order differential operators in R™*!
which linearize A,, the Laplacian in R™*!,

We shall identify R™"! in two ways with a subspace of Ry 1.

Let x = (zg,2) = (0, %1, .., Tp) € R™. Then

m
r—x= E xje; € ROm+L
J=0
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le. x is a 1-vector in Rg 1.

m
r—T=x9+ E Ti€; =To+ T
j=1

where ¢; = €pej, j = 1,...,m, i.e.  is a paravector in Ry, = Rafmﬂ. We thus
have in RO,m—i—l that

m m
r =0+ E g;xj = e E xje;).
j=1 §=0

As we already pointed out, the classical example where the second identification
is made is of course when m = 1, i.e. when x € R@PR®! is written as x =
xo + 121 € Ry, or, putting e = 4, as x = xo + 121 € C.

Let us also recall that if

m
r = E zje;, then 2% = —|2|?
=0
and

m

_ a2

T =x0+ g €%}, then 2z =z = |z|°.
J=1

In a formal way we now introduce the following first order linear differential op-
erators 0, and D, called, respectively, the Dirac and Weyl (or Cauchy-Riemann)
operators in R+,

The Dirac operator 09, = Z €0z = €00z, + Oy
5=0

where 0, = i €;0p;.

i=1

The Cauchy-Riemann operator D, = 0,, + Z €i0z; = €00; = Oy + Op
i=1

m
where 0, = Z €i0p;
i=1
In both cases d, may thus be considered as the Dirac operator in R™.

They act on C;-functions defined in an open subset 2 C R™*! and having values
in RO,erl or Cpq1.

If f(z) =), fa(x)ea, where the fa’s are R-or C-valued, then the action may
be from the left, i.e. for instance in the case of J,:

Ofa
O, f = eiea—,
JZA: J a.fljj
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or from the right, i.e.
dfa
f@x = Z eAej(‘?—xj°
Ayj
Formally we have
am2 = _Ar7
A, being the Laplacian in R™*!. Here

Dy =0y — Y _€j0a; = O:%0.
j=1

In the case m = 1, the paravector formalism thus leads to the classical Cauchy-
Riemann operator when putting €, = 4:

D, =0, +10,,,

and its conjugate -
D, =0,, —1i0,,.

Remark 1.1. From a purely algebraic point of view, identifying = = (xg,z) €
R™ ! with either © = 37" (zje; € RO or o = 2o + 377 g5 € Ry, of
course makes a lot of difference. Indeed, as we saw in Part I, Section 2.2 the set
(ej : 7 =0,...,m) generates the Pin-group Pin(m + 1) of Rq .41, while the set
(¢j: =1, ...,m) generates its Spin-group Spin(m + 1).

From the geometrical point of view, we could say that when using the paravector
formalism, we have chosen a real axis — namely the zy-axis — by multiplying
the vector x € R™*! on the left by €, the square of which is —1. Of course, we
could as well have chosen e.g. as real axis the x,,-axis and this by multiplying
the vector x (on the left) by €,,. We then would have that in R 1.

m—1

T = (0, L1y 00y Tpy) — T = g nTi + T,
Jj=0

where n; =€,¢;, 7 =0,...,m — 1.

Remark 1.2. A general form of the Dirac and Weyl operators in R™*! is given
by

M

Il
o

aac = p(ej)aa:ja

J
D, = 0Oy + Zp(ej)axj,
j=1

where (p, V') is a basic representation space of the group Pin(m + 1), respec-
tively, Spin(m + 1) or a direct sum of such representations. The functions f on
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which these operators are acting are then belonging to C;(€2; V). For a detailed
description of this more general context we refer the reader to [14].

2. Monogenic functions: definitions, operator equalities
and basic integral formulae

2.1. Definitions. Let Q C R™"! be open and let f be a C;-function in Q which
is C,,,11-valued. Then we say that f is left monogenic in € if in

0.f=0 or D.f =0.
Analogously, f is called right monogenic in  if in

f0.=0 or fD, =0.

In what follows, “f monogenic in €27 will stand for “f is left monogenic in €2”.
The set of monogenic functions in Q is denoted by M (). It is a right C,,41-
module, i.e. if f,g € M(Q) and a,b € C,,;1, than fa+ gb € M(Q).

Notice that at some occasions, we will restrict ourselves to Ry ,+1 valued func-
tions. In that case the elements a en b should be taken in Ry ,,41. Saying that f
is monogenic in €2 thus means that its components (fa) ac{o,...m} satisfy 2m+1 ho-
mogeneous first order linear partial differential equations. It may be proved that
the first order system thus obstained is strongly elliptic, whence M () C A(f),
the right C,,, 11-module of real-analytic C,,,1;-valued functions in 2. In particular,
as

f € M(Q) implies that f € Harm((Q2), the set of harmonic C,,1-valued functions
in €.
Example 2.1. Let f be R+ valued in Q, i.e.

m

fl@) =) eifi(x).

J=0

Then claiming that 0, f = 01in Q (or f is monogenic w.r.t. the Dirac operator 0,,)
is equivalent to saying that its components f;,j = 0, ..., m, satisfy the system

O
- 856]
(2.1) §=0

Oxj 81‘,
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The system (2.1) is nothing else but the classical Riesz system. As is well known,
in the case (2 simply connected, it thus means that there ought to exist a func-
tion u, R-valued and harmonic in €2 such that

ou ,
fj:a_mj7 ]:0,...,m.
The set (fo, f1,---, fm) is called a set of conjugate harmonic functions in €

(see [49]).

Remark 2.2. In what follows basic properties will be given for monogenic func-
tions in the case where the Dirac operator 0, is considered. A lot of the formulas
thus established remain valid in the case of the Cauchy-Riemann operator D,
by formally replacing ey by 1 and e; by ¢;, j = 1,...,m. However, notice that
in some important situations — in particular when the multiplication operator
x: f — axf is involved — this substitution cannot be done. For more details we
refer to [14].

2.2. Operator equalities. We systematically deal with the Dirac operator.

Passing to polar coordinates x = 7&, r = |z|, £ € S™, we have:

1
81 = 5 (GT + —Fg) .
r
Here I'c = T'; acts on S™ and is called the spherical Dirac operator, with
Fw =T a’): = — Z eiej(xﬁxj — fﬂjaxl)
i<j
Furthermore 1
A, =02+ 20, + SA,
r r
A¢ being the Laplace-Beltrami operator on S™, and
A = ((m—1)1-T¢l,
£F5§ = Fg —ml.
Put

E= il‘ja$j = Tar
j=0

(E is called the Euler operator) Then
70, = E+T,,
A,x = 20, +xA,,
Opx = —(m+1)1-E+T,,
20, + Oy = —2E—(m+1)1,
I, = (m+1)1+E+ 0,z
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Using some of the above relations, we may prove
Theorem 2.3. Suppose f is monogenic in 2. Then

(i) (E+T.)f =0,
(i) Op(xf) = =(m +1)f = 2Ef,
(ili) Az(xf) =0, i.e. zf is harmonic in €.

2.3. Basic integral formulae. Let Q C R™"! be open, let C' be a compact ori-
entable (m + 1)-dimensional manifold with boundary 0C' and define the oriented
C,n11-valued surface element do on 0C' by

m

do, = (—1)e;di;,

=0
where
dtj =dxog N --- N[dz;) A -+ A day, j=0,1,....m.
Then if at = € 9C, n(zx) stands for the outwardly pointing unit normal,
do, = n(z)dS(z),
dS(x) being the elementary surface measure.
Stokes’ and Cauchy’s Theorems. Suppose that f,g € C;(£2). Then

Theorem 2.4 (Stokes). For each C C Q,

f(2) dog(x) = / (f0.)g + f(0.9)) do.
ocC C

Theorem 2.5 (Cauchy). If f is right monogenic in Q and g is left monogenic
in 2, then for each C' C (Q,

fdo = 0.
oC
Corollary 2.6. If g is left monogenic (resp. f right monogenic) in Q, then for
each C' C §,

/ dog =10 (resp. fdo =0).
oC aoC

Remark 2.7. Multiplication in C,,,; being non-commutative, it is important
to notice the order of succession of the factors in the integrands.

Remark 2.8. As do, = n(x)dS(z), we may thus replace do, by this expression
in the left hand side of the above relations. However, keep in mind that n(x)
should be put at the right place since n(z) is R™*!-valued, namely
n(z) = emn;(z).
=0
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We for instance write
f@)n(z)g(z)dS(x) = [ f(z)do(x)go(z).
ac Ele;

Remark 2.9. It is worth noticing that Cauchy’s Theorem implies the follow-
ing well known formulae from vector analysis. Let u be an R-valued harmonic
function in €2 and put

g(x) = Opu(x) = Zejg—;j.

J=0

Then g is monogenic in €2, whence for any C C (2,

0= /ac do.g(z) = /ac n(z)g(z)dS(x).
But, as n(z) and g(z) are both vector-valued,
n(z)g(x) = —n(x) e g(x) + nz) A g(x)
whence
/ n(z) e g(x)dS(z) =0
ac
and

/ n(x) Ag(xz)dS(z) =0
oC

Remark 2.10. A particularly important example occurs in the following case:

take f =1 and C' = B(1), the unit ball in R™™! ie. 9C = S™, the unit sphere
in R™™!. Then at each point w € S™, n(w) = w whence

/mwdS(w) 0.

Cauchy’s integral representation theorem. Let us first point out that the
fundamental solution of the Dirac operator 0, is given by

1 T
|$‘m+1'

Ex)=—
( ) Am—H
Here A, is the area of the unit sphere S™ in R™™ ie.
27T(m+1)/2
Am+1 - T
I'(#3=)

We have that

(i) E is R™"!-valued and belongs to L{¢(R™+1)
(ii) E is left and right monogenic in R = R™*1\0 and lim, ., E(z) = 0.
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(iii) 0, F = F9, = (), §(x) being the classical o-function in R™*!, i.e. for each
(NS D(Rerl, Cm+1),

(0(), p(x)) = »(0)
Theorem 2.11 (Borel-Pompeiu formula). Let f € C1(2). Then for each C' C €,

aC c e

Corollary 2.12 (Cauchy’s integral representation theorem). Let f be left mono-
genic in , i.e. 0,f =0 in Q. Then for each C' C Q) and x ECO'

f(a) = /a Bly—)do, ).

Remark 2.13. The Borel-Pompeiu formula measures in some sense the differ-
ence between a C;-function and a monogenic function in 2.

Remark 2.14. The complexification D of the classical Dirac operator where
D = 0, + 10y, 0, and 0, being Dirac operators in R™, i.e. 0, = Z;n:l €0z,
Oy = 27:1 e;0,,, gives rise to connections between complex analysis and Clifford
analysis.

For C-valued C;-functions f in G C R?*™ G being open and bounded, this
operator allows a Borel-Pompeiu type formula which may adapted to the case
G =R*" provided f(00) = lim(y)—co f(2,y) exists.

As has been shown in [2], the latter may be applied to inverse scattering problems.

The Borel-Pompeiu type formula for the operator D in bounded domains G C
R?*™ is closely related to the Bochner-Martinelli type formula established in [44].
The latter contains as a special case the classical Bochner-Martinelli formula for
holomorphic functions.

Remark 2.15. The study of null solutions of D which are moreover holomorphic
— so-called complex monogenic functions — was initiated in the beginning of
the 1980’s (see e.g. [39]). Associated Cauchy integral type formulae contain as
well integral formulae of elliptic type as of hyperbolic type (see e.g. [6])

Remark 2.16. Null solutions to a generalized complex Dirac type operator of

the form D = 77", ®(ej)s2,  being a representation of Spin(m + 1), were
J

studied in [7]. Applications to the inverse Penrose transform are given.

Remark 2.17. Recently, a function theory has been set up for so-called hyper-
holomorphic Cauchy-Riemann operators (see [38]). It is an attempt to embrace
both several complex variable theory and Clifford analysis.
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2.4. Historical notes. As is well known, there are several approaches possible
to classical complex analysis, one of them being the Riemann approach based on
studying null-solutions f = u + iv of the Cauchy-Riemann operator

0 0

0= —+1—

0. 0y
in C, thus leading to the famous Cauchy-Riemann equations combining u = Re f
and v = Im f:

ou o _
oxr oy
ov  Ou

tay = O

and to the fact that, as 09 = A, the real and imaginary parts of f are harmonic.
As was already pointed out by Gr. Moisil and N. Théodoresco in their 1931-paper
(see [32]), these two characteristics of holomorphic functions are easily transfer-
able to higher dimensions when considering Clifford algebra valued functions.
The example we gave in Section 2.1 is a nice illustration of this. It was M. Riesz
(see [37]) who found out that the system

divf =0
Curlf = 0,

f= (f1,--. fm), could be written in compact form using formally the operator
V =377 €0, in R™ (which is in fact the Dirac operator d, in R™). Gr.
Moisil and N. Théodoresco obtained the operator V in quite another way. Their
starting point was the idea already worked out by D. Pompeiu in 1912 (see [33])
to measure in some sense the difference between a C-valued Ci-function and a
holomorphic one. D. Pompeiu was thus led to the notion of areolar derivative.
Let f be a C;-function in 2 and let for 2y € €2,

o Jop f(R)dz
(2:2) Df(z) = Jm m

where the domain B C (Q is shrinking to zg. Putting f(2) = v + iv, P(z,y) =
g—z — g—Z and Q(x,y) = % + g—;, then using Stokes’ Theorem, we have that, if

20 = To + 1Yo,

D (z0) = 5(P(ro.10) + Q. ).

Notice that by (2.2), D = %8 is obtained. So holomorphy of f € € is equivalent to
Df(z0) = 0 at each 2y € Q. Putting weaker conditions on f, the Romanian school
developed systematically since the 1930’s the study of the areolar derivative D

(see e.g. [30] for a historical survey) In higher dimensional case, using Clifford
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algebras N. Théodoresco [51] introduced the operator V as follows. Let Q@ C R™
be open and let f € C;(;Ry,,). Then

i Jos )1 () dS(y)
Blz [ dlm

where the domain B C (2 is shrinking to z. Here n(y) = > 7", e;n;(y) is the
outward pointing unit normal to 9B, the boundary of B. dS(y) and dl,, are,
respectively, the Lebesgue measures on 0B and in R™. Of course the multipli-
cation n(y)f(y) is done in Ry ,,. By means of Stokes” Theorem, one easily finds

that .
V = Z ej&c]..
j=1

Also from the 1930’s on, R. Fueter started developing quaternionic analysis. He
introduced the operator D = 0,, + 10y, + jOu, + kOy,, (i, j, k) being the classical
orthonormal basis for R* € H with i = j2 = k? = —1,4ij = k, jk =i, ki = j. For
Q C R*open, f € C;(Q; H) is called (left) regular if Df = 0 in Q, thus giving rise
to a generalized Cauchy-Riemann system. However, as was explicitly pointed out
by R. Fueter, the main concern for introducing the operator D was to ensure the
validity of Cauchy’s Theorem for H-valued functions (see [18]) R. Fueter and his
school also studied Clifford algebra valued regular functions, but then by formally
introducing the operator D as we did in this paragraph and also did when starting
to develop Clifford analysis from the late 1960’s on. For us, the main reason for
looking at this operator was that it linearizes the Laplacian and that for functions
satisfying Df = 0in Q C R™, Cauchy’s Theorem was valid, namely |, sc9dof =0
ifgD=0and Df =0in Q, C C 2 be compact and orientable. The same formal
approach was followed by V. Iftimie (see [22]). Nevertheless, within the same time
interval, D. Hestenes re-introduced Théodoresco’s V-operator and stressed the
important role played by Cauchy’s Theorem in classical complex function theory
(see [21]). In the 1990’s, J. Cnops (see [11]) introduced pre-Dirac operators P
on semi-Riemannian orientable manifolds M as follows. Let {2 be a domain in
the m-dimensional manifold M. A real linear operator P: C;(2) — Cy(£2) such
that for any f, g € C1(€2), Stokes” Theorem holds, is called a pre-Dirac operator
on M in €, i.e. for any m-dimensional bounded cycle C' in 2 having boundary
0C' with the inherited orientation,

F) dM1g(y) = / PI@) dM(2)g(x) + (~1)™ / F@) M, (x) Py ().
oC C C

By imposing a supplementary condition on P, namely that for any R-valued
function g and each z in 2, Pg is a vector tangent to M at x, P is then called a
Dirac operator on M and is denoted by Dj,. In Euclidean space, it turns out that
Dy = Z;"Zl ;0. For further references and historical notes on quaternionic
and Clifford analysis, we refer to [13], [14], [19], [20], [50]. Obviously, we do not
claim any form of completeness in giving these historical remarks.

Vi(z)
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3. Generating monogenic functions

In classical complex analysis, the set M(2) of meromorphic functions in a simply
connected open subset {2 of C is a linear associative algebra. Moreover, com-
position preserves holomorphy. As monogenic functions do not enjoy of these
powerful properties, the question arises of how to construct elementary mono-
genic functions such as polynomials, an exponential function, etc. The aim of
this section is to show that there are a lot of techniques available to generate
monogenic functions and some of them will be described in more or less detail.

3.1. Cauchy-Kowalewska extension. One way of constructing monogenic
functions is by extending real-analytic functions in some open connected do-
main 2 in R™. In fact, the problem is the following. “Given a real-analytic
function f in  C R™, does there exist a monogenic function f* in some open
neighbourhood Q of  in R™*! such that f*|q = f7”

In this setting, a real axis should thus be chosen and we take the zy-axis for it,
which means that the variable in R™ is z = (x1, ..., Zy).

As to €2, it will be an open connected and xp-normal neighbourhood §2 of
in R™*!. This means that for each z € €, the line segment {z +tey : t € R} NQ
is connected and contains exactly one point in €2.

Finally, as to f*, it should thus satisfy the conditions
(i) O.f*=0in Q,
(11) f*($0,£)|$0:0 = f*(oag) = f(g)v
From (i) it follows that
Opo " = —€00: ",
0, being as usual the Dirac operator in R™.

Combined with (ii), we thus obtain:

—x0)* _
B Pl =) i@ =Y S @) )

o]
k=

So the existence of f* is guaranteed. The same can be proved about the existence

of €.

The monogenic function f* in €2 thus obtained is called the Cauchy-Kowalewska
extension of f. By construction, it is unique.

When instead of the Dirac operator 0,, the Cauchy-Riemann operator D, is
used for defining monogenicity, it again suffices to replace ey by 1 and e; by ¢,
j = 1,...,m, in the above formula (3.1) in order to obtain the corresponding
CK-extension of f.
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Example 3.1 (Homogeneous monogenic polynomials). Call P(k) the set of ho-
mogeneous polynomials of degree k in R™, k € N fixed. Then P € P(k) may be
expressed as
P(z) = Z % ag
|al=F

where the multi index a = (v, ..., a,) € N, a, € Cppyq and 2% = 27" ... 20m.

Obviously, P is real-analytic in R™ and, in view of (3.1), its CK-extension P*
in R™*! is given by

(=)

J!

(00 Pl2).

M

Il
o

P*(z) =

As for j > k, (€90,)’ P(z) = 0, we thus have

k .
* (_xﬂ)j — j
P(z) = Z 1 (€00:) P(z),
j=0

i.e. P* is a homogeneous monogenic polynomial of degree k in R™*1

Conversely, if P is a homogeneous monogenic polynomial of degree k in R™!
its restriction P (0, z) to R™ is a homogeneous polynomial of degree k and clearly

(P(0,2))" = Pi().
Calling M*(k) the set of homogeneous monogenic polynomials in R™"! the

CK-extension thus establishes an isomorphism between the right C,,,;; —modules
P(k) and M*(k).

In particular,
M*(0) = Cpy1.
For k = 1, consider the basic elements z;, j =1,...,m, of P(1). Then
()" =2z, =x; — 20 € €.
For k > 1, it may be shown that for |a| =k, a = (a1, ..., a,) € N™,
(2%)" = alVy()
where V,(z) can be expressed as follows.

Associate with a = (aq,...,a,) € N™ |a] = k, the sequence (l1,...,lx) €
{1,...,m}" such that j is appearing a; times in (l1,...,l;), 7 =1,...,m. Then

1
Vg(x) = Vll...lk(l’) = Tl Z 220y - - 2

the sum running over all distinguishable permutations of all of (I1,..., ).
We shall return to the set M* (k) in Section 4.1.
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Example 3.2 (Radial Hermite polynomials). Consider the Gauss-distribution
in R™:

Go(z) = e lzl?/2 _ 2?2
Obviously, Gy is real-analytic in R™ and in view of (3.1), its CK-extension w.r.t.
the Cauchy-Riemann operator D, in R™"! is given by

Go(zo,2) = exp(—x()@&)Go(g)
Putting
2 > l’n
Golao, z) = /23" TLH, (1),

n=0
it may be proved that the functions H,(z) are polynomials in x having real
coefficients and satisfying the recurrence formula

Hpyp(z) = (2 — aﬁ)Hn<§>

The polynomials H,(x) are called radial Hermite polynomials. They are also
determined by the Rodrigues’ Formula

H,(z) = (—1)"¢l2l/? ag(e—@l"’/?)‘
The first radial Hermite polynomials are thus given by
Hy(z) = 1,
Hi(z) = gz,
Hy(z) = z*+m,
Hy(z) = 2"+ (m+2)z.
Remark 3.3. For further examples of monogenic functions constructed by means

of the CK-extension method and more generally for generating classes of special
functions in R™*! we refer to [14, Ch. III].

Remark 3.4. For applications of the radial Hermite polynomials to continuous
wavelet transforms in higher dimension and the construction of specific basic
wavelet functions, we refer to [3].

3.2. Differentiation. If f is monogenic in Q and a = (ag, ay, . .., q,,) € N1
then, as [0%, 0,] = 0, where 9% = 99° ... 93, we of course have that 0° f € M ().
However, since from 0, f = 0 it follows that

axof = _éoa@ﬂ

it clearly suffices to consider differential operators of the form 0%, where a@ =
(o, ..., ) € N™

Obviously, for each differential operator

9 fe?
P (a—£> = ;aga,
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a, € C, we have that f monogenic in () implies P (8%) f monogenic in 2.
Example 3.5. Consider the fundamental solution

1 T
Am+1 ’x|m+1

E(x) =

of 0, and take a € N™ with |a| = k.
Then we put
Wa(x) = (=1) 9 E(x).
By the definition itself, we thus have that W, is a homogeneous monogenic

function of degree —(m+k) in R{"™ = R™*1\{0}. As E(z) is vector valued, the
same holds for each W, (z).

We return to the functions W, (x) in Section 4.1.

3.3. Monogenicity, harmonicity, and Mobius transforms. Let g be a
Mobius transform in R™*!. Then, as we saw in Part I, Section 3, ¢ may be
fully described by a (2 x 2)-matrix over I'(m + 1) U {0}, say

a b
o=[0
the elements of which are submitted to some algebraic conditions.
The action of g on R™*! is given by
ar +b

g(z) = o d (ax +b)(cx +d)~ .

Given a monogenic function f or harmonic function h in Q C R™*! open, new
monogenic or harmonic functions, respectively denoted by ~,f or n4h, can be
constructed from it by composing it with a Mébius transformation g. We have

Theorem 3.6. Let g be a Mébius transformation in R™! and let Q C R™H! be
open.

(i) If h is harmonic in Q, then

1 _
ngh(y) = W (g 13/)
is harmonic in gS).
(i) If f is monogenic in ), then
—yc+a _
Vof (y) = Wf(g ')

is monogenic in g<l.
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Example 3.7 (Inversion w.r.t. the unit sphere S™). As we have seen, the inver-
sion w.r.t. S™ mapping r — # may be described by the matrix

10 1 . 1|0 -1
g—[_l O} with g —[1 O}'
In the case of harmonic functions, we denote 7, = K (the Kelvin transform)
while in the case of monogenic functions, we put I* = —, (the inversion).

For h harmonic in €2, we thus have that

is harmonic in ¢{2, while for f monogenic in €2,

y Yy
ri) = 1 ()
[yl \yl?
is monogenic in gf).
Clearly K2 =1 and I*? = —1.

In particular, if Sy is a homogeneous harmonic polynomial of degree k, k € N
(i.e. a solid harmonic of degree k), then

1 y
K&@_MW*&GW)

is a homogeneous harmonic function of degree —(m + k — 1) in R™"1\{0}.

Analogously, if P, is a homogeneous monogenic polynomial of degree k, k € N,
(i.e. an inner spherical monogenic of degree k) then

y Yy
W= Tt P\
is a homogeneous monogenic function of degree —(m + k) in R™*1\ {0}.

Furthermore, if % is harmonic (resp. f monogenic) in the unit ball B (1) of R™*L,
then Kh is harmonic (resp. I* f is monogenic) in R™ \ B(1).

Example 3.8 (Rotations). Let us recall that a rotation in R™™! admits the
vectorial representation x(s): x — x(s)(z) = sxs where s € Spin(m + 1). In
terms of a Mobius transformation, it may thus be described by the matrix

_SO . -1 _ 0
g—{o 51 with g _{ }

We put 1, = R(s) and v, = L(s).
For h harmonic,

O »l
i

R(s)(y) = h(3ys)

is harmonic, while for f monogenic,

L(s)f(y) = sf(5ys)
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is monogenic.
As is well known [A,, R(s)] =0 or A, is invariant for rotations.

As to 0, we have [0,, L(s)] = 0, whence 0, yields an example of a so-called first
order Spin(m + 1)-invariant differential operator.

Example 3.9 (Cayley transform). Let B(1) and R7*! with R7*! = {2 € R™+!:
T, > 0} be, respectively, the unit ball and the upper half space in R™*!. The

Mobius transform C' mapping R to B(1) — the so-called Cayley transform
— may be described by the matrix

— L 1 —fm ith -1 _ L L oenm
I= /5 |—em 1 wi I = lem 1|
So, if h is harmonic in R, then

gl (y) ! h(y+&”>

- lyem + 1|71 emy + 1

is harmonic in B(1), while if f is monogenic in R?"*!, then

B Yyem + 1 y+enm
W) = 7=y, e (emy+1>

is monogenic in B(1).

Remark 3.10. For a systematic treatment of invariance of operators under
Mébius transformations and its applications, we refer to [11] and [40], where
the latter also deals with the case of complex Dirac operators.

Remark 3.11. In [41], it is shown how the representation of M&bius transfor-
mations by (2 x 2)-matrices over I'(m + 1) U {0} may be used to deal with cross
ratio and Schwarzian derivative in higher dimensional setting.

Remark 3.12. For the role played by Mobius transformations in defining auto-
morphic forms in the upper half space R7", we refer to [26].

3.4. The Cauchy-Riemann system in the plane and monogenic func-
tions. It is a remarkable fact that the Cauchy-Riemann system in the plane
generates monogenic functions. This was first observed by R. Fueter in [17] in
the setting of quaternionic analysis.

Notice that in this subsection, monogenicity in R™*! is w.r.t. the Cauchy-Riemann
operator D,.

Fueter’s Theorem. Assume f to be holomorphic in some open subset 2 C
Ct ={z€ C: Imz > 0} and put f(z) = u + ‘v where as usual u = Re f,
v=Imf.
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Consider first the case of H-valued functions in R*, H being the algebra of real
quaternions.

In a classical way, a vector x = (z9,2) € R* is identified with x = 2y + 2 =

xo + 1w, + jae + kxs, where x = iz + jao + kxs € R3. The associated Cauchy-
Fueter operator Dy is given by

Dy = 04y + 104, + jOu, + kOy,.
Passing to polar coordinates in R®, i.e. putting x = rw where r = |z| and
w = z/|z| with w € S? we may write x = xy + wr. Notice that w? = —1. We
thus have that for w fixed, x¢ + rw behaves like the complex variable z = x + iy

when making the identification x — zy, y — 2z and ¢ — w. Hence for any w
fixed, we may associate with f the H-valued function

f(zo 4+ wr) = u(ze, r) + wv(xg, ).
We have

Theorem 3.13 (Fueter). Let f be holomorphic in some open subset Q@ C C*
and let f(xo+wr) be the associated H-valued function. Then Axf is as well left
as right monogenic, i.e. DyAxf = (Axf)Dx = 0.

In the case of the Cauchy-Riemann operator Dy in R™*!, this result has been
extended successively by M. Sce [42] (m odd) and T. Qian [35] (m even).

Let us comment about their result.

Considering the Clifford algebra Rg,,11, x = (x9,2) € R™! is identified with
the paravector x = x¢g + 2 = ¢ + Z;ﬂ:l gjxj € Ry, = R(J)fmﬂ. One may then
put x = x¢ + rw where r = |z| and w = z/|z| with w? = —1.

For a function f = u+iv holomorphic in  C C*, the corresponding paravector-
valued function f(xg+z) = u(xg, r) +wv(zg, r) may then be defined. It was thus

obtained that AY"™? is monogenic in Q = {xo + z : (z0,7) € 2}, ie.

DA™ V2 f (20 4 2) =0 in Q.

)

Notice here that in the case m even, AL g defined through Fourier multiplier

theory (see [35]).

This version of Fueter’s Theorem provides us with so-called axial monogenic
functions (see [14]), i.e. monogenic functions of the form
Ao, ) + wB(wg,r) = ALV f (o + ),
A and B being R-valued and satisfying the Vekua-type system
—1
Oy A—0,B = mTB,

0y B+0,A = 0.
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More generally, one may consider axial monogenic functions of the type
(A(zo,7) + wB(wo,7)) Pi(z)

where P, € MT(k), k € N, i.e. Py(z) = r*P,(w) is a homogeneous polynomial of

degree k satistying 0, P, = 0 in R™ (P is monogenic in R™).

Recently, it was proved that (see [24] and [46])

Theorem 3.14. Let [ be holomorphic in an open subset Q C C* and let Py, be
a homogeneous monogenic polynomial of degree k in R™. Then the function

ALHD f(ag + 2) Pi(z)
1S Monogenic in Q.

Remark 3.15. For k = 0, the generalized version of the classical Fueter Theorem
is of course obtained.

Remark 3.16. The result given plays a crucial role in the study of Fourier
multipliers and singular integrals on the unit sphere (see [36]).

Remark 3.17. The classical Fueter Theorem for the quaternionic case has also
been discussed in [13] and [50].

Monogenic plane waves. Once again, we consider the configuration R™™! =
R&R™ C Ry, = ]R(’i ms1 and the associated Cauchy-Riemann operator Dy =

8960 + Z;nzl 5jaa:j-
Let g be a plane wave, i.e. g is a C-valued real-analytic function of the scalar
product (z,t),z,t € R™ (see [23]).

Its CK-extension G(zg,z,t)(t € R™ fixed), monogenic in an appropriate open
subset 2 C R™"! is then given by (see (3.1))

G(ajOa Z, E) ( —:(308 LE t = Z k' fEO ak <£7 E))
k=0
Straightforward calculations yield:
t
G(ZEO, Z, t) - gl(<£7 §>a .’I/'0|£|) - m g?(<£7 27 >7 Jf0|§|)

Here g; and gy are C-valued functions in the two real variables = (z,t) and
y = xo|t|. They satisfy the Cauchy-Riemann system in the plane, i.e.

91 99 _
(3.2) gx gy
99: 09 _

or Oy
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Conversely, if g; and go are C-valued C;-functions in some open subset QccC
satisfying the Cauchy-Riemann system (3.2), then for ¢ € R™ fixed, the function

Glan,z.t) = g({.2). zolt]) — o ga((z, £), o))

12|
is clearly monogenic in
Q = {(z0,2) : (1), zolt]) € QY.
Monogenic functions thus obtained are called monogenic plane waves.
Example 3.18. Let k£ € N be fixed and put
gz, 1) = ((z, )",
Then its associated CK-extension is given by
Grlzo,z,t) = ((z, 1) — two)".

It is a paravector-valued function. Its components g; and g being real-valued,
it thus follows that f = g; + gy is holomorphic.

Example 3.19. Consider ‘
g({z, 1)) = e'®?.
Its associated CK-extension £ (g, z,t) defines the exponential function (see [43])

‘ , t
5(%0727 z) = (6_x06£) (62@’9) = (Ql@’t> (Ch($0|§|) —1 m sh(xo|§|)) .
Its components g; and g, are C-valued.

7-monogenic functions. Consider C™*1 = R™! g jR™
Then if R™*! is again identified with the set of paravectors in Ry, = R(}L’ a1 s
Cmtt c Ch iy = Ry, 1 ®r C. Now take 7 € C™' such that 7a(7) = 0, ie. if
T=u+w, o(T) =u+ 1, then u L v and |u| = |v| in R™*,
Furthermore, put for € R™*!

(T,2) = (U, )gm+1 + (v, T)gm+1.

Suppose ¢ is a holomorphic function in €2 C C open and associate with it the
C™*lvalued function

O, (x) = To((u, z)gm+1 + (v, T)ygm+1).
A straightforward calculation leads to

Theorem 3.20. The function @, is monogenic in the associated open subset
Q={zreR™': ((u,x),(v,z)) € N}

A monogenic function thus constructed is called 7-monogenic.

Notice that if we write ®,.(z) = ®,1(x) + i®,2(z), we have that ®,; and D, 5
are monogenic paravector-valued functions.
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3.5. Series of meromorphic functions. Let Q@ C R™*! be open and let
(fx)ren be a sequence of meromorphic functions in €2 (for the definition of mero-
morphy see Section 4).

If all f are monogenic in Q and the sequence (fy)ren converges uniformly on
each compact subset K C €2, then if f denotes the limit of this sequence, f is
monogenic in Q. In particular, if >",~, fi is a series of monogenic functions in
) which converges either normally or uniformly on each colpact subset K of €2,
then its sum f is also monogenic in 2. The results thus stated are in fact nothing
else but Weierstrass’ Theorem for the case of monogenic functions. This theorem
follows immediately from the fact that monogenic functions are real-analytic.

If instead a series of meromorphic functions in € is considered then, just as in
complex analysis, one should impose the series to be either compactly conver-
gent or normally convergent in 2, meaning, respectively, that for each K C
compact, there exists N(K) € N such that

(i) (compactly convergent) For each k > N(K), the set of poles Sy, of f satis-
fies Sy N K =0 and Y ;- fi|x converges uniformly on K.

or

(ii) (normally convergent) For each k > N(K), the set of poles Sy of fj, satisfies

Sk N K =0 and 327 g sup,ex | fil x(2)] < +oo.

The sum of a compactly or normally convergent series of meromorphic func-
tions in () is again meromorphic in 2 and for its set of poles S we have that

S C UkeN Sk-

Example 3.21 (The cotangent function COT™). Let (wy,ws, ... w,) be a set
of m linearly independent paravectors in R™! and let W,,, = Zw; + - - - + Zw,,
be the associated m-dimensional lattice.

Furthermore, call

X
qO(ZE) = |$|T+1 = Am+1E<CL’>

Then the series

@)+ Y (aole +w) - golw))

weW},
where W/ =W, \ {0}, converges normally in R™*\ W,,.

The meromorphic function thus defined in R™*! — and hence forth denoted by
COT™)(z) — generalizes the classical normalized cotangent function

1 1 1
t = - E - = .
meotgmz 2 —|—k€Z/ (z+k k>
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It may be proved that COT™ is odd, has poles of minimal order in the lattice
points of W,, and zeros in the points in between, namely in the set

1 1

It is an example of an m-periodic meromorphic function.

Remark 3.22. Besides the function COT™) . S. KrauBhar succeeded in intro-
ducing by means of generalized Eisenstein series, whole classes of p-periodic
meromorphic functions in R™*!, 1 < p < m + 1, thus generalizing the classical
classes of trigonometric and elliptic functions (see [25]).

Remark 3.23. Recently, G. Laville and I. Ramadanoff introduced the class of
so-called holomorphic cliffordian functions, i.e. functions which are nullsolutions
in an open subset of R*™*! of the operator D,A™. In this setting they also
defined the notion of elliptic functions (see [27]).

3.6. Integral transforms. Let Q be a domain in R™"! with boundary 0Q = .
In this subsection, monogenicity is w.r.t. the Dirac operator 0,.

The Cauchy transform Cy. For f belonging to a suitable class of functions
defined a.e. on X, its Cauchy transform Cs f is given by

Cuf(x) = / E(x — y)doyf(y) = / Bl — y)n(y) f(1)dS(y).

It defines a monogenic function in R™™\ ¥,

This is the case e.g. if f € L,(X), 1 < p < 400, (see [19]).

The Cauchy transform of distributions in R™"!. As £ € Li¢(R™), for
each distribution 7 € &'(R™), £« T is well defined and 9,.(E «7) = 7. This
implies that 9,(F * 7) = 0 in R™"!\ [T], [T] being the suppport of 7. Hence
E % T determines a monogenic function in R™*\ [T]. Tt is called the Cauchy
transform of T .

Example 3.24 (Borel measures). Let p be a C,,,11-valued regular Borel measure
in R™* with compact support [u]. Then its Cauchy transform E x p defines
an Ll¢(R™*1)-function which is monogenic in R™! \ [u]. Moreover, for a.e.
xr € RmL

Exua)= [ Blo-y)duly)
Rm+1
with lim, ., E * pu(z) = 0.
Example 3.25 (The Théodoresco transform). Let G € R™"! be a bounded

domain with piecewise smooth boundary 0G = %, let f € L,(G), 1 <p < 400

and consider f = [Xe; Xxc being the characteristic function of G. Then its
Cauchy transform E * f € L*(R™*') and it is monogenic in R”*!\ G' with

pefw) = [ Be-niwd= [ Be-ned

G
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It is common to call

Taf=Exf
the Théodoresco transform of f.
Its properties have been intensively studied (see e.g. [20]). Notice e.g. that for
suitable f

o Taf =T,
which implies that T is a right inverse for d,. Hence the inhomogeneous Dirac
equation

Wf=y

admits the solution f = Tgg.

4. Spherical monogenics and series expansions

In classical harmonic analysis on the unit circle S', the sequence (¢**?),.cz forms a
generating set for Lo(S*). For each k € Z, e™*? is the restriction of 2* to S, where
the sequence (2%)ez is a generating set for the Laurent series of each function f
holomorphic in an open annular neighbourhood of S!. Furthermore, z*, k € N,
is a holomorphic homogeneous polynomial of degree k, while 2%, k € Ny, is
a holomorphic homogeneous function of order —k in C \ {0}. It thus seems
natural to look for analogues of the functions z*, k € Z, in Clifford analysis. We
investigate this problem in the case of the Dirac operator 0,.

4.1. Spherical monogenics: definitions. In what follows all functions we are
considering are C,,i-valued.

Definition 4.1. A homogeneous monogenic polynomial Py of degree k, k € N,
in R™T will be called an (inner) spherical monogenic of order k. The set of all
such polynomials is denoted by M ™ (k).

In Section 3.1 we have seen that the polynomials V,,(z), |a| = k, are homogeneous

of degree k and monogenic, whence V,(z) € M* (k).

Let us recall that for any multi index a = (a, ..., ) € N with |o| = &,
(2%)" = alVu(2).

Definition 4.2. For each k € N, we put M~ (k) = I*M™*(k), I* being the
tnwversion introduced in Section 3.3.

By definition, for @, € M~ (k) there exists P, € M (k) such that

o) = s 7 1)
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We have seen that @ is a homogeneous monogenic function of order —(m + k).
Each element of M~ (k) is called an (outer) spherical monogenic of order k.
Notice that, as I*? = —1, I*M (k) = M (k). Notice also that

% X
1= ’gleH = Am+1E(I)

and that for each multi index a = (o, ..., a,) € N™, the functions W, (z) =
(—1)lg2E(z) all belong to M~ (k) for |a| = k.

Obviously, M*(k) and M~ (k) are right C,,;-modules.

We have

Theorem 4.3. Let k € N. Then

(i) (Va(z) @ |a| = k) is a basis for M (k).
(il) Wa(z) : |a] = k) is a basis for M~ (k).

As M*(k) = CK(P(k)), P(k) being the right C,,1-module of homogeneous
polynomials of degree k in z = (z1,...,2,,), we thus obtain that
dim M (k) = dim M~ (k) = K(m; k)
with
(k+m—1)!

K(m. k) = 20—

4.2. Inner products on P(k). Let for £k € N fixed, P(k) be the set of all
homogeneous C,,1-valued polynomials in R™*1. Then P(k) contains the im-
portant submodules H (k) and M ™ (k) consisting of, respectively, all harmonic
and monogenic homogeneous polynomials of degree k with
M*(k) Cc H(k) c P(k).
As is well known, for k > 2,
P(k) = H(k) ®r*P(k — 2)
leading to
w2
P(k)=>_ @ r¥H(k—2j).
=0
We now wish to refine this important decomposition and derive a splitting of
(solid) spherical harmonics into (inner) spherical monogenics. To this end we
introduce two inner products on P(k).
The inner product (-,-);. For P(z) = >_,_; 2%, and Q(z) = > 5, 2Pbg
belonging to P(k), we put

(P.Q)= | Y al@bs| =

la|=k
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where 5
Pl—)= 0“ )
(8$) alz_:k “
i.e. P(0/0x) is the differential operator obtained by replacing x; by 9., in P(x).
For P € P(k—1) and @ € P(k), we so have that

(@P, Q) = (P, (—=02)Q) k-1
whence the multiplication operator z: P(k—1) — P(k) with P(x) — xP(z) has
(—0,) as its adjoint. It thus follows that
P(k)=M*(k)®zP(k—1),
the sum being orthogonal.
We have

Theorem 4.4 (Fischer decomposition). Let k € N. Then

(i) P(k) = 5y x"M* (k- 1),
(i) H(k) = M*(k) & aM*(k —1).

Remark 4.5. Let S, € H(k). Then due to the Fischer decomposition (i) of
Theorem 4.4,
Sk = Py + 2 pr—1
where P, € M (k) and py_1 € P(k —1).
Part (ii) of Theorem 4.4 tells us that py_; in fact belongs to M*(k —1). Indeed,
it may even be proved that
—1

4= — 0,5
Pk—1 m 1+ 2k k

Remark 4.6. As follows directly from Theorem 4.4 (ii), px_1 € M*T(k — 1)

implies that zp,_; € H(k). It may be proved that if for py_; € P(k — 1),
xpr_1 € H(k), then py_y € MT(k—1).

Remark 4.7. For a Fischer type decomposition of homogeneous polynomials in
the case of a g-deformed Dirac equation, we refer to [45].

The inner product on Ly(S™). Let, as usual, S™ be the unit sphere in R™*1,
For functions f,g € Lo(S™), we put

(f,9) = [ [flw)gw)dSw).

Sm
Considering Ly (S™) as a right C,,;;-module, we have that forf, g € Ly(S™)
(f,9) = (9, /)

and for a,b € C,, 11

(f&, gb) = a(f, 9, )b
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Furthermore, (-,-) induces a norm on L9(S™) by putting

17 = 14000 = [ [T f@lods) = [ 17@)PdS).
Of course, this norm is also derived from the C-valued inner product

(f7 g)O - [(fu g)]O

Definition 4.8. Let k € N. Then M™ (k) and M~ (k) are the spaces consisting
of the restrictions to S™ of, respectively, the elements belonging to M™* (k) and
M~ (k). Putting M(k) = M™*(k) + M~ (k), the elements of M(k) are called
spherical monogenics of degree k. Arbitrary elements of M™* (k) and M~ (k) are
denoted by P, and Q.

m

In a classical way, H(k) stands for the space of spherical harmonics of degree k,
i.e. the space of the restrictions to S™ of the elements belonging to H (k).

Obviously, M™(k), M~ (k) and H(k) are all subspaces of Ly(S™).
From the relation
H(k)y=M"(k)®zM™*(k—1)
it immediately follows by restriction to S™ that
H(k) = M (k) ®wMF(k—1).
But, taking into account that for each P, € M T (k),

we find that for each Q) € M~ (k), Qy(w) = WP, (w).
Hence wM™(k —1) = M~ (k —1) and so for k € N fixed,

H(k) = M*(k)® M~ (k—1).
Here it is understood that M~(—1) = {0}.

The following theorem tells us much more about the interrelationship of the
spaces considered. To this end, let us first recall that the elements Sy € H(k)
are the (only) eigenfunctions of the Laplace-Beltrami operator A, — considered
as an essentially self adjoint operator on Lo(S™) — with

A,Sk(w) = (=k)(k+m —1)Sk(w), keN.
But we have more, namely

Theorem 4.9. The operator T, is essentially self-adjoint on Lo(S™). Moreover
for each k € N,

(i) TuPy(w) = (—k)Py(w), Py € M*(K),
(i) ToQpr1(w) = (k+m — 1)Qp1(w), Qpr € M~ (k — 1),
(iii) H(k) = M*(k) @& M~ (k — 1).
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Remark 4.10. As is well known, each f € Lo(S™) admits a decomposition in
spherical harmonics:

flw)=>_ Sif(w)
k=0
where Si f € H(k), k € N.

Denoting the decomposition of Sif in spherical monogenics by
Skf(w) =Prf(w) + Qp-1.f(w)
where Prf € M*(k), Qp_1f € M~ (k — 1), we thus obtain for f € Ly(S™) the

decomposition into spherical monogenics:

F)=> Pif(w) + > Quf(w).
k=0 k=0
Remark 4.11. As for k # I, H(k) L H(l), we thus also have that M™(k) L
M*(l) and M~ (k) L M~(1).

4.3. Series expansions. From the preceding paragraphs, it becomes clear that
the role of the sequences (e%9),cy and (e=%*%),cy, in classical Fourier analysis on
the unit circle, is taken over by the sequences of spherical monogenics M (k)
and M~ (k — 1), k € N, where by definition we put M~(—1) = {0}. One may
thus expect that the local behaviour of a monogenic function will be governed
by the sequences M T (k) and M~ (k — 1), k € N, of respectively, inner and outer
spherical monogenics.

We have

Theorem 4.12 (Taylor expansion). Let f be monogenic in B(R). Then there

exists a sequence (Pyf)ren of inner spherical monogenics such that in B(R)

fla) =" Puf(x),
k=0
where for each k € N

Prf(x) =

0 <r < R being arbitrarily chosen.

1 ="

Am+1 rk

[ Caale)fra)ase)

Moreover, this series converges normally on each B((1 — ¢)R).

Theorem 4.13 (Laurent expansion). Let f be monogenic in the open annular

domain G = B(Ry)\ B(Ry). Then there exist sequences (Pyf)ren and (Qpf)ren
of inner and outer spherical monogenics respectively such that in G

fla) =) Puf(x)+ > Quf(),
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o

the convergence being normal on each closed annular subdomain B(r}) \ B(r})

of G.

Moreover

filz) = Emm € M(B(R,)).

fo(x) = Z@kf ) € MR\ B(Ry))

with lim,_, fo(z) = 0.

Furthermore
1 k
Pfle) = o [ Cland6e)fw)ast)
1 m+k
Quf@) = 1 — Tt [ Coasl€f (o) as)

0 < Ry <7 < Ry being taken arbitrarily.

Remark 4.14. For the functions appearing in the integral representations of the
projections Py f and Qg f on M* (k) and M~ (k), we have

C;H-l,k(w? £)Ew = C:r:,—&—l,k (57 w)

where

- 1 m
Crnp@.6) = —— |(k+ D0

+ (1= m)C 2 (1) (Gow — wob)eo +w A E)| .

Here C} stands for the Gegenbauer polynomial of degree k associated to v and
t = ({,w) = £ ew, the Euclidean inner product between &, w € S™.

Remark 4.15. As may be expected, the series expansions are obtained by ap-
plying Cauchy’s integral formula and considering appropriate expansions of the
Cauchy kernel function E(y — x). To this end, we wish to point out that for
[ < R <yl,

9= Zwemo =} ¥ v

Remark 4.16. It is clear that if f is monogenic in an open annular domain G
about a € R™™ say G = B(a, Ry) \ (a, R;), then f admits in G a Laurent series

=Y P f(@)+ > Quf(x)
k=0 k=0
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If a € R™" is an isolated singular point of the monogenic function f, i.e. there

exists R > 0 such that f is monogenic in B(a, R)\ {a}, then a is said to be a pole
of order p for f io in the Laurent series of f about a, @,(Ca)f(x) =0 forall £ > p.

Finally a function f is called meromorphic in an open subset Q C R™*! if there
exists a subset S of €2 such that

(i) S has no accumulation point in €,
(ii) f is monogenic in 2\ S,
(iii) f has a pole at each point of S.

It is clear that 0 is a pole of order k + 1 for all @ € M~ (k), in particular for
Wa(z), |af = k.

Remark 4.17. Taylor’s expansion immediately yields

Theorem 4.18 (Liouville). Let f be monogenic in R™! such that for some
C >0, |f(x)] <C. Then f is a constant function.

Remark 4.19. The local behaviour (about the origin) of a monogenic function
may thus be described by the space of formal Laurent series

i OM™* (k) ® i eM~ (k).
k=0 k=0

Algebraically, the first part, > ;- , @M (k) contains all possible monogenic poly-
nomials. The second part, > -, &M~ (k) defines a special class of rational func-
tions, namely with poles at 0 and vanishing at co. Combining both parts gives
rise to the class of rational functions with poles at 0.

These function classes are of particular importance in establishing Runge approx-
imation theorems for functions monogenic on compact subsets of R™*! (see [4]).

Remark 4.20. The space M T (k) of spherical monogenics of degree k is an
irreducible Spin(m + 1)-module under the natural action of Spin(m + 1). The
Taylor series Y- ®M™ (k) thus yields the decompopsition of solutions of the
Dirac equation into elements of irreducible Spin(m + 1)-modules. It gives rise to
the study of classes of conformally invariant first order operators, among which
the Rarita-Schwinger operator associated to higher Spin representations (see [7],
[8], and [9]) For an approach to Clifford analysis as a study of invariant operators,
we refer to [47].

Remark 4.21. A straightforward approach to Spin-groups and spherical func-
tions can be found in [52]. The same article also describes how, using the notion
of symmetric product, a Weierstrass’ power series approach to monogenic func-
tion theory may be obtained.
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4.4. More about formal Laurent series. The formal series

i OM* (k) + i oM~ (k)

can be put into a nice scheme.
Let us first recall that the Fischer decomposition for P(k), k € N, fixed, reads:

k
Plk) =Y ®a"M*(k-1)
S=0
where

H(k)=M"(k)®aM*(k—1).
Now putting Q(k) = I*P(k), k € N fixed, we claim that

(4.1) Qk)=> @ a "M (k—s)
where :
(4.2) IFHEk)=M (k)®oz ‘M (k—1)

Indeed, as to (4.1) it suffices to observe that
P(k) = M*(k) + 2Pk —1)
and that for P € P(k — 1),
I*(xP)(z) = —2 ' " P(x),
whence
I'P(k) = M~ (k) ®x ' Q(k — 1).
Iteration on k yields the desired result.

As for (4.2), notice that if P,y € M*(k—1), then I*"P,_1 = Q1 € M~ (k—1)
by definition.

For k > s, a direct calculation results into
(MY (k —s)) =2 M (k- s).
It should be noticed that none of the elements belonging to z =M~ (k—s), k > s,

is harmonic (besides the constant zero function) and this in contrast with the
property that if P, € M*(k), then 2Py is harmonic and belongs to H(k + 1).

In order to preserve harmonicity, one should of course consider KH (k) instead
of I*H(k). Notice that, as straightforward calculations show,

Ke=-I"
and so, using the fact that K2 =1,
(4.3) x=—-KI".
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Observe that by means of relation (4.3), an elegant proof may be given of the
property that f monogenic in 2 implies xf harmonic in 2.

Finally notice that
KH(k)=aM (k)® M~ (k—1).

The foregoing considerations lead to the following scheme

\Mm v /

x~M(2) M=(2) M2} xM*2)

XM XM O\ MA(1) M) xMl) ML)

“Toowly xuro e Mo Mo xPe 2P0 R0
Z(3) E(2) Z(1) Z(0) 2(0) @) P(2) P(3)

FIGURE 1

Let us have a closer look at the right hand block. As for each k € N fixed,

P(k) = range (:p|p(k,1)) @ kerd,,
P(k—1) = range ((91|7>(k.))

and
Op(xMt(k—1))= M*(k—1),

the corresponding horizontal lines describe stepwise the injectivity of the mul-
tiplication operators = (from the left to the right), respectively, the surjectivity
of 0, (from the right to the left).

Again for k € N fixed, the corresponding vertical line gives the Fischer decom-
position of P(k) in terms of spherical monogenics. Moreover, in each vertical
line, the highest two knots yield the components of the decomposition of the
space H (k) into M+ (k) @ aM™(k —1).

In the left hand block, for k£ € N fixed, each vertical line represents the decompo-
sition of Q(k) and the two highest knots in it yield the decomposition of I*H (k)
into M~ (k) ® 2~ 'M~(k —1).
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Part III. Clifford algebras in harmonic analysis

Classical HP-theory on the unit disc D in C has been the subject of intensive
research ever since its origin in 1915 when, following considerations made by
G. H. Hardy, F. Riesz introduced the subspace H?(D) of O(D) — the space of
holomorphic functions in D — consisting of those F' € O(D) satisfying

sup 1 |F(re)|P df < +oo, 1 <p<+oo.

0<r<1 2T —r

In an analogous way, the space H?(Ct) ;1 < p < +o00, consists of those F' €
O(C*) — C* being the upper half space in C — such that

+oo
sup / |F(z 4 iy)|P dy < +o0.

y>0 [e's)

It turns out that HP(2)-theory (2 = C* or D) is strongly related to L,(92)-
boundary value theory and in particular to singular integral operator theory
in L,(052), more precisely to the study of the Hilbert transform on L, (09).

In the beginning of the 1980’s (see [12]), the boundedness was proved of the
Hilbert transform Hy on Ly(X), 3 being a Lipschitz curve in C and this was the
starting point of considering analogous higher dimensional problems within the
setting of Clifford analysis (see e.g. [19], [29], [31]).

In this section we present some basic results obtained in this context, thus con-
necting Clifford analysis and classical harmonic analysis.

For the classical real variable approach to HP-spaces we refer to [48].

1. Hardy spaces: general situation

Unless stated otherwise, all functions considered in this section are C,,i-valued.

Let ¥ € R™*! be the graph of a Lipschitz function g: R™ — R and call QF the
domains in R™*! which lie above, respectively, below Y. Let furthermore n(y)
stand for the outward unit normal on ¥ at y € ¥ (n(y) is a.e. defined on ) and
dS(y) for the elementary surface element on . For convenience we put QF = .

Let 1 < p < +o00. Then we call

HP(QF) = {F € M(QF): ?5210) /E|F(y +0)[PdS(y) < +oo}

the Hardy space of (left) monogenic functions in *, monogenicity being w.r.t.
the Cauchy-Riemann operator D,.

For f € L,(X) and z € R™1\ X,

s () = [ B~ p)n) ) ds(w
the Cauchy transform of f.
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For f € L,(X) and a.e. x € X,

Hyf(z) = 2Pﬁ4E@—ymwvwwww>

— 2 lim E(x —y)n(y)f(y) dS(y)

€0+ {yeX:|z—y|>e}
the Hilbert transform of f.
We have

Theorem 1.1. Let f € L,(X) ,1 <p < 4o0. Then

(i) Csf € HP(QF).
(ii) Csf has non-tangential limits (Cx f)* at almost all z* € %, i.e.

nmliglng Cof(z) = (Cuf)*(z")
xg]i ’
(iil) Putting
PLf@) = (G,
Psf(z*) = —(Cof) (%),

then P are bounded projections in L,(3).

(iv) (Plemelj-Sokhotzki Formulae) For a.e. x* € 3,

PEA(T) = () + Haf(a))
P(Y) = 3(7(a) ~ Huf(")
whence
1 = Pf+Pg,

Hy = P%-P;.
In particular Hy, is a bounded linear operator on L,(X) and, putting L;E(E) =
P%‘LP<E)7
L,(%) =L (%)® L, (%).
Notice also that, as for any u,v € R™" [uv]yp = u e v, we have that if for any
R-valued f € L,(X), we define for a.e. € ¥ the integral transform Hy, f by

Hs, f(x) = [Haf(x)]y = — Rﬁé@:@iﬂ@ﬂw%@x

Am—H |l’ - y|m+l

then Hy, f is also R-valued.

This gives rise to the so-called singular double-layer potential operators Hy,, and
P{ on X, where Pf = (1 + Hy,). Both operators Hy, and Pf_ are bounded
linear operators on L,(X).
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For details concerning the proofs of the results mentioned, we refer e.g. to [29]
and [31].

Remark 1.2 (Riemann-Hilbert Problems). Let ¥ and QF be as before. Fur-
thermore, let a, b, and h be given in L,(3X). Then the following boundary value
problem is a straightforward generalization of the classical RH-problem in C:
“Find w monogenic in R™™! \ ¥ such that on ¥, aw* — bw™ = h.”
Here, for a.e. y € %,
t(y) = lim w(x).

0t
Using the Plemelj-Sokhotzki formulae, the boundary value condition may be
reformulated as: “Find u € L,(X) such that on ¥, aPtu + bP~u = h”, or,
putting ¢ = (a +b)/2 and d = (a — b)/2, as: “Find u € L,(X) such that on X,
cu + dHsu = h.”

This problem and related ones were intensively studied in the last years (see
e.g. [2] and its references).

w

2. The case R™

Put for x = (zg,7) € R™™ =R x R™,

m
x:x0+x:x0+26jxj,
j=1
and associate with it the Cauchy-Riemann operator

Dy =0sy+ Y 2500,
j=1
with fundamental solution
1 = 1 To + )iy TiEj

E(x) = A [x|mH - p — ( >(m+1)/2'

o + 27:1 ;°
Moreover, put R = {(z0,2) : 2550}

Define for f € L,(R™) ,1 < p < 400, its Cauchy transform Cf by

Ci)= [ EGx-y)f)dsy).  xeRMIR

and for a.e. x € R™, its Hilbert transform H f by

Riw) = tw [ TV sy ds(y)

— +1
e—0* Am+1 {yeR™: |z—y|>e} |LZ' y‘m

= Y &R f(x),
j=1
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R; being the j-the Riesz transform in R™, j =1,...,m.

The Cauchy transform Cf is monogenic in R™™!\ R™ (w.r.t. D,) and it belongs
to HP(RT*!). Furthermore the Hilbert transform H is bounded on L,(R™),
1 <p<4o0.
Writing E(x) as

1 X 1

1
E(X) = |X|T+1 = §Px0($) + ion(x)

Am+1

where
1 2[E0

Am
+1 m
(02 + X1y 2,2

is the Poisson kernel for RTH and

Py (z) =

> (m+1)/2

m _
2 ZEjEj

A
m~+1 °. m
Jj=1 (1'02 + E g 1ZZ']‘2

the conjugate Poisson kernel, we thus have that e.g. for x = (xg,z) € R7",

CF(w,7) = 5((Pey # £)() + (Quy * £)(2).

Qay () = >(m+1)/2

Consequently
P f(e) = BYYCS() = I Cf(ao, ) = 3(/(2) +HS(x)
and, analogously,
PJ(2) = —BVCS() = — lim Cf(—r0,) = 5(f(2) ~ Hf(2))

Remark 2.1. For an R-valued f € L,(R™), we have that Cf(xo,z) is R & R™-
valued.

Putting
1
Uy = 5 xo*.fa
Lo :
u; = éQmo*-f? j=1,....m
where ) 5
Lj

At (202 + Z:il Iiz)(mﬂ)/?’

we so have that in R

CFx) = uo(x) + > G (x).
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It thus follows from DxCf = 0 in R7"" that (ug, u1, ..., u,,) is a set of conjugate
harmonic functions in the sense of Stein-Weiss (see [49]).

Remark 2.2. Defining the principal value kernel Pv (z/|z|™!) in R™ by

p T 2 T
v =
mm+1 Am 1 Im+1’
+

we thus have that for f € L,(R™), 1 < p < +o0,

Hf—Pv(u;H>*f

In the sense of distributions we so obtain that

1 T
P+f—§<5—|—Pv<|x|T+l))*f_6+*f.

1 x
+ _ = -
" =5 (”PV(|w|m+l>)’

generalizes the Heisenberg delta-function to R™.

Here 07", with

Using the fact that

2x; 1y,
F- — ):—_—j, jzl,...,m,
(Amﬂ\w!m“ i |yl

putting (see also [29])

Y|

X+ (y) = % (1 iii)

and noticing that
X:I:2 = X+ X+ + X-= 1a

we can now formulate the following characterisation of P*L,(R™) = L} (R™).

Theorem 2.3. For f € L,(R™) are equivalent:

(i) BVICf =f,
i

(i) Hf = f,
(iii) F~f = x+F " f,
(iv) f=0Txf.

This theorem should be compared with its classical version in complex analysis.
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3. The case S™

Put for x = (z0,2) € R™', x = 7" e;x; and associate with it the Dirac
operator Oy = Z?”:O €0, with fundamental solution

1 X 1 >t owe
E(X) _ X _ Eg_o J ]'
Ay X[m0 Ay x|t
Passing to polar coordinates we have x = r{ where r = |x| and £ € S™.

Define for f € L (Sm) 1< p < 400, its Cauchy transform Cf by

+1 / |w — X|m+1 ( )dS(w), x € R™MT1 \ gm.

and for a.e. £ € Sm, its Hilbert transform H [ by

1 w—¢&
Hf(g) B 251;%:_ Am+1 /{wGS"L [E—w|>e} ’5 w‘erl f<w) dS(W)
_ : 1 1+ &w
a e—0F 1 /{wesw |€—w|>e} |1 + €w|m+1 f(W) dS(w)

Notice that
Cf(x)=f"(x)+ [ (x)

where
1) = Y- x)Cf(x) € M(B(1)),
f~(x) = Y(x|-1)Cf(x) € MR™\ B(1)),
Y being the Heaviside function.

So we have
PHAE) = BYYC(E) = lm /(1) = S(7(6) + HI(E)
P () = ~BVCSE) = ~lim f(€) = L(F(0) ~ HF(©))

Remark 3.1. We have seen in Part II, Section 4.3 that in the case p = 2, each
f € Ly(S™) admits a decomposition in spherical monogenics:

&) =Y Puf(&)+ Y Quf(€)

We then have that

PYE) = D) PRf(€)

P f(€) = > Qif()
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Putting H?(S™) = PTLy(S™), a closed subspace of Ly(S™) is obtained, isomor-

o o

phic to the Hardy space H?(B(1)) consisting of those F' € M(B(1)) such that

sup / |F(rw)]* dS(w) < +o0.

0<r<1 Jgm

The space H 2(% (1)) is a Hilbert space with reproducing kernel the Szegé-kernel
1 1 —wx

Am+1 |1 — Cdi’mJFl’

Si(w,x) = (w,x) € 8™ x 103(1)

We have
Theorem 3.2. For f € Ly(S™) are equivalent:

(i) feH*(S™),
(i) f =20 Pef.
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